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Abstract

The topic of discussion here is the reduction operator of Calkin and his method
of extensions of a Hermitian operator, variant from the von Neumann theory. An
existence of a partial isometric reduction operator is established, which provides
a link between these theories, and referred to as the canonical reduction operator.

Concrete realization of discussed is applied to a canonical differential operator.
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1 Introduction

The fundamental theory of extensions of a Hermitian operator in a Hilbert space is elaborated
by J. von Neumann in [9], where a description of either maximal symmetric or self-adjoint
extensions is presented by the well known method, based on the Cayley transformation.

In the memoir of J. Calkin [3] another approach is developed. Introducing the notion of
reduction operator, such a description is given by means of special linear manifolds in the
range of reduction operator, called the space of abstract boundary values.

The Calkin method, as opposed to the von Neumann theory, is directly applicable to
differential operators, both ordinary and partial. A variant of such an application is presented
in [4, XII. 4, XIII. 2].

The present paper concerns with the Calkin theory of extensions of a closed, densely
defined Hermitian operator 7" in a Hilbert space $).

In Sec. 2 notations used are presented, and certain, necessary in the sequel, fundamentals
of a reduction operator from [3] are recited in a slightly modified form. A characterization of

the set of all reduction operators is due to M. Stone [3], and it is shown that the boundary
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triplet (the space of boundary values), introduced in [2], [6], [7], [5; 3.4], is a subject of such
a characterization.

In Sec. 3 the main result of this work is presented. Given an arbitrary reduction operator
I, a partial isometric reduction operator I is built, referred to as the canonical reduction
operator because of its feature: projections P,, P5 on defect subspaces 91, M5 of T" admit
explicit presentations by means of I'. On this way a connection between Calkin and von
Neumann theories is established.

In Sec. 4 results of previous section are realized for symmetric canonical differential

operator.

2 On the Calkin reduction operator

2.1. Let $ be a Hilbert space with an inner product (f,g), and T" be a closed Hermitian
operator with the domain D(T") dense in ), so T* exists. Let v = a + i, § # 0, and let
N, := Ker(T* — 1) be a defect subspace of T'.
Following [10, p. 348], set T, = %(T —al),so T; =T, D(T,) = D(T), D(T3) = D(T™).
The graph of 77
Gr(Ty) = {(f, T;f) e Hen feDT))},

as a closed linear manifold in the Hilbert space $) & $, is a Hilbert space itself, denoted by
G, (G :=G).
On the analogy with [4; XII. 4.2}, endow the linear manifold D(7}) with the inner product

(f,9)y = (fr9) +(T;f, T;g). (1)

Then the mapping D(T,;k ) > f — (f, T f) € G, is an isometrical isomorphism, therefore
D(T7) with the inner product is a Hilbert space, denoted ®©, (D :=9,).

It is clear from definition of T, that 91,915 are defect subspaces of T, at points ¢, —i
respectively, hence (see [4; XII. 4.10]) D(T), M,, N5 are mutually orthogonal subspaces of
D,, and

D, =D(T) ® N, dN5. (2)

This implies that the subspace M,5 = N, &Ny C D, is a Hilbert space itself, and for any
s = Iy + f5s 945 = 94 + g5 € N5, where £, g, € N, f5, 97 € N5 it holds the equality

<fﬂvgﬂ>w = <f7797>7 + <f%97>7 =2 [<f779v> + <f%97>] . (3)

Let us specify also the following relation

(T*f,9) = (f,T*q) = B[{T; f.9) — ([, T29)] . (4)
Throughout this paper we will assume that dim 91, = dim 95 = n < oco.
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18 Perch Melik-Adamyan

2.2. Here we present some notations and facts from the treatise of Calkin [3] with the only
distinction, namely, the Hilbert space G is replaced with that ®, and a Hermitian operator
T with equal defect numbers is reviewed. The terminology of [3] here is also preserved.

Decomposition we rewrite in the form
£ :D(T)GB‘JLFGB’)T,, mi = mii, N = m+@m7. (5)

The basic concept of [3] is introduced in the following definition.

Definition [3; Def. 1.1, (1.2)]. Let H be a Hilbert space with an inner product (f,g)n
and [H| be the set of all linear bounded operators in H. Let T be a closed linear operator
with the domain D(I') dense in ® and the range Ranl' in H. The operator I' is said to
be a reduction operator for T*, if there exists a unitary operator W € [H| such that for all
f,g € D(T) it holds the identity

(T"f,9) = (. T°9) = =T/, WLg)n . (6)
Corollaries of this definition are the following statements [3; Th. 1.1, Th. 1.2].
S.1. D(T) c D(I") and Kerl’ = D(T).
S.2. Ranl s dense in H.
S.3. The unitary operator W is such that W? = —1I.
It is essential that the following statement [3; Th.3.7] also holds.

S.4. If Hy are eigensubspaces of W, corresponding to its eigenvalues +1, then dim Hy =
dim ‘ﬁi.

A reduction operator may be either bounded or unbounded, and in what follows we will deal

only with a bounded reduction operator, that is with the case
D(I')=9, Ranl'=H. (7)

The following example of bounded reduction operator uses formula (see [3; Th. 2.8,
Th. 2.9], [5; 4. Th. 1.5], [6]).
Let P be the orthogonal projection in ® onto M. For any f, g € © it readily follows that

(T*f,9) = ([, T7g) = 20 [{f+,9+) — (o, 9] = i [{fr, 900 — (-, 9-)il,

owing to . If the operator W € [N] assignees the vector if, —if_ to arbitrary f, +f_ € N,
so W2 = —Iy, W* = =W, then —iW(f, + f_) = f+ — f_, hence the above relation can be

written as

(T"f,g9) — (f, T"g) = (WPf, Pg). (8)

18



On the Canonical Calkin Reduction Operator 19

Clearly, W and P operators can be presented by the formula
W =i(P. —P_)IN, P=P.+P_,

where P are orthogonal projections in ® onto 1.

Linear extensions of a Hermitian operator T are defined by means of reduction operator
as follows [3; Def. 1.2, Th. 1.4].

Let L be a linear manifold in H. Then the operator

T, =T*|Dy, D,={feDI);Tfel}

is a linear extension of 7', since, clearly, Dy, is a linear manifold in ©, and D(T") C Dy..

Conversely, if T is a linear extension of 7', then T = T}, where
Ly={he H h=Tf f € D(T)}.

The Hilbert space H is called a space of abstract boundary values, and the condition I'f € L
is called an abstract boundary condition, defining extension 77,.

Thus, the problem of a description of self-adjoint extensions of 7' is reduced to a descrip-
tion of appropriate subspaces in H, and it is done in terms of hypermaximal W-symmetric

subspaces, introduced in [3; Def. 2.2] as subspaces L such that
WL=HOL. (9)

Statement S. 4 allowed to call into play an isometry V € [H, H_|, V*V =1,, VV* = [_
(I+ — identity operators in H.), and prove [3; Th. 2.2], that the formula

Lw=Ran(I-V)={he€ H; h=h, —Vhy hy € H.} (10)

establishes an one-to-one correspondence between the set Sy, of all hypermaximal W-symmetric
subspaces of H and the set Vy of all isometries V.

Thus, the method developed by Calkin provides a clear and accomplished way from
symmetric operator T to its self-adjoint extension.

Let us complete this paragraph with the following remark.

Statement S. 3 infers that the operator 7 = —iW, J* = J, J? = I, is a signature opera-
tor of a Krein space H, endowed also with an indefinite inner product [hy, ho| = (T h1, ho)g.

Denote

Pi:%(lij), H.=P,H H=H, ®H_, (11)

soP,+P =1y, P.—P_ =J.

In the theory of Krein spaces a subspace L C H is called hypermaximal neutral if
(JL)*: =L (see [1; 4.15, 4.19]). Clearly, this condition is identical to ([9).
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The set of all hypermaximal neutral subspaces in H is parameterized by the set of all
isometries V' € [H, H_] (angular operators) by the formula [1; Th. 8.10]

LV:{h€H7h:h++Vh+7 h+EH+}, (12)

which is equivalent to (|10)).

For the sequel the above notations are adopted.

2.3. In what follows it is convenient to use matrix representations of vectors and operators
relative to various decompositions of spaces.
For instance, in the case (11]) we set

h I
h = h*], hy € Hy, j:[+ 0 ]

0 —I_

With the help of an isometry V' € [H,, H_] let us form the operators

I, v+
vV L

I, -V
-V L

1
P+V = s P_v = 5 s Pﬂ*:V = PiV) (13>

1
2
which are reciprocally orthogonal projections in H with the properties

Py =JPwJ. (14)
Thus one has another decomposition of H
H=H,v&Hy, Hiy,=P.yH. (15)

Note that formula means that Hiy are hypermaximal neutral subspaces of H, since
JP.yH = (I — Pry)H.
It is readily verified that the unitary operator

I, -V

v | Uy =U_y =U,* (16)

is the transition operator from the orthogonal decomposition to that , and in the
new representation of H the part of a signature operator, turning H into a Krein space, is
played by the operator

0o v

jV Vj Vv Vv 0

(17)

The following statement [3; Th. 3.3] is included in Stone’s characterization of all reduction
operators for T™.

Let T' be a reduction operator for T* with Ranl’ = H, and W € [H] be the associated
unitary operator. Let H be an arbitrary Hilbert space, and U € [H, ﬁ] be any isometry.
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Then the operator T = UT is a reduction operator for T* with the associated unitary operator
W = GWO e (]

Now let us denote 'y = P.I" € [©, Hy], so Ranl'y = H., and, on account of W* = —W,
W =iJ =iP, —iP_, rewrite the identity (0)) in the form

From (|16]) one has
_— B Pofl 1 | (T =VT)f | | Iuf
L=l =t F_f] SV V(e + V*F-)f] v

and infers that W = 1Jyv, hence

Iy f I'yg
Vs f VIg

<iF1fa [y 9>H - <F2f, il 9>H = <f‘1f, fz 9>H - <f2f>f1 9>H,

—(Cf,WTg)s = —( ; yu =1 (T f,Teg)u + (Taf, T g)u] =

where _ .
~ 72 ~
N=—T,-VT.), TI'n=—T,+VT_).
1 \/5( + ), I \/5( + )
Since Ranl'y = Hy, with the help of formulas above it is not difficult to be convinced
that operators Iy, € [©, H,] satisfy conditions Ranl'ys = H,, and, that for any pair
hit1,hyo € Hy there exists f € D such that Ty f = hoq, Dof = hgo.

Thus formula (@ admits the presentation

<T*f7 g> - <f7 T*g> - <f1f7 f‘2 g>H+ - <f2f7 I~11 g>H+7

which, along with the properties of I'; 5 indicated above, is introduced in [2], [6], [7], [5; 3.4]
as a definition of a boundary triplet {fl, Iy, H.}.

In conclusion of this review we refer back to formula . By means of projections Py
of it can be presented as

LV:{hEH;h:P_H/h}:{hEH; P_VhZO},
and the boundary condition I'f € Ly, defining a self-adjoint extension of 7" will be used in
the form
PyTf=0. (19)

3 Canonical reduction operator

3.1. From now on we assume that Im~y = 8 > 0, and 7, be as in p. 2.1.
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22 Perch Melik-Adamyan

Let D' be any subspace of a linear space D(T*) = D(T7), and D' > D(T) = D(T,).
Obviously, if 7" = T*|D’, then T) = T|D' = %(T’ —al), and conversely, if T = T|D’, then
1" = T*|D" = BT} + al, hence descriptions of extensions of 7" and T, are identical. Thus
reduction operator for 77 serves as that for 7™ as well. Definition of reduction operator
I' e [D,, H| for T; by formula () can be written as

(T f.9) — (f,T9) = i{TTF.Tg)m = < [(T*f.g) — (/. T*9)] .

5
taking into account and W =4J. Thus, in view of we have
(I"f,9) = (. T"g) =i (U f, Vsg)m — (T f,T-g)u] . (1)

In what follows a reduction operator for 7™ shall be used in the form and will be denoted
{IH} ={T'y, Hi}.

3.2. Let {I''H} = {I'1, H.} be a reduction operator for 7%, and let 91,5 be the Hilbert
space of p. 2.1 with the inner product inherited from ®.,.

Consider the operator I',5 = I'|91,5. From S. 1 and (7)) we have Kerl' = D(T), Ranl' =
H, hence in view of decomposition it follows that I'\5 € [M,5; H] is bounded invertible.
The operator I}, € [H;I,5], adjoint to I , is defined as

(Coysfs hy e = (55005 (2)
Consider also the operator
Ty = ]07 0] € [M,5], 1,15 — identity operators in 0N, Ns,
4y
o) .
Ty =Py =P, Py= §<[W + ), L5 — identity in 9,5. (3)

Proposition 3.1 Let {I' H} = {I'y; Hi} be a reduction operator for T, and let I'\s =
['|9,5. Then
25T = Ty - (4)

Proof. Introduce into considerations the following operators

0.(v) =T4N, € [Ny, Hy], 04(3) =T-|9Ny € [Ny, H], %)
0—(7) = F—|m’y € [‘ﬁ,y,H_], 8—(’7) = I‘+|$)'I;/ € [(ﬁﬁ,]‘.ﬁ_],

by means of which the operators I'\5 € [N, ® Ny, Hy & H_|, T, € [Hy @ H_, M, © N

admit matrix representations

. lem 9(7)]) o [ez;m 9’1(7)]'

(6)

v =
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The second formula above is owing to (2).

Identity applied sequentially to pairs (f5, gy), (fy,95), (f5,94), (f5,95), and adjusted
with yields

(v = DSys 9v) = 1By, 99y = iBLOL(V) [+, 0+ (V)97 1

=< + (N2 0-(Vga)m
— (D504 gy
(0 (v )fw -(7)

Because of vectors f,, f5, gy, g5 are arbitrary, these relations can be rewritten as

0—(7) [+, 0-(7)gy)u]
) f55 0+ (V) 95) 1
0.

—{
—(0-( )
+ (N5, 0-(V) g2 )1
—{ )

— (0

(¥ = {f5.95) = —imf%gﬁ% =if] 95)H

0% (7)0+(v) — 0= (7)0-(v) = I,

0 (7)0+(v) — 05.(7)6-(7) =0 (7)
0L(7)0-(7) = 0= (7)0+(7) =0

0= (7)0-(7) — 05.(7)0+(7) = — 1.

Clearly, formula is an expanding transcription of , written in a matrix form. The
proof is complete.

From (7)) it also follows that the operators 6. (v), 04 (7) have bounded inverses.

Formula implies that F%l = jq,Ffﬁj , hence

F’Y’_YJ’YF:W =J. (8)

Proposition 3.2 Let
Hy,:=T,yN,, Hy:=0;%N;, H=H,+H;, (9)

and let projections P,y be given by formula (3)).
Then the operators

Py =TxwP 17T, Py=-TyP IJ (10)
are disjoint skew projections onto subspaces H., Hs respectively.

Proof. First let us note that the direct sum decomposition @ is owing to invertibility of
r

vy
Obviously P, + Py = '3 J, 17T = I, since holds.
Further, P, H, = '\s P 2. J0, N, =T3P TN, =T P 0N, =T;M, = H,, since

holds, P,4+J, = Py, and PN, =MN,.

Likewise, PyH5 = Hj.

OWlng tO 7 we haVe P’}? — F77P7+F:,7JF'Y§P7+F:,VJ - F,nypfy+jpypfy+r,*;ﬁj -
I'5 Py I T = Py, and similarly, P% =P

23



24 Perch Melik-Adamyan

Relations P, P5 = P5P, = 0 are verified in the same way, completing the proof.
3.3. The following operator will play an important part for the rest of this section. Put
A=Jra00.T0, Ac[H], A>0, (11)

so the operators A1, A%, A7 exist. From , it is readily seen that AJA = 7, or
JA =A"1T. Thus we have JA" = A~ 7 for any natural number n, hence (see [12; 1.31])

JAz =A"27 . (12)
Let H be the Hilbert space of vectors in a linear space H with the inner product
<h17 hz)g = <Ah1, h2>H-

Introduce the inclusion operator Z : H — H, which to any vector of the Hilbert space H
assignees itself as a vector of H. Clearly, Z~! : H — H is the inclusion operator of H onto H,
so IV = Iy, IZ7' = I5. We wish to note that the use of inclusion operators Z, Z~! also
eliminates ambiguities, when a certain operator or vector in a linear space H is considered in
different Hilbert spaces H and H. If h € H, B € [H] notations Th =: h, ZBI ' =: B € [H]
will be used, so ZB = BZ, BT ' =17 'B.

With these notations the inner product defined above can be written as

(h1,ha) 5 = (Thy, Thy) 5 = (Ahy, ho) . (13)

Proposition 3.3 The Hilbert space H admits orthogonal decomposition
H=H,®H; H.=P.H P,=IPTI"' P =IP1" (14)
where P, Ps are defined by formula (10)).

Proof. Having Proposition proven, it is suffice to show that projections P, are self-
adjoint.

To this end consider the relation
<Bﬁlaﬁ2>f[ = <iL1aB*iL2>]Z[a (15>

defining adjoint operator of some B € [H]. From (I3) it is readily seen that the left hand of
is (ABhy, ho)y, B =T 'BZ, and the right hand is (Ahy, T 'B*Thy)p.
If AB = B*A, then appears as

(ABhy, hy) g = (B*Ahy, ho) i = (Ahy, Bho)y = (Ahy, T B*Thy) g,
and B = Z~'B*Z means that B = B*.
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On the Canonical Calkin Reduction Operator 25

Thus we have to verify that AP, = P;A, AP; = PJA.
From and we derive

Py = STy + jv)rwj -5 [ 5T + FWJVF%WJ} =Sl +JA]

2 2 2

50 APy = (A +AJA) = {(I+ AJ)A = PXA.
Likewise, APy = %(A —AJA) = P;A. The proof is complete.
Owing to projections Py can be transformed to

Py = %I(IijA)I‘l - % (I + A—%jA%> 7= %IA—%(JiJ)AéI—l — TAIP. AT

Now denoting Za = ZA~z we have

Py =Iz\P.I\', J =P, — P =T JI;" (16)

Proposition 3.4 Let T : H — H be the inclusion operator of H onto H. Then In =
IA~: € [H, H] is an isometry.

Proof. From one has
(Thy, ha) 7 = (Ahy, T ho) g = (hy, AT hy) g,
hence 7* = AZ7!, so
(Tahy, Tahs) g = (TA 2hy, TA 7 hy) g = (A 2hy, T"TA 2 hy) y = (A" 2hy, A2hy) = (b, ha)u,

and the proof is complete.

Note that from the above proof it follows that 7*Z = A, ZZ* = A, since T* = AT~! =
A

Lastly, let 1, $2 be Hilbert spaces, and an operator U € [$)1, 2] be a partial isometry
with the initial space 91, and final space 9y . It is known (see [10; 1.2]) that

1) U* is a partial isometry with the initial space Ny and final space N, .
2) U*U, UU* are projections in $1, $H2 on Ny, Ny respectively.
We are now ready to prove the main assertion.

Theorem 3.5 Let T be a closed, densely defined Hermitian operator, and let vy (Imy > 0)
be arbitrary.
Let {T', H} = {T'x, H.} be arbitrary reduction operator for T*. Then:

25
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a) There exists a reduction operator {I, H} = {T'x, Hy} such that
f+m7 - _FI+, f‘.ﬁﬂq - {O}, f_m7 - {0}, f’_‘ﬁ:, - I:]_, (17)
where N, N5 are defect subspaces of T'.

b) The operator T is a partial isometry with the initial subspace N5 =N, &Ny, and the
final subspace H.

Proof. The part a) is already proved, if H be defined by , , and an isometry of
H onto H be given by the operator Za of Proposition [3.4. If I' = ZaT", then I'y = P,T,
H, = P.H with orthogonal projections P, of formula or . Conditions follow
from (|14)) and Propositions 3.2 and 3.3.

To prove the part b) consider the operator fw = f‘|‘ﬁw. From formula (j5)) and conditions

(17) it follows that a matrix representation of f‘w is of block diagonal form
. 0 0
F’Y:Y = +(7) O ) (18)
0 0+(%)
hence the properties and mean that

[Ty =1y, Daln =1

Obviously 9., = (KerD)*. The proof is complete.

Observe that the operators 6, (v) € [M,; Hy], 6,(3) € [Ny; H_] of are isometries
too.

The reduction operator {I', H} can be referred to as a canonical reduction operator for

T* because of the following immediate corollary of Theorem 3.5.
Theorem 3.6 Let {I', H} = {T', Hy} be a canonical reduction operator for T*. Then
"l =P, I[I,=P, I'T_=7P, (19)

where orthogonal projections P+s, Py, Py on Ny, N, N5 respectively, are defined by the
orthogonal decomposition

The proof follows from the property 2) of a partial isometry, since from Theorem 3.5 we have
KerT, =D(T)&MN,, Kerl_ =D(T)aN,.

Theorem causes us be back to formula , which corresponds to v = ¢. For arbitrary «
with Im~y = 8 > 0 one has

<T*f7 g) - <f7 T*g> = Zﬁ [<f%g’7>7 - <f’77gﬁ>’}’] = Zﬁ [<,P’Yf7 ,P’Y g>’Y - <7D’_7f7 P’? g>’)/] )

hence {P,5, 9,5} = {P,, P53, N,, N5} is a reduction operator for T™.
The following observation is a variant of Theorem 3.6.
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Theorem 3.7 Let {T',H} = {T'x, Hy} be a canonical reduction operator for T*. Then the
isometry f% transfers it to the reduction operator {Py5, M5} = { Py, Ps, Ny, N5}

The proof is covered by ([19), since
0D, =T TNy =T0.050N5 = Ny = P D,

Now let us compare self-adjoint extensions of T', defined by these two reduction operators.

Recall formulas , , so Py = %(IH — f)), where

0 v*
Vo0

. (Ve [Hy; H_] - isometry)

is a unitary operator in [H] . Then IN“%PJ,I;W =1 (I, — V) =P_y, where

0o v
V 0

V= , (V=013)V0,(y) € [0, 7))

is a unitary operator in [91,5].
In view of

P yTf =Ty Py I I f =T PovPasf,

from the boundary condition P_f/f f =0, defining self-adjoint extension T, of T' by means
of T, it follows that also P_vPyf =0, since f‘w is bounded invertible. The last condition,

apparently, is von Neumann formula
D(Ty) ={f € DT); f = fo+V*fs + f5, fo € D(T), f5 € N5},

defining the domain of self-adjoint extension 7y, hence Ty = Ty.

4 The case of canonical differential operator

4.1. A brief on canonical differential operator in the form presented hereafter one can find
in [§], and references there are for details. Let H be a Hilbert space endowed also with an
indefinite inner product as at the end of p. 2.2, so we shall use the same notations, and
assume that dim Hy = n < oo . Let Lo(R4, H) be a Hilbert space of H-valued functions,

measurable on R, = [0,00), square norm integrable, and with the inner product

(f.ghs = / ), 90 dr

Canonical differential expression is of the form
klf] == —iTf'(r)+V(r)f(r), 7€ Ry,

27
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where the operator-valued function V(r) € Li(R.;[H]) has the properties V*(r) = V(r),
JV(r)=-V(r)J.

Let AC(Ry; H) be a linear space of functions continuous on R, and absolutely continu-
ous on any interval [0,7), r < co. The expression k[f] defines the minimal symmetric opera-
tor Cp in Ly(R; H) with the domain D(Cy), compiled functions f € Lo(Ry; H)NAC(R4; H),
vanishing at infinity, such that f(0) = 0, and k[f] € Ly(R4; H).

Let C be the closure of Cj. Then the operator C* = Cj is defined by the formula

C*f =k[fl; D(C*) ={f € Lao(Ry; H)N AC(Ry; H); k[f] € Lo(Ry; H)}

Properties of function V' (r) yield the Lagrange identity
(C"F. g0~ (£.Cg). / P)iT g+ (F(r), 1T (1)) dr =
0

= —i[lim (), Tg(r)) i — (£(0), To(0))r| = LT F(0), 9(0)}r,

700
since existing limit of scalar summable function (f(r), J¢(r))x must be zero.
Present it in the form

(Cf90 = {f,.C"9) =TT, Lg)n, (1)
where the operator I'f = f(0), which maps D(C*) on H, is a reduction operator [I'; H] for
C*.

4.2. Consider the canonical differential equation
—iIX' (r,\)+V(r)X(r,\) =AX(r,\), r€ Ry (2)

with arbitrary complex parameter A. Let £(r, A) be its operator valued solution, satisfying
the condition £(0,\) = 1.
For ImA >0, Im({ <0 equation has also solutions

A+(T, A) = €i)\TP+ + /eiAtKr(t)P_;'_dt,

" oo (3)
A_(r,¢)=e P+ / e K (t)P_dt, K.(t) € Li([r,o0); [H])

such that A, (r,\)hy € Lo(Ry;H), A_(r,()h_ € Lo(Ry;H), hy € Hy.
Introducing operator functions

ALV = AL (0,)) = P++/“tK \Podt, AL(\) € [H],
0

A(Q) = AL 0,0) = P+ / R (HP-dt,  A() € [H],

0
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we have A (1, A) = £( )AL (V), A (1, €) = E(r, QA (C).
Thus we get the following description of defect subspaces of C'

N = {h,\(?”) = 8(7”, )‘)A+()‘)h+v hy € H—i-} ) NC = {hC(T) = 5(7’, C)A—(C>h—v h- e H_},

hence in the decomposition H = H, & H_ we have

A11<A>h+]}, TA = {A@h:

A = {A+(>\>h+ B Az (A)hy

Al?(C)h—] } (4)
Ap(Qh-| |

Now let A = p+iv, v > 0. With the help of a standard procedure, which uses equation (2))

and its adjoint equation, one can see that
AL (r VT AL (V)] = 10— DA (VAL (1) = =204 (AL (N, (5)

as well as

(A" (r, )T AL (r,N)] =0. (6)

Integration of (b)) on [0, 7] yields
A (r )T A (r, ) — AL (N TAL(N) = —20 / A (1, \) A (£ ) dt
0

and, on account of lim A, (r, \) = 0 which follows from (3], we get

A (NTALN) = 20 / AT (LN AL N dE > 0. (7)

Equation @ means that A* (r, \)J A, (r, \) = const, hence, by the above reason, one has
A NTAL(N) =0. (8)

Similar derivations one can repeat for ¢ (Im ¢ < 0) and, setting ¢ = ), arrive at

A (N)TA_(A) = —20 / A" (LX) A (£ ) di < 0, ()
AL(NTA-(N) =0. (10)

Denote
AL\ = QV/A’;(t,A)A+(t, Ndt, A_(\) = zu/Ai(t, NA_(t, N) dt,
0 0
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_ 1
so Ay(N\) € [Hy], A_(\) € [H_]. Since they are strictly positive, hence operators A2 (\),

A2 ()) and their inverses exist. Now, referring to formula , let us form the operator

A - An(MNALZ(A) Ap(MA_2(N) A el

An(VATZ() Am(MATE(N)

From - , it is clear that
ATA =T, (11)

hence also

AT =TT, AJTA=J.
Obviously AJ_F%()\)HJr =H,, A:%(X)H, = H_, so formula can be presented as
Ny =A\H, = A\P.H, TN;=AH_=AP_H,
and from ([11)) it is immediate that
Py= AP AT, Ph=-APAJ

are disjoint projections on I' Ny, I'Nj respectively.

We regard A, as the analog of I'y5 in p. 3.2 for the case of the symmetric differential
operator C. Now, following and p. 3.3, we introduce the Hilbert space H and inclusion
operator 7 : H — H as

(h1, ho) g = (Tha, Tha) gy = (Axha, ho)w, Dy = TAALT,
Derivations similar to those in p. 3.3 lead to
H=H,®H_ =ITN\®ITN;, H.=P.H,

where

i 1
Pe = 2TAPAIT = ST+ TANI T = TaPI3",

and Tn =TA,? € [H, H] is an isometry.
The operator I' = Z5T' : D(C*) — H is such that

(JTf,Tg) g = IV, D)y, T =IaJIx".

Thus {T', H} = {T'+, H.} is the reduction operator for C* with the properties of canonical

reduction operator
PoNy= ., TLNz={0}, D_Ni={0}, T Nj=F_
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