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1 Introduction

1.1

It is well known that the reconstruction of f € C[—1,1] by its finite number Fourier coeffi-

cients {fu}N_

1 ! —imTnT
fo=sy [ s (1)
-1
or discrete Fourier coefficients {fn}ﬁfzf N
N
-~ 1 , 2k
_ —iTnxy — 9
o= o8 :Z_Nf@:k)e = o (2)
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by truncated Fourier series

N
SN( 71:) _ Z fneiﬂ'nx (3)
n=—N
or by trigonometric interpolation
N ~
In(frx) = ) fae™ (4)
n=—N

is highly effective ([I]) for 2-periodic f € C°°(R). When the approximated function has a
point of discontinuity the above mentioned approximations lead to the Gibbs phenomena

with poor pointwise and Ly convergences.

1.2

An efficient approach of convergence acceleration of Sy and Iy by subtracting a polynomial
representation of discontinuities (jumps) of the function and its derivatives was suggested by
Krylov in 1906, [2]. Lanczos in 1966, [3], independently developed the same but more formal
approach. He has introduced a basic system of polynomials B(k; x) playing a central role in
the method and pointed out a close relation between the B(k;z) and Bernoulli polynomials.
Jones and Hardy in 1970, [4], and Lyness in 1974, [5], considered convergence acceleration of
trigonometric interpolation by polynomial subtraction. Since then, this approach is widely
considered in the context of Fourier series and trigonometric interpolation ([6]-[12]).

The key problem in the Krylov-Lanczos method is the approximation of exact jump val-
ues. Ordinarily, such values are unknown and, in general, only Fourier coefficients or discrete
Fourier coefficients of a given function may be specified. Even if arbitrary pointwise values
of the function can be calculated, the approximation of jump values via finite differences
is not recommended for this purpose ([5]). Similarly, in the case of a uniform grid, finite
difference approximations are notoriously unreliable. Moreover, in many applications the
Fourier coefficients can be calculated but pointwise values and derivatives are not explicitly
available.

As noted in [I3], the previously mentioned lack of robust methods for the approximation
of jump values was the main reason why the polynomial subtraction technique has not been
utilized more extensively. The first attempt towards more robust approach was initiated
by Gottlieb and all, [I4], by utilizing step functions in the reconstruction of discontinuous
functions. The general approach was established by Eckhoff in [13]. It was based on the
observation that the Fourier coefficients themselves contain sufficient information to recon-
struct the jump values. Hence, such values could be approximated with sufficient accuracy
using only the coefficients. The fundamental aspect of Eckhoff’s method is the approxima-
tion of jumps by solving a linear system of equations. Further investigation of the Eckhoff

approximation and interpolation were organized in a series of papers [6], [17]-[19].
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More specifically, let f be a piecewise smooth function on [—1, 1] with jump points {ay},
—l=ay<a <---<a_; <1,2<1< oo. Suppose that f € C?* ¢ > 0 on each segment
lag, axs1], k=1,---,1 — 2, and also on the segments [—1, a;], [a;—1, 1].

Denote by
Ask:f(k)(as+0)_f(k)(as_0)a k:()v 7Q;S:17"' 7l_17

Age = fP(=1) = fB(1), k=0, ¢

the jumps of f and its derivatives at the points {as}.
By means of integration by parts we get for n # 0

-1 q 1
_ 2 : —iTnas z : s (g+1) t fmntdt.
Jn p— ¢ — 2(imm)k+1 * 2(imn)at! /_1 [ e (5)

Consider now Bernoulli polynomials { By}, k = 1,2, --- with Fourier coefficients { By, }

0, n=>0
By, = (—1)n+

W, n:il,iQ,

On the real line Bernoulli polynomials are considered as 2-periodic piecewise smooth func-
tions with ”jump points” ap =2k + 1, k =0,£1,£2,---

Expansion leads to the representation

= 3 fd™ = Ul) + V(a) (6)
where
-1 g—1 0o
_Z Ask Z imn(z—as+1) Bkn
s=0 k=0 n=-—oo

is a piecewise polynomial function consisting of ”shifted” Bernoulli polynomials and V' €

C4(R). Hence, the sequence
Sn(f,z) =U(z) + Sn(V, ) (7)

converges to f with the rate o(N~?), N — oo as the coefficients {V,,} of V' tend to zero with
the rate o(n™971), n — oo.
If the position of singularities a, are known then approximate values of jumps can be

extracted from the following system of linear equations

fo=Uny n=mn1,...,10y. (8)
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1.3

Polynomial subtraction method for bivariate truncated Fourier series

1 ! ! —im(nx+m
Sx(hag) = 3 famearto =1 [ 1 / e T drdy (9

n,m=—N

and trigonometric interpolation

N(f.zy) Z Fame™rtmy), (10)
fnm — 2N+ 1 Z f xk’xs —im(neE+mas) (11)

was investigated in [0], [21], [22].
If f is smooth on [—1,1] x [—1,1] then the application of the polynomial correction
method can be performed sequentially for each variable x and y.

Denote

O f(w,y)
) _ [z.y)
f (x7 y) 8k‘rasy b

a(k,y) = f*O(1,y) — fEO(-1,y), b(s,x) = fO(z,1) — fO)(z, —1),
1

1 . 1 1 ‘
am(k) = E /1 a(k; y)e*lﬂ'mydy, bn(s) = 5/ b(S; Z.)efmmcdx’
(

1

a(k,y) = f*)(1y) — fEI(=1,y), 0¥ (s,2) = fEI) (2, 1) — fF) (2, —1),
1 [t , 1 /! A

5 | a®ky)e™ ™ dy, bP(s) = 5 / b® (s;2)e” ™ da,
2/, 2/,

C(ka S) = f(k78)(17 1) - f(kjs)(lv _1) - f(k’8)<_17 1) + f(k78)(_17 _1>

The following lemma from [21] is crucial for bivariate approximations.

Lemma 1 Let f*) € C(D), k,s=0,...,q—1 and fl91971) ¢ AC(D). Then the following
relations hold:

fao =Y _ Bu(k)ao(k) +
k=0

N, y)e” ™ dxdy, n #0,

q—1 e
1 .
- - < (0, ) —1TTm
— ;:0 B (s)bo(s) + TGy /1 /1f D (2, y)e T drdy, m + 0,

= i Bn(k)a, (k) + i B (8)by(s) — i B (k)Bn(s)c(k, s)

+ //f(qq z,y)e” ") dody n,m # 0.
4(z7m imm)9
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In view of Lemma [I], and taking into account

f(xa y) = Z/ Z ,fn,mem(nermy) + Z/fn,(]eiﬂnx + Z /fO,meiﬂ-my + f0,0a

n=—00 Mm=—00 n=—oo m=—0oQ

where primes indicate that zero terms are omitted, we get the main representation

f(z,y) = G(z,y) + F(z,y), (12)
where
G(z,y)=>_ B(k,x)a(k,y)+ Y _B(s,y)b(s,x) = Y B(k,z)B(s,y)c(k,s), (13)

and F is a relatively smooth function F**) ¢ C(R?), k,s = 0,...,q — 1. Future details of
the acceleration convergence and the compression see in [21].
Below we present an algorithm which is more convenient for the compression in the case

of two-dimensional Fourier Cosine series and corresponding interpolations.

2 Fourier Cosine Transformations

2.1 One-dimensional case

Consider a Fourier series and an interpolation based on the complete orthonormal system in
L2 [07 1]

{on(2)} = {1} J{2cosmna}, (14)
n=12 ...,z €[0,1], ¢po(x) = 1.

This basis is chosen mainly due to its possible practical applications in Image Processing.
Note that this system corresponds to the boundary problem y”(z) = Ay(z), v'(0) = /(1) = 0.

2.1.1 Furier Cosine Series

The truncated Fourier series for the function f(z) € C?[0,1], corresponding to the system
(14), has the following form

Sx(fi0) = - fan(a), o= [ f@)o,(o)to (15)

The cosine-coefficients { f,,} have the following asymptotic representation when n — oo

h:Af®%@mzﬂ“WW®—ﬂm

202 + T
1 ey
Ty = —2f0 / Eizjzn(l“) dz = o(1/n?) (16)
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For f € C*"[0,1], m > 2, extending the integration by parts for r,, we obtain an
estimation for the asymptotic series f, by powers of (1/m?n?) with accuracy of the order

o(1/n*m) .

We introduce the following polynomials

1 1
P(z) = 7(z=1)%, Qz) = P(1 —z) = 72 (17)
It is clear that the corresponding coefficients with respect to the system (14) have the

form

po = /1P(93) dx = %, Pn = /1 P(2)¢n(z) dx =
0o = /Q iz = (e /Q () dr = (18)

Remark 1. It is not difficult to see that this coefficients correspond to the main term in

(16), and thus, the polynomials P and @) can play the role of Bernoulli polynomials (see the

Introduction) in KE- method for Fourier Cosine Transformation (FCT, i.e. cosine-series ).

2.1.2 Discrete Cosine Transforms and Interpolations

Discrete analogue of Fourier cosine-series has four versions (see, for instance [23]). We are

interested in the following transformation DCTII and its conversion into DCTIII.

DCTII : U=~ S up cos (F(r—1/2)(s = 1)), s =1,2,.., N, (19)
~ N ~ x
DCTII: u, = (u1 +23 N, cos (Z(s — 1/2)(r — 1))) r=12....N (20
Let the vector u, = f((r — 1/2)/N) of values of the function f over the set {(r —
1/2)/N}, r = 1,2,...,N be given. We call the discrete (DCT)-transformation of those
values the vector u with components (19) and denote it by J?S =, s=1,2,...,N.

Note that according to (19) the corresponding DCT- interpolation Iy (f;x) of a function
f is given by the formula

N
= Zﬁ¢s($)a YIS [0’1]7 N >1 (21)

It is easy to see (for instance, using Wolfram Mathematica [23]) that DCT- transforma-

tions of values of polynomials P(z) and Q(z) have the following explicit forms:

. —1-8N? _ 1 m(n—1) mn—1)\ - n
poZW,pn=8N3/2COt< 2N )CSC(W &= (S > 1 (22)
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2.2 Two-dimensional case

We set

St = S Fom6n(2) b0 o — / / [(2,9)60(2) m(y)dady — (23)

n,m=1

as a partial sum of the expansion of a function f(z,y) € C?([0,1] x [0,1]) into the Fourier
cosine-series.

An analogue of asymptotic formula (16) for this case can be obtained using the integrating
by parts. We will need the analogue of the formula (19) (for two-dimensional DCTII ), which
has here the following form (s,p =1,2,..., N)

Fop = Z Urg COS ( r—1/2)(s — 1)) cos (%(q —1/2)(p— 1)) (24)

r,q=1
where {u,,}, r,¢ =1,2,..., N, stands for the values of f on the given cosine set:
Urg = f((r—1/2),(s —1/2)),r,q=1,2,...,N (25)

The interpolation In(f;z,y) for a function f(z,y) is the following

N(fiz,y) = Zfsp@ ) ¢p(y), x,y €[0,1], N >1 (26)
s,p=1

An analogue of the formula (19) (well known two-dimensional inverse DCTII) for {w,,}, r,q =
1,2,..., N, corresponds to the values of Iy(f;z,y) on the considering discrete set (in the
case of (25) they are the exact values of f on the cosine grid).

Remark 2. It is noteworthy, that the main versions of the KE-method for Fourier
series and interpolations (see Introduction and [24] ) are equivalent to the replacement of
most oscillating terms in the Fourier system by polynomaials or other functions, which are not
restricted with boundary conditions. In our case, some terms in the system {¢,(x) ¢m(y)}

can be replaced by smooth functions of two variables.

3 More compression without convergence acceleration

3.1 About compression

The notion ”compression” is related to the reduction of the memory to keep certain arrays
of data with an acceptable level of accuracy. Let us explain this in our case.
In one-dimensional case from the practical point of view (see Introduction and the item

2.1.1 above) we can omit in the truncated series (15) some coefficients f,,, || f.|| < €, where €

7
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is a given number. We will call it (here and in two-dimensional case) e-level compression.
It is clear, that the number of remained coefficients will be so less as rapidly f,, tends to
ZEro.

The application of the one-dimensional KE-method led to the acceleration of convergence
of appropriate series and interpolations for smooth functions by switching to the expansions
with coefficients tending to zero faster. We say that the compression increases if one
applies compression of the same acceptable (in some sense) level €, but the complexity of
the corresponding algorithms grows insignificantly.

The same phenomenon is observed in known multi - dimensional versions of KE - method,
because they are based on one-dimensional versions with respect to each spatial coordinate
(see for instance [6, 21,22] ). However, in this case the complexity of appropriate algorithms
is essentially growing, and it is natural to find alternative approaches to certain applications.

Below we present one of them.

3.2 Our concept

The easiest way to explain the idea of the present work is to refer to the Fourier cosine-series.
For this purpose let us compare the formulas (15) and (23). They can be rewritten in terms

of corresponding errors RSy:

RSN(f,x) = f(x) — Sn(f,z) = Z Jronl (27)
RSN(f?LCU) :f< ) SN f z y Z fnm(bn m( ) (28>

Taking into account the asymptotic of coefficients f,, , when n — oo, we conclude that
RSy(f,r) = O(N7%), N — oo in general case, moreover the main contribution is made
by the first terms of the series (27). Therefore, (see Introduction and Remark 2) the
application of the KE - method accelerates the convergence and increases the compression
simultaneously.

The situation is different in the case of (28). Here, for instance (compare with Lemma 1
in Introduction), when m = const, N — 0o, fum = O(N72), but when N, M — oo, fxu =
O((NM)2

Our approach is based on (see Remark 2 ) the replacement of four members of the
system {¢,(x) ¢m(y)} by the linear combination of the following functions (see (17))

{P(z) P(y), P(x) P(1 —y), P(1 —x) P(y), P(1 —y) P(1 —y)}.

In this work we change the following functions:

{on(7) on(Y), dn(7) on-1(y), dn-1(7) o (y) and Pn_1(z) dn-1(y)}

8
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Such a choice is conditioned by the fact, that the main term of the asymptotic expansion

of coefficients is more explicit distinguished. For example, when f € C*

fnn =const- N~* + O(N®), N = oo (29)

In this way we expect the increasing of compression and at the same time we don’t expect

the acceleration of convergence.

3.3 Realization of the algorithm

Note that the previous arguments hold also for interpolation (26) (hence, also for two-
dimensional DCTII).

Focusing on the discrete case now, note (see (24)) that especially the matrix {ﬁp} is used
as a subject of compression in JPEG algorithm for Image Processing. By this analogy,
sometimes we call pixels the elements of considered numerical matrices.

Let us adduce the basic steps of the algorithm for realization of the mentioned concept.

Step 1. Let us consider the linear combination

A(z,y) = ay P(x) P(y) + a; P(1 — x) P(y) + ag P(x) P(1 — y) + as P(1 — y) P(1 — y), (30)

where coefficients should be determined later. Using the formulae in item 2.1.1, we get

the following representation for the function A(z,y) (see (22)).

~

Avg = (a1 + (=1)"ag + (=1)%az + (=1)""as) pr pg, 2 < 7,9 < N, (31)
where
R 1 m(n—1) Tn—1)\ . o
pn:8N3/200t( 5N )csc(W s Q= (=1)"Dp, n > 2. (32)

Step 2. Let the DCTII-transform U = {ﬁq} is given (see (24)). It is easy to see that

the system of four equations

~

Ayg=fgyg7=N,N—=1,g=N,N—1 (33)

with respect to the vector a = (ai, as, asz, as)" is uniquely solvable in explicit form
a =D M u, where

u= (UnN, UN(N-1)s UN-1)N, UN-1)(N-1))" and

(2pn) 2 0 0 0
D 0 (4pn-1Dn) " 0 0
0 0 (4pn—1pn) ! 0 7
0 0 0 (2pn_1) 2
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1 1 1 1
I e e S A e e A
D™ === (=)™ —(=)7"
1 ~1 -1 1

Step 3. After the determination of the vector a we completement (N — 1) x (N — 1)-
dimentional matrix to the N x N-dimensional, using the values p; from (22). We call the
resulting matrix the correction matrix C'. Let us construct the remainder matrix R by
the formula

R=U-C={rum}, 1 <n,m <N, (34)

Step 4. Make a chosen e- level compression of the remainder matrix R and denote it by
R ={rin}-

Step 5. Using DCTIII (see (20)) to {r¢,,} we get a matrix V< = {vf, }. At the desired
output of the algorithm we obtain the final compressed matrix F°<= V4 C.

Final output interpolation has the form

N

In(fi2,y) = Y Thnn(®)dm(y) + Al,) (35)

n,m=1
Remark 3. The corresponding algorithm for a truncated Fourier series differs from the
interpolation only by the fact that in Step 2. {f.m} coefficients are used (see (23)) instead
{A\rq}, and in the matriz C instead of {p;} the values of {p;} from (18) are used.

Remark 4. To find the vector a, only four multiplication operations were required. For
the remainder matriz R it was necessary N? summations. After the e- level compression of
the remainder matriz R, nonzero pizels of the matrix R and four coordinates of the vector
a should be stored in the memory. In comparison with the DCTII algorithm (where e- level

compression is directly applied to the matriz U) additional cost is rather cheap.

4 Numerical Results

4.1 Test Functions

Our test functions are

fi(z,y) = 6.66 Jy3 (1 - SmQ((f ;yl/ 3) y))

sin(x +4y) + cos(6x — 29))
1.7—z (y—1/3)

fQ(l’,y) = 25 J2‘12 (3 —

10
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where J, is the Bessel function of the first kind. These functions are positive and their
maximal values are equal about 1. We see that fi(z,y) is very smooth but fy(x,y) is

sharply variable in the directions of both axes.

Figure 1: Graphs of test functions f; (left) and f5 (right)

Figure 2: Graphs of |V fi| (left) and |V f3] (right)

Remark 5. It follows from the two-dimensional analogue of (16) that the asymptotic
properties of the coefficients f:p and fs, (compare with Lemma 1 in the Introduction) depend
on the behavior of the gradient of the function f(x,y) on the boundary.

Let us present some results of our numerical experiments. Calculations were performed
using Wolfram Mathematica 9 for N = 8,12, 16. Below only the algorithm for discrete case
was applied for comparison with the DCT-compression algorithm.

The the figures and tables below present the data on comparative compression of DCT
and our algorithm called by KE4+DCT.

11
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4.2 Compression possibilities

Figures below correspond to (see the item 3.1 above) three compression levels [ = (ey, €9, €3).
If f=fi,l = (26x107,22x 10755 x 107) and if f = fo,l = (1.9 x 1077, 3.1 x
107%,5.1 x 107?) (compare with Tables 1-4 below),

DCTII KE+DCT

Figure 3: The table of {ﬁp}, (ee (24)), for f = fi (left) and (see Step 3 above) for the
corresponding remainder matrix R (right), N=12. Colored pixels correspond: white for
[Usy| < 2.6 x 1077, light grey for 2.6 x 1077| < |g,| < 2.2 x 107, dark grey for 2.2 x 107% <
[Usp| <5 x 1073,

DCTII KE+DCT

Figure 4: The table of {ﬁp}, (ee (24)), for f = fy (left) and (see Step 3 above) for the
corresponding remainder matrix R (right), N=12. Colored pixels correspond: white for
[Usp| < 1.9 %1077, light grey for 1.9 x 1077| < [u,| < 3.1 x 107°, dark grey for 3.1 x 1076 <
[Usy| < 5.1 x 1073,

The first data of three compression levels equals to the minimum of the values {|unw|, [unv—1)|, [u(v-1)n
(see white pixels at the left pictures in Figures 3 and 4 )

Main characteristics for fi(h,y) and fo(x,y) are given in the tables 1,2. In the columns

”Nonzero pixels” the data for DCT compression algorithm are given in the first row of the

12
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2 x 3 matrices. In the column ”Saved percents” the negative percents mean the nonzero

pixels excess.

N Compression levels Nonzero pixels Saved percents
54 52 6

8 (3.36—6 3.2¢—5 1.36—2) (44.4 44.2 50)
30 29 3
128 121 13

12 (2.66—7 Le—6 5.6e—3) <51.6 53.7 61.5)
62 56 5
231 217 16

16 (4.56—8 0.56—7 36—3) (55.8 58.1 56.3)
102 91 7

Table 1.  Compression information for fi

N Compression levels Reminder pixels Saved percents
64 62 15

8| (4e-7 57¢-6 65e-3) (63 48 —67)
60 59 16
143 129 16

12| (1.9¢-7 31e-6 51c-3 ) (7 14 -63)
133 111 17
255 233 24

16 | ((27¢-8 62¢-7 26¢-3 ) (122 189 42)
224 189 23

Table2. Compression information for fo

4.3 Compression errors

Some final errors after restoration of values of fi(z,y) and of fa(x,y) on the two-dimensional cosine

grid are presented in the tables 3,4.

Error norms— || Ly, -errors by compression levels | Lo -errors by compression levels
DCT 8.2e-6 | 2.1e4 Te-2 4.5¢e-6 | 8.1e-5 2.8¢-2
KE+DCT l4e5 | 1.1e4 7.3e-2 6.7e-6 | 4.5e-5 2.1e-2

Table 3.  Errors of the algorithms for function fi on the cosine grid, when N = 8.

Error norms— || Ly -errors by compression levels | Lg -errors by compression levels
DCT le-8 | 1.1e-6 5.4e-3 5.3e-9 | 3.1e-7 1.4e-3
KE+DCT 4.4e-8 | 1.7e-6 7.7e-3 1.1e-8 | 3.8e-7 1.5e-3

Table 4. Errors of the algorithms for function fo on the cosine grid, when N = 16.

Let us call conventionally the lossless algorithm the case, when the L.,- error is less than
0.05 percents of Max|f].

Remark 6. According to our experiments, the KE+DC'T algorithm is best for a lossless com-
pression (see first two compression levels in Tables 3,4 above). It allows to save on average about
20-30 percents of the memory when 8 < N < 32.

13



14 Anry Nersessian

5 Conclusions

From the presented and some other our numerical experiments, the following conclusions related
to compression problems can be done:

1. For f € C?, the proposed algorithm is effective when applied to a lossless compression.

2. The smaller the maximum value of the gradient norm |V f]| is, the more efficient is the
proposed algorithm.

3. The bigger N is, the more efficient is the proposed algorithm. In the above experiment,
the values N = 8,12,16 are chosen so as to make small changes comparing with the classical
JPEG-choice, N = 8.

4. For f ¢ C? the proposed algorithm makes the compression worse comparing to the DCT
algorithm, however the compression errors are practically unchanged.

5. It would be natural to investigate the possibilities of the implementation our KE+DCT
lossless algorithm to the compression part of JPEG- algorithm (see Remark 6).

6. It seems interesting to apply the proposed conception to three- and multidimensional Cosine-

Fourier series, Cosine-Fourier interpolations and DCTII.
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