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1 Introduction

The theory of Gibbs random fields is a relatively young domain of the probability theory.
It was originated in late 1960’s due to the works by Dobrushin [20], 27, 28| 29, 30], Ginibre
[46], [44] [45], Lanford and Ruelle [60] , Minlos [69, [70], Minlos and Sinai [72} [73] [74], Ruelle
[106] where a modern approach to the study of notions and problems of statistical mechanics
at the rigorous mathematical level was developed.

There has been a great interest in the theory of Gibbs random fields due to applications
in physics, in image processing, neuron networks and so on.

Starting from 1970’s the Gibbs random fields were studied in the ”Integral and stochastic
geometry” department of the Institute of mathematics of the National Academy of Sciences
of Armenia. Let us mention the works of D. Martirosian on the statistics of configurations
of contour models [75], [76], of B. Nahapetian on the limit theorems for Gibbs random fields
[79, [80L, 82, 2] and the works of the author of the thesis on the study of the large volume
behavior of the log-partition function, local limit theorem and the probabilities of large
deviations for the classical systems [5], [6 [7, 8, [0 83, 84]. An original contribution was
made by R. Ambartsumian [2, [3, [4]: description of new classes of Gibbsian fields based
on combinatorial (inclusion - exclusion principle) approach to the construction of point
processes. (Later on the works on this topic were continued by J. Lebowitz and his group
from Rutgers University [58, 50]).

We note also recent papers of B. Nahapetian in collaboration with S. Dashian where they
solved the well-known problem of R. Dobrushin on description of random fields by means of
one point specifications [21], 22}, 23]. This allowed them to develop an alternative approach
to the theory of Gibbs random fields .

In collaboration with V. Arzumanian and B. Nahapetian the author of the thesis studied
the asymptotics of the partition function, the decay of correlations and limit theorems for
classical lattice spin systems [83, [0} 84 5] 6], [7].

The main technical tool for treating the problems considered in the thesis is the cluster
expansions method, one of the most powerful in study of the Gibbs random fields [65] 26].
The method allows to write local characteristics of the Gibbs random field (the logarithm of
the partition function, the means of local functions et.c) as an absolutely convergent series.
The main term of these expansions corresponds to the non-interacting systems, while the
correction terms depend on the interactions. The method is efficient for weak interactions
where deeper analysis is possible. The amount of publications devoted to cluster expansions
and their applications is enormous, see the surveys by Brydges [16], Pfister [89], Abdesselam
and Rivasseau [I], the books of Malyshev and Minlos [65], Seiler [107], Glimm and Jaffe [47]
and references therein.The cluster expansions method has important applications to classical

systems [88, [71), [17], quantum systems [44] 46| 96], quantum field theory [48] [64, [10] 18], as



well as to polymer systems, i.e. discrete systems with additional internal structure [49, 25|
14, [77,, 110}, 42, [53].

In pursue of Dobrushin’s paper [26] ”Sometimes it seems that the specialists in the
probabilistic mathematical physics pronounce the words: ”"Now the cluster expansion can
be applied” as some kind of magic incarnation. They mean that now we can be sure that
all plausible facts can be rigorously proved. ”

To apply the method of cluster expansions in a concrete situation usually one has to
specify and modify the general ideas often by repeating the same arguments. There was a
natural tendency to develop a unified approach. An important step forward was the article
of Kotecky and Preiss with its simplified setting and its elegant condition for the convergence
of the cluster expansion [57]. Their result applies to discrete systems only. At the same time
all abstract (i.e. general) approaches involve restrictions that correspond to non-negative
(repulsive) interactions.

The thesis presents a new approach to the abstract cluster expansions method that applies
to classical and quantum systems ( discrete and continuous ) with general stable interactions
[To1].

The main result of the thesis is the asymptotic expansion of the log-partition function of
a quantum gas in a bounded domain as this domain dilates to infinity. This result is based
on the cluster expansion method and on a new general method of proving asymptotic expan-
sions for the log-partition functions using estimates of two-point semiinvariants (truncated
correlation functions) only.

The thesis undertakes the following strategy : with the help of the Feynman - Kac formula
the quantum gases are represented as systems of interacting Brownian loops (loop gases).

Then a key notion of the decay of functions of two Brownian loops, given in terms of
integral bounds, is introduced. Using the general approach to the cluster expansions bounds
for two-point semiinvariants are derived to become the basic technical tool for the derivation
of the asymptotic expansion of the log-partition function of the loop gases.

Various models of loop gases have been studied in [11], B3, [66], 108, 112} 12] [103] 43, 04
95, 96, 98], Q9] et. c..

The rest of the thesis is organized in the following way:

Chapter 2 is devoted to the abstract cluster expansions method [I0T]. It starts with set-
tings and formulation of two general assumptions which provide the main results of Chapter
1: absolute convergence of the abstract cluster expansion and convenient representations of
the first and second abstract semiinvariants. Then we derive a fundamental tree estimate in
Section 2.2 and prove the theorems in Section 2.3.

In Chapter 3 we describe the decay of correlations in terms of various bounds for semi-
invariants. In general setting, where the semiinvariants have a representation via Ursell

functions, we give a useful bound for the abstract two-point semiinvariants, see Section 3.1.



We use this general result to study the decay of correlations in loop gases.

In Section 3.2 we briefly recall the Feynman - Kac formula [46] 143 104, 109] which
gives a convenient representation of the grand partition functions of quantum gases. We
consider the cases of Maxwell - Boltzmann (MB), Bose - Einstein (BE) and Fermi - Dirac
(FD) statistics. In the next Section 3.3 we introduce the corresponding models of loop
gases with MB, BE and FD statistics. The case of MB statistics is the simplest and the
corresponding loop gas is a system of interacting Brownian loops in R of fixed time interval
B. One can think about the loop gas with MB statistics as a classical gas in R? where
the point particles are replaced by Brownian loops, the interaction between points by a an
interaction between loops and the Lebesgue integration [ du by a Wiener integration of
the type [du [ dPy*“(dz), where Py“(dx) is the conditional Wiener measure (also called
Brownian Bridge measure) for Brownian loops from u to u in time f.

The loop gases corresponding to quantum gases with BE and FD statistics are the models
of interacting Brownian loops in R? with random time intervals that are integer multiples of
B, so called winding or composite loops. One can think on these models in analogy with the
loop gas obeying MB statistics with more complicated winding loop interaction and more
sophisticated integration.

In Sections 3.4 we consider loop gases and define the decay property for functions of two
Brownian loops [96], 93]. Combining this with the bound for the abstract two-point semiin-
variants from Section 3.1, we formulate two more assumptions (separately for integrable and
hard core potentials) which provide power decay of the two-point semiinvariants of the loop
models. The next Section 3.5 considers concrete models of loop gases with various statistics
and potentials and finds (by verifying assumptions from the previous section) the conditions
on the activity and potential which provide a power decay of the corresponding two-point
semiinvariants.

In Chapter 4 we consider classical gases and in this relatively simple situation we present
a new approach for the derivation of the large volume asymptotics of the log-partition func-
tion of the corresponding Gibbs distribution. It was mentioned above that this approach, in
contrast to the existing ones (see [92], [19]), uses bounds only for the two-point semiinvari-
ants. As an application of this result we prove the central local limit theorem [7, 9], give a
bound for the convergence rate [84] and prove the local limit theorem for the probabilities
of large deviations of the particle number in a grand canonical ensemble [91, 90]. We note
that similar problems for the loop gases remain open.

Chapter 5 uses a modification of the method from Chapter 4 to derive the asymptotic
expansion of the log-partition function of the Gibbs distribution for interacting loop gases

in a bounded domain. The following expansion is the main result of Chapter 5:

In Z(Ag,2) = R*|A|Bp(9,2) + R|OA|b(6, 2) + 2mx(A)e(9, 2) + o(1). (1.1)



Here (3 is the inverse temperature, |A| is the area, |0 A| the length of the boundary of A
and x(A) is the Euler-Poincare characteristic of the domain A. The coefficients p(¢, 2),
b(¢, z) and c(¢, z) are explicitly expressed as functional integrals and are analytic functions
of the activity z in a neighborhood of the origin; p(¢, z) is the pressure and b(¢, z) can be
interpreted as the surface tension.

This result can be viewed as a natural generalization of the famous problem of finding
the asymptotics of the partition function Tr exp(BA) = Y0 e as f — 0 [94]. Here
A, are eigenvalues of the Laplacian —A in a bounded domain . This problem goes back to
1910’s, to H. Lorentz and H. Weyl [54].

That the situation in quantum case is much more complicated illustrates the fact that,
in contrast to the classical case, the log-partition function In Z;4(Ag, z) of the ideal (non-
interacting) quantum gas has a non-trivial asymptotic expansion similar to (1.1) with con-
stant coefficients [62]. This expansion of In Z;4(Ag, z), which was the only existing result
in this direction, can be obtained from our expansion (1.1) as a particular case by setting
¢ = 0. The paper [62] applies the asymptotic expansion of In Z;4(Ag, z) for the study of the
finite size effects in the orbital magnetism of a free electron gas.

The expansion (1.1) opens a possibility to derive limit theorems for the models of inter-
acting Brownian loops, to study the orbital magnetism as well as the diamagnetic current for
interacting electron gas, in analogy with the papers [62, 63] . Other applications of (1.1) can
be found in the stochastic and integral geometry [68] and in the statistics of Gibbs random
fields [67].

For interacting quantum gases only the existence of the volume term of the asymptotic
expansion of the log-partition function was proved [46].

We note that the geometrical factors of all the three terms of the expansion (1.1) are
the same as in the well known Hadwiger’s theorem from the integral geometry which states
that any real-valued, additive function 1 on the space of compact convex subsets A in
R? which is convex-continuous (with respect to the Housdorff metric) and invariant with
respect to the Euclidean motions is a linear combination of the area, the length of the
boundary and the Euler-Poincare characteristic of A with constant coefficients . But in
contrast to this, the expansion (1.1) is an asymptotic expansion and the connections are
not clear. We note that since In Z(A, z) as a function of convex bodies is not additive:
InZ(Ay UAy, 2) #InZ(Ay,2) +InZ(As, z) — In Z(Ay N Ag, z), the Hadwiger’s theorem can
not be applied to In Z(A, z).

Finally in Section 5.4 (using different method ) we prove the asymptotic expansion of

the log-partition function of interacting Bose gas in a polygonal domain.



2 Cluster expansions

2.1 Formulation of results

We consider a set X whose elements may represent widely different objects: positions of a
classical particle, polymers, i.e. a connected sets of Z%, closed Brownian bridges, et. c.. For
the general abstract theory, we assume the structure of a measure space, (X, X, 1), with u
a complex measure. We denote |u| the total variation (absolute value) of . Let uw and ¢ be

complex measurable symmetric functions on X x X that are related by the equation
glz,y) = e Y — 1. (2.1)

We allow the real part of u to take the value +o00, in which case g(x,y) = —1. In typical ap-
plications u(x, y) represents the interactions between x and y, and the value +o0o corresponds

to a hard-core repulsion. We define the “partition function” by

Z:Z%/du(ml).../dﬂ(:cn)exp{— Z u(:cz-,a:j)}, (2.2)

n>0 1<i<j<n

or, equivalently,

7Z = ;0 % /du(xl) e /du(mn) H (1 + q(zs, 25)). (2.3)

1<i<j<n

The term n = 0 of the sums is understood to be 1.
The main goal of cluster expansions is to express the partition function as the exponential
of a convergent series of “cluster terms”. The main difficulty is to prove the convergence.

We first assume that the potential u is stable.

Assumption 1 . There exists a nonnegative function b on X such that, for alln and almost

all xq,...,x, € X,

n

H ‘1 + Q<xi,l’j)‘ < Heb(ﬂci)_

1<i<j<n i=1

In other words, we assume the lower bound

n

Z Reu(z;, z;) > — Z b(x;). (2.4)
1<i<j<n i=1
When the function b is constant, this is the usual definition of stability. “Almost all” means
that, for given n, the set of points where the condition fails has measure zero with respect to
the product measure ®"u. If X is countable, the condition must be satisfied for all x4, ..., x,
such that p(z;) # 0.

The second condition deals with the strength of interactions.



Assumption 2 . There exists a nonnegative function a on X such that for almost all v € X,

/dmmnmuwnw@”WDSa@y

In order to guess the correct form of a, one should consider the left side of the equa-
tion above with a(y) = 0. The integral may depend on x; a typical situation is that z is
characterized by a length ¢(z), which is a positive number, so that the left side is roughly
proportional to ¢(z). This suggests to try a(z) = c¢f(x), and one can then optimize on the
value of c.

We also consider an alternate criterion that involves u rather than q.

Assumption 2’ . There exists a nonnegative function a on X such that for almost all

r e X,
/Hmwnwaww@MMSa@»

For positive u we can take b(x) = 0; and since 1 —e™* < u, Assumption [2|is always better
than Assumption 2] We actually conjecture that, together with Assumption [I} a sufficient

condition is
[ @) min(late. o)l fute ) < afo) 25)

That is, it should be possible to combine the best of both assumptions. In this respect
Assumption [2] is optimal in the case of positive potentials, and Assumption 27is optimal in
the case of hard core plus negative potentials.

We denote by G, the set of all unoriented simple (i.e. without loops and with at most
one edge between two different vertices) graphs and by C,, C G, the set of all connected
graphs with n vertices. We write V(G) for the set of vertices of a graph G. We introduce
the following combinatorial function on finite sequences (x1, ..., x,) of elements of X:

1 ifn=1,

#ABL ) = | (2.6)
ZGeCn H{i,j}eG q(x;,x;) ifn>2.

The product is over edges of G.

Theorem 2.1 (Cluster expansions) . Suppose that Assumptions[1] and[3, or[1] and
hold true. We also suppose that [ d|u|(y)|e®®*2®) < oo. Then we have

7 = exp{z % /d,u(a:l) coodp(zy) oz, .. ,xn)} (2.7)

The term in the exponential converges absolutely. Furthermore, for almost all 1 € X, we

have the following estimate

St [l [l otz < () - DB (2
(n—1)!

n>2



(Under Assumption , Eq. holds with e*@1) instead of e2*(¥1) )

Let us turn to correlation functions. We only consider one-point and two-point correlation
functions since these are the most useful and expressions become more transparent. We refer
to [I11] for more general functions. First, we define the unnormalized one-point correlation

function by

(o) =3 gy [t [ante) T (1 atwiz) (29)

n>1 1<i<j<n

(the term n = 1 is 1 by definition). And we define the unnormalized two-point correlation

function by

¢(x1,x0) = Z ﬁ/du(mg) . /du(mn) H (1+ q(z, 7)) (2.10)

n>2 1<i<j<n

(the term n = 2 is equal to 1 4 g(x1,x2)). The normalized correlation functions are ¢(x1)/Z
and ¢(xy,22)/Z. As is shown in Theorem , they can be expressed using the “cluster

functions”

o) = Zﬁ/dy(@).../du(a:n)go(xl,...,xn), (2.11)

n>1

and

o(xy,x9) = Z ﬁ /du(xg) . / dp(z,) e(xy, ..., zy). (2.12)

n>2
Theorem 2.2 (Cluster functions) . Under the same assumptions as in Theorem[2.1], the
cluster functions o(x1) and o(x1,x) are correctly defined. Moreover

|O'(l’1)| < 6a(m1)+2b(zl)

(2.13)

’0(331’ $2)’ < e2la(z1)+2b(z1))+a(w2)+2b(z2)]

In statistical mechanics, the relevant expression is the truncated two-point correlation

function

A A
When the cluster expansion converges, it is equal to o (1, x2) by the theorem below. This

S(x1, @) (1) <(x2).

function usually provides an order parameter for phase transitions and it is useful to estimate

its decay properties (see Section 3.1) .

Theorem 2.3 (Correlation functions) . Under the same assumptions as in Theorem
we have

@),
. i) = o), (2.14)
T’ = U(xl)U([Ez) + (T(IE1, :UQ)'

The theorems of this section are proved in Section [2.3]

8



2.2 The tree estimate

Let 7, C C, denote the set of trees with n vertices. The following tree estimate plays a
fundamental role in the proof of convergence of the cluster expansions. Let n be an integer,
bi, ..., b, be real nonnegative numbers, and ¢;; = g;;, 1 < 4,7 < n, be complex numbers. We

assume that the following bound holds for any subset I C {1,...,n}:
H 1+ g5l EHeb’} (2.15)
i,jEl i iel
Let u;; be such that ¢;; = e — 1. We prove two distinct tree estimates, the first one

involving |g;;| and the second one involving |u;;|. These bounds will allow to prove the

convergence under either Assumption [2| or Assumption

Proposition 2.4 . If the bound (2.15]) holds true, we have the two bounds
(a)

n

> IT a| < (ITe) X TT lash

GEC {ij}eC i=1 GET, {ij}ea

(b)

n

> I e = (ITe*) > IT sl

GECn {i,j}€G i=1 GeTn {i,j}€G

We actually conjecture that the following estimate holds under the same hypotheses:

’Z H G| < (ﬁebi> Z H min(|u; |, [gis)- (2.16)

G€eCy {i,j}eCG i=1 GETy {i,j}eCG

We prove Proposition (a) below using Ruelle’s algebraic approach, see [105] and
references therein. This method is usually combined with a Banach fixed point argument
for correlation functions. However, we use it differently so as to get a tree estimate.

Let A be the set of complex symmetric functions on P({1,...,n}) the set of all subsets
of {1,...,n}. We introduce the following multiplication operation for f, g € A:

Frg) =S F(Dg(I\ J) (2.17)

We use the standard conventions for sums and products, namely, that the empty sum is zero
and empty product is 1. Together with the addition, A is a commutative algebra with unit
14(I) = 619. We have

fI) = > FCI) - (k) (2.18)

J1,...,JkCI,JiﬂJJ‘ZQ,UL;:I

Let A be the subset of functions f such that f(0)) = 0 (A is an ideal of the algebra A).
Notice that f**(I) = 0 for all k > |I|, f € Ay. Without confusing the reader, we use |-| for the

9



number of elements of a finite set. We define the exponential mapping exp 4 : Ao = Ao+ 14
by
expuf=1a+f+3 74+ 5 (2.19)
Let ® and ¥ be the functions defined by

o= > I @

GeC(I) {i,j}eG

=[] C+a)= > ][ @

ijel i<y Geg(I) {i,j}eG

(2.20)

Here, G(I) (resp. C(I)) is the set of graphs (resp. connected graphs) on I. All graphs below
are unoriented simple graphs (i.e. without loop and with at most one edge between two

different vertices). By definition ® € Ay and we have the relation
U =exp, . (2.21)
We also introduce an operation that is reminiscent of differentiation:

I if 1 =
D, () = f(IuJ) ifInJ=40, (2.22)
0 otherwise.

This is a linear operator which satisfies

Dy (f*g) = Dy f * g+ f * Dgyg, (2.23)
therefore also
Dyyexpy f=expy f Dy f. (2.24)

For disjoint I, J C {1,...,n}, we define
g1(J) = (T DI\I!) (). (2.25)

Since ¥ € 14 + Ay it has unique inverse ¥*(=1) that can be proved easily by recursion.

Let I C {1,...,n}. The assumption of Proposition implies that
T IT It +al <] (2.26)
i€l jeI\{i} i€l
Then there exists ¢ € I such that
I 11+ aul < e (2.27)
JEN{i}
Such ¢ is not unique in general. We consider a function ¢ that assigns the minimal of the

indices ¢ = «(I) above to each nonempty subset I C {1,...,n}. Notice that ¢(I) € I for any
subset I. Tt is also useful to introduce the notation I’ = I\ {¢(I)}.

10



Lemma 2.5 . The function g;(J) of Eq. (2.25) is solution of the following equation.

90(J) = o1,
9107 = (TTO+ @) D2 (TT st ) gruc (TN K if 140,
iel’ KcCJ ieK

Since the equation gives g;(J) in terms of gx(J) with |K|+ |[L| = |I| + |J]| — 1, it is
well defined inductively and it has a unique solution. Notice that gy() = 1, and also that
g:(0) = 1 for any index 1.

Proof. Recall the definition of W. For disjoint I, K we have

W(1,K) = ( TT 0+ ) 91U K)

JEN\K

— (T10 + a000) (X Tl avocn ) ¥ U ). .
jer LCK kel
Then
=Y W\ K)¥(IUK)
= (E(l—l-qj,L([ >LCZKCJ kll%(l) DI\ EK)U(I'UK) (2.29)
= (TT0 + 2u)) X (IT arein) > WV LN KNI ULUK),
Jjer LCJ kel K'CJ\L

The last sum is equal to gpyn(J \ L). One recognizes the equation of Lemma
We now estimate the function g using another function h that satisfies an equation that

is similar to that of Lemma 2.5l

h@(J) = 09,7,
1(J) = = 2bun) Z (H |01 )hI/UKJ \K) if I #0.

KCJ ieK

(2.30)

It also has a unique solution. Since [],_;/ |1+ ¢;n)| < €@, we can check inductively that

l9:(J)] < hi(J) (2.31)

for any sets I, J (with INJ = @). Now the function h can be written explicitly [71, 96]. Let
Fr(J) be the set of forests on I U J rooted in I. That is, a graph G € F;(J) is a forest such

that each tree contains exactly one element of I, the root of the tree.

Lemma 2.6 . The solution of Eq. (2.30) is

hi(J) = ( 1T 621") > I el

i€IUJ GeF(J) {i,j}

11



Proof. Since the solution to Eq. is unique, it is enough to check that the Ansatz
of the lemma satisfies the equation. First, let us observe that both sides are multiplied by
[Tic;us€”. Thus it is enough to consider the case b; = 0.

To each forest G € Frux(J\ K) we associate a forest G € F;(J) by adding a new vertex
t(I) to the set of vertices of G and edges {{¢(]),j}, j € K} to the set of edges of G. We
denote the set of all such forests G by F;(J | K). Notice that F;(J | K1) Fi(J | K2) =0
if K1 # K, and U, Fi(J | K) = Fi(J). Therefore the sum over graphs in F;(.J) can be
realized by first summing over the set K of indices (necessarily in J) that are connected to

t(I); then over sets of trees in J \ K, and over connections to I’ U K. Explicitly,

> H|Qij|:Z<H|Qi,L(I)|> > T el (2.32)

GeFr(J) {i.j} KcJ ieK GeFny(J\K) {i,5}

This equation is precisely ([2.30)).
Proof of Proposition bound (a). When I has a single element, by (2.21)) and ([2.24])

the function g is equal to

g1(2,...,n) =0V Dw(2, .. n) =0 D% Diexpy
.c1>(2,...,n) :\1/*<—1>*eprlecb(Q,...,n)

= D, =[] (2.33)

GeCp {i,5}

This the left side of Proposition [2.4 (a). We have F11;({2,...,n}) = Ty, the set of trees with
n vertices. Thus hy(2,...,n) is equal to the right side of Prop051t10n (a), and the proof

follows from Eq. (2.31)).
The proof of Pmposz’tion (b), in the absence of "hard core”, i.e., when g # —1, follows

from a tree identity due to Brydges, Battle and Federbush [17, 10, [16]:

Z H (e_ui,.i — Z H —Uj 5 /dAg({S”}) exp (— Zsijui’j>

GeCp {i,j}ey GeTn {i,7}€G 1<J

The full definition of the measure Ag can be found in Ref.[16]. Here we only mention that
sij = Sji, 0 <s;; <1, Ag depends on the tree G and is a probability measure supported on
the set s;;,1 <14 < j <n, such that

Z sijRew; ; > — Z b;. (A.6)

1<j

The extension to case where Rew; ; = +00 can be obtained using a trick due to Procacci
[102]. For the proof see [101].

12



2.3 Proofs of the theorems

In this section we prove the theorems of Section 2.1. We associate to each i € {1,--- ,n} a
variable z; € X and consider only the case where Assumption |2 holds true — the case with
Assumption [2'] is entirely the same, one only needs to replace all |¢(z,y)| with |u(x,y)| and
all e?() with e*(). The proofs are based on the following tree estimate, which is a direct

consequence of Proposition 2.4} for almost all 1, ..., z, € X,
n
lo(x1, .. xp)| < He () Z H q(x;, xj)| (2.34)
i=1 GeTn {i,j}€G

Proof of Theorem . We start by proving the bound ({2.8]). Let us introduce

N

= = [ e [ el He%m ST lataa)l
n=1 GeTn {i,j}€G
K(x) = ]\}1_15100 Kn(x). (2.35)

(The term n = 1 is equal to €?*®) by definition.) We show by induction that
Ky(z) < et®F20@) (2.36)

for any N. Then K (z) < e*®+2() for almost all z, and using we get (2.§).

The case N = 1 reduces to 1 < e*®) and it is clear. To perform an induction in n we
associate to each tree G € T, a possibly disconnected graph G" with V(G') = {2,--- ,n} in
the following way: we delete all edges {1, j} of the tree G with one endpoint on 1. After that
operation we get a forest GG’ since each connected component of G’ is a tree. Let Gy, -+ ,G,,
be the trees of the forest G’. Then setting V; = V(G;) we have ViU --- UV, = {2,--- ,n}
and V;NV; =0 if i # j. Thus by this operation to every tree G € T, is associated a unique
partition. And vice versa taking a partition V3 U--- UV, of {2,--- ,n} and any collection
of trees Gy,...,Gpn, G, € T(Vi) by adding a set of edges {1,jr}, jx € Vi, K = 1,--- ,m,
we get a tree on {1,---,n}. Here, T(V) denote the set of trees with V' as the set of
vertices. Therefore the sum over trees with n vertices can be written as a sum over forests
on {2,...,n}, and a sum over edges between 1 and each tree of the forest. In its turn the
sum over forests on {2,...,n} can be written as a sum over all partitions {Vi,--- ,V,,, m =

1,2,-+-} of {2,...,n} and a sum over trees on each V;. Explicitly,

VISR DI D SRR KON e

n=1 m>1 (ViV}
partition of {2,...,n}

iligb@n}ﬁ(;:m(%w > 1 iy ) (2.37)

=1 MeV; GeT (Vi) {i,j}eG
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If |Vk| = 1 the sum over G € T (V) is 1 by definition. The term after the sum over

partitions depends on the cardinalities of the V}’s, but not on the actual labeling. Also, each
(n—1)!

nlngy,!

partitions of the set {2,...,n} into subsets {V4,...,V,,} with fixed |V;| =n;, i=1,--- ,m,

¢ € Vi gives the same contribution. Therefore, taking into account that there are

we get

2b T1 Y 1 = 1
Kn(x1) = ( )Z ol Z H(m
[ dww) t/ﬂM@mlqmy1ﬂ13M1§: 1T %ﬂy)-@3&

G€Tny, {1,j}€G

We obtain an upper bound by releasing the constraint ny +---+n,, < N—1tony < N—1,
1 <k <m. We then get

N-1

KN(xl) < eQb(m)eXp{Z ﬁ/d’u(yl) . /d‘lu’(yn) |q<x1’y1)’
T s I bl )

i=1 GETn {i,j}eCG

= e exp{ [l e )l K1) .

We have Ky_1(y;) < €@+ by the induction hypothesis. Eq. (2.35) follows from
Assumption [2]
The rest of the proof is standard combinatorics. The partition function can be expanded

so as to recognize the exponential of connected graphs. Namely, we start with

z=1+ Y [autw) . [ante) 3 T atwney) (2.40)

n>1 GeGn {i,j}

The graph G € G,, can be decomposed into k connected graphs G, --- , Gy (which are the
connected components of GG) whose sets of vertices Vy,--- |V form a partition of {1,...,n}:

As before, the contributions of the graphs Gy, -, G} depend only on the cardinalities
of the V}’s, hence summing first over the number m; of vertices for each set of the partition,

we get

_1+ZZ | Z WH{/du(m).../deW)
P> HQ(“’%)}:”ZZ% 3 H (2.41)

GeCm, {i,j} n>1k>1 mm_l":...fln};>lnf 1
1 k

.t%ﬂwmm/@mwmhw%ﬁ-
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The triple sum is absolutely Convergent thanks to the estimate that we have just estab-
lished and the condition [ d|u|(y)|e*®+?®) < 0o of Theorem . One can then interchange
the sums by the dominated convergence theorem. This removes the sum over n, and this
completes the proof of Theorem [2.1]

Proof of Theorem[2.4 We first prove that the cluster function o (1, z2) given by (2.12)
is correctly defined. With the help of (3.8) - (3.10) we have

D

11,82

U =D, D;,exp, & =D, [exp, @ D;,P]
=exp @ * [D;,®* D;,® + D;, ;,P] (2.42)

Using ¥ = exp 4 ® and the definition (3.11) we get
Ginin = VY% D, 0 =Dy &% D;,® + Dy, ;,® (2.43)
It follows from (4.10) that
Gy s (X3, ) = Dy Dyyo(xs, -+ @) + Dy aop(23, -+, ). (2.44)
Hence
[ Dayas (3, @n)| < |Garaa (@3, -+, Tn)| 4 [Dayp % Dayp(ws, -+, )| (2.45)

This implies

(o, dlplws) - [ (@) D, - )
i /d|ﬂ|(x3) /dlul(wn)llgm,m(xg,--- ) (2.46)
Y dlpl (zs) .- /d\ul(xn)l\Dxlso * Doy p(, -+ on)| = 51+ 52
= (
By formula (2.31) |gsy w,(23, -+ ,%0)| < hyyao(xs,- -+ ,2,). Therefore with the help of

Lemma 3.4, definition of K (z) given by (4.2) and the bound (4.3) we can write

Z /d\ul(xs) /dw(g;n)He%(xi) 3

GEF (21 wg) (T3, Tn)

I latai =)l = Zm/dﬂd(%) : --/d|N|(In)H€2b( )
{i,j}eG n=2 ’ i=1

Z H |Q<xi>xj Z H ZEZ, x] -
G1eTi(V1) {i,5}€G1 G2€T2(Va) {i,7}€G2

15



ni1+1

_ i 5 (nill I % / dlja|(z2) - .

(n1,m2)m1+ne=n—2 G1€T (z1,22,Tny+1)

no—+2

S KC) IO D DR K ICS

G2€T (22,73, Tny+2)

[l TT latwne)l) = K@) () <
{i.i}eG1

ea(x1)+2b(z1)ea(zz)-ﬁ-?b(ﬂcz). (247)

Now we prove the absolute convergence of the series So. With the help of (2.8) we have

= 1
$:< 3 gy [ lultan) . [ A lIDae s Dosias, -+ )

DD DD DI b | LI R |

" k=0 JC{3, an};|J|=k Y jeJ

/ I diul@e)Deplar ke {3, n}\ J)| =

-2 %m 2 /Hd!u\(wj)!DmsO(xj,j € J)| (2.48)

' JC{3,---,$n};|J|=k‘ ]EJ

T @l Daplan k€ (30 )\ )

ke{3,-- m}\J

=3 [l [ a1t ) S g [l
k=0 =0
| / Al | Dasiplyr, -+ )| < oo r2en) ol 20l

Note that interchanging of the sums >~ Zz;g is justified because the resulting series both
are absolutely convergent

Thus combining (4.13) - (4.15) we complete the proof of Theorem 2.2.

Proof of Theorem . The correlation function ¢(x) can be expanded as a sum over
graphs, that can be decomposed into a connected graph that contains 1, and other connected
graphs. Taking into account the combinatorial factors, the contribution of connected graphs
containing 1 yields o(x), and the contribution of the others yields the expression for

Z. One step involved interchanging unbounded sums, which is justified because everything

16



is absolutely convergent, thanks to (2.8)). Thus ¢(z) = o(z)Z.

g(ml)zz 1) /Hd,ua:z Z H q(xi, x;)

>1 GeGn {1,5}€G1
Tatmls, T ([Iae ¥ 1 )
p 0W|Cvﬁ - xeW GeC(WU{z1}) {i,7}€G

n—1—p 1 k
DD > Y [Huw
k=1 ML Tk Vi Vi 2 Vel=ne,  £=1GeeC(Vy) ©  z€V,
nittng=n—l-p partition of {2,...n}\W

Il ateia) /Hd/wz) >0 xl,xj}:

{i,j}€G, GeC({z1, - ,xn}) {i,j}€G

p+1 n—1—

P
1
_Zzp' /Hdumz Z H xz,x]> Z ]
n>1 p=0 GeCpyy {i,5}€CG k=1
> ,H/Hduyj ) S IT atwi =)
b —1—p Go€Cn, {i,j}EG,
1 - 1 P
3 T /Hdm:ci)so(:cl, =3 ([T
n>1 =2 p=0 =2
n—1—p 1
.SO(xl,...,SUpH >n§2 ; k' nl;nk nqylonyg!

ni+--+ng=n—1-—p

oo k
H/Hduy] W1, s yw) +o(21) = o(21) Z%H

k=1 (=1

ZT“/HCI“?JJ yl?"'7yng)>+0-(x1)—0'<l'1)z

ne=1
The interchanging of unbounded sums is justified because everything is absolutely con-
vergent, thanks to (2.8]).

The first equation of (2.14) is proved. We now pass to the proof of the second equation.
As usual we start by decomposing graphs G € G,,, the terms where 1 and 2 belong to the

same connected graph yield o(z,y) Z for the same reasons as above. The terms where 1 and
2 belong to different connected graphs yield o(z)o(y) Z.

(a1, 22) = / Hdua:l ST o)

GeGn {i,j}€G1
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xeW GeC(WU{z1,xz2}) {i,j}€G

/Hdw > 1

k
k=1 Ty, Nk : = =1

-/Hdu(x) 11 Q(xul‘j)+/Hdﬂ($i)@($1,--- ,xn)}

Q
=
3
kS
o
N
| =

x€eVy {ij}EG[ =3
TS T [Hwe ¥l
p1=0 W1 {3, zeWn GeC(WU{z1}) {i,j}€G
Wil =p1
n—3—p1
ICED D SN B EZCIED SRR |
p2=0 WocC{3, n}\W1 " zeW; GeC(Wal{z2}) {i,j}eC
[Wa|=p2
n—(3+p1+p2) 1
YCE I SRS >
k=1 Tk Vi, Vi | Ve|=ny,

nit-4np=n—(3+p1+02) partition of {3,...,n \(W1UW2)

11 /Hdu(l‘) 11 q(xi,xj)] =+ P

=1 GpeC(Vy) ¥ =z€V, {i,j}€G,

Consider first ¢4. We have

S I )| (I

n>2 p= 0
n—2—p
Z ku > ﬁn/ﬂdu(w)s@(yl---ymﬂ
L ’ T=1Y j=1

ni+-+ng=n—=2—p

+§ﬁ/}ldﬂ(%>¢(xh”' 7I”):pzol'/]‘_[d'u yz

1
(1, T2, Y1, Yp) Z Z k' Z nyleong!

n>p+3 k=1 M1y 5Nk
ni+-+ng=n—2—p

k V4 00 k 00
1 1
T TLautwetn ) + olorn) = atonea) - Y- 5113 =
=17 =1 k=1 " t=1n=1 &
‘

'/Hdu(yj)w(yl o) o, ) = o2, 22) 2.
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Next

n>2 p=0 WcC{3, ,n} p1,p2=>0 W1,Ws partition of W zeWy

|W|=p p1+p2=p |Wi|=p1,|Wa|=p2

> I awa)([ Maw > 11

Gee(Wilim ) {id}eG eWa GeC(Wab{a)) (ig)€C
n—2—p k
gleiz) > LS > I X

N1, N V1, Vil Vel=ne,  £=1 GeeC(Vy)

nit AR =N"27P bartition of {3,....n}\W

1
/Hd,u (%,.ﬁ@)}—l-%w Z

z€V, {i, J}EGg p1,p220
p1+pa=n—2
(I 3T ate)
W1, Wo partltlon of {3, zeWy GeC(W1U{z1}) {i,j}eCG

|Wi|=p1,|W2|=p2

/H du(x) 3 11 q(xi,:cj)):

zEW GeC(Wau{z2}) {i,j}€CG

S T (M ¥ T )
n>2 prpaz0 Pl 'p2! zEW, GeC(WiU{z1}) {ij}eG
p1+p2=p
([T > I awsy)
z€W> GeC(Wa{z2}) {i,7}€G
n—2—p
DI DS T Tt )
ni, g 1 kool j=1

ni+-+nEg=n—2—p

Z n_2 /Hd“yz $17y1ﬂ”'7yp1)

u
prpazo Pl 'p2! i=1
p1+p2=n—2

D2
‘/Hdﬂ(yz’)@(%,ylw” 7yp2) = §1B +§QB.
=1

Let us treat ¢Z. We have

C1 _ZZ Z p1!ps! /Hd:u Yi)p xl,yl"‘ypl)/Hdlu(yj)

n>2 p=0 p1,p2>0
P1+p2=p

.
1 1
(T2, Y17 Ypy) il > mﬁl_[/l_[ld/l(yj)'
=17 j=

k=1 ’ Ny, Ny
ni+-+np=n—2—p
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m+1

oy yn,) = o(21)0 ZZ%H%/HM%)@(%---%)

m>0 k=1 ¢=1 j=1

o(e1)o .lz / H ;) ---m]. (252)

n>1
Now consider ¢Z’. We have

>

n>2  p1,p2>0
p1+p2=n—2

[Tl antweton e ) = aar)otas). (2.53)

\/Hdﬂ yl zlayla"' ayp1)

p1!ps!

Hence
¥ =o(z1)o i [Z /Hdu Yi)p “Yn)| +o(z1)o(22)
o(xq1)o(za) exp [Z /H w(y;)e yn)] = o(xy)o(x2) Z. (2.54)

Thus the second equation of (2.14) is proved. Combining (4.17), (4.18) and (4.22) we
complete the proof of Theorem 2.3.
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3 Decay of correlations

In this section we study the decay of correlations in quantum gases. We start with general
results on decay of correlations in the frame of abstract approach. Then we discuss the
Feynman-Kac representation of quantum gases as a model of interacting Brownian loops,
introduce the space of finite configurations of loops with corresponding measure and write
the grand partition function in terms of composite (winding) loops. In the last subsection
we derive useful bounds for two-point truncated correlation functions which are the main
technical tool for the analysis of the asymptotic expansion of the log- partition function of

quantum gases.

3.1 Bound of abstract semiinvariant

In statistical mechanics the two-point truncated correlation function plays a special role.
This function usually provides an order parameter for phase transitions and it is useful to

estimate its decay properties.

Theorem 3.1 (Decay of correlations) . If Assumptions |1 and @ of Theorem 2.1 hold
true, we have for almost all x,y € X,

m

oyl < @O0 S [l [ ) [l sl @ @

mz0 i=0
with xg = © and .11 = y. The term of the series corresponding tom = 0 is |q(z, y)|e®)+20@)
by definition. If Assumptions cmd hold true, we have the same bound but with |u(-,-)|
instead of |q(-,-)|, and €*) instead of e***).

In typical situations the functions ¢(x,y) and u(z,y) depend on the difference = — y (this
assumes that X has additional structure, namely that of a group). The estimates for |o(z, y)|
are given by convolutions.

Notice that Theorem does not say anything about the convergence of the series on
the right side of (2,13), it may equal to +o0. In many applications there is a small parameter
(usually it is activity z) which provides the absolute convergence of the right side of (5.1).
One can say that Theorem is the first step in obtaining finer estimates for the two-point
truncated correlation functions of concrete systems . Theorems 3.7 and below
illustrate this argument.

Proof of Theorem[3.1} From the tree estimate [2.34] we have

n

o (21, 22)| SZﬁ/dWK%)'“/dWK%)(H ezb(m)>

=1

> Tl y)l. (3-2)

GeTn {i,5}
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The expression above involves a sum over trees G € 7T, of arbitrary size that connect 1 and 2.
Any such tree decomposes into a path (line) 7(m) = (ig, i1, ,om, ims1), 10 = Lyime1 = 2,
of m 4+ 1 edges that connects 1 and 2, (m + 1 > 1 is called the length of the path) and
m + 2 trees rooted in the vertices of the connecting line. Let 7, (7(m)) be the set of all trees
G € T, which contain a fixed path 7(m) as a subgraph: 7(m) C G. A graph G; we call call
a subgraph of a graph G and write G; C G if V(G;) C V(G) and E(G,) C E(G) where
E(G) is the set of edges of the graph G. It is clear that

- UUTatrtm)

where |J' is taken over all possible paths (i, 41, ,%m,im+1) of length m 4 1 that connect
1 and 2. We note also that T,(7(m1)) N To(7(m2)) = 0 if my # mo as well as T, (71(m)) N
To(72(m)) = 0 for any two different paths 71(m) and 75(m) of the same length. Any G €

To(T(m)) we decompose into m + 2 trees Gy, - -+, Gpi1, rooted respectively in the vertices
10501, im,y imy1, Dy deleting the m + 1 edges of 7(m). The contribution of the trees
Go, -+, Gmy1 rooted in the vertices of the path 7(m) does not depend on the actual labeling.

Therefore we have

o) <Y o / e f b (ITe#0) 3= 11

n>2 ) i=1 GETn {i,5}
q(as, 25)] < 7 Z Z > (3.3)
n>2 (%0, yim—+1) 70, ,Nm—4+1>0
no+-+nmi1=n—m—2
(n—m —2)! s, i
. - 2b( 3:22 d o d 2b(y;)
o e / ol f o) T

> Tllatwopl [ dultea)- [ dlul(e,) T oGm0
k=0

Ge€Tnp+1 {i,5}

Since the number of different paths of length m + 1 is e (n 2)2),, using (4.2) we find that

m+1
sy 1
o <SS Y e O [l [ )
n>2 m=0 no, - ,MNm+1>0 (=0 E
no+-- +nm+1 n—m—2
_He%(% S IT latwi \/dm! i) - /d!ul i) [ 1
Ge€Tnp+1 {4,5} k=0
oo m+1
JTCHENNIES DY | ECHY ETICH RN RITEN
m=0 ¢=0

1 e, i)l (3.4)
k=0
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The result follows from the bound for K. Theorem is proved

To have an absolute convergence of the right hand side of the last inequality we replace
Assumption 2 by the following assumption

Assumption 3. There exists a nonnegative function a on X and a number p, 0 < p <1

such that for almost all x € X,

/ 11 (9) la(z, )"+ PWa(y) < pa(z) (3.5)

where a(y) = max(a(y), 1).
Assumption 3’ is defined as Assumption 3 but with u(x,y) instead of ¢(z,y) and with
e®(.) instead of e?(.)

Theorem 3.2 (Integral bound) . If Assumptions 1 and 3, or 1 and 3’ hold true then for
almost all v € X

[ i) o)) < e (o) (36)

Proof of Theorem[3.3 For m =0,1,--- we set

Ap(z) = / el (y)es @+ / Hdw 2o+ >H|q<xi,xi+1>| (3.7)

where x¢g =z, 2,41 = y and

Ao(z) = / 4] (9)“ D) gz, ) (3.8)

By Assumption 3

/ Hd’,u’ z;)e e(mi)¥20 IZ) q(zi; Tiy1 |/dW yyH2b)
X

=1 z’:
. |q(:pm’y | <p/ H d’#| -Tz axz )+2b(x;) H |q xzy$z+1)’
1=0
./dm‘(xm)ea(xm)+2b(xm)a(xm)‘q(xm—laxm)l <
X
. S pm+1a<x> (39)

Then by Theorem [3.1], with the help of Monotone Convergence Theorem we get

al\xr al\xr p
/dw( Yo, y)] < @@ S AL (1) < 2HB@q(z)

m>0 l=p

This completes the proof of Theorem [3.2]
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3.2 Feynman-Kac representation of the quantum gas

The remarkable Feynman-Kac formula [40, 46, [86] gives a convenient representation of the
statistical operator e ## where the Hamiltonian H of the system is the sum of the usual
kinetic energy operator and of an interaction generated by a pair potential (see formula (3.17)
below). Thus one can reduce the truly quantum mechanical problem involving unbounded
noncommuting operators to a problem very similar to the classical one, involving only scalar
functions.

Using Feynman-Kac representation Ginibre studied the reduced density matrices of quan-
tum gases in his pioneering work [46].

This work is an excellent mathematical introduction to the Wiener measure, the Feynman-
Kac formula, and its applications . See also [43], 104], 109] .

Consider a gas of N identical spinless particles in a bounded domain A C RY interact-
ing through a two-body potential ¢. We assume that ¢ is a real even function, piecewise
continuous and stable with stability constant B > 0. We will consider also stable hard core
potentials: ¢(u) = +oo for |u| < ¢, where ¢ is the radius of a hard core. In this case we
assume that outside of the core ¢ is piecewise continuous and summable.

We will consider cases where the particles obey Maxwell-Boltzmann (MB), Bose-Einshtein
(BE) and Fermi-Dirac (FD) statistics. Then L?(AY), the N-fold tensor product of L?(A), is
the Hilbert space which describe the quantum states of N particles obeying MB statistics.

The Hilbert spaces appropriate for the description of N particles obeying FD (Fermi gas
or fermions) and BE (Bose gas or bosons) statistics are the spaces L2 (AY) (resp. L2 (A")) of
square-integrable complex functions that are antisymmetric (resp. symmetric) with respect
to their arguments. We denote these spaces by LZ(AY) with e = —1 for FD and € = +1 for
BE statistics respectively. Evidently L?(A") are subspaces of L?(AY).

The Hamiltonian of the system is given by
N
Hy(A) ==Y A+U (3.10)
i=1

where A; the Laplacian for the i-th variable with Dirichlet boundary conditions and U
a multiplication operator, which is taken as a sum of pair potentials U(uq,...,u,) =
Zl§i<j§N ¢(u; — u;). We can take the Hamiltonian to be a self-adjoint extension of the
symmetric operator .
Y A+ D> Plwi—w)
i=1 1<i<j<N

(see for details [46]).

To treat all the cases simultaneously we take the Hilbert space L?(AY). Therefore dealing
with operators in L?(AY) which are relative to the BE or FD Statistics we have to multiply

them by the corresponding projectors.
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Let S. = S x denote the projectors onto the subspaces L?(AY) which are defined by

Sefumn, - un) = o S ) sy un). fEPFAY)(3.10)
r€In
where Zys is the permutation group of N elements, () is equal to the signature of the
permutation 7 for fermions, (7) = 1 for bosons.
We consider quantum systems in the grand canonical formalism, where the number of
particles is not fixed. The appropriate Hilbert space is the direct sum of the spaces L?(AY)
which is called the Fock space:

F(A) = F(L*(A) = P LA(AY) (3.12)

where L?(A%) = C, is the space of complex numbers 15, 46, [T05].

We briefly describe the notion of the conditional Wiener measure Py, u,v € R? B> 0.
Let Qg be the space of all functions from [0, 4] into one point compactification R¢ of R,
in other words Qg = Hte[o,ﬁ] R, Equip 23 with the product topology ( the topology of

pointwise convergence) then € is a compact Hausdorff space. Let

pe(u) = (27Tt)_%e_37, u € RY (3.13)

Let F(uy,-++ ,up), Ui, - ,u, € R? be a bounded continuous function and let 0 < t; <

- < t, < B. Consider functions of the type f(z) = F(z(t1), - ,z(tn)), © € Qs. Such
functions, for all 0 < t; < --- < t, < B and F, are called simple functions, they are

continuous, separate points hence by Stone - Weierstrass theorem form a sup-norm dense
subalgebra C';,(€2g) of the algebra C'(£23) of continuous functions on Q4.
Define P;* as a linear functional on C;,(€25) by

P(f) = [ TTduFun, - u) [T prmafuses = w) (3.14)
=1 =0

where tg = 0, t,41 = 3, uo = U, up11 = v. One can check that P;" is a positive bounded
linear form on C'Y;,(€2g) which can be extended by continuity to a norm continuous positive
linear form on C(23).

Finally, by the Riesz representation theorem, there exists a regular Borel measure on
C(Qp), also denoted by Py™" , such that

PP = [ dpp @) f .15

for all f € C(€Qp). This measure is called the conditional Wiener measure on §23. For the
details see [104, [46], I5]. The space € is too large so that there are Borel sets which are
not Baire. Fortunately the measure Py is concentrated on the subset C([0, 8], R?) C Qg of
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continuous functions from [0, 3] to R? (see Theorem 1 in Appendix 1, [45]). The elements of
C([0, 8], R?) we will call elementary trajectories and 3 its length. Moreover Py is supported
by the subspace of the a-Hdélder, o < %, continuous functions from Qg (see Theorem 1.2 in
[46]).

We define interaction between two elementary trajectories z and y by

. B

Sa—y) = [ dtoalt)~y(0) =y C(0.5)RY, (3.16)
0

The Feynman-Kac formula states that under our conditions on the pair interaction ¢ the

statistical operator e ##~(®) i an integral operator on L?(AY) with a kernel K given by

K(uy, -+ yun;vy, - ,0n) = /ﬁdPg”(arl)lA(xl) exp{— Z o —wj)} (3.17)

1<i<j<N

where 15 (x) = 1if z(t) € A for all 0 < ¢ < 3; it is zero otherwise. This kernel is a continuous

function of uy,--- ,uy and vy, .-+, vy provided u; # wj, ¢ # j, or |u; — u;| > ¢ in case of a
hard core with radius c. It is bounded by e¥?8(27x3)~N 5 Hf\;l exp(—%) and represents

a bounded self adjoint positive trace class operator in L*(A") with
Tre PHN(A) < |A|N(2776)_N36N53 (3.18)

([46] Section 1.3 , [45], Appendix 1, see also [109, [104], [15], Section 6.3.2).

The state of a quantum system in a grand canonical ensemble, whose parameters are the
activity z and the inverse temperature 3, is described by a density matrix, a positive trace
class operator D(A) on the Fock space F(A) with TrD(A) = 1. In the MB case it is given
by

AT D exn(—
D) = 20 € -5 () (3.19)
where the normalizing factor
o0 Zn
Z(A) = z; — T exp(=fHy(A)) (3.20)

is called the grand canonical partition function. The density matrix of a system with BE or

FD statistics is -
D.(A) = Z(A) ' € 2" S. exp(—BH(A)) (3.21)
n=0

with the grand canonical partition function

o0

Z.(A) = 2"TrS.exp(—BH(A)). (3.22)

n=0
Note that the density matrices D(A) and D, (A) define the corresponding finite-volume Gibbs

states.
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Theorem 3.3 . The operators D(A) and D.(A) are positive operators on F(A). D(A) and
D.(A) are trace class operators respectively for all z and for z < e PB.
Moreover the Feynman-Kac representations of the grand partition functions for MB re-

spectively BE and FD quantum gases are given by

Z(A) = i Z—T /n ﬁduz/ﬁdpgzul(xz)l,x(xz) exp{— Z o — xj)}, (3.23)

1<i<j<n

respectively by

Z.(A)=> ';—T > &) / ] Hdui / Hdpg“"”m (2)

" wel,

: exp{— Z o — xj)} (3.24)

1<i<j<n

Proof of Theorem[3.3 Evidently both operators are positive.
Using the Feynman-Kac formula (5.6) and the stability of the potential ¢ we have

00 o 00 o n n v
20 =32 o) = 3 /. [[ / [Tars " tatey
. s BB|A —4\n
-exp{— Z oz — ZEJ)} < Z (ze”7| |7(12'7T5) )
1<i<j<n n=1 ’
= exp[zeBB]A\(Qﬂﬁ)’%] < 0. (3.25)

Next we treat Z.(A) invoking again the Feynman-Kac formula. First consider the operator

S.exp(—BH(A)). For any f € L*(A"),

S exp(—FH (M) flur, - ) = 0 3 elm) exp(~BHN) Sty st

TELy
1 n
~Liy a<w>/ T A0k ngays -+ s taoys v, o) F0n, - 00)
e, A™ i1
1 - - U (i)>Vi
== Za(w)/ [ dvif (v, - ,vn)/HdPﬁ O () 1a(a;)
n TE€Ly "i=1 =1
. 1 L
exp{= 3 dwi—w)} = o S el [ [Jdusn )
1<i<j<n " €T, Am Gy
'/HdPgi’v"(“(:ci)lA(xi)exp{— Z gzg(xl—x])}
i=1 1<i<j<n
" 1
= /ANgdv%g; e(m)K (U1, -+, Uni Vr(), - 5 Ur) ) f (U1, -+ ).
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Thus S; exp(—SH(A)) is an integral operator with the kernel

1 - Ui V(4
Ks(uh" *yUp, V1,00 ,Un) = E Z g(ﬂ-)/HdPﬁ ()(xi)]-A<xi)
i=1

' weZ,

: eXp{— Z d(x; — x])} (3.26)

1<i<j<n

Then

=52 etm [ T [ TTam ™ ate
-exp{— Z ( -—x]} (3.27)

1<i<j<n
This is the Feynman-Kac representations of the grand partition function for bosons and
fermions.

To estimate Z.(A) we rewrite it in terms of composite (winding) loops by collecting the
elementary trajectories of length § in composite loops.

Every permutation of I,, can be written as a product of disjoint cycles. This representation
is unique up to the order of the elements in the cycle since the multiplication of disjoint cycles
is commutative and any rotation of a given cycle (the choice of its starting point) specifies
the same cycle .

A cycle decomposition of a permutation can be viewed as a class of a permutation group.

Two permutations of I, belong to the same class (are conjugate in I,,) if and only if
they consist of the same number of disjoint cycles of the same lengths. The number of

permutations in a class with k cycles of length ny,--- ,ny withn;, > 1, ¢ =1,---  k and

S ni=mnis

n!
(see for example [112] [46].
Now note that the integrand in (3.27)

ﬁlA(xi)exp{— Z ¢ _%}

1<i<j<n

is a symmetric function of zy,--- ,x,. The contributions of any two elements from the
same class differ only by the labelling of the integration variables. Given a permutation
from the class defined by nq,--- ,ng with Zle n; = n, we collect n elementary trajec-

tories {xy1, -+ ,x,} into k composite loops {X1, -+, Xy} of the respective time intervals
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n1B,- - ,n,B. Therefore

SRS T (et
n=0 k=1

ni, - ,mE>1> n;=n

:1+§;%/Hduzz 3 /HdP,ZZB’L“%

n=k ny,- nk>12m n i=1

—U(X1,+,Xp) _ 14+ kz % / H du; H Z - / Pul uz (Xi)e_U(Xl’m’Xk)
=1 i

=1 n;=1

(Xi)

(3.28)

where 15 (X;) =1 if X;(t) € A for any 0 <t < n; and is zero otherwise,

UXy, -, X)) = Y > dlai—ay). (3.29)

0<i<j<k zi€Xix€X;

Let us show that the series in the last two lines of (3.28) is absolutely convergent. Using the

stability of the potential ¢ we can write

1+Zk[/ HdquZ z™ /dPuz ul (Xi)eiU(Xl""’Xk)

i=1 n;=1
<1—|—Z /Ml_[duz 2%53;%
< exp [|A|(27TB)_5§<1 + g)} (3.30)

provided ze®B < 1. This justifies the interchanging of unbounded sums above and completes
the proof of Theorem Here ¢(s) = Yo7, & is the Riemann zeta function.

Jls

3.3 Loop gases

In this section we will rewrite the grand-canonical partition functions (3.20) and (3.22) in
terms of respectively elementary and composite ( winding ) loops. We consider the space of
composite loops and define the canonical o-algebra and measure.

Let 8 > 0 be the inverse temperature and let C([0, 3], R?) be the space of all Brownian
trajectories of length 3 in R%. The elements of C([0, 8], RY) we call elementary trajectories.
With the help of elementary trajectories we construct so-called composite Brownian loops
in R? [46].

For j=1,2,... we denote by X;s the space of composite loops of fixed length j3 in R¢:

Xjs = {X € C([0,jB8],R) | X(0) = X(jB)}-

and we put |X| = j for X € Xj3. Note that in topology of uniform convergence Xz is a
Polish space with Borel o-algebra B(&X3).
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The underlying one particle space X of the loop gas with BE or FD statistics is the space
of composite loops in R? and is defined as a topological sum of the spaces X;3: X = U;’;l Xia.
We define the Borel o-algebra in X' by B(X) = (J;2, B(Xjs). This means that B € B(X) iff
BN X3 € B(X)p) for each j =1,2--- .

We say that an elementary trajectory x is an elementary constituent of a composite loop
X € X and write € X if there exists 7, 0 < i < | X]| such that z(t) = X (¢t + i), t € [0, F].

Notice that the one particle space of the loop gas in MB case is the subspace X3 C X.

For any u € RY let

X = {X € Xy | X(0) = X(j8) = u}

and let .
x =y
j=1

Without confusing the reader, we often write shortly Xjj, Pjj for X" and P;;" respec-
tively. To define the underlying reference measure on X we use the natural bijection 7
between X and X° x R” given by

7(X%u) = X0 4+ u, X° € &% u e R
Evidently 7 is a bijection with
7 HX) = (X = X(0), X(0)).

Let Pj; be the non-probabilistic (non-normalized) Brownian bridge measure on Xj; with

o —d
Puﬁ(X“ﬁ) =(mjB)2 ,u € RY.

J J

We define a measure P, on X", u € R?, by the formula

ey, 1)

=1

where ¢ = +1 or —1 which corresponds to the case of bosons and fermions respectively. Here
we assume that 0 < z < 1.
The sets

(X = Ayine (X7 =) A
j=1 j=1
give the Hahn decomposition of the space X" with respect to the signed measure P* :
X = (X + (XY,

Here (X")* and (X™)~ are disjoint, (X*)" is positive and (X™)~ is negative with respect to

the signed measure P* _ (see [59], for example).
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The Jordan decomposition of the measure P*  is given by the formula
P = (P —(Pt)”

where (P )" and (P" )~ are positive measures defined by.

2j—1 Y

u . Z u u \— < u
(P =) 51l ti-ne (P2)7 =2 5o Py
=1 =1

We note that the total variation [P" | = (P“_ )" + (P*,)” of the signed measure P*
coincides with the measure P} which is finite measure with
U u -4 - 1

PL) < P2 = (69 £ Y

j=11J

< oQ.

The following lemma shows that ”typical” loops are localized.

Lemma 3.4 . Let
M(R) ={X € X||X(t) — X(s)| > R for some s,t€0,|X|8]}, R=>0.
Forall z, 0 < z <1,

Py (M(R)) < C(d)B~ exp|~C(B,2)R], ueR’,

In 2
16 2) = (|64;|) |

P < cta (5 +1) 57 e () (332

where

1

In particular, if z < e 2,

[

where C is the Riemann zeta function.

Proof. For any u,v € R? we set
M(e,0) = {z € X" | |x(t) — x(s)| > ¢ for some s,t € [0, 5], |s — | < 6} (3.33)
Then (see [46], formulae (1.14), (1.31))

Py (M(e,8)) < C(d)%(?ﬁ)‘g (JW)M exp (—%;5) : (3.34)

We denote all the constants by C' indicating, if necessary, the dependence on parameters.
Let M(R,jB) = Xjg(\M(R), j =1,2,.... Then
PL.(M(R) = 3= PsM(R,j6).

j=1
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It follows from (3.34) that

PL(M(R, jB)) < C(d)(ﬁjﬁ)_% <%>dl exp(—%)

d—1
Obviously ( 3 \ﬁ> exp(—%), as a function of £ = %ﬁ, is bounded uniformly by a
constant C' = C(d). Therefore for any 7 > 0 and all z, 0 < z < exp(—6457?),

2

0 j R
2 j+1 eXp(_256jB> < C(d)

e,

P (M(R)) < ¢RC(d)(rB)"

7j=1 .]
(B2 S oaris g | 1 _ .
() ;jgﬂ p[ (8\/_ 16 \/_)] (75)
2\ [zexp(64728)) a1 L /d
]z_; j5+1 < Cld)(mp)~= - ; e = C(d)(mf)"2¢ (5 + 1) : (3.35)

1
If 0 < 2z <1 we choose 7 = (%) * and get the first bound of Lemma 1.

Let z4/e < 1 then setting in (3.35) 7 = #ﬁ we get (3.32). Lemma 1 is proved.

Corollary 3.5 . The following bound is useful in applications

Pru(R) < C@¢ (§+1) e (- ) wertiz0

Corollary 3.6 . In the case of MB statistics
PY(M(R,8)) < C(d,1)f~ = (1+R)™, weR’ >0
with M (R, ) given by (3.533).

Proof of Corollary . From (3.32) with the help of the bound R~ < 2/(1 + R)™!, R > 1,

we get

Pr.ou() < e (5 +1) it (-5 ) (5 F) (161/25)

1+ R)'<0Wd )X (g + 1) B3 (1+R)™

Here we used the following bound 7'e™™ < C(I) 7 > 0.
Corollary can be proved by repeating the same arguments.
We define the intensity measure p. ., on B(X) by

pe.= (P, x X)or™ (3.36)

where ) is the Lebesgue measure on RY. In the case of fermions the variation |p_ .| of the

signed measure p_ , is equal to p4 ..
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The restriction of the o-finite measure p. . to X;3 coincides with
(%PJ@B x X)o7 !, where 7; is the restriction of 7 to XJ; x R%. For A € B(X) we denote
by pe...a the restriction of p. . to (4, BN A).

The intensity measure for the loop gas with the MB statistics is the measure
— 0 -1 _
ZP_Z(PB X)‘>OT = Pe,z,Xg-

Let M = M(X) be the set of all finite subsets (finite configurations) of X'. Note that a
configuration p = {z,--- ,2,} € M can be identified with the finite sum of Dirac measures
of its elements: p = d,, + --- + d,,. Thus the configuration space of our system M can be
identified with the space of all finite simple point measures on X', provided with its canonical
o-field.

On the space M we define the following o-finite measure W,__ by

1
Wy ) =3 5 [ o) dpc(ER(Xs o X, (3.37)
nzo . n

where h : M — R, . Here the first term in the sum is h(0).

In the case of fermions one can easily check that the total variation |W,_ | of the signed
measure W,_ _ is equal to W, _.

Let A be a bounded region in R?. We define

X(AN) ={X e X|X(t) e A, Vt € [0, 5| X]]}.
Similarly we can define the set M (X (A)) = M(A) of finite configurations of loops ”living”
in A:
MA) ={weMlwC X(A)}.
Note that W,,_
The corresponding probability measure exp(—p.,.(X(A)))W,._ _ , we call the ideal loop gas in

xny = W, ., is afinite measure on M(A) with total mass exp(pe,.(X'(A))).
A with activity (intensity) z obeying BE or F'D statistics or the Poisson process in X (A) with
intensity pe ..

The energy U(w) of a finite configuration w of composite loops is given by

U(w) = S Uh(X) +% S Uh(X,Y) (3.38)
where .
Ui(X) =35 3 oz —y) (3:39)
and |
D(X,Y)= ) dlz—y) (3.40)



We define the Boltzmann factor f: M — R, as usual by
flw) =exp(-U(w)), we M. (3.41)

The Gibbs measure on M(A) for a bounded region A is given by

exp(—U)
ANz)=———= 42
QE( ) Z) ZE(A, Z) WE,Z,A (3 )
where the grand partition function
Z(N, z) = WA (f). (3.43)
More explicitly
— 1
202 = 3 o [ 1)) exp(~U(Xs, o X)) (3.44)
n=0 X
and
QD) = 20 [ aW.es@ipl)exp(-U(w) (3.45)
M

for any measurable ¢ : M — R,.
Note that the condition (c¢) on the interaction ¢ implies the finiteness of Z.(A, z) for all
0 < z <1. Indeed

|Z-(A, 2)| < exp {/ dp+7z(X)} < exp [|A|P37z()('0)} < 00.
X(A)
We call Q.(A, z) the loop gas in A with intensity z and interaction ¢ obeying BE or FD

statistics.

3.4 Decay of correlations in loop gases

In this section we present estimates of the two-point truncated correlation functions o, (z, y)
for a model of low density interacting Brownian loops. The first non-trivial problem is how
to define a decay property for the function ¢(z,y) of two Brownian loops that is consistent
with the decay property of the interaction ¢(z—y). It is well known [46] that if one integrates
q(z,y) with respect to the measure p,. . over loops y which visit the exterior of a ball of radius
R + 7 in R?, while the loop z stays all the time in a ball of radius R with the same center,
then the integral has a power decay in r. We take this property as a definition of the power
decay of a function of two loops. We show that o, (z,y) has the power decay under suitable
conditions on the classical interaction ¢ [96]. This decay property permits, in particular, the
study of large volume asymptotics of the log-partition function which we carry out in the
next section.

The cases of absolutely integrable interaction potentials and hard core potentials are

treated separately.
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The analysis of the decay of correlations in a loop gas is based on the general Theorem

3.1l To apply this theorem we take
X = X(A), dp(x) = dp. - (x) D, g(z,y) = 70V —1 (3.46)
where U; and U, is given respectively by (3.39) and (3.40).

Assumption 4 . There exists a nonnegative function a on X and a number p, 0 < p < 1,

such that for a given I > 0 and all r > 0,

dpy . x., )|t 2w, <pa(z)|1 r _l. 3.47
Lo iy @0l DI () < pata)(1+ ) (3.47)
for almost all x € X(By(R)), (a(y) = max(a(y),1)) .

Assumption 4’ is defined like Assumptions 4| with the u(z,y) instead of ¢(z,y) and ()
instead of ()
The following result describes the decay property of the two-point truncated correlation

functions of the system of interacting Brownian loops.

Theorem 3.7 (Main bound. Integrable potential) . If Assumptions |1, 3 and |4 hold
true, then for all positive R and r and for almost all x € X (By(R)),

/ dlul(y)loaz,y)| < C1p)e @ az) (1 +1r) 7" (3.48)
X¢(Bo(R+T))

In case where Assumptions |1, 3" and 4’ hold true the same result is valid with b(z) instead
of 2b(x).

We notice that the bound (3.48) for o, (z,y) is uniform in A therefore Theorem [3.7]is very
useful in study of the behavior of the log-partition function in thermodynamic limit.

It is an open problem to prove that a modified Assumption [ with an exponential decay
on the right side (instead of power decay) implies the same type decay for o.

Proof of Theorem[3.7 For any r > 0 we take A so large that By(R+r) C A and we take
X = X(A). Since Assumption 3 is stronger then Assumption [2} Theorems [2.1] and
as well as Theorem [3.2 hold true.

By Theorem and Lebesgue Monotone Convergence Theorem

[ el < et [ e
XC(BU(RJFT)) mzo XC(B()(RJ"T))

. / H d]pa] (g e 200 H (i, Tip1)]-
=1 i=0

Now using Theorem 3.1 and monotone convergence theorem, we can write
[ du@loatw)| < @0 S D, (0, Ror) (3.49)
X<(Bo(R+)) m=0
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where

Dm(;p7R’ 7‘) :/ d|N|( ) a(y) +2b(y)/ Hd|ﬂ| a(x1)+2b z;)
Xe(Bo(R+r))

AT =1
T (s zi)l, m>1 (3.50)
and
Dol Rr)= [ dlul(g)en o). (351)
X¢(Bo(R+r))
Let us prove by induction that for any x € X' (By(R)) and r > 0,
-1
Dy, R,7) < Dpt (1) 3.52
(2. o) < ata)om + 0 (14 5 (3.52)

Indeed, according to Assumption 4, (3.52) holds true for m = 0. Suppose that (3.52) holds
true for all m < mn — 1. Then using Proposition 6.4 we have

n

Dn(x7R7T) = / d|/’b| u)Tau y)/ d|/’b| awl J+2e(e) |Q(xi7xi+l)|
Xe(Bo(R+)) H H

1=0

- / d|pa| ()2 g (2, )| dlpl(y)
X (Bo(Rt-7) Xe(Bo(R+7)

o [ Ilmm Jerte<2) T lg (s, 110)|
xm=t i=1

*1/) A1) g ) (v
Xe(Bo(

r) Xe(Bo(R+7))

(y)+2b(y) / H d|p(z;)e i) +2blee) H lq(, zig1))
xm=lizg i=1

= / d| | (1 ) T2 g (2, )|
X (Bo(R+

1))

T nr
D, 1([L’1,R—|— ) +/ d|lu|(x1>ea(;r1)+2b(x1)
+1'n+1 Xe(Bo )

(@, 21)|Ap-1(21) / d|/~¢|($1)€a e+ g (2, 1) a1 )np”
X (Bo(

r
(o) 4 dlul ()= g, (e )"
( 2(n+1) X¢(Bo(R+757))

<a(z)(n+ 1)p"™ (1 + ﬁ) 7l. (3.53)

Thus

-l
/ Al (1) o ,9)] < e+ §jmp( =)
X¢(Bo(R+r))

< CO(1,p)e?®T 2@ g (1) (1 +7) 7 (3.54)
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where C(l,p) =2 > m!™p™ < co. Theorem is proved.
The following result shows how to get a simpler bound for o,(x,y) by an additional

integration in x.

Theorem 3.8 (Decay of double integral) . Let h : X x X — C be a measurable func-
tion. Assume that there exists a measurable function a(z%), z° € X° such that for all positive
R, r >0 and for almost all x € X(By(R)),

Loy Q@I D) < 0G4 (3.5)

and

L@wwwuwnsww» (3.56)

If the function o(z°) satisfies the condition
/ d|u|(z”)a(z?) < C(1 + R)™ (3.57)
M(R)
with C = C(«) > 0 and M(R) given by Lemma 3.4, then

[Lare) [ i) < O, b+ Ry (3.58)

X<(Bo(R))

Proof of Theorem[3.8 Denoting the left side of (3.58) by I(R) we can write
IR = AP [ dl@lheal s [ AP )
X0(Bo(2)) Xe(Bo(R)) (xo(Bo(2))
)] = )+ B(R) (3.59)
Xe(Bo(R))
By (3.59)

mms/ dﬂxﬁ/ Ayl )|z, )]
X0(Bo(£)) X¢(Bo(R))

<C(1+R)" / AP («°)a (). (3.60)
X0
Notice that (3.57) implies
/ APy (2%)a(z") < co. (3.61)
X0
Hence we find that
RE)Z [ AP [ Ao < Ca BT (36
X0(Bo(£))) x

Theorem [3.8]is proved.
We need a modification of Assumption [4| which can be applied to the case of hard core

interactions.
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Assumption 5 . There exists a nonnegative function a on X and a number p, 0 < p < 1,
such that for a given I > 0 and all r > 2¢c, where ¢ is the radius of a hard core,
r

dpg . z,9) e @220 a0 < pa(x)(1+ = _l. 3.63
Loy @2l DI () < paa)(1+ ) (3.63)

for almost all x € X(By(R)).

Assumption 5’ is defined like Assumptions 5| with the wu(z,y) instead of g(x,y) and *0)

instead of ¢2b()

Theorem 3.9 (Main bound. Hard core) . If Assumptions |1, 3 and 5 hold true, then
for all positive R, r > 2c and for almost all x € X(By(R)),

/ Al ()| < O p)e @@ a()(1 + ). (3.64)
Xe(Bo(R-+7))

In case where Assumptions |1, 3" and 5’ hold true the same result is valid with b(z) instead

of 2b(x).

Proof of Theorem . In case of hard core interaction, for fixed r > 0 the estimate (3.52)

is valid only for m < - where c is the radius of the hard core. We modify the proof of

Theorem in the following way.

Let r > 4c and let N, = [(%)%] where [-] stands for the integer part. Then

Lo @) £ OO S [ e
xe(Bo(R+r))

m>0 (Bo(R+7))
8 chm Jer 526 T] )
i=0
N,—1
< @) +2b(@) Z Dp(z, R, r) + @) +2b(@) Z
m=0 m=N,
A (z) = Li(z,R,r) + L(z, R, 7). (3.65)
Consider I(x, R, ).
N, - »
a(x)+2b(x) m+1 (x)+2b(x)
Li(z,R,r)<e a(x) mZ::O(m +1)p (1 + m 1)) <e
oo roN
m (1 —> < C(1, p)e™@H+@ g (1) (1 4 )~ 3.66
0> mp (1+5-) <O ™ a@)(1+r) (3.66)

with C(l,p) =2'Y 7 mTp™ < oc.
Passing to I(x, R,r) we note that D,,(x, R,r) < A, (z), m=0,1,---, then

IQ(SL‘,R, 7“) < ea(z)+2b(x)a(x) Z pm+1 < €a(x)+2b(x)a<:lj'
m=N,+1

< O(1,p)e @ 2@ g (1) (1 + 7). (3.67)
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Thus
/ dlulW)|Z(z,y)| < C(1,p)e" @@ a(z) (1 + 7). (3.68)
Xe(Bo(R+r))

Theorem [3.9]is proved.

3.5 Decay of correlations in loop gases 11

We apply the general results of the previous section to the loop gases with different potentials.
According to the Theorems and [3.9] to prove the theorems of this section, we need only
to check the Assumptions 1 - 5. We consider the cases:

a. The case of repulsive integrable potential

b. The case of stable integrable potential

c. Stable potentials with hard core.

In all the cases (a) - (¢) we choose the abstract space X to be the space X'(A) of
composite Brownian loops in A, the measure du(X) = dp..(X)e ") with d|u|(X) =
dpy(X)e "1,

We assume that the particles interact via two-body potential ¢. We consider the following
conditions on ¢:

(1) ¢ is an even function on R\ {0},

2) ¢ is stable with stability constant B > 0: for any different u,, - -, u, € RY,

( y y
> é(u; — u;) > —nB. (3.69)
i<j

(3) ¢ has spherically symmetric hard core of radius ¢, i.e., ¢(u) = 400 for |u| < ¢; ¢ is
continuous outside of hard core,

We consider the following decay properties of ¢ at infinity. Let

di(u) = d(u)(1 + [ul), 120, ¢ =¢. (3.70)
(4) ¢ has the following decay at infinity:
el = [ dufentu)] < oc, 120 (3.71)
Rd
(4')
Pei(0) = /|| du|¢y(u)| < 400, >0, (3.72)
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3.5.1 Repulsive integrable potentials
We start with the case of repulsive integrable potentials.

Theorem 3.10 (Repulsive integrable potentials) . Let the pair interaction ¢ > 0 sat-
isfy conditions (1) and ({). Let z < =3 be from the interval

-0(d, Z)|\¢l||1g(g F1)pt (1 g <p<t (3.73)

Then for all positive R, r and for almost all x € X (By(R)),
/ dpio(V)]oa(X, V)] < O p)e¥X](1+ 1), (3.74)
X¢(Bo(R+r))

for any bounded domain A C RY.

Proof of Theorem [3.10. We use Theorem and we need to check Assumptions 1, 3,
and 4 with X = X(A), du(X) = py(X)e ) g(XY) = e~ V2(XY),

Since ¢ > 0, Assumption [1] is fulfilled obviously with b =0 .

Next we check Assumptions 3 with a(X) = |X]|. Since 1 — e* < u for positive u, using

the fact that e 222 < 4 we find that
/ dps o (V)e MY |[g(X, V)] < / 4P () v [ dul(x,
X(A) X0 ’ R4
Y00y = XIlells [ aP? (v
XO
VP < 41X18]16]1s / AP0 (Y0)el"
XO

Here and below, to check the validity of the assumptions, we lift the restriction that Y €
X (A) because we want a condition that does not depend on A. Hence Assumptions 3 is valid

for all z satisfying
d
dze||g|1(2m) 281 2¢ (5 + 1> <p<l. (3.75)
To complete this case it remains to check Assumption 4 for a repulsive potential ¢.

Let X € X(By(R)), then we need to show that

—1
/ Qpe(V)e Y] g(X, V)| < plx| (14 0) (3.76)
Xe(Bo(R+r)) 2

Denoting the left hand side of (3.76) by Dy(z, R, 1), we split it into two parts
Dy(z, R,7) = Dy + Dy (3.77)
where

D) = dpr.(Y)e "M g(X, Y)Y

//\;C (Bo(R+7))X(B§(R+73)

40



and

vj= | dps (V)07 g (X, V)]
X¢(Bo(R+r))X°(B§(R+73)

By Fubini’s theorem

/d’uUQXYO—i—v ZZ/dv/dtcb y°(t) — v)

reX yO 2%y

= | XI[Y°18]|9l]:- (3.78)
Therefore

Dy< [ AU U Y| = [ ar ()
Xe(Bo(R+7)) X (BE(R+5) X0

ey /d dvLe((rrraEgaeg (V0 +0)U2(X, Y0 4 v)
R

<IX|5 [ dvs(o) [ aPhr0)e v
X0

[v|>5

Q)

(z
J

) <1+ 2)_l. (3.79)

+

N\&.

< 41X 18llell(2r5) 2 >
j=1

Here we used the fact that

[ eens (1) [ anioei

We treat now Dy.

dpy .(V)e "M Uy(X, Y)Y | < / dP? (Y?)

- [
Xe(Bo(R+r))Xe(BS(R+5) X0

Lamyon Y [ (XY +0) < X180l [ aP?(v°)
Naiamyos5 (V)Y < 41X|B] 10|y /XO AP (V) Lgsamyosz (Y)e2 "L (3.80)
By Schwarz inequality
/XO dPﬂ,z(Yo)egwolldmmyozg(YO) < (/Xo dPﬂ’z(Yo)emy(}l)é

. </Xo dP—E z(Yo)ldzamYo %(YO)) 2.

We observe that

0 03\Y|_ %oo
/XodP (Y% (27f) z::

N\m.

and by Corollary [3.5]

/X AP (Y Ly 5 (V) < C(d. l><(§ +1)85" (1+ f)l. (3.81)
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Hence
d ! r\
b < = it ~-) . .
Dy < VX IC(@ Dllélh¢(5+1)857 (1+5) (3.82)
Combining (3.77), (3.79), (3.82) we get
d r\ L
< a 1-¢ Lo r
Do < 2|X|C(@d,Dlonlh¢ (5 +1) 8 (1+657) (1+5) (3.53)
Thus Assumption 4 is fulfilled for all z < e~ which in addition satisfy
o Dllodhe(§+1)p (1) <p < (3.84)

This completes the proof of Theorem

3.5.2 Stable integrable potentials

Next we consider the case of stable integrable potentials

Theorem 3.11 (Stable integrable potentials) . Let the pair interaction ¢ satisfy con-
ditions (1), (2) and (4) and let z < e=33+PB) e from the interval

o(d, l)||¢l||1<(g + 1)6”7351—% (1 + 5%1) <p<l. (3.85)

then for all positive R, r and for almost all x € X (By(R)),
/ dps o (Y)|oa(X,Y)| < C(Lp)e™ X |1 + 1), (3.86)
X¢(Bo(R+7))
for any bounded domain A C R,

Proof of Theorem [3.11. We use again Theorem and we want to check Assumptions
1,3 and 4" with X = X(A), du(X) = py (X)e ") (X, Xy) = Uy(X1, X2). We suppose
that the pair potential ¢ is stable with stability constant B, i.e. there exists a constant

B > 0 such that for any n and any uy,--- ,u, € R?, Zl§i<j§n ¢(u; — uj) > —Bn. For given
composite loops X1, -+, X, stability implies
Z UQ XZ7X +ZU1 le 7Xn)Z_BBZ|XZ’
1<i<j<n =1

Then Assumption [1] holds with
b(X) = BB|X| + Uy(X). (3.87)

Notice that b(X) > 0, by the stability of ¢. We use Assumption 3’ with a(X) = |X]|.
Explicitly the assumption is that for any X € X' (A),

Qo (O Y)Y < plx], 0 <p <1, (3.89)
X(A)

42



We have

/ dps (V)| Ua(X, V) V10453 | < / aPY_(¥)e" 104880,
X(A) X0

/ do|Uy(X, Y0 + ).
R4
Then
[ ey s o) < XYl
R

Repeating the arguments which were used in the proof of Theorem 3.9, we can write

Y|(1+8B e (Ze%(H'BB)>j
/ dpi - (V)|Uo(X,Y) |0 |y | < 4|X|B||g]|1 (278) 2 Y —— 2
X

j=1

_d _d 3 d
< 4|X]|lglla(2m) 28 Eed 0P (£ +1)

.d
g2t

provided ze!'™#8 < 1. Hence Assumption 3’ is fulfilled if ze!*#8 < 1 and

d
4z||¢|\1(%)*%51*%6%(1%3)((5 + 1) <p<l (3.89)
Let us check Assumption 4’:
-l
/ Qe (V)XY Uy(X, V)] < p|X] (147) (3.90)
X¢(Bo(R+r)) 2

We denote the right hand side of (3.90) by Do(X, R, r) and treat it similarly to Do(X, R, )
from the previous subsection. We split DO(X , R,r) in two parts D6 and Dg , where
D= | Ap (V)P0 (X, Y)Y |
X¢(Bo(R+7))X(B§(R+%))
and
D = / dps (V)M D)0, (X, V) Y],
X(Bo(R+7))X(B§(R+%))

Then for ze3(1+5B)

. s
B < 443120 o4 3 <;—BB)>(1 . (3.91)
and
Dy < vzC(d, mxnwulc(g +1)ed gt (14 g <p <1 (392)
Thus

Do(X. 1) < VAX[alhCd D225 (1 i) (S 41) (14 D) (399)

Hence Assumption 4’ is valid if ze*(+#5) and in addition

VEIGILC(d, e o 314 (14 it c(g +1) <p<l. (3.94)

Theorem [3.11] is proved.
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3.5.3 Boltzmann gas. Hard core potentials

Stable potentials with hard core. Consider a low density quantum gas with hard core potential
and MB statistics. We assume that potentials ¢ satisfies conditions (1), (2), (3) and (4).
The presence of a hard core makes the situation more complicated and involves estimates of
integrals of Wiener sausages.

The Wiener sausage S(z) generated by x € X we define by
S(z) ={ueR? | |z(t) — u| < ¢ for some ¢ € [0, 5]}.

and denote by |S(x)| the volume of S(z).
Let

E;(k) = / AP (y°) NSO gk =0,1,2,- . (3.95)
X00
It follows from Lemma 5.11 below that E;(k) < co. We set also
E= maX(Ej(]-)7 Ej(2)7] =0,1, 2)7 (396>

as well as

£ =ePE 1 =e"PBp.(0) (3.97)

where p.;(¢) is defined by (4’), formula (3,72).

Theorem 3.12 (Hard core stable potentials) . Let the potential ¢ satisfy the condi-
tions (1), (2), (3) and (4’) and the activity z satisfy the relation

2C(d, DB 0 + e 8p () (1+55) <p <1 (3.98)

where b, is the volume of a ball of radius ¢ in R Then for all R > 0,7 > 2¢ and all
x € X(Bo(R)), the two-point truncated correlation functions satisfy the bound

z/ dp(y)|oa(z,y)| < C(1,p)e TPl ON(|S ()| + 1)(1 +7)7".
X°(Bo(R+a))

The proof of Theorem [3.12] is based on Theorem To apply this theorem we choose
X = X3, p(dr) = zp(dz), a(z) = [S(x)| + 1 and b(x) = B where B is the stability constant.
Assumption 1 is satisfied evidently.

To check Assumption 3 we need the following lemma. Let

hgi(u) = /Xo APy eS@l g > 0. (3.99)
B

Lemma 3.13 . For any k >0 and g > 0,

sup hgr(u) < oo and ||hsill1 = /d duhg(u) < oo. (3.100)
R

ucRd
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Proof of Lemma |(3.15 Let M, = M (b, 2p) p=12---:b>0, where M(¢g,§) is defined
by (3.33). It is clear that if z € M then, by the continuity of the Brownian trajectories, x

is contained in the union of p balls of radius b centered at the points z((2n — 1)3/2p):

{x(t)7t € [07 6]} C U Boc((zn—l)ﬁ/?p)(b)'

n=1

Therefore

p

S(x) € | Ba(za—nysran (b +©). (3.101)

n=1
Hence for z € M, |S(z)| < pw, where w is the volume of the ball in R? of radius b+ c. Note
that My C Mgy, p=1,2,--- and M 1 X§" as p — oo, hence Xg* = 7% (Mg, \ M)
with My = A9“. (By 3 Ay we denote the union of disjoint sets Ay.)
From (3.101) we find for all u € RY,

[ appessen <3 e / AP = S

p=0 M +1\MC
'[Pgu<Mp) - M) Z € pH)kw—Pou (My)
p=0
Z e p—l—l)kaOu p+1) kwpgu(Xgu)
p=0
—1) Z e PR (M,,). (3.102)
Similarly
/ duhgp(u) < e + (M — 1)y " e?* PY(M,) (3.103)
Rd
p=1
where Pg(Mp) = Jpa duPg*(M,). Hence
ehw C(d) b \"' SN an pb?
hg(u) < + ( ) p 2 exp (pk:w - —) 3.104)
S it et i) o |
The series in (3.104) converges for 3 < b? /64kw, hence for such f3,
sup hgp(u) < 4o0. (3.105)
u€Rd

According to Lemma 4 from Appendix A in [44] E(M ) satisfies a bound similar to (3.34),
therefore for the same 3 < b?/64kw, the series in (3.104) converges and

[|hskl]1 < oo. (3.106)
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We claim now that (3.105) and (3.106) hold true for any real positive 5 and k. To prove
this we note that to any two trajectories z1 € Xj,, 22 € X, such that z1(f;) = x2(0) we can

associate a new trajectory z, x xo € X, 44, defined by

1% ao(t) = n(f),0<t < (3.107)
To(t — 1), fr <t < Br+ fo.

It is easy to see that
S (1 * x2)| = |S (1) + [S(22)| — we < [S(21)] + |5 (22)] (3.108)

where wq is the volume of the hard core. Vice versa, any = € X 5,15, Can be written as
T =Ty *x Ty, Ty € ?c'ol’”, r1 € X" where v = z(B1) and z1(t) = 2(t),0 < t < Bi; 2o(t) =
x(t+ 51),0 <t < fBy. Therefore

h61+62 /Rd dv /Xo v PO . /v,u dngu(xZ)ekls(ml*IQ)‘
B2

0,v 0,u—v T z
Re s, X5

= /d dvhﬁl,k(v)hﬁ%k(u - U) = h,Bl,k * h527k(u) (3109)
R
where * means convolution in R?. This implies hgy(u) < hy* (u) foralln =1,2,---, u € R?
and !
hg, 4606 (u) < sup hg, x(u)||hp, i1 (3.110)

provided max(f1, f2) < b%/64kw. Hence ||hgx|[1 < [|hs ][t and

sup hg(u) < sup i (u)] [ o[

Therefore taking n sufficiently large so that g < 1?/64kw we establish the claim.
Lemma [3.13|is proved.
Now using Lemma [3.13] we can find that interval for z where the Assumption 3 is valid.

For m=0,1,--- and j =0,1,2,--- we set

AQw2) = [ e [ Hdw el 25541 TT [g(as 1)

=0

1S, AD(x,2) = Ap(z, 2) (3.111)
where x¢g = x, 1,41 = y and

Aoz, 2) = / A1) (9) IS4 g 1, ) (3.112)
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Consider AY(z, 2) for j = 0,1,2. By definition

Agj)(x,z) = z/

g0

Using the bound |S(z — y)| < [S(x)||S(y)|b;* (see Lemma in Appendix 2 of [44]), and the
well know inequality [46]

dPgO (yO)e\S(y0)|+2/BB+1 ’5(y0> ’] /

dulq(z, y* + u)|. (3.113)
Rd

B B
lq(z,y)| S/O dt|¢(z(t) — y(t))l 'eXp/O dtg_(2(t) —y(1)), (3.114)
where ¢_(u) = max(—¢(u),0), we find
[t st = [ dudatea vl [ dudatr? )
<|S(x = y")| + Be*Fpe(9)
<|S@)[IS(°)Ib:" + Be* P pe(6). (3.115)

Substituting this into (3.113) and using notations (3.97) we get
AP (w.) = = [ dpl)e () la(a, )| < (S@ + )
x
< 2€(b;" +n)(IS(2)] +1). (3.116)

Hence Assumption 3 holds true for all z from the interval (3.98).

Next we consider Assumption 5| Let

DYz, 2 R, 1) = / 2dp(y)elSWITPE S ()| g (2, )], (3.117)
Xc(Bo(R+7))
j=0,1,---, with Dgo)(x,z; R,r) = Di(x,z; R, r).
Then
DY,z r) = | 2Aply)e S () g, )
X¢(Bo(R+7))X(B§(R+5))

n / 2dp(y)elSOHIBH 54 i (z, y)|
X(Bo(R+7))X(B§(R+%))

=D) + D. (3.118)
Consider first D].

0 )
D/1 :ZeQﬁB—l-l /XOO dPgO(y0)€|S(y )||S(y0)|J /Rd dU]‘Xc(BO(R-l—'I‘))X(BS(R-‘r%))
B

(v +wla(z,y" +u).
Let r > 2¢, then hard core plays no role in the last integral, therefore

Dy <z P05 [ dul(u) / L AP TS ()
X
B

ul>35

<2ePBHPERE. (1)p, /(6) (1 + g) - (3.119)
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Passing to D} and using (3.115) we have

D{ SzeQﬁB“/
g0
SZQQBB—H‘S({E)’bc_l / dPgO(yO)els(yoﬂ |S(y0)|j+11M(%,B) (?JO)

00
s

AP0 Larg 0 6°) [ dulate s +)

+ 2e2BH20B g () /XOO dPgo(yO)e‘S(yO”|S(y0)|j1M(g,ﬁ)(?/0)- (3.120)
5

By Schwarz inequality and Corollary [3.6] we have for j = 0,1, 2,
0 : T %
[ AP (o) < B (PG )
5
i-d AN
< BC(d,085 (1+ 5) . (3.121)
Combining this with (3.118) - (3.120) we get for ,j =0, 1,

DY (e, 2 R.r) < o€ [+ O, (SO +n)] (14 1) (3.122)

<0 ) (14008 (s +1) (145)

where C' = C(f, z,d) > 0. This implies that for all z satisfying (3.98) Assumption [5| holds
true.
Then we can apply general Theorem to complete the proof of Theorem [3.12]
Combining Theorems [3.12|and 3.8 one can get, with the help of Lemma([3.13] the following

result

Corollary 3.14 . Under the conditions of Theorem the following bound
z/ dPgO(xO)/ dp(y)|oa(z® +u,y)| < C(®, B, 2,d,c)(1+ R)_l
X0 X¢(Bu(R))
holds true for all u € RY,

3.5.4 Boltzmann gas. Integrable potentials

At the end of this chapter we present a result on the decay of correlations in the Boltzmann
loop gas with integrable potential which is the main object that we consider in Chapter [5]
Let X = X be the space of simple (elementary) loops in R? of the length 3. We recall
that the intensity measure for the Boltzman gas is zp = p. . x,, the restriction of the measure
pe,- on the space X}z of simple (elementary) loops of the length 3, where p. . x, is given by

(3.36). The space of configurations for the Boltzmann gas is

M={wCX | |v| <oo}, (3.123)
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the space of finite collections of simple loops.
On the space M we consider the reference measure given by (3.37) which for the case of

the Boltzmann loop gas becomes:
o Zn
W) =3 5 / () Al ). (3.124)
n=0
Also the energy U(w) of a configuration w € M takes a simpler form
U =5 3 b —y) (3125)

with ¢(z — y) from (3.16).
The Gibbs measure on M(A) for a bounded region A is given by

exp(=U)

Az)= "W, 12
QA 2) = W (3.126)
where the grand partition function
o0 Zn
Z(A, z) = Zﬁ/ dp(X1) - - - dp(X,) exp(=U(Xy, ..., X,,). (3.127)
n=0 N

We call (M(A),Q(A, z)) Boltzmann gas in A with potential ¢ and activity z.

Theorem 3.15 (MB statistics) . Let the potential ¢ satisfy the conditions (1), (2) and
(4) and the fugacity z satisfy the relation

2C(d, )| i e PR 2 (1 + B2) < p < 1. (3.128)

Then for all R > 0,7 > 0 and all x € X(Bo(R)), the two-point truncated correlation

functions satisfy the bound

. / dp()loa(z,y)| < O p)e*#B(1 4 1),
Xe(Bo(R+r))

Proof of Theorem |3.15. The proof is carried out with the help of Theorem with
X = &, dp(x) = zdp(z), b(z) = B, a(z) = 1 and u(x,y) = qg(x,y) where ¢ is given by
(3.16). Assumption 1 holds trivially. Assumption 3’ becomes

@ [ dp(y)ole,y) <p <1
X
which is valid for z satisfying

208527 8) " ||g||x < p.
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To check Assumption 4’ we note that similarly to (3.118)

zerBB/ oz, )| = zeH’BB/ dp(y)|o(z,y)|
X¢(Bo(R+1)) Xe(Bo(R+1)X(BS(R+1))

szt [ dp(y)|d(.y)| = D' + D"
Xe(Bo(RA4r))Xe(Bs(R+3))

By repeating the arguments of the proof of Theorem [3.12] see (3.119) and (3.120), with the
help of Corollary we have

D' < ze 7P g(2nB) " lonll (14 3)
as well as
D" < ) ollet P75 (147)
Hence Assumption 4’ is fulfilled for all z satisfying
Cd Dlgillie 7B 5 (14 2) <p < L.

This completes the proof of Theorem [3.15
Combining Theorem [3.15] with Theorem [3.8 we get

Corollary 3.16 . If the potential ¢ satisfies the conditions (1), (2) and (4) and z satisfies

the relation
2C(d. D[l e PPF R (L4 52) < p < 1, (3.129)
then for all R > 0 the two-point truncated correlation functions satisfy the bound
) [ el < c Ry
X0 X¢(Bo(R))
with C = C(®, 3, z,d).

This corollary will be the main technical tool for obtaining the asymptotic expansion of

the log-partition function of a MB gas in Chapter [f
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4 Decay of correlations and limit theorems. Classical

gases

In this Chapter we consider continuous and discrete classical systems. We start with a bound
for two point semiinvariant which follows easily from Theorem Next we demonstrate the
method which is used in Section [5| to prove the asymptotic expansions for the log-partition
functions of the loop models. The existing methods of proving asymptotic expansions for
the log-partition functions are based on the estimates of all the semiinvariants of the system.
The new approach uses only bounds of the two-point semiinvariants.

To clarify the method and our strategy for the case of interacting Brownian loops, we
start with a brief discussion of the same problem for a much simpler case of classical gas in a
bounded domain A. To make the exposition more transparent we consider the planar case.

Passing to classical lattice spin systems with vacuum and general many - body interac-
tion, we present tree graph estimates ( also called strong cluster estimates) for all n-point
semiinvariants, n > 2, [0, [7, 8] and asymptotic expansion of the log-partition function for
such models [6]. As an application of these results we prove central local limit theorem [9, [7],
estimate the rate of convergence [84] and find the probabilities of large deviations (in the
sense of H. Cramer [91], 90]) in the local limit theorem for the number of particles in a finite

volume. All these problems remain open for the systems of interacting Brownian loops .

4.1 Decay of correlations in classical gases

We consider a gas of point particles that interact with a pair potential. We work in the grand-
canonical ensemble where the parameters are the fugacity z and the inverse temperature (8
(both are real and positive numbers). The set X is an open bounded subset of R? and
u(x) = zdx with dzr the Lebesgue measure. We actually write A = X so as to have more
traditional notation. The interaction is given by a function ¢ : R — R U {oo} which we

take to be piecewise continuous; u(x,y) = Bé(x — y). We suppose that ¢ is stable, i.e. that

there exists a constant B > 0 such that for any n and any z1,...,z, € R%
Z ¢(x; — x;) > —Bn. (4.1)
1<i<j<n

Our Assumption (1| holds with b(x) = BB. The system is translation invariant so all z € R?
are equivalent. The function of Assumptions 2| and [2’| can then be taken to be a constant,
a(z) = a. We seek a condition that does not depend on the size of the system. Then integrals
over y are on R? instead of A. By translation invariance we can take z = 0.

Assumption [2] gives the condition

2B }e_ﬁ¢(y) —1|dy <ae . (4.2)
Rd
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We obviously choose the constant a that maximizes the right side, which is @ = 1. This
condition is the one in [I05]. Let us now assume that ¢ consists of a hard core of radius r

and that it is otherwise integrable. Again with a = 1, Assumption [2’] gives the condition

P[B!+ 5 | lo(y)ldy| < e (4.3)

ly|>r

Here, [B| = 7%/2/I'(4 + 1) is the volume of the ball in d dimensions. Without hard core it is
the one in [I7]. The domains of parameters where these conditions hold correspond to low
fugacities and high temperatures.

The thermodynamic pressure is defined as the infinite volume limit of

pa(B,2) = ﬁ log Z. (4.4)

Using Theorem [2.1], we have

pa(B,2) = W1|/Ada:1 {;Z—T/Ade.../Adxngo(xl,...,a:n)] (4.5)

Consider now any sequence of increasing domains Ay C Ay C ... such that A, — R%

Thanks to the estimate (2.8)), and using translation invariance, we get

n—oo

p(B,2) = lim py,(53,2) = ;Z—T/Rd dxg.../Rd dz, (0,29, .., 2,). (4.6)

(The term with n = 1 is equal to z.) This expression for the infinite volume pressure p(f3, z)
should be viewed as a convergent series of analytic functions of 5, z. Then p(f, z) is analytic
in 4 and z by Vitali theorem and no phase transition takes place in the domain of parameters
where the cluster expansion is convergent.

The truncated two-point correlation function o(z) is given by (2.12). We consider only
the case of Assumption [2 but a similar claim can be obtained with Assumption 2] Let ¢(z)
be a function that satisfies the triangle inequality. The estimate of Theorem yields

ec(x) O'(ZL’) < 62+4BB Z ,m em—l—QﬁBm <GC(-) | e_ﬁU(,) _ 1|>*m($) (47)

m>0
(with f*© = f). Recall that ||f*"||ec < || fllscllf]IF~", and let
Gy = [|e] =500 — 1| (48)

Then we get
e -1
o(z) < e7c@) 2H40B %10(1 —ze' Py (4.9)
If the inequality (4.2)) is strict, one can usually find a function ¢(z) such that C; < (ze!*t288)~1;

the truncated two-point correlation function then decays faster than e=¢®)
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4.2 Asymptotic expansion of the log-partition function

The aim of this section is to demonstrate the method which is used in Section [5| to prove
the asymptotic expansions for the log-partition functions of the loop models. The existing
methods of proving asymptotic expansions for the log-partition functions are based on the
estimates of all the semiinvariants of the system. The new approach uses only bounds of the
two-point semiinvariants.

To clarify the method and our strategy for the case of interacting Brownian loops, we
start with a brief discussion of the same problem for a much simpler case of classical gas in a
bounded domain A. To make the exposition more transparent we consider the planar case.

Consider again a gas of point particles enclosed in a bounded domain A C R2?. The
state space of the system is the space M(A) = {w C A | |w| < oo} of all finite subsets
(configurations) of A with a canonical o-algebra (see the details in [92]).

We assume that particles interact via stable pair interaction ¢, which is differentiable
and together with its derivatives is uniformly bounded and decreases at infinity sufficiently
fast. The exact conditions on the potential ¢ are given at the beginning of Section [5.2] The
Gibbs distribution on M(A) is given by formula (3.42).

We want to derive an asymptotic expansion of the log-partition function In Z(Ag, z) as
R — oo. For simplicity we consider the case where A is an open convex bounded subset of
R2. We assume that the boundary OA is one dimensional closed C3-manifold.

We apply the abstract cluster expansion method of Chapter [2| by taking X = X (Ag),
dp(z) = d(z),u(x,y) = Bé(x,y),a(r) = 1,b(x) = 5B and assuming that z is sufficiently

small. We start with the cluster representation of the log-partition function, Theorem 2.1}

In Z(Ag, ) Zn‘ / Aoy - danp(a, - o) = / AW (W) (4.10)
% M(AR)

n>0

where ¢ is the Ursell function given by formula (2.6) and Ap = {Ru | u € A}. In the second
step, with the help of the well-known formula, see (5.15) below, we rewrite In Z(Ag, z) as:

In Z(Ap, 2) = / dz / AW (1) 0. (2, 1) Lngca (s 1) (4.11)
AR M
where ()
P
g:(p) = 2228 ] > 1
lul
Now
In Z(Ag, z) /dx/dW 1) g, (z, w1 /dx/dW )g.(z, 1)
AR AR
T pgeean) (1) :/ dz I(z, R) —/ dz I%(x, R) (4.12)
AR AR
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where (by translation invariance)

MeR) = [ Wt = [ aWGog(0.0) (4.13)

and

e R)= [ AW g te ) e (o) (a.14)

According to Theorem the two-point truncated correlation function has the represen-

tation

m@MZAﬂWW%@%m

The following bound follows directly from (4.9) with ¢(z) =1-In(1 + |z|), | > d.
The Main Bound: if the activity z is sufficiently small then for all bounded A C R? and
T,y €A,

raen)l < [ AW | gu(opi) [ €0+ o —pl) (1.15)
with C' = C(¢, 3, z,1) > 0.
We set
AR75 = {LE € Ar | d(u,@AR) < (SRE}
Then
/ 18(z, R)du = / 18 (2, R)dx +/ 18(z, R)d. (4.16)
AR AR,5 AR\AR,5

An application of the Main Bound with [ sufficiently large (we can take [ > 16) gives
/ 18(z, R)dz = o(1) (4.17)
AR\AR,s

Therefore we need to treat only the first term on the right side of (4.16) We set up at
each point r € d A local coordinates (£,7) where ¢ is along the tangent vector s = s(r) and
7 is along the inward drawn unit normal n = n(r) to d A at r. Then J A is given locally by
n = f(£), || < 6R?, for § > 0 small enough where f, is a function of class C?. Choosing
0= %[SE%IDAIF&(T)H*l

(1 — tkg(r))dto(dr) (see, for example, [87]), we have that

and taking into account that the volume element in Aps is equal to

dRE

/ (2, R)da — / do(r) / At(1 — thp(r) [P (r + tn, R) (4.18)

where kg(r) is the curvature of OAg at the point r € OAg, ki(r) = k(r). Evidently kgr(r) =
R(R™'r), r € 0Ag.
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Furthermore, we associate to each r € dAR a cylinder

. 5re = {(&m) | €] < OR°}. (4.19)

From now on we take ¢ = %. To get rid of configurations that have points outside of the

cylinder T1, sz, we decompose IZ by decomposing M¢(Ag) as follows:
MC(AR) = MC(AR)M(HT,5R5> -+ MC<AR)MC(HT75R5), r e 8AR

(We use + for the union of disjoint sets.) According to the Main Bound the term which
corresponds to M¢(Ag) ME(I1, s5:) is o( R™2).
Let
F:ms ={(&n) € L, 55

where f.z(€) = Rf, (%). Then

n> fr,R(g)}a

MEARIM (I 5 ) = MAR)M(F5pe) + My gpe ) ME(F )
and applying once more the Main Bound, we get

IP(r +tn, R) = / AW (1) g=(r + 0, 1)1y, ey mae (7

M o (1) + 0(R72). (4.20)

The configurations which have points on the both sides of the tangent give rise to the
boundary term. Assuming that r is a point of the convex part of the boundary dAg (the

concave case is treated similarly), we make the decomposition

MUy 552 ) MO(F ) = M(Isre) MO o) + ML e ) ME(F e ) (4.21)

T

This implies

(1)

I(r +tn, R) = / AW (p)gs (r + 10, 1)1 pqqr, ey e
M

T,(SRS)

+/MdW(pJ)gZ(TthlfLM)lM(H+ )MC(FimJ(”)

r,0 RE

= J(r+tn, R) + K(r +tn, R) +o(R™?). (4.22)

Substituting this into (4.18) we find

OR®
/AR,(; I7(z, R)dx = /8AR do(r) / dt(1 — tkg(r))J(r + tn, R)
SRe

+ /a do(r) / dt(1 — tha(r)) K (r + tn, R) + o(1)

= J(R) + K(R) + o(1). (4.23)
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Consider first J(R). Let

={(&n) | n=0}. (4.24)

To get rid of the restriction to the cylinder we use the decomposition
ML spe ) MO (T e ) = ME(ILT) = MO M e ).

With the help of the Main Bound we find from here that

J(R) = T"R)— J°+o(1) (4.25)
where the boundary term
TNR) =R / do(r) / dt / AW (). (r + tn, ) (4.26)
A / e(ILF)

and the first contribution to the constant term

Je :/ /dtt/M . 1) g.(r +tn, ). (4.27)

Thus combining (4.12), (4.13), (4.16), (4.18), (4.23) and (4.25) - (4.27) we have

In 20 2) = BIA] [ AW(0g.0.0) = TR + T~ KR +o(). (429
To treat K(R) we first rewrite K (r + tn, R) from (4.23) as

Kl maR) = [ AW o+ ) g, onecry ()

/M+( 536(}—:53,6)8)

' 1M(H25RE))(M) (4.29)

AW (w)(—1)1+1 /M AW (1)gs(r + tm, 1,00)

where M denotes the set of non-empty finite configurations. This is due to the equation

[ aweme) = [ aw@enEn [ avonee)  @30)
“(4) My (A)° M
which is valid for any absolutely integrable function h.

Now note that we can neglect the contribution to K (r + tn, R) of the configurations w

which have more then one point in IL ;. (F.55 5. )¢, Indeed

K(r—f—tn,R):/ dx/
H:(SRE (]::6}35)6 M(ITF

/(HI(SRE (%

r6RE)

AW (1) gs (r + tn, ) + Y %

535) m>2

dzy - ~dxm/ dW () (4.31)
)e)™ M

+
T,SRE)

’ QZ(T _'_tnmuawla T 7xm) = K1(7’ +tn, R) + KQ(T' —i—tn, R)
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By Lemma [5.3] below, for sufficiently small z,

1 2ePBTLg
|Ky(r +tn, R)| < mz>2 o [1 — zeﬁBHu] ‘ s pe (Filspe)* | <CR7A (4.32)
This is because of the inequality

‘ H:&RE (qums)c < CR ¥ (4.33)

which can be proved easily with the help of the following obvious bound
frr(€)] < ClEPRT. (4.34)

It remains to treat Ki(r + tn, R). By the Main Bound it is obvious that
Ki(r+tn,R) = / dx/ dW (u)g.(r +tn, p, z) + o(R™?). (4.35)

I s e (Flspe)® ML)

Using the local coordinate system and the conditions (5.55) and (5.56) on ¢ € C'* we can

write

/ AW (1)g. (1 + tn, 1, (€.1)) = / AW (1)g. (r + m, p, (£,0))
M(IIH) ML)
0

+5- AW (1) g (r +tn, p, (§,0n))n, 0 <6 <1. (4.36)
on M)

By Lemma [5.4| the second summand on the right side of (4.36) is bounded in absolute value
by a constant D which depends only on the potential ¢ and parameters (3, z. This together
with (4.33) implies

oR®

/ do(r) / At[1 — tha(r) / dedy (4.37)
IR 0 5pe (Flspe)°

0

0
. ‘ 8_77//\4(Hr) dW () g.(r +tn, p, (€, 60n))n ‘: o(1).

Combining (4.23), (4.29), (4.31), (4.32) and (4.35) - (4.37) we find

SRe
K(R) :/ da(r)/dt/ dﬁdn/ dW () (4.38)
aAR 0 H::(SRE (-7::5135)6 M(H;L)
SRe
gl (€0) = [ dokatr) [ dre [ déd
OAR 0 H:L;RE(‘F::(;RE)C

AW g+t (60) + o) = Ka(R) + KalR) + o{1)
ML)
It is easy to prove using Lemma [5.3| and the bound (4.24) that

K4(R) = o(1). (4.39)



So we need to treat only K3(R). With the help of the Main Bound we rewrite it as

SR
KB = [ dotr /&/ AW (1)g-(r + 10, 1, (€,0))
AR SR ML)
er( OR?
/ dn—/ da kR /dt/ / dW(u)
0 OAR ORe )
SR

OR®
'gz<r+tn7:u> (f,O)) / dO' /dt/
OAR oRe

/M(Hj) AW (1) g:(r 4 tn, i, (€,0)) (fnR(f) _ k‘R(r)§—2>

2
_ /8AR dg(r)kR(T)Zdt/Z d§§2—2 /M(Hi) W

- g-(r +tm, p, (£, 0)) + o(1) (4.40)
From (4.38) - (4.40) it follows that
K(R) = K + o(1) (4.41)
where

6_1 a\r)rr [ ) ? T n
Ke = 2/6Ad (r)k( >O/dt/_ood€€ /Mmm AW (11)g.(r + tn, p, (€,0)) (4.42)

Thus (4.28), (4.41) and (4.42) imply the following

Theorem 4.1 (Classical gas) . If the pair potential ¢ satisfies the conditions (5.55),
(5.56) and if A C R? is a bounded convexr domain such that the boundary A is one di-

mensional C3-manifold, then the following expansion holds true for all sufficiently small z:

o Z(0n2) = A [ a0+ R [ aotr) far [ aw
M oA " e(ILh)

gu(r + tn, ) + /8 Ao (k) / dt [t /M o, (4.43)

’ gz<r + tl’l, :u) - /_ df 52 /M(H+) dW(:u)gz(r + tna 22 (5? O)) + 0(1)

as R — oo. If the potential in addition is rotation invariant, the expansion (4,43) can be

simplified in a natural way, cf. Theorem[5.3.
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We note that the method which we used to prove Theorem appeared in [99, [94].
In contrast to the methods of earlier papers [92, [6, [7] and [19] which were based on the
estimates of all semiinvariants of the corresponding Gibbs distribution, this new approach
uses only bounds of two-point semiinvariants. On the other hand it proves the absence of

logarithms as it was conjectured in [92], improves the results and can be applied to marked
Gibbs random fields as well.

4.3 Local limit theorems

Let Y be a standard space with o-algebra ). This means that Y is a subspace of a Polish
space such that the trace of the corresponding Borel o-algebra coincides with ). We intro-
duce the space Y = {Y, 0} and the element () we call the vacuum. Let m be a measure on Y
such that the restriction of m on Y is a probability measure and m()) = 1. Let M be the
set of all mappings 1 : Z% — Y such that n(u) # 0 only for finitely many u € Z%:

M=1{n:Z" =Y | |s(n)] < o} (4.44)

where s(n) = suppn = {u € Z¢,n(u) # 0}. M is the configuration space of our spin model
with spin space Y and elements of M we call spin configurations. We will use also the set
of all finite subsets of Z? which we denote by M.
Let
MA)={n:2 =Y | s(n) C A}, AczZ? (4.45)

We consider many-body potentials ¢ which are real measurable functions on M =
M(Z%). A potential ¢ we call Euclidean invariant if ¢(gn) = ¢(n) for arbitrary automor-
phism g of the lattice Z, (gn)(u) = n(g(u)). We call ¢ translation invariant if ¢(n,) = ¢(n),
for all @ € Z¢, n,(u) = n(u — a),

Let § be a translation invariant metric on Z¢. For £ € M, we denote by L;s(&) the
minimum of the lengths (with respect to the metric §) of the trees constructed on £ and
possibly any other points of Z? (see also [35]).

We assume that ¢ decays at infinity sufficiently fast, namely:

ps(@) = > sup e Olp(n)] < oo (4.46)

é‘eM()’Oeé‘ 778(77) g
where the metric § is such that
1
Ds(1) = Z (1 + |u|) exp <—§5(0,u)) < oo, [ >d. (4.47)
u€eZd

We define the energy of configuration n by

Uln) = Y o) (4.48)

JCs(n)
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where ns(t) =n(t), t € Jand n;(t) =0, t € Z¢\ J.
The Gibbs distribution on the space M(A) of spin configurations in a finite volume
A C Z4 is given by the density Z1(A) exp(=U(n)), n € M(A) with respect to the measure

mp = [ [,ep me, my = m, where the normalizing factor
2= [ TLamate = vim). (4.49)
M(A)

For a parallelepiped A C Z¢ we denote by A the set of all k-faces of A, k=0, --- ,d and
by |A®)] the total volume of all the k-faces of A and we write Ag for {Ru | u € A}, R > 0.
Let z(n) = e =™, |s(n)| = 1 and let 2 = sup, |z(n)|.

Theorem 4.2 (Asymptotic expansion. Lattice systems [6), [7]) . Let the Euclidean
invariant potential ¢ satisfy the conditions (4.46) and (4.47). Assume that

205(¢)(2eDs(1) + 1) < 1 (4.50)

where
Cs(¢) = 2exp(ps(¢) + €7 — 1), (4.51)

Then for any parallelepiped A C 72,

d
InZ(Ap) =Y ar(¢)RFAP] 4 o(1), R— oc. (4.52)
k=0
The powerful technique of tree estimates from Section 2.2, which is known also as strong
cluster estimates [34], [35]), was applied in the papers [9],[7] to prove a local limit theorem
(L1.t.) for the particle number in lattice spin systems with general many-body interaction.
For n € M(A) we will use also the notation 7, to indicate the dependence on A and we
set || = |s(n)|, n € M(A). We say that |na|, n € M(A) satisfies the L.1.t. if the relation
1 N — E|n|)?
Pr(ne M(A) : |n| = N) = (2rD|n|) 2 exp {—%] (14 0(1)) (4.53)
as |A| — oo, holds true uniformly with respect to the particle number N € Z,, such that
N — E(ny) ~ |A]2. Here and below in this Chapter 4

Elna| = Z NP(Inal = N), Dina|l = E(jna| — Elnal)®. (4.54)
N>0

The theorem formulated below gives the conditions for the potential under which the
central limit theorem (c.l.t.) for the particle number yields the 11t.. We say that ||
satisfies the c.l.t. if D|na| ~ D|A|, D > 0 and

— 00

Pr <n e M(A) M < :1;) — (27?)5/ e dt (4.55)
(Dlnal)2
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where z € R, |[A] — co.
The c.l.t. for the Gibbs random fields has been obtained, for example, in [51], [78], [24]
and [50].

Theorem 4.3 (c.l.t. yields L.Lt. [7,[9]) . Let the translation invariant potential ¢ satisfy
the conditions of Theorem[{.qwith 1 > 8d in (4.47) and (4.50). Then the L.Lt. for the particle

number follows from the c.l.t..

Proof. 1t is sufficient to show that

N — Elna])2
Axn = sup | (27Dna)2P(|na] = N) — exp [——( 1)) ] =0 (4.56)
NeZy 2D’77A‘

as |[A| = oo. According to the inversion formula, we have

Pl =) = (20 ¢ [ vty (4.57)
Here 1, is the characteristic function of a random variable |1, |:
Ua(t) =Y ™ P(jna| = N). (4.58)
N>0
Further (N — Elna|)? )
— E|na 1 [ . t
—— | =(2 —itRA(N) — —| dt 4.
o [~ pat] = et [ o [ - 5] )
where
BA(N) = (N = Elna)Dlna])*. (4.60)

The change of variable t = 7(D|na|)~2 in (4.57) yields

GO L
Pm] = N) = @m) Dl ¢ [ e mg (4.61)
—m(Dlnal)2
where
53 = (DlnD~# (] — Elus) (162)

Let us take B and € such that 0 < B < we(D|na])2, 0 < € < 1. Then substituting (4.59)
and (4.61) in(4.56), we obtain

B g ) 22
|Ee'™r —e™ 2 |dT + e zdr
-B |71=B

+/ X \Ee”SA|dT+/ ) ) ]EeiTSA|dT
BL|7|<e(DInal) 2 e(Dlnal) 2 <|r|<m(DInal) 2

= 2n) 2L, + L + Is + L) (4.63)

Ay < (27)72
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Let us estimate the integral I,. Let
A=A ={teZ' 0<t <ap i=1,2,-d} (4.64)

where {a;} is a monotone increasing sequence. All edges of the cube Ay lying on the coor-

dinate axes are divided on the intervals
Jij(r)= {teZ,jr<t' <(G+1r} i=1---d,

where r = r, = o(ag), k — oo. These partitions generate in a natural way the partition of

the cube Aj on the subcubes which are assumed to be enumerated in some way: Af;, ] =

1, [ag/r]? where [-] stands for the integer part. It is evident that
fax /ol
n= U Mra (1.65)
j=1

where |Qg| < Cdai_l. Hence

1G] — 0, k— oo. (4.66)
| Akl
Denote by A. the center of the cube AJ and let C = {\,, j = 1,--- , [ax/7]?}.
It is easy to see that
<@t [ jpemar (4.67)
e<t<m

Next, using the general properties of conditional expectations, we get for ( € M(A\ C),

‘Eeit‘m‘ly _ |EE(6it|776| +i7‘77A\C’/C)| < sup |E(eit|ﬁc|/<‘)|‘ (4.68)
CEM(ANC)

By the definition of the Gibbs random fields

-1

|E(e“|’70‘/o| — / e”‘”'e_U(”/OdmA(n) {/ e—U(n/odmA(n) (4.69)
M(C) M(C)
where the conditional energy
UmfQ) =% ¢+¢), neM(C). (4.70)
DA#ICs(n)
JCs(¢)
Let
+¢), te
T(t,n,¢) = § 20cst0 AL+ o) L€ ) (4.71)
0, otherwise
and
V(n.¢) = > o(nr +¢r) (4.72)

ICs(n), [11>2,JCs(€)
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Then combining (4.69) - (4.72) we obtain

E(ehel 0] = / el T e Tene V) dmy ()
M(©)

tes(n)
-1
/ H T(tm€) o= mC)dmA(n) ) (4.73)
tEs
Since "
P
VinQ) < sl Y S GIES AR
oerczd  SEM)Is(QI=H] r

diam(I)>r(A)

one can show (for details see [7, @]) that for large k& we have

|E(eflnel /)| < quép eV )| 4 2/ ettinl H T dme(n)
, M(C)

tes(n)
-1

/ H e*T(t,ﬁ,C)dmC(n) < 2€|C|p5(¢)
M

©) tes(n) r5(A)
+H{ S [ e 0 .oy |
teC o=0

_ [‘ Z/}N/e—T(t,ﬂ(t)yC)f(n’g)dmt(n) ‘]_ } (4.75)

where

1, if o=1,
f(n,0) =

Tt if g —

Now consider a family of random variables {X;, ¢t € C} which takes the values o = 0,1

with probabilities

Pr(X, = 0) = pi(0) = / TN f () o)y ()

v
1 -1
. [Z/;e—T(tﬂ'](t)?C)f(fr”O')dmt(’r/)] . (476)
o=0"Y
Thus from (4.75) we obtain
B /0] < 2 'C‘“ ) e () (@.77)
tec

where ¥y, is the characteristic function of the random variable X;.

It is easy to check that 1y, satisfies the following estimate
Yx, (1) = (1 = 2p(0)pe(1))(1 —cosT) <1 —a, tE€C, (4.78)
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if only € < |7| <7 where 0 < o < 1.
To get the bound (4.78) we note that

1
T(tn),0)= > ér+¢)+ T S ol +¢)

0£JCs(¢) telcCs(n),|I|>2 P£JCs(C)

< 1ol + 22 < atpi), 0.1 <o (4.79)
Using formulae (4.77) and (4.78) we obtain
it|ne| IClps(¢) RPN (4
|E(eImel /)| < 2e (0 +(1—a)*, (4.80)
This together with (4.67) yields

|1] < 7T(D|’I]A|)% (26|Cr|§i§?) + %(1 — a)|C|) : (4.81)

1
2

Now pass to the estimation of the integral I3. The change of variables t = 27(D|n,|)
in I3 yields

1 .
I3 = —(D|7]A|)% / 1 ‘Eezt(lnA\—E\nAl)mt (4.82)
2 B(Dlnal)~E<ll<e
Then
Eeitlml=Elnl) — o~% Dlnal+Al3h(rA) _ -~ A2 (G —7h(r.0)) (4.83)
where s 4
= —- it(|nal=Elnal)
|A|R(T,A) = Z g log Eetnai—=ina L (4.84)

n>3

It follows from the integral c.l.t. that D“Xf‘l — a >0 as |[A| = co. To prove that the integral

I3 tends to zero when |V| — oo, it is sufficient to show that h(7, A) is uniformly bounded in
a complex neighborhood of the origin: |h(7,A)| < a; if |7| < e. Indeed then for sufficiently
small € we have . .
Iy < (D))} / eIy < g / e du (4.85)
Z(Dlnal)~2 cB
with £ > 0,¢ > 0. So we are going to prove the boundedness of h(7,A). Let (o1, -+ ,0,) be

the semiinvariant of the family of the random variables o1, -+, 0,:

1 a"
(o1, ,0p) = i_”87'1--—81nEexp ( ZTk0k>

Then, using the multi-linearity of semiinvariants, we have

(4.86)

T1="-Tn=0

A L Beirnal~Ema)

1
drm ‘Tzo B z'_”<\|77A|’ o Al ntimes

= > Al ). (4.87)

ti, o tn €A
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The well know formula which expresses the semiinvariants by means of moments yields

(el e ) = D (=DP (P =1 T T el (4.88)

P peEP tep

where the sum is taken over all partitions of the set {t,--- ,¢,} into the subsets p € P.

It is possible to express the moments [[,., [7:| by means of correlation functions. Indeed

Mih =z [ e [Indamatn =270 3 [ oo

tep tep I:pCICA

dmy(n) = /M J Tsaldmn) 32 27 / 1r,(0)

IipCICA M(I)

eV dmy,(¢) = /M(z) Lany=p(m) ea(m)dmy(n) = 0a(p) (4.89)

where, as usual, 14 stands for the indicator of the set A. Further

ot = | TT o) dmge.. oy (n): (4.90)
M({t1, tn})

pEP pEP

where 7,(u) = n(u) if u € p and n,(u) = 0, otherwise.
Thus, combining (4.88) - (4.90) and using the well known relation between the correlation

and truncated correlation functions, we obtain

Wl sl ) = / S 0P = 1) T olm)dm .y (1)
M({tr tn}) 5

peEP

— [ m ) = B ) 49
M({t1,tn})

Now we need the following result

Theorem 4.4 (Strong cluster estimate [5, [7]) . Let the translation invariant potential
¢ satisfy the conditions of Theorem[4.9, including (4.46) and (4.47). Then

: Is(n)
loA(n)] < C5 ' (9) (%) e~ Lalsm), (4.92)

With the help of this theorem we can write

2Cs(
< E 5T 2Cs(¢
=0 |QA<{t17 ( —ZC§ )
<

C5H(9) Y ettt < (C(8))"Al. (4.93)

t1, tn €A

A peir(nal-Elnal)

drm

where 0 < C(6).
This bound ensures the analyticity of the function h(7,A) in a complex neighborhood

of the origin where h satisfies the bound |h(7,A)| < a; with a constants a; > 0 which is

65



independent of A. Finally, combining (4.81) and (4.85), we find that for any ¢ > 0 and
sufficiently large A and small € > 0, we have that

1 B . 72 72
Ay < (2m)72 </ |Ee’™r — 77 |dr +/ e zdr +€) . (4.94)
-B Ir|>B

This completes the proof of Theorem [4.3]
Combining Theorem with the c.l.t. from [78] (Theorem 9.5.4) we directly obtain

Theorem 4.5 (Local limit theorem [9]) . Under conditions of Theorem we have
that |na| satisfies the L1.t..

4.4 Convergence rate and large deviations

The next theorem gives an estimate of the convergence rate in the l1.1.t. for the number of

particles in a bounded region (see Theorem [4.5]).

Theorem 4.6 (Convergence rate [84]) . Let the Euclidean invariant potential ¢ satisfy
the conditions of Theorem with 1 > 8d in (4.47) and (4.50). Then for any parallelepiped
A C Z4 the following bound holds true:

sup | (27 Dlnal)s Pina] = N) — exp [—
N€Z+

LN [P

2D|na| ~ VA

At the end of this Chapter, we consider classical lattice Gibbs random fields in a fi-
nite volume A C Z? with empty boundary conditions. As an application of Theorem ,
we present a local limit theorem for the probabilities of large deviations of the number of
particles in a grand canonical ensemble in A as |A| — oo. The proof has two ingredients:
a modification of the well known method of Cramer [20] for studying the probabilities of
large deviations of the sums of independent identically distributed random variables and the
asymptotic expansion of the log-partition function [6] and [7], together with the central 1.1.t.
for the number of particles, Theorem . Note that classical lattice systems are a special
case of spin systems where the spin space Y consists of a unique point. For simplicity we

consider the planar case, d = 2.

Theorem 4.7 (Large deviations [91],[90]) . Let the Euclidean invariant potential ¢ sat-
isfy the conditions of Theorem . Let o = a(A,B,2) = N — Elnal. If a|A|"2 > 1 and
a = o(|A]), then for any parallelepiped A C Z?

1 o,
o 1= ) = e i (g 0)
R
a” a
: —|A Q™ (0 {1 +0 <—)} . 4.96
exp < ’ R‘ nzzg n!lAR|n AR,z( )) ‘AR| ( )
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where Qp,, () s the so-called deviation function [20] which is a real analytic function in x
in a neighborhood of the origin. Moreover the second and the third derivatives of Q,, .(x)

with respect to x have the following expansions

05,2 (0)

W = [a0(¢> Z>R2|A’ +ap (¢? Z)R|8A‘ + a2(A7 ¢7 Z) + T<A7 ¢7 Z)]il (497>
and
QX/ Z(O) 2 -3
g = |6, 2RI+ (6, 2)RIOA] +ax(A,0.2) +7(A 6,
aa0(¢, Z) 2 6&1 (¢a Z) 80,2(/\, ¢7 Z) a’l”(A, ¢7 Z)
| ———=R°|A| + ————=R|0A 4.
[ o=y MF By BN T T o) D
where Pir(Ap. . 2)
AR, 9,2 o .
W—O(l), ]’%—>OO7 ] —0,1
Sketch of the proof. Let
Pre(N) = Pr (w € M(4) ) wl = V)
where £ = In z. By the inversion formula, we have
Pre(N) = (27)77 | thpe(t)dt (4.99)
where the characteristic function of the particle number has the form
_ Z(A §H+it)
Uae(t) = 706 (4.100)

Under the conditions of the theorem the partition function Z(A,¢) is analytic in £ on the
whole plane (see for example [105]) and differs from zero for real {. Therefore 1, ¢(t) is

analytic in ¢ on the complex plane. Moreover

Ung(u—ir)
W = ¢A7§+T(U). (4101)
Hence
Pre(N) = pe(—it)e ™ Py err(N). (4.102)

Let Ej¢|w| be the mathematical expectation and D) ¢|w| be respectively the variance of
the particle number in a volume A with respect to the Gibbs distribution in A with activity
z = e5. We define a function h(A, £) by

h(A,€) = [A]7! (Bagirlw] — Baglw]) (4.103)

where F) ¢|w| stands for the mathematical expectation with respect to the Gibbs distribution
in A with activity z = €. One can easily check the following relations
d d
Ep¢lw| = d—glﬂ Z(A, ), d—gEA,s|w| = Diglwl. (4.104)
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Hence the function A(A, §) is analytic in 7 on the real axes. On the other hand, by Lemma

2 from [31] for sufficiently large A and for arbitrary bounded &-interval, the following bound
A Dy eleo] > C(6) > 0. (4.105)

Therefore for large A in some neighborhood of the origin which is independent of A there

exists a function g, ¢ which is the inverse of h(A,§). Now we define the deviation function
QA,g(x) by

(@) = gnel@) (A Bacleol + o) — A I gne(—igne(@)).  (4.106)
Since 4
T ¥aels) = iBagrirwl, (4.107)

we get from (4.106) that Ly ¢(x) = ga¢(z). This implies real analyticity of the deviation

function in some neighborhood of the origin which is independent of A, as well as the relations
-1

Q (0)—iQ (0)=0 d—2§2 (x) = ih (1)
AL - dx AL 7 da? At -\ dr AL
T=gA,¢(x)
-1
. d _ —1
= (N S Baerrlo — (IAI" Dasoneiolel) (4108)
T=gA,¢(x)

Suppose that Ej ¢, |w] = N, N € Z,, then by L.1.t. Theorem [4.5

1
1+0—— 4.109
( V |AR\> ( )
for £ +7 < —In(Cs(¢)) as R — 0.

On the other hand, setting 7 = ga ¢(z) we get from (4.103) and (4.106) that

Yng(—iT) exp(—TEp eqir|w|) = exp(—|A[Qa (). (4.110)

D=

P etr(N) = 27 Dpg i (2)|w])”

Now let 7, = gAf(ﬁ) then using again (4.104) we find that for large A

N Epglw] ( ( a )) Engira|w]  Eaglw]
S AL hae (gne [ ) ) = SRS ZAGET (4.111)
Al A EARERANTY A A

Hence Ep¢qr,|w| = N. According to (4.102), (4.108) and (4.109) we have

1 d? ! : o 1
PAR@(N) = <F|A|@QA7§(|T)) exXp |:_|A|QA’£(W>] (1 +O(\/W)) . (4112)
This implies equation (4.96).
To prove (4.97) and (4.98) we note that

0 = 4 (g 20,9 (4.113)

da? dg?
To complete the proof of Theorem [4.7] it remains to apply the asymptotic expansion of the
log-partition function, Theorem [4.2]
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5 Asymptotic expansion of the log-partition function.

Quantum gas

In this chapter we consider Boltzmann loop gas (see section 3.5.4) which is a quantum gas
with Maxwell-Boltzmann statistics in the Feynman-Kac representation .

We study the asymptotics of the logarithm of the grand partition function In Z(Ag, 2)
of the loop gas in a bounded domain A = {Ru | u € A} as R — +o00, where z > 0 is the
activity or intensity parameter. For the convenience of the reader we recall the definition of

the MB measure W, which is defined on the space
M=MX)={pC X | |y <o}, X=21;

of finite configurations of loops of fixed time interval 3 in R? by

sz(h):/MdWZp(w)h(w):ZZ—T/X.../Xh(asl,...,xn)dp(ml)...dp(a:n), (5.1)

where h is any non-negative, measurable function on M. See Chapter 3.3, formula (3.37).

The asymptotic expansions of the log-partition function presented in this section can be
viewed in the spirit of the Kac problem. In [54] Kac has considered the problem of finding the
asymptotics of the partition function Tr exp(BA) = >"°7 e P where A, are eigenvalues of
the Laplacian —A in a bounded domain as  — 0. This problem has a long history and goes
back to Hendrik Lorentz and Herman Weyl, see [54]. Kac has shown that the eigenvalues
A, uniquely define geometrical characteristics of the domain, such as the area, the length
of the boundary, and his conjecture was that the constant term is ¢(1 — ) where h is the
number of the holes of the domain. Using Feynman-Kac formula the partition function can
be written as a Brownian integral with a path of a time length 3 constrained to a bounded
domain. This leads to an equivalent formulation of the Kac problem, that is, to find the
asymptotics of the Brownian integral as 5 — 0. A dual problem is to study the asymptotics
of the Brownian integral with a path of a fixed time length 3, constrained to a bounded
domain as this domain is delated to infinity. This was considered in ® for the case of M B
statistics. Note that the Brownian integral can be identified with the log partition function
In Z;4(A, z) of the ideal Ginibre gas.

Here we study the large volume asymptotics of the log-partition function for the loop gas
with interaction.

Chapter 5| is organized as follows. In Section we consider domains with smooth
boundaries. We assume that the particles interact via stable pair potential with nice decay
properties at infinity.

The following expansion is the main result of Section [5.1}

In Z(Ag, 2) = R*Bp(¢, 2)|A| + Rb(¢, 2)|0 A| + o(R) as R — +o0. (5.2)
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Here § is the inverse temperature, |A| is the volume and |0 A| the surface measure of A. The
coefficients p(¢, z) and b(¢, z) are the same as in expansion (4.3) below.

To get the constant term, in Section [5.2] we impose more restrictive conditions on the
potential ¢ and consider domains A which are open convex bounded subsets of R? with
finitely many convex closed holes. We assume that the connected parts of the boundary of
A are one dimensional closed C®-manifolds.

Then the main result of section Section [5.2] is:
In Z(Ag, z) = R*|A|Bp(¢, 2) + R|OA|b(9, 2) + 2mx(A)c(g, 2) + o(1). (5.3)

Here x(A) is the Euler-Poincare characteristic of the domain A. The coefficients p(¢, z),
b(¢, z) and c(¢, z) are explicitly expressed as functional integrals and are analytic functions
of the activity z in a neighborhood of the origin; p(¢, z) is the pressure and b(¢, z) can be
interpreted as the surface tension.

We consider the case v = 2 only for simplicity.

Section is devoted to the asymptotic expansion of the log-partition function of the
ideal Bose gas. The class of admissible domains is the same as in Section [5.2

Finally Section [5.4 presents a different method of proving the asymptotic expansion which
is applicable only to polygonal domains. This method, in contrast to the method adopted
for the domains with smooth boundaries, permits to get all the non-decreasing terms of the

expansion.

5.1 Boundary term

We consider classical stable pair interaction given by a function ¢ which is continuous, even

function on R?\ {0}. We assume also that

/RQ dulé(w)|(1 + Ju])} < +oo (5.4)

where [ > 0 will be chosen later.

Let A be an open convex bounded subsets of R? with finitely many convex closed holes.
We assume that the connected parts of the boundary of A are one dimensional closed C2-
manifolds.

Let n(r) be the inward drawn unit normal to O A at the point € 9 A and let
I} = {z € B | (x.n(r)) > 0}

where (.,.) is the scalar product in R?. When there is no confusion, we denote the configu-
ration (uUw) by (i, w) as well as the configuration ({x} U u) by (z, i) .

The following theorem will be proved in this section.
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Theorem 5.1 (Boundary term) . If ¢ satisfies (3) with I > 16 and z is from the interval

0<z<C- VR du|¢(u)|(1+|u|)l}l (5.5)

where C = C(B,1), then the log-partition function of the Boltzmann gas in Ag has the

following asymptotic expansion.:

In Z(An,2) = 2RA] | aP(a’) / AW (p )ST,(A :i)

—zR/aAda /dt/XO dP"(z / dW,,(w) (5.6)

o(r+tn(r) + 2%, p)
| +1

L pgeqrr) (r +tn(r) + 2 p) +0o(R)

as R — +oo where ¢ is the Ursell function, o(dr) is the arc length element and 14 denotes
the indicator function of the set A.

If ¢ s also rotation invariant then

0
In Z(Ag,2) = 2RYA| [ dP°(2) / dwzp(u)w(”; 1)
X0 M | +1

+oo
— zR|0 A /dt/ dPO(xO)/ szp(u)lMc(H+)(tn0+x0,u)-
X0 M 0
0

ot +2°% )

P +0o(R) as R — +oc. (5.7)

0

Here n° is any fized unit vector and 11§ = {z € R? | (z,n°) > 0}.

To prove this theorem we undertake the following strategy. We start with the cluster

representation of the log-partition function by means of the Ursell function ¢:
InZ(Ag,z) = W, () = / AW, (1) 2" (p) if 2 is sufficiently small. (5.8)
M

Here W, is given by (3.37) and g is defined below by (5.10). In the second step we rewrite
(5.8) as

0 Z(0n.2) = [ dota) [ AW, g o) a0 (5.9)
where
g.(u) = 2P g > 1. (5.10)

|

Writing explicitly the integration with respect to p, we obtain the representation

In Z(Ag, 2) / du/ dP°(z / AW, (1) Laaeap (u + 2°, )
Agr X0

g:(u+ 2% p). (5.11)
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Then the main idea is the following: we write this integral as an integral over the set A
of all configurations (u + z°, 1) of loops with arbitrary z° € X° u € M, then we subtract
the integral over the set A; of configurations (u + x°, ) where at least one loop leaves the
domain Ag (it can be u+ 2° or any loop from p). The integral over A gives the main term of
our asymptotics which is proportional to the area of Ag. The second integral we split in two
integrals by decomposing the set A; as A; = Ay + As. Here A, is the set of configurations
(u+2, 1) where at least one loop crosses the tangent and A3 consists of those configurations
where at least one leaves Ag but non of them crosses the tangent. The integral over A, gives
us the boundary term. The analysis of the correction terms is based on the estimates for
the decay of correlations in the loop gas which was obtained in Section 3.5.4. To show that
the last integral over the set A3 is o(R) as R — oo we also translate some arguments given

in section IT of Ref.[62] where similar problem for one loop case is solved.

5.1.1 Proof of Theorem [5.1]

We start with the cluster representation of the log-partition function:
In Z(Ag,z) = Wy, (¢) if 2 is sufficiently small. (5.12)

In the second step we rewrite (5.12) as

0 Z(0n.2) = [ dota) [ W, g ) a0, (5.13)

Writing explicitly the integration with respect to p we obtain the representation

In Z(Ag, 2) / du/ dP°(z / AW, (1) Laagap (u + 2°, )
Agr X0

g:(u+ 2% p). (5.14)

The representation (5.13) directly follows from (5.12) with the help of the following well-

known formula (see, for example, [46])

[P 3 e\ )t ) (5.15)

wCpu

_ / / F (112 U pia)ha (pi) s (p12) AW, (2 ) AW, (1)
M JIM

which is valid if either the functions F,h; and hs are non-negative or at least one side is
absolutely convergent.

For any measurable A C M let

Wil () = / AW, (@) Fjw), 1€ M. (5.16)
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We use the notation f(u,w) instead of f(uUw) and since p is diffuse we can consider p and

v in (5.16) as disjoint configurations. For brevity we will write W instead of Wy.

Note that the two-point truncated correlation function can be written in this notations

as
oA, y) = / AWV, (@), ) = Wanayo(, )
M(A)

We will use often the notation

Wal Fl() = / AW, ()If(s )], € M.

It follows from Theorem [B.1] that

W lel(z,y) < P suplf](x,y)!Z[Zem”lLdp(y)lq(x,y)l]m-

z,y m=1

28B

Since sup, , |¢(z,y)| < e*"” 41 we have that uniformly in A,

Wawylel(z,y) < oo

provided
228 / dp(y)la(z,v)| < 1.
X

Now(5.14) implies
In Z(Ap, 2) = / du / AP (%) W Lngea 2 (1 + 2°)
Ag X0

_ /A K /X AP (") (W) (u + ")

- [ du [ AP 0 ).
AR 0

Putting
M, R) - /X AP W)+ 2”)

and
I%(u, R) = / AP (2°) (W1 upeqapy02) (t + 22,
X0

we can rewrite (5.22) as

In Z(Ap, 2) = /

du]A(u,R)—/ du I®(u, R).
AR

AR

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

Consider the first integral on the right-hand side of (5.25). Note that (Wg.)(u+ z°) does

not depend on u € R? because of translation invariance of M, W, and g,. It follows from

Theorem 2.1} formula (2.8), that
(Wlg:[)(u+a?) < e?PFL,

73

(5.26)



Therefore
/ duI*(u,R) = R*|A| [ dP°(z"Y(Wg.)(z?). (5.27)
AR X0

The integral on the right-hand side of (5.23) multiplied by 37! is called pressure.
Now consider the second integral on the right-hand side of (5.25). Let

AR75 = {u € Ap | d(u,@AR) < 5RE}

Then

/A I (u, R)du = /A 15 (u, R)du + / IP(u, R)du. (5.28)

AR\ARs

Taking from now on ¢ = 1 and [ > 16 in condition (4) (see (3.71)), we find from Corollary

8
[3.16] that
[ AP OV LoD+ ) = o) (5.20)

as R — oo, uniformly in u € R% Here Bsg-(u) is a ball of radius 6 R° centered at u € R
On account of (5.29)

/ IP(u, R)du = o(1).
AR\ARs

Therefore

/ IB(u,R)du:/ 18 (u, R)du + o(1). (5.30)
AR

AR.s

To treat the integral on the right-hand side of (5.30) we set up at each point r € 9 A local
coordinates (£,n) where £ is along the tangent vector s = s(r) and 7 is along the inward
drawn unit normal n = n(r) to A at r. Then 0 A is given locally by n = f,.(£), |£] < IR®,

1

for > 0 small enough where f, is a function of class C?. Choosing § = 1[sup |r(r)[]™ and

red A
taking into account that the volume element in Ag s is equal to (1 —tkg(r))dto(dr) (see, for

example,[87]), we have that

OR®

/ ]B(u,R)du:/ da(r)/dt(l—th(r))IB(r+tn,R) (5.31)

0

where kg(r) is the curvature of dAg at the point r € 9Ag, ki(r) = k(r). Evidently kgr(r) =
R7'E(R™r), r € 0Ag.

Furthermore, we associate to each r € JAg the cylinder

M, 5r: = {(&,n) | €] < OR"}.
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To get rid of configurations that have loops visiting outside of the cylinder II, sz, we de-

compose IZ by decomposing M¢(Ag) as follows:
M(AR) = M(AR)M(IL, 5g ) + ME(AR)M (1L, 5 ), 7 € O Ag.

(We use + for the union of disjoint sets.) According to Corollary the term which
corresponds to M¢(Ag)ME(I1, sg-) in this decomposition is o( R~2), therefore

[B(r—{—tn,R):/ AP (2°)W1meapg:)(r + tn + 2°)
X0

B /0 dp” (xo)(WlMC(AR)M(Hr,JRE)gZ>(u + xO) + O(R72)
X

=IP(r+tn,R) +o(R?). (5.32)

To treat I, we put

Foispe = 1(&m) € e

where fr,R(g) = Rfr (%)
Now we decompose I by decomposing M(Ar)M(I1, sgr-) as follows:

n > fr,R(g)}a

MEAR)M(IL, 55 ) = ME(AR)M(F 55 ) + MU, 55 ) ME(Fls5-)-

Ty

Note that each configuration p € MC(AR)M(]::(;RE) contains at least one loop touching the
exterior of Ap in F., SR (which can be a hole). Again using Corollary | we get

[ AP OV Lt gty 920+ 0 -+07) = o),
Hence
IP(r +tn, R) /;v dP°(z MC(fjéRe)M(HT,(sRs)gz)(r +tn + 2°)
+0o(R7?) = IP(r +tn,R) + o(R?). (5.33)

To obtain the boundary term of the expansion, we separate from the set M (I, 5z ) M (F,'55-)

those configurations which have at least one loop crossing the tangent. Let

55 = {(&,n) € y5r- | 1 > 0}

Then

M55 )ME(F ) = M spe) MO o) + ML e ) ME(F e )- (5.34)

T, T

Remark. For shortness we consider only the case where r is a point of the convex part

of the boundary 0 Ag. The case where r belongs to the concave part of the boundary (the

I0)



boundary of a hole) can be treated similarly. For example, (5.34) in the concave case will

have the form:
M(Hr,éRf)MC(F:SRE) = M(HT,JRE)MC(H%RE) - MC(H:5R5>M(]::6RE)'

From (5.34) it follows that

IJ(r +tn, R) :/

20 dpo(xo)(WlMC(HIW)M(HT,aRE)gz)(7" +in+2?)

+ /XO dPO(xO)<W1MC(F::5R5)M(H:6RE)QZ)(T +tn + .730)
= J(r+tn,R)+ K(r +tn, R). (5.35)

Now combining (5.31) - (5.33) and (5.35) we get
SR

/A 1P (u, R)du — /8 dolr) / dt(1 — thu(r)J(r + 0, R)
| OR°E
+/8A da(r)/dt(l—th(r))K(r+tn,R)+o(1)
= J(R) + K(R) + o(1). (5.36)

Below we will show that J(R) is the boundary term (up to the corrections) and that
K(R) = o(R). First we treat J(R). To get rid of the restriction to the cylinder, we
decompose J(r + tn, R) by decomposing M(II, sz ) M (IT ;- ):

MU, 55 )M (I 5. ) = ME(TLT) — ME(ILH) ME(IT 5. ),
where

I ={(&n) | n>0} (5.37)

We estimate the term corresponding to MC(ILF)M(IT} ;5. ) by using again Corollary [3.16
and find from (5.35) and (5.36) that

J(R) = J1(R) — Ja(R) + o(1)

where

OR®

Ju(R) = /8 dolr) / dt /X AP ) WL ey9:) 0+ 0+ 29)

and
SRe

J2(R) :/a/\ do(r) /dt tkg(r) /XU dPO(:UO)(WlMC(H;r)gz)(T+tn+x0).

0
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Furthermore, writing the integration fO(sRE dt as the difference [;°dt — [.. dt and using
the translation invariance of g,, W, and M°(IL") as well as Corollary [3.16| we obtain

J(R) = J"(R) — J(R) + o(1) (5.38)
where
T'R) =R /8 da(r) 7dt /X AP (@) WLy 0:)( + tn +2°) (5.39)
and 0
JE(R) = /a ) do(r) 7dt th(r) //Y 0 AP (dz®) (W1 ey 92) (7 + tn + 2°). (5.40)

By Corollary [3.16

0/..0 0
/XOdP (@)L g |9=))(r +tn+27) < T

therefore both integrals J°(R) and J¢(R) are convergent.
Note that J°(R) is the boundary term and J£(R) is a contribution to the constant term
Now we consider K(R) from (5.36). In this section we show only that IC(R) = o(R).
The further analysis, which we carry out in the next section, allows to separate from K(R)
additional contributions to the constant term. The term K(r + tn, R) from (5.35) can be

written in the form

dPO(xO)(WlMC(}—iéRE)M(HXaRE)g2>(r +in+ {L’O)

K(r—irtn,R):/

XO

= /XO dPO(xO)lx(fiéRE)(r +tn + xo)(WlMc(fimg)M(Hims)gz)(7“ + tn + 2°)

ymar, ) 92) (1 + tn + 20)

r,0 R

+/x0 dPO(xO)IXC(f:JRE)(r—|—tn+m0)(W1Mc(;+

= K4(r +tn, R) + K?(r + tn, R). (5.41)

This implies the following decomposition of I(R):

OR®

K(R) = /8 ~dolr) / dt(1 — thp(r) KA(r + tn, R)

+/3A da(r)/dt(l—th(T))KB(THn’R)

= K4(R) + KZ(R). (5.42)
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Let us estimate first X4 (R). By the choice of 4, |1 — tkg(r)| < 2 for all t € [0, §R*], hence

6R®
A T AT n . .
\/C(R)\gQ/aARda()/dt\K(+t,R)| (5.43)

0

It is easy to check that for any measurable and non-negative function f defined on the

space M and any measurable A;, Ay C R?
/ AW, (1) Lae(a) (18) Laaag) () f (1) < / dp(z) / AW, (1) f (2, ). (5.44)
M Xe(Ay) M

Indeed, using formula (5.15), we have that

/M AW, (1) Lage(ar) (1) Tavaag) (1) (1)

< / de(u)lMc(Al)(,u)lM Az) Z 1/\/[C A1 1/\/(1(/\2)(”)
M

ACH

< /X i dp() /M AW, () f(, 1) = /X o dp(z)(W)(x)

where M = {y € M | |u| = 1} is the subspace of one-element configurations.
Then on account of (5.43)

| KA(r+n,R) | < /X 4P2(") /M Vol et e M1 e (1)

Jotrmeatp) < [ apa) [ dp(w)
X0 C(]-'IBRE)X(HiéRE)

-(W ‘ g !)(T+tn+$0,y).

As it was mentioned above, there exists a constant C' = C(3, z, ¢, 1) such that (W ! g |
)(x,y) < C, for any z,y € X. Hence putting D(r, R) = p(X°(F 55-)X (117 55-)) we find that

| K4(r+tn,R) |< % D(r, R). (5.45)

Thus we need to study D(r, R), r € 0Ag. Obviously

OR®

D(r, R) / de / dn / AP (") ezt et W7+ (€57).
0 i

—OR¢ 0

Note that (&, 1) +y° € X (11 ;5. ) iff

info<i<5(y°(t) +n,1(r)) > 0,
SUPp<¢< |y (t) + & <oR°
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where m =4°(t) — (y°(t),n(r)) is the projection of y°(¢) onto the tangent to OAg at the
point 7. On the other hand, (§,1) 4+ y° € X(F 5 ) iff supge,<slfrr(y(t) + &) — (¥°(t) +
n,n(r))] > 0.

To simplify notations, where there is no confusion, we will omit below the arguments in
the above mentioned conditions, for example, we will write the last condition in the form:
sup[fr.r(§° + &) — (¥° +n,m)] > 0.

Now putting for each £ € (=dR®,0R°) and r € 0Ag,

Ar(r,€) = {(n,y°) € [0,+00) x X° | —inf(y°,n) < n < sup[f,r(¥° + &) — (4°, n)]},

we can write, using Fubini’s theorem, that

OR® 00
D(Tu R) - / df / d77 / . dPO(yO)lsup|§0+£|<§R5 (57 yo)lAR(T,f) (777 yO)
—0Re 0 X
OR°E
= / dé dPO(yO)]-Suplgjo-l-ﬁKJRe (57 yo){sup[fT’R(f + g()) - <y07 1’1>] + inf<y07 Il>}
X0
—0Re

Following the paper °, we choose 7(n) and 7z(£) so that

inf(y’,n) = (y°(r(n)),n),
sup[fr.r(§ +7°) — (°,0)] = fr.r(€+9°(7r(E))) — (°(7R(£)), 1)

Note that 7(n) is P%almost surely unique (see Ref. [55] and reference there, a direct

proof is given in Appendix A.3). Then

frr(€ +y°(7(n))) < suplfrr(§ +5°) — (v°,n)] +inf(y°,n) < fr.r(€ +y°(7r(E))).
At the same time, we have that
(] < CRTYEP , if €] < 07, (5.46)
with a constant C' = C(A). Therefore, using the condition: sup | + 7°| < R®, we obtain
| sup[fr.r(¢ +3°) — (4, m)] + inf(y°,m)| < CR%, (5.47)
uniformly in € OAg. This implies
D(r,R) < CR™% (5.48)

and therefore from (5.46) and (5.48) it follows that

| KA(R) |< C Rt (5.49)
0
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Now we estimate { KZ(R) | We can rewrite KZ(r + tn, R) from (5.42) as

dPO(IO)lxc(fféRe)X(H{r (r +tn+ 29

7,6R5)

KP(r +tn, R) :/

X0

3 AW, ()92 (r + tn + 2°, ).
ME(F b ) MATE s )

Hence

|KB(r+tn,R) ’ S/

XO

W | g. )(r +tn+ ). (5.50)

dPO ('QjO)lXc(f:éRf)X(HIéRE) (7' +itn + .TO)

Using Fubini’s theorem and (5.26) we have
SRe

| KP(R) | g/aA da(r)/dt(l—th(r)) | KP(r +tn, R) | (5.51)

AR

0
< QeQﬂBH/a do(r) /dt /XO dP0<xO)1X0(}':6R5)X(H:6R5)(T +tn + 2°)
0

= 2¢%PB+1 / do(r) / AP (2°) Lgup 70| <srz (2°)-
dAR X0
26B+1
mf
Here we used also the estimate (5.48) with & = 0. Thus K”(R) = o(R). This together with
(5.42) and (5.49) gives: KL(R) = o(R).
Now combining (5.30), (5.36) and (5.38) - (5.40) we get

|OA| R7.

{suplf, (%) — (2%, 0] + inf(2%, n)} < <

/A I%(u, R)du = J°(R) + o(R). (5.52)
Finally (5.23), (5.25) and (5.52) imply

In Z(Ag,2) = R*|A ) dP°(z°)(Wg.)(z?)

X
— R/ do(r) /dt/ dPO(:UO)(WlMC(Hj)gZ)(r +tn +2%) + o(R).
aA X0
0

To get (5.6), it remains to write explicitly the integrals Wg. and W1 yc(1+)92)-
Now if ¢ is in addition rotation invariant then, because of rotation invariance of the Ursell

function and the measure W

-p the integral W1y p+)92)(r + tn + 2°) does not depend on

the orientation of the normal n(r) and the half-plane ITF, r € JAg, hence it can be evaluated

with respect to any fixed unit vector n® and corresponding half-plane II]. This implies (5.7)
or, in other words, the expansion (1) with
p(d.z) =B7" | dP°(a")(Wg.)(a")

XD
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and

b(g,2) = — / dt /X 0 dP°(z") (W1 Mc(ng)gz)(tno + %) (5.53)

which completes the proof of Theorem [5.1]

5.2 Constant term.

We continue the study of the asymptotic behavior of the log-partition function of a quantum
gas with MB statistics.

This section studies the third (constant) term of the asymptotics of In Z(Ag, z) as R —
+00 . The class of domains A to be considered in this section consists of open convex
bounded subsets of R? with finitely many convex closed holes such that the connected parts
of the boundary of A are one dimensional closed C®-manifolds.

We assume that particles interact via pair interaction ¢, which is an even function on R?
and satisfies the stability condition with a constant B > 0:

Z ¢(u; —u;) > —Bn. (5.54)
1<i<j<n
Moreover we assume that ¢ is differentiable and is uniformly bounded together with its

derivatives so that

[o(w)] < M, ||l =/ dul¢i(u)] < 400 (5.55)
RV
where ¢;(u) = ¢(u)(1 + |u|)! with I > 16, and

Volu)| < M, Vel = / | V()| < +o0. (5.56)

v

Let X° = {z € C([0, 8],R?) | 2(0) = x(8) = 0} be the space of Brownian loops in R?
which start and end at 0. Let P° be the non-normalized Brownian bridge measure on X°,
PY(X°%) = (2rB8)~' . We will consider also modified measures PY, k = 1,2,--- , given by
PP(dz°) = (sup |2°])*P°(dz°). Let A = A\(B) = max{P(Xx?), PY(x%)}.

The main result of Section [5.2] is

Theorem 5.2 (Constant term) . If the potential ¢ satisfies the above mentioned condi-
tions (5.54) - (5.56) and z is from the interval

0 <z < [2'8e Amax(M, ||l 1, [[Vo[[1)] ! (5.57)

then for any admissible domain A the log-partition function has the following asymptotic

ETPansion:

In Z(Ar,2) = R2|AIBp(9, 2) + RB(A, 6, 2) + (A, 6, 2) + o(L). (5.58)

81



where the coefficients p(¢, z),b(A, ¢, 2) and c(A, ¢, z) are given explicitly by Eqs. (5.23),
(5.64) and (5.133) respectively.
If ¢ is rotation invariant the coefficients b(A, ¢, z) and c¢(A, ¢, z) take a simpler form

In Z(Ag, 2) = R*|A|Bp(¢, 2) + R|OAlb(¢, 2) + 2mx(A)e(9, 2) + o(1) (5.59)

with b(p, z) and c(p, z) given by Eqs. (5.135) and (5.136).

5.2.1 The proof of Theorem

Here we briefly describe how the volume, the boundary terms as well as the first contribution
to the constant term were obtained in Section 4.1.

We write In Z(Ag, z) as an integral of the Ursell function over the finite configurations
of loops in Agr, we then separate a loop and release all the constraints except that the
separated loop starts in Ai. This gives the volume term. Then we take away the integral
over the configurations where at least one loop leaves Ag. Approximating this integral by
the integral over the configurations where at least one loop crosses the tangent line we obtain
the boundary term as well as the first contribution Jf to the constant term (see Eq. (5.66)
below ).

So using the notations of Section 4.1.1 we rewrite the formula (5.36) as
SRe
/ I (u, R)du = / da(r)/ dt(1 — tkg(r))J(r + tn, R)
AR aAR 0

dR®
i /a _dor) / dt(1 — thi(r) K (r + tn, R) + o(1)

=J(R)+ K(R) + o(1), (5.60)

with
J(r+itn,R) = /XO dPO(xO)W(lMc(HiéRS)M(HrvéRs)gz)(T +tn + 2°) (5.61)

and
K(r+tn, R) = /XO dPO(fO)W(1MC(F:§RE)M(Hjj5RE)QZ)(T +tn + z°). (5.62)
It was shown (see (5.38) ) that

J(R) = —Rb(A, ¢, 2) — T + o(1). (5.63)

Here
b(A, 6, 2) = — /a o) /0 "t /X APV (L 9:) 0+ ) (5.64)
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and

Jf = /{3Ada(r)k(r)/0 dtt/XO dPO(xO)W(lMC(Hj)gz)(r+tn+$0) (5.65)

where TT¥ = {(€,7) | 1 > 0}.
The integrals on the right-hand side of Eqs. (5.64) and (5.65) are absolutely convergent

for z satisfying
0 <z < (27 BT |p]]) (5.66)

We observe that Rb(A, ¢, z) is the boundary term and Jf is the first contributions to the
constant term of the asymptotic expansion (5.58).

Now we consider the term K(R) from (5.60). In Section 4.1.1 we have just shown that
K(R) = o(R). Below, analyzing this term in more details, we will separate from IC(R) the
second and the third contributions to the constant term and will show that the rest is o(1).

Note that, due to the factor 1 ME(FF e ) M(ITE ) the integration on the right-hand side
of Eq. (5.62) is over those configurations {r + tn +2°,w} in IT ;. where at least one loop
leaves Ag. There are two possibilities: either the loop r + tn + 2° stays in Ag then at least
one loop from the configuration w leaves Ag, or the loop r + tn + 20 itself leaves A then w
is any configuration in H;r,a re- We will treat these cases separately.

Therefore we write K(r + tn, R) as

K(r—irtn,R):/

o @ M (b 2DV (Lt pannty 0 92)

><(r—|—tn+x0)+/ dPO(de)lXC(F+ )(r+tn—|—x0)

X0 7,6 RE

X W(lMc(]:+

r,6 RE

= KA(r +tn,R) + K®(r + tn, R). (5.67)

ML 92) (1 + i+ 27)

Respectively
SRe
K(R) :/ da(r)/ dt(1 — tkg(r)) K (r + tn, R)
OAR 0

SR*
+ / do(r) / dt(1 — thg(r))K®(r + tn, R)
dAR 0
= KA(R) + KZ(R). (5.68)
B. Analysis of K*(R). The second contribution to the constant term.
In this subsection we will separate from K#(R) the second contribution J5 to the constant

term (see Eq. (5.112) below). Note that integration in K (r+tn, R) is over the configurations
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(r + tn + 2° w) where the loop r + tn + 2° stays in Ap and at least one loop from the
configuration w leaves Ar. To get rid of the dependence on Ay we decompose K4(R) as

A
KA(r+tn, R) = / dP(2") Lyqpr, ) (r +tn+x0)WM¢(f+5Rs>M<Hime>

X0 r,0 RE T,

ng(r—l—tn—l—xo)—/

0 dP0<x0)1Xc(f::5Re)X(H+

T,&Re)
X (r+tn+ :BO)WMC(;+§RE)M(H+6RE)gz(r +tn + %)
= K*(r +tn,R) — K*(r +tn, R). (5.69)

Now the integration in K42 (r+tn, R) is over the configurations {r +tn+2z° w} that have
two or more loops visiting the domain IT,'; z. \ F'sz-. The contribution of such configurations
is small (due to the bound (5.48)).

By similar arguments we approximate K“!(r +tn, R) by the integral over the configura-
tions {r + tn 4 2°,w} where the loop r + tn 4 2 stays in II} ;.. and exactly one loop from
w visits the domain IT; ;5. \ Ff55- . Then we approximate the last integral by the integral
where this loop crosses the parabola tangent to OAg, but not the tangent. Thus we get the
quantity Js.

The decomposition (5.69) implies

KA(R) = K" (R) — K*(R) (5.70)
where
K (R) = /8 o) /0 " AL = tha(r) KA (r + i, R) (5.71)
and |
K2 (R) = /a o) /O " AL = thn(r) K (r + i, R) (5.72)
Denote

S(T +tn + ,j(j‘()) = WMC(_F;&:(;RS)M(H::éRE)(gZ)(r +tn + ,]}‘0>.

With the help of the equality

/ h(w)dW,(w) = / AW, (w) (= 1) Wh(w) (5.73)
e(X(A)) My (Xe(A))
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which holds true for any absolutely integrable h, we have

(9-)

r,éRE)

S+ a”) = [ AW, (@) (1) Wy
M+(XC(-F 536))M(Hj§R€)

.(r—l—tn—i-x,w):/XC( d()WM (9-)

F s ) X 5 )
_1)m
(r+tm+2%y) + /
22 mb o JxeFr pox(

' WM(HISRE)(gZ)(T +itn + xO’ Y, aym)

sRe)

" H dp(y:)

+
Hr 6R5

= S (r +tn 4 2°) + Sy(r + tn + 2°). (5.74)
According to this we split K1 into two parts
K*(r +tn, R) = /XO dPO(IO)lx(n;me)<T +tn + 2°)S; (r + tn + 2°)
+ /XO dPO(xO)lx(HI(SRE)(r +tn 4 2°)Sy(r + tn + 2°)
= K{"(r +tn,R) + K" (r + tn, R). (5.75)

We estimate the series Sy(r + tn + z°) with the help of the following lemma (see Appendix
Al).

Lemma 5.3 . Let u = fmax{M, (2rn3)7 ||¢||1} then for all z from the interval
0<z< (ueP)~! (5.76)

and all w € M the following inequality holds true:

w = DI zefBrig
W) < =28 |2 ] (517

cu

Due to the inequality (5.48)
P(X(F e ) X (T se)) < CR3 (5.78)

where C' = C(A, ) is a positive constant. Using this bound and Lemmawe find that for
all z from the interval (5.76),

. I & zaefBH " ¢ + m
|SQ(7’+tIl+.CE S_{LZ (1 —ZU@BB+1)> [ (X (‘FréRE) (HT,(SRE))]
< CR1 (5.79)
with C' = C(A, B, z). Hence
X SRe . )
\KA%RME;2/° a@h)/) dt | K" (r +tn, R) |< |OA|CR . (5.80)
dAR 0
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Now passing to i (R) from (5.75) we have
| SRe
Ki'(R) :/ o(dr) / dt/ Po(dxo)lx(ntma)(r + tn + 2°)
dAR 0 X0

><Sl(r—|—tn+x0)—/
i)

SR*
o (dr) / dtthen(r) / PO(da?)
Ar 0 X0
X 1X(H+5RE)(7"+tn—|—x0)51(r—|—tn+x0). (5.81)
From the bound (5.48) and Lemma 5.3]it follows that the second summand on the right-hand
side of Eq. (5.81) is o(1). Therefore, combining Eqs. (5.71), (5.80) and (5.81), we have
OR®
KA (R) = / o(dr) / dtK3" (r +tn, R) 4+ o(1) = K5 (R) + o(1) (5.82)
AR 0

where

K(r + tn, R) = / PO(da®) Ly (r+ tn+ 2°)

20 r,0 R€

>< /
Xe(F s pe )X (T

r,5R€)

P(d?/)WM(H:mg)(gz)(r +tn+2°,y). (5.83)

We can not use directly Corollary |3.16/to get rid of the restrictions to the cylinder H:(; Re
in Eq. (5.83). First observe that with the help of the identity (5.15) we have

/ p(dy) / W,(dw)|g.(r + tn + 2%y, w)|
X MC(B§RE (r+tn))

= /M W (dw) (Z 1t (Bane () (@ \ {y}>) 3:(r + tn + 2%, )|

yew
< / W,(dw)|g.(r + tn + 2°, w)|. (5.84)
M¢(Bspe (r+tn))
Then applying Corollary we get
K3 (r +tn, R) = K3"(r +tn, R) + o(R™?) (5.85)
with

Kfl(r +tn, R) :/

Po(d:vo)lx(nj)(r + tn + 2°) /
X0

XE(F s pe) X (AL s )

X p(dy) Wiy (3:)(r + tn + 2%, y). (5.86)
Since ¢ € C!, writing y = (£,71) + »° in the local coordinates, we have

Wy (92) (r + 4 2% y) = Wy (62) (r + tn + 20, (€, m0) +¢°)

0 N _
+ 3V () + 2%, (€,70) +3)
X (1 —10) (5.87)
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where 79 = —inf(y°, n) = —inf(y°(¢),n) and 7y = 7y + 6(n — no), 0 < 6 < 1. According to
this we decompose Kfl(r +tn, R) as

KM(r+tn,R) = K{"(r +tn,R) + K" (r +tn, R) (5.88)
where
Kfl(r—i—tn,R):/ PO(da® )1x (7’+tn—|—:c)/ dé
X0 |€|<S6Re
x /0 . Pdy")Lye(rr, e (61 +9°)
X Wagare)(92)(r + tn + 2%, (&, m0) +4/°). (5.89)
and

K*(r +tn, R) :/ Po(dxo)lx(nm(r +tn + %) / d§/ dn(n —mno)
X0 |<6Re

135
<P it ot o (6 +1°)
K e Waaqns (B:)0+ 0+ 2% (6) + 1), (5.90)

To estimate K7 we use the following lemma (see the proof in Appendix A.2).

Lemma 5.4 If ¢ € C' satisfies conditions (5.54) - (5.56), then for all z from the interval
0 < z < 27w[ePBrmax(||9||1, [|V@||1)] Y, the derivative of the two-point truncated correlation

function satisfies the following bound

I(%W(gz)(xo +(&n),y)| <D, (&n) eR? (5.91)

where D = D(¢, 3, 2) does not depend on z° + (£,n),y

Using Fubini’s theorem we have

K?l (r+tn, R) :/ Po(dxo)lx(nj)(r +tn + ) / dg P(dy?)
X0

gl<sre  Jxo
0 _
X 1\;6+§\§5R5( )077)/\}/\/1(1'1+ (gz)(r +in+ ZL‘ ({, 710) + yO)
suplfy. r(6+y°)—(y°,n)]
« | (i — ). (5.92)

70

—_—~— —~—

We recall that 3;0 = y9(t) denotes the projection of 3°(¢) onto the tangent to dAg : y°O(t) =
y°(t) — (y°(t),n). Due to the bound (5.47),

{suplfr(€ + ) — (4° )] —m0}? < C(A, B)R 2. (5.93)
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Therefore applying Lemma [5.4] we get
|K2(r + tn, R)| < DC(A, B)R™S . (5.94)

Combining Egs. (5.82), (5.85), (5.88) and (5.94) we find
SR
KA(R) :/ a(dr)/ dtK (r 4+ tn, R) 4+ o(1) = KM (R) + o(1) (5.95)
dAr 0
where K;'(r 4 tn, R) is given by Eq. (5.89). Observe that

K (R) = / a(dr)/ dtK" (r +tn, R) 4 o(1). (5.96)
OAR 0
Indeed, by Corollary 3.16]

\ dtKA1 r+tn, R) \</ dt/ P%(dx )/ Wiy |9:(r + tn
: X0 Xe(By(r+tn))
2, (&,m0) +3°) < CR™F (5.97)
which implies Eq. (5.96).
The integral in K" (R) over the loops (£,1) +4° € X(F5p- )X (I} 55-) we approximate
by the integral over the loops which cross the parabola, tangent to dAg, without crossing

the tangent line. Arguing as we did above to estimate K2 (r +tn, R), we can write that for
allt > 0,

KM(r+tn, R) = / Po(dxo)lX(H+)(r +tn + %) / dg PO(dy®)
x0 ' gl<srs  Jxo

X 1sup \{—l—;ﬁ\gd}%g <£’ y())WM(H;«")(gZ)(T +tn+ 3707 (57 770) + yO)
x {suplfrr(€ +4°) = (4", )] — 10} (5.98)

Approximating {sup|[f, r(§ +°) — (3°,n)] =m0} by 2kr(r)(€ +y°(7(n)))? we get
K (r+tn,R) = K§' (r +tn, R) + K2 (r + tn, R) (5.99)
where

K&(r +tn, R) :/ PO(dx®) 1y (r + tn + 2° )/ d¢ [ P°(dy°)
&0 |€|<oRe X0

X 1sup ‘£+§0"§5Ra (57 yO)W/\/{(Hi)(gz)(r +itn+ moa (57 770) + yO)

x Shr(r)(€ +y0(r(n)? (5.100)

and the correction

K'(r +tn, R) :/ Po(d:vo)lx(nm(r +tn + 2°) / d¢ | P°(dy°)
X0 el<sre  Jao

i<one & YMWar) (0:2) (r + i+ 2% (§,m0) +1/°)

x {sup[f,r(€ +1°) — (y°, )] — 10 — 5’@(?‘)(6 +4°(7(n)))?}. (5.101)

X 1
sup [£+y
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Here 7(n) satisfies the condition inf(y°, n) = (y°(7(n)), n). Asin Section 4.1.1 we also choose
Tr(§) so that

Sup[fr,R(f + yAE)) - <y0> n>] = fr,R(f + yo<TR<€))) - <yO(TR(€))> Il>. (5'102)

We want to show that
/ a(dr)/ dtK2 (r +tn, R) = o(1). (5.103)
AR 0
Since OA € C3, we have that
1
[frr(OI < CIEPR™ and | fy.r(§) — 5ka(r)E] < CIEPR™ (5.104)

for &, |£] < 0R°. By the choice of 7g(§) and 7(n), obviously

0 <(y"(7r(&)),m) — (y°(7(n)),n)

—_— —_—

< frr(€+10(7R(€) — frr(€+1°(r(n))) < CR7E,

for all %, & with sup |€ + g]o| < 6R°. Now 7(n) is P%almost surely unique (see Appendix
A.3), hence 7r(¢) — 7(n) as R — oo. Using Eq. (5.104) and the definitions of 7(n) and
Tr(), we have

—~—

Suplf, (€ -+ 57) — (4] + () — Lkalr)(€ + 40 (m)?

< fonlé+ 9 () = 5hr(r)(€ + (7))
< CRIg -+ 19 (rnl@)P + 3ha(r) [(€-+ 15 (al€))? - (€ + 0 (m)))?

—~—

<CR™S + %R_lkA | €+ 9°(r(9))” = (€ +°(r () | -

On the other hand

~ e~ —

Suplf, €+ ) — (4", )] + nf(s.m) — Shalr) + ()
> fonl§ + o(r(m)) = Skn(r)(€ + o (r(m)?

> _CR ¢+ y0(r(n))PP > —CR™~.

Thus

| SpLfnl€ + 9) — (o, m)] + 0k (5, m) — Jh(r)(E + 50 (m)))? |

< OR™¥ 4+ SRy | (€ +99(m(©) — (€ + 90 (m))?| (5.105)
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Substituting this into Eq. (5.101) we get

OR®
P) [ de [Py e (€0°)

6Re X0

|K2(r + tn, R)| <CR™% /

X

x WM(HEL)"QZ‘(T +in + .Z'D, (5? 770) + yo) + R_lfﬂA

6R®
0 0 0 0 0
<[ Pty [ de [P (60

X W |9:1(r + 10+ 2%, (€,m0) +4°) | (€ +4°(Ta(€)))?
— (€ (rm))? |= K (r+ i, R) + K&+, R)  (5.106)

Let us fix any ¢ > 0. According to Corollary
K (r+tn,R) <CR™% / P°(dz°) / p(dy)
X0 X¢(Bi(r+tn))
X Wadlga|(r +tn+2°y) <CR™S(1+1)7 (5.107)

Since Tr(§) — T(n) as R — oo, by Lebesgue dominated convergence theorem
Rk / o(dr) / dtK (r 4 tn, R) — 0. (5.108)
dAg 0
To apply the Lebesgue theorem, we observe that due to Corollary

|| Pty [ gt | P gl om) + o)

g/ dtZ(k+1)S/ Po(d:co)/ d§1k§5|<k+1/ P (dy° YW g:|(r + tn
0 k=0 X0 —00 X0

walem) o) < [ arywanr [ P [ . pi(dy)

0 max(k,t)(TJ’_tn))

X Wl g:|(r + tn +2°,y) < C(B,2,1), j,s=0,1,2. (5.109)
From Egs. (5.107), (5.108) we get Eq. (5.103) which together with Egs. (5.95) and (5.99)
implies

K4 (R) = K2 (R) + of1) = /

o(dr) / dtKE (r 4 tn, R) 4 o(1) (5.110)
OAR 0

where K{'(r + tn, R) is given by Eq. (5.100). Thus applying once more Corollary [3.16] to
K& (R) we get

KA(R) = J§ + o(1) (5.111)
with the constant term
N3 =% /aA o(dr)k(r) /OOO dt /X PO(dx®) 1y (r + tn + 2°) /Z dé¢
<[ PP @)+ o+ 0, (6m) + 9)E + )R (112
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Note that due to Eq. (5.109) the integral on the right-hand side of Eq. (5.112) is absolutely

convergent in the interval
0 <z < (2'Be"BTN|py]]1) (5.113)
Lemma [5.3| and formulas (5.74) and (5.78) imply that for R large enough
| Wikt oomant ) (3)(r + 0+ 2%) [< C(A, B, 2) R (5.114)

On the other hand, using the bound (5.93) with £ = 0, we have

OR®
| [ = tha) [ P g 02

,§R5)

< 2/){0 PO(da®) Lup o <sme (2°) {sup[ fr r(Z°) — (2°, m)] + inf(z°, n)}
= (5.115)
Hence [K*2(R)| < C(A, 8, 2)R™5. Thus we conclude from Eqs. (5.75) and (5.111) that
KAR) = JE(R) + o(1). (5.116)

C. Analysis of K?(R). The third contribution to the constant term.

The treatment of XZ(R) in many aspects is similar to that of X4(R). Approximating the
integral in K2 (r+tn, R) (see Egs. (5.67) and (5.117)) over the configurations (r+tn+2°, w)
where the loop 7 + tn + z° leaves Ag by the integral over (r + tn + 2°, w) where the loop
r + tn + 2° crosses the parabola tangent to OAr but not the tangent line, we get the
contribution J5. Thus the constant term is the sum J° + J5 + J5 . If the potential is
rotation invariant each term of this sum is factorized into a potential dependent factor times
the integral of the curvature along the boundary 0Ag, which by the Gauss-Bonnet theorem
is the Euler-Poincare characteristic of A multiplied by 27.

From Egs. (5.67), (5.68) and Corollary we get

KB(R) = /a/\ o(dr) /:RE dt(1 — tkg(r))KE(r +tn, R) + o(1) (5.117)
R
where
KP(r+tn,R) = /XO Po(dxo)1X0(f,f§RE)X(Hi§RE)(T +tn + 2°)

X W) (d:)(r + tn + 2°). (5.118)

Similarly to Eq. (5.87) we have

Wiy (82)(r + 0 4 2%) =Wy i (32)(r + fon + 27)

+ %WM(HH@Z)(T +ton + 2°)(t — tg) (5.119)
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where ty = —inf(z°% n), {, =ty + 0(t — ty). Hence

KP(r+tn,R) = KZ(r +tn, R) + KZ(r + tn, R) (5.120)
where
Kf(r i, R) B /XO PO(de)1XC(]::5RE)X(H::§RE)(r +in+ xo)
X W) (9:)(r + ton + ) (5.121)
and

KZ(r+tn,R) :/

X0

9, N ~
X EWM(H;*)(QZ)(T +ton + 2%) (t — to). (5.122)

Using Lemma , the bound (5.93) with £ = 0 and invoking arguments which were used to

derive Eq. (5.94), we can write

PO(d:EO)1Xc(f;f5RE)X(H:5RE)(T + tl’l + $O>

| /0 " dt(1 — thp(r))K$(r +tn,R) |< 2 /0 S /X 0 Po(dxo)1Xc(f:5Rs)X(H;m)

X (r+tn+2°) | %WM(HH(QZ)(T +iéon+2°) || (t —to) [< 2D /Xo P%(dx°)

x {sup[f,.r (%) — (z°,n)] + inf(z°, n)}*> < C(A, ¢, B, 2)R 2. (5.123)
Hence

6R®
ICf(R):/aA o(dr)/o dt(1 — thr(r)) K3 (r + tn, R) = o(1) (5.124)

It remains to separate the last contribution to the constant term coming from KZ(R).
We split KZ(R) in two parts

dRE
KJ(R) = / o(dr) / dtKZ(r +tn, R)
dAg 0

SRe
- / o(dr)kg(r) / dttKZ(r 4+ tn, R) (5.125)
dAR 0

With the help of Lemma and the bound (5.93) one can easily show that the second
summand on the right-hand side of Eq. (5.125) is o(1). By Corollary we can replace
the integral foéRe dt by [;°dt in the first summand of Eq. (5.125) with correction o(1). On
the other hand, by Fubini’s theorem

/ dtKQB(r + tn? R) = / Po(d‘ro)WM(Hi)(gz)(T + ton + ‘TO)
0 X0

x {sup[f,r(7°) — (2% n)] + inf(z° n)}. (5.126)

92



Therefore
K2 (R) :/ U(dr)/ dtKZ(r +tn, R) + o(1). (5.127)
OAR 0

Now we approximate {sup[f.r(Z°) — (z°,n)] + inf(z°,n)} by 1kg(r)
x (z°(7(n)))? and estimate the correction. We proceed in a similar way as we did in the
proof of Egs. (5.103) and (5.110). It follows from Eq. (5.127) that

00 1 -~
/0 dtK2 (r +tn, R) :§kR(T) /XO Po(de)WM(H;r)(gz)(r + ton + 2°)

< )P+ [P Wy ) +tan
+2%){sup[f.r(Z") — (2", )] + inf(2", n)
~ Skal) (@ (m)?) (5125)
where 7(n) is defined by inf(z%,n) = (z°(r(n)),n). Then applying the inequality (5.105)
with € = 0 we get

[ otan) [ PO @) + tom + ) supln() — (o, )]
OARr X0

+ inf(z°% n) — %kR(T’)<£L‘O(T(Il)))2} =o(1) (5.129)
Thus
/ o(dr) /OO dtKZ(r +tn, R) = J{ + o(1) (5.130)
OAR 0
where
Ti =5 [ oldnk) [ P @0 o+ D) (53

Observe that the integral in Eq. (5.131) absolutely converges for z from the interval (5.113).
Now combining Eqs. (5.116), (5.117), (5.120), (5.124) and (5.127) we find that

K(R) =J5 + J5 +o(1) (5.132)

with J5 and J5 given by Eqgs.(5.112) and (5.131) respectively.
The desired expansion (5.58) of the log-partition function follows from
formulas (5.25), (5.60), (5.63) and (5.132). We observe that the constant term

(N, 2) =T =Ty = T5

:/ / dtt/ PO(dx")W Mcn+gz)(r+tn+:v0)
X0
1
—5/ /dt/o (dx) X(H+)(r+tn+x)/ d¢
X

x/XOP%dy W 3:)(r + 0+ 2, (1) + 7)€ + ¥ (r(m)?

1

) /aA o(dr)k(r) /X PP Wiy (3)(r -+ fom +2°) (@(r (). (5.133)
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is an analytic function in z for |z| from the interval (5.113).

If ¢ is rotation invariant, the Ursell function and the measure W,,, also are rotation

2p>
invariant therefore the integral [ dt [0 PO(dz®)W(1 e 3=)(r

+tn + 2°) does not depend on the orientation of the normal n(r) and can be evaluated with
respect to any fixed unit vector d; and the half-plane I} = {u € R” | (u,d;) > 0}. In a
similar way the corresponding potential dependent factors in the integrals J°, J5, J5 do not
depend on r € A and can be evaluated with the help of an arbitrary fixed pair of orthogonal
unit vectors di,ds. Thus the terms b(A, ¢, z) and ¢(A, ¢, z) of the expansion (5.58) have

simpler form:
b(A, ¢, 2) = |OA|b(¢, 2) and (A, ¢, z) = 2w x(A)c(o, 2) (5.134)
where

/ dt/ PO(dz”)W(1 ppe 5 d.)(td; + 2°), (5.135)
X0

and

(¢, 2) _/ dtt/ P(dax”YW(1 e () G.)(td; + 2°) / dt/ P°(dz”)
0 X0 X0

X Lymy ) (tds +2°) / d§ [ PO(dy") Wy ) (3:)(tds + 2%,y

F (6~ nf{y, i) (€ do) + (°(r(d)), do)]? — /X PO(de?)
X W (82)(r — inf (2%, di)dy + %) (2" (r(d1)), do)”. (5.136)

Here 7(d;) is defined by inf(y°,d;) = (4°(7(d;)),d1).

In conclusion we note that the second equality in Eq. (5.134) is a consequence of the
Gauss-Bonnet theorem: [, , o(dr)k(r) = 2mx(A).

Theorem [5.2] is proved.

It is worth to note that the expansion of the log-partition function
InZ,;4(Ag, z) of the ideal gas is obtained from the expansion (5.58) by setting ¢ = 0. In this

case
In Ziy(Ag, 2) = R*|A|Bzpig + R|OA|2byg + mx(A)zciq (5.137)

with pig = [0 P%(dz” ), = [yo PY(d2®)inf(2°, n) and ¢;q = [,, P°(dz?)
x [(inf(2° m))* = (2°(7(n )))2]-
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Let us show how to get the constant term of the expansion (5.137):

—inf{z% n)

cia(A, 2) = z’fi,l - iil,B = Z/ Po(dxo) / dtt

oA

o (dr)k(r) - /

1 O(da® 0/;'\; 2= 5= oldr)k(r
— 25 [ otk [ P =25 [ atankn

1
x0 2
(

<[P Gnf )P = @) = m()sa(2)

Thus one recovers the familiar case of large volume asymptotic expansion of Brownian
integrals (see Egs. (2.55) and (2.56) in [62] with F' = 0).

Notice that the same arguments in the d-dimensional case, d > 2 give
InZ(Ag,2) = R*Bp(¢, 2)|A| + R b(4, 2)[0A| + R*2c1 (A)ca (o, 2) 4+ o( RY2).

Here p(¢, z) and b(¢, z) are given by formulas similar to Eqgs. (5.23) and (5.134) and ¢;(A) =
(d—1) [5, 0(dr)km(r), where ky,(r) is the mean curvature of A at the point r € JA. At the
same time, we are not able to get more terms of the expansion. This is a familiar case also
for the ideal gas and it is not clear whether the reason is technical or not (cf. [62], section
VII).

To prove boundedness property of the derivative of the two-point truncated correlation
functions we used the tree identity [16] which involves the function u(x,y) and here for the
sake of simplicity we assumed the boundedness of the interaction ¢. One can release this
restrictive condition by developing further the techniques of the Ref. [71] for the bounded

function e~ *@¥) — 1.

5.3 Asymptotics of Brownian integrals. Bose statistics

This section is devoted to the study of the asymptotics of the Brownian integrals with paths
which are constrained to a bounded domain A of R? when the domain is dilated to infinity.
We consider the case of BE statistics where the paths are of random time intervals which
are integer multiplies of some fixed 5 > 0.

The present section consists of two parts. In part one we obtain the three first terms of the
asymptotics for the case of small activity. The first two terms are proportional respectively
to the volume and the area of the boundary of A . We prove that in two dimensional case
the third term is purely topological and is proportional to the Euler-Poincare characteristic
of the domain.

In part two we consider the Bose gas with repulsive two-body interaction at low activity.
We find an explicit expression for the pressure in terms of functional integrals and prove

that the correction is of order of the area of the boundary of A. The proof is based on the

95



abstract cluster expansion method developed in Chapter 2 and uses the results on the decay
of correlations from Chapter 3.

For shortness we use in this section the following notations: we denote by P} the measure
Py, given by (3.31), by p. the measure p, . defined by (3.36) and by W 4 the measure W,, _,
defined by (3.37).

The main object of our interest is the grand partition function Z(A, z) of the Bose gas

in a bounded domain A which is defined by

Z(A,2) = / exp {—U(w)} AW, » (), (5.138)
M(A)

We want to study the asymptotics of log Z(A, z) for large A. Since

/ P2 (X) =log Z;a(A, 2)

X(A)

It is natural to start with the study of the asymptotics of log Z;4(A, 2) for large A.

We suppose that ¢ is a non-negative even function which satisfies condition (4) with
[>0:

The class of admissible domains A consists of open bounded convex subsets of R? with
n, n > 0, convex closed holes. We assume that the boundary OA of A consists of n 4 1
(d — 1)-dimensional closed C® manifolds. At each point » € OA we define local coordinates
(n,&1,...,&4-1) so that n is along the inward drawn unit normal n and &, ...,&,_; are along
the directions of principal curvatures of OA at the point r. In this local coordinates OA is

given by a C® function f,:

n:fr(glw"afl/—l) :fr(S)? ||€H <0 (5139)

for some ¢ > 0 small enough, & = (&;,...,&4-1).
Let F(X), X € X be a translation invariant function: F(X +u) = F(X), for all X € X
and u € RY. Hence we can think of F' as a function on X and we assume that F' € Lo(X°, P?)

for some z > 0.

Theorem 5.5 . For any admissible domain A and for all z from the interval 0 < z < Z the

following expansion holds true

/ F(X)dp.a,(X) =R%Aao(F, 2) + R ay (A, F, 2)
X(AR)

+ R72ay(A, F, 2) + o( RT2)

as R — oo,the coefficients ag,a; and as are given explicitly in terms of functional integrals

by formulas (5.143), and respectively.
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In the case where the function F' is in addition rotation invariant the coefficients a; and

as have simpler form.

Theorem 5.6 . If under the conditions of Theorem[5.5 the function F is in addition rotation

mwvariant, then
| PO () =R Aao(F.2) + B oA (F. )
X(AR)

+ Ri-? / Ha(r)do (1)as(F, 2) + o( B*2)

where @y and @y are given by (5.171) and , Hx(7) is the mean curvature of OA at the
point r € OA and o is the d — 1-dimensional surface measure.

Remark 1 . In dimension two, d = 2, according to Gauss-Bonnet theorem
[ Hatryotr) = 2mx(a),
oA

where x(A) is the Fuler-Poincaré characteristic of A, x(A) = 1 —n, if A has n holes.

Therefore the corresponding term is purely topological.

Remark 2 . In particular case where F' =1 Theorem[5.6] gives an asymptotic expansion of

the log-partition function log Z;q(Ar, z) of the ideal Bose gas in Ag, as R — oco.

The next result gives the main term of the asymptotic expansion of the log-partition

function of the Bose gas in Ag with repulsive interaction ¢.

Theorem 5.7 . Let the non-negative potential ¢ satisfy the condition (4) with 1 > 1 and z

be from the interval

d -1
0<z< [ Dlledhs (5 +1)] (5.140)
then for any admissible domain A C R?
In Z(Ag,z) = R*- p(¢, 2)|A| + O(R*™) as R — o0

where the so-called pressure p(¢, z) is given by

pos) = [arrx) [ SSaw, )
X0 M(X)

97



5.3.1 Proof of Theorem [5.5]

Let
(R, 2) = / F(X)dp.a, (X).
X(AR)

We decompose this integral as follows

1(8.2) = [du [ FOOIPIO0 = [ du [ L (X + ) FOAPECY) =

AR
=Ih(R,z) — (R, 2).

This gives the volume term:

Io(R,2) = R - |A| - ao(F, 2)

with
ao(F, z) = / F(X)dPY(X).
X0
Then
I(R,z) = / du/ Lye(a (X + w)F(X)dP)(X)+
AR,s X0
+ / du/lxc(AR)(X—I—u)F(X)dPZO(X) =
AR\AR,s X0
Evidently

(R, 2)| < / du / v () [P APY(X).

Ap\ARr,s  XO
By Schwarz inequality and Lemma 3.4

[ L iz (O IFCOIAP2X) <

X0

1/2
<I1Fll,, [P (s l1x] = 6vVR)] <
< C (v) 57| Flls, exp[~C(5, 2)0R

i 2\ /2
for all z, 0 < z < 1, where C(f3, 2) = (646) and

1P|, = (,/ F(X)dPY (X)
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Hence

(R, 2)| < |AIC (v, 8, 2) | Fll1, xp[—C (8, 2)6F] (5.146)
Now consider I5(R, z). We have

L(R,z) = / du/lxc(AR)X(AR)(X—i—u)

AR.s

' 1{sup\|Xu<wﬁ}(X)F(X)dPB(X)+

+ du 1XC(AR)X(AR)(X + u) (5.147)
Il

RS
: 1{sup\|XH26\/E}(X)F(X)dPB(X) =
= I3(R,2) + I3(R, 2).
According to
[I5(R, 2)] < |A|C (v, B, 2) | F'||, exp[=C(, 2)d R] (5.148)
To estimate I3(R,z) we use the local coordinates. Similarly to OAR is given

locally by
n=frr(©), €] <OVR

We have the following relations between the functions f, g and f, = f,1:

frr(€) = Rf.1(R7Y€) (5.149)

Let k;i(r|R), i = 1,...,v — 1, be the principal curvatures of OAg at the point r € OAg.

From ([5.149)) it follows that
ki(r|lR) = R 'ki(r|1), i=1,...,v—1 (5.150)

Then similarly to (4.31)

VR 4

[3(R,z):/daR(r)/ [T = 7ki(r|R)) dr-

AR o =1

. / Lieam X (AR)(X 47+ 7)1y csvr(X) F(X)APY(X)

XO

For each X € X° such that sup || X|| < 6v/R we put
7(X> = ’Vr,R(X) = Hgf [Xn<t> o fr,R(XT<t>] :

Here
Xa(t) = (X(t),n), Xp(t)=X(t)—(X(t),n)n (5.151)
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where (-,-) stands for the scalar product in RY. It is easy to check that, for any X € &°
with sup || X || < 0VR, 1y (X + 7+ ) =0 iff 7+ y(X) < 0. Therefore

VR 44
Ig(R,z):/daR(r)/ [[ (= 7ki(r|R)) dr-
OAg 0o =1
[ 000 L o R O F COAPE(X). (5.152)

XO

Using the equality

]'sup||Xn||<5\/ﬁ - ]‘sup||X||<6\/§ + ]'sup||X||25\/§15up||Xn

we can rewrite ((5.152)) as

|<6VR

VR 44

I;(R,z) = /UR(dT)/ [[ (= 7ki(r|R)) dr-

AR o =1

[ 020 g v m D FOAPEX) - (5.153)
X0
VR 44

_ /daR(r)/ T] (1 = ksl R)) dr-

AR o =1

'/1T+’Y(X)<0(X)1sup|x>5\/E(X>1supXn<5\/E<X)F(X)dP;?(X) =

X0

= IY(R, 2) + I(R, 2).
Let us estimate the second term I*(R, z). It is clear that for each admissible domain A

k= ki(r|1 :
oz sup [ki(r[1)] < o0

Assuming § < & ', we have that

(5.145)) we see that

‘fA(R, 2)

d—1
11— Tki(T‘R)’ < 2% for all 0 < 7 < 0R. Hence using
=1

< |AC (v, B, 2) | Fll L, exp[=C (B, 2)0R]. (5.154)

The first term I4(R, 2) in (5.153)) we decompose as
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0 d—1

IR, z) = /dch /H1—T/-c r|R))d

OAR 0

'/1T+’Y(X)<0(X)1supXn<§\/§(X)F(X)dPZO(X>_

XO

/daR /1:[ | — rhi(r|R))d (5.155)

OAR VR =1

[ 0l g s P (OAPEXD) =

X0

= IR, 2) + I (R, 2)

Let us show that

‘fA(R, z)‘ < Cexp <_0(5, z)é@) (5.156)

where C' = C(d, 5, z, A, F, §) does not depend on R.
From ([5.150)) it follows that

d—1

[]—7ki(r| ZT as(r|R) = ZR as(R™'r|1), (5.157)

i=1
where ao(r|R) = 1, as(r|R) = (—1)° > ki (r|R)-- ki (r|R), s=1,---,d— 1.

1<ip<<is<d—1
Hence

'/1T+7(X)<0(X)1supXn<5\/§(X)’F(X)|dPZO(X).

XO

Now with the help of (5.149) and the condition that f, g is of class C? one can easily
obtain that

frr(€) = R Zk D& + R %6 n(6), €]l < VR (5.158)

where
e, r(6)] < (W)€ (5.159)

uniformly in 7 € 0Ag and R > 1. This implies that for all £, ||£|| < dR and R large enough

[frr(O)] < ko™,
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Using the fact that sup, || X (¢)|| > 7 — k6% for any loop X starting at the point r + 7n
with 7 > 6v/R and such that 7 +v(X) < 0, we can write:

[ 10000 o OO PAY) <
X0
< [ L iioran IFCORPAY) <
X0
<1l [P (sup ] > 7~ F6)] 7 <
< CDF Pl xplC(5, 0 expl~C (5, 27

Hence
d—1

|jA(R7 Z>| < C(d>B727E7 6)||F||LQZ / CLS(T|R)dO'R(7’)~

=097
x

-/Tsexp[—C(ﬁ,z)T]dTS
ovR
< C(d, B, 2, A, 6)|| F|, exp[=C(8, 2)5V/R], (5.160)

which proves the formula ({5.156)).
Hence combining the formulas (5.141)-(5.144), (5.146)-(5.148), (5.153) and (5.156) we
find that

d—1

L(R,2) - /JR(dr)/H(l—Tki(ﬂR))dT-
AR o =1
[ 0120 v XV FCOLPECX) + O ),

X0

Applying Fubini’s theorem and formula (5.157)) to the last integral we find that

(2 = Y [ alrRR) [y v COAPXD)
=09A X0
—v(X)

T°dr + O(e_c‘/ﬁ)

or

d—1
L(R,2) =" Ly(z R) + O(e™“VE). (5.161)

s=0

with
1

Li(z,R) = ] / as(r|R)og(dr)- (5.162)

OAR

st mOF0) (= (X)) dP(X).
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Let e1,...,eq_1 be unit vectors drawn along the directions of the principal curvatures
of dAg at the point r € dAg. For each X € X with sup || X| < R, we choose t, =
tn(X) and tg = tgr(X) from the interval [0, |X|5] so that X, (t,) = irtlf Xn(t) and X, (tr) —
[rr(Xr(tr)) = iI}f(Xn(t) — frr(X7(t))). By Proposition [5.11] from Appendix A.3 t, is P?-
almost surely unique and by Proposition from Appendix A4 t, — tg, as R — oo,

PP-almost surely for all 0 < 2z < 1.
Let us show that the following representation of v(X) is valid:

AX) = Xalta) + DS KA (K (ta) e+ R n(X), (5.163)
where
d—1
&.r(X)] < C(d, ) {Z (Xr(tr), e)? — (Xr(ta), €)?) + R‘1||X||3} . (5.164)

Note that from Proposition and the Lebesgue dominant convergence theorem it follows
that
/ dog(r) / & r(X)AP)(X) =0 (R*"), asR— oo. (5.165)
OAR X0
Let us prove . We have that

_7<X) = fr,R(XT(tn)) - Xn(tn) + A (X’?“, R) )
where
0 < A(X][r,R) = frr(X7(tr) — Xa(tr) = frr(Xr(tn)) + Xa(tn).

Using [5.158) we find that
_1 d-1

A(X[r,R) < fr,r(X7(tr)) — [rr(Xr(ta)) = RT Z ki (R™'r[1) -

[(Xr(tr), )’ — (Xr(tn). €)?] + B2 [ern(X7(tr) — €r0(Xr(tn))] -

This according to [5.159|and Proposition |5.12, Appendix A.4, implies ((5.163) and ((5.164]).
With the help of (29) we can treat the terms Lg(z, R) from ([5.162)). Consider Ly(z, R).

We have that

Lo(2 R) = Rdl/da(r)/F(X) (—Xn(tn) + RTlikz(ﬂl)) .

oA X0
- (Xr(tn), e)” + R p(X)) dPI(X) =

= —R™" [ do(r) | F(X)inf X,dP?(X)+ (5.166)
]
d—2
LB /dg /Zk PIF(X) (X (ta), ) APO(X) + o( RE2)
oA xo =1
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In a similar way, according to (5.157)),

Li(z,R) = —%Rd_Q/Zki(rH)da(r)- (5.167)
on =1
- / F(X)X2(t)APY(X) + O(R™),

It is easy to check that
d—1
> Ly(z,R) = O(R"?), (5.168)
s=2

Indeed for R large enough |y(X)|* < C'sup || X]|*.
With the help of Lemma 3.4 it is easy to check that sup || X||* € Li(X°, PY). Therefore

d—1 d—1 Rd_l
L < = 1)d .
SZ;| s(ZaR)|_SZ;S+1 R™ay(r|1)do(r)

OA
[ P sup ) ap ) = o(r: )
X0

Now from ((5.161), ((5.166])-(5.168)) it follows that

L(R,2) = R a1 (A, F, 2) + R 2ay(A, F, 2) + o(RV™?)

where
ay = — / do(r) / F(X)inf X,dP?(X) (5.169)
oA X0
ag = %/da(r)/F(X) ' ki(r|1)- (5.170)
oA X0 =l

(X (ta), e)” — X3(ta)] API(X)

This together with ((5.141]) complete the proof of Theorem ([5.5)).
Now suppose that the function F'(X) is in addition rotation invariant. Then the integral

/ F(X)inf XadP2(X)

does not depend on the orientation of the unit normal n in R¢, because the measure P? also

is rotation invariant. Hence a; takes a simple form:
a) = ‘8A|51(F, Z)

with
a(F,2) = — / F(X)inf(X,d;)dP%(X) (5.171)

XO
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where d; is any fixed unit vector in R?%. In the same way

/z;k r|1)do(r /()

XO

[(XT (dy) = (Xl d1>]dPZ° X)

or

4z = / Ha(r)do (r)as(F, 2),
A
where
=
= a-1 ; ki(r|1)

is the mean curvature of A at the point r and

o(F,2) = —/ ) [(Xr(@), da)* — (X (D), d)*| dP(X)

Here d;, d, is an arbitrary fixed pair of orthogonal unit vectors in R? and t is defined by
<Xn(f), d1> = inf (X, (¢),dy).
Theorem [5.6] is proved.

5.3.2 Proof of Theorem [5.7

To develop the large volume asymptotics of the log-partition function In Z(Ag, z) of the Bose

gas with interaction we start as before with the cluster representation of In Z(Ag, 2):

In Z(Ap, 2) — / (W) AW n, ()

M(AR)
where ¢ is the Ursell function. Then
X
wZe2) = [ @ - [ an [ 2, )
X(Ar) X(Ar) Me(ag) W] +1
= Ao(R,2) — A1(R, 2), (5.172)

where

G.x) = [ ﬁfﬁ AW, (@)
M

Note that G, is translation invariant function: G,(X + u) = G,(X), for any u € R? and
X € M. This follows from the translation invariance of the Ursell function and the measure
W,.. By Theorem 2.1 Eq. (2.8), G. € L*(X°, PY) for all z from the interval (5.140).
According to Theorem

Ao(R, 2) = RYA|ag(G.) + R ay (A, G.) + R 2ay(A, G.,) + o(R*?).
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Now consider A;(R,z). We will show below that A;(R,z) = O(R%1). Similarly to
(5.144]) we decompose A; as:

X, w
M) = [ du [ reayarx) [ aw,
Aps A M¢e(AR)
u (X, w) _
+ / du/ 1X(AR)(X)PZ d(X) / |w| 1 dez(w) =
ArR\AR,s &M Me(AR)
= Ay(R, 2) + A5(R, 2). (5.173)
Applying Lemma 3.4 we find that
< [ o[ [ 2w, ) <
ArR\AR,s XY Me(Bu(SR)
< C(1+6R) RN = O(R"™Y), (5.174)

where C' = C (®, B,v, z,1) > 0.

Consider Ay(R, z). Using the local coordinate system we can write

SRy 4
Ay(R, 2) /JR (dr) /H (1 — thy(r|R)) d (5.175)
oA R
X0 ¢
X0 Me(AR)
Again applying Lemma 3.4 we have that
Ao(R, 2)| < 2! / don(r /dt/dPO (X9). (5.176)
OAR
O(XY+7r+tn,w)
dw, <
A ) <

Me(Brtn(t))

C(®,8,v,z,1) /daR /1+t =O(R").
0

AR

This completes the proof of Theorem [5.7

5.4 Polygonal regions

The previous section was devoted to the study of the asymptotic behavior of the the logarithm
of the grand partition function In Z(A, z) of ideal Bose gases in a bounded domain with

smooth boundary. The three first terms of the expansion were obtained. In this final
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section applying different method we find all the nondecreasing terms of the large volume
asymptotics of In Z(A, z) for interacting Bose gas in a bounded A with polygonal boundaries.

For simplicity, only the two-dimensional case is analyzed.

Let A be a polygonal domain in R?, and for simplicity we consider only the case of
two-dimensional convex polygonal domains A with m obtuse angles 6., ..., 0,, with vertices
Ay, ..., Ay We fix the orientation of A by inner unit normals n; so that n; is a normal to
the side A;_1A; and (nj,nj41) = |cosb;|, 7 = 1,...,m, with m + 1 identified to 1, where

(-,-) stands for the scalar product in R2.

Theorem 5.8 (Polygonal regions) . If the interaction potential ¢ satisfies the conditions
(a)- (c) from Section 5.3, with | > 16 in (c), then for all z from the interval

0<z<[COllelh¢ @)™ (5.177)

where ¢ is the Riemann zeta function, the following expansion holds true:

InZ(Ag, B.2) = R*|Alp(B,2) + R Y |A;_14;]b, (B, 2)

Jj=1

+ Z Cnjmyq (B, 2) +0(1) as R — oo, (5.178)
j=1

where the contribution of the angle 8; has the form

Oj TI'/2
Cnymia (B 2) :/ dpCn; ;s (05 B 2) +/ dpcn; (v, B, 2)
0 m—0;
0;
+/ docn,, (¢, B,2), j=1,....,m, (5.179)
w/2

with m + 1 identified to 1. Here [Bp(f,z) is the pressure given by formula (5.185) be-
low, |A;_1A;| is the length of the side A;_1A; and the quantities by, (53, 2), cn, (¢, f,2) and
Cnjimyia (05 B, 2) are explicitly given in terms of the Brownian integrals by formulas (5.186]),

(5.189) and (5.193|) respectively.

If the interaction ¢ is rotation-invariant, then the expansion takes a simpler form.
Namely, the terms b, (3, z)and ¢, (¢, 8, 2) do not depend on the orientation of the normals
n; and can be evaluated for a fixed unit vector e. Similarly, the term ¢, ., (¢, 3, z) becomes
independent of the orientation of the corresponding angle 6;. Therefore, this angle can be
defined by a pair of unit vectors e;(6;) and e5(6;) that are orthogonal to the sides of the angle
and satisfy the equality (e1(6;), e2(6;)) = |cosb;|. Thus, the following corollary of Theorem

B8 is true.
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Corollary 5.9 . [If, in addition to the conditions of Theorem, the potential ¢ is rotation-

wvariant, then

E(Ar, B,2) = R*|A|p(B, 2) + RIOA[b.(8,2) + Y _c(6;, B, 2) + o(1)
j=1
as R — oo, where
0; 0;
C(Qja 57 Z) - / dgpée1(9j),62(9j)<§07 B7 Z) + / ngCe(QO, 67 Z) (5180>
0 T—0

J

Here b.(B, 2), cc(, B,2) and ¢y, are given by the below formulas (5.194), (5.195) and (5.196)

respectively.
A similar result is true for the case d > 2. We formulate it without proof.

Theorem 5.10 . Let the potential ¢ be the same as in Corollary 4.9 then for all z from the

nterval .
o<z < [c@nlols o (§+1)]

and any convex polyhedron A C RY
d .
InZ(Ag, B,2) = RYAIp(¢, B.2) + > R™ci(¢,8,2) Y [¢]+0(1). (5.181)
i=1 geA(d—)
Here AW, i =0,---,d —1 is the family of all i-faces of the polyhedron A and ||, & € AW,

15 the - dimensional volume of &.

Proof of Theorem We write the grand partition function in terms of the composite

(or winding) loops:
26,9 = [ AW sl
M(A)

where the energy U(w) of the configuration w is given by (3.38) and the measure W, x =
w,

P+,2,A

is given by formula (3.37). Then write the cluster representation of In Z(Ag, 3, 2):

In Z(Ag, B, 2) = /M AW, () (w) Laga (@), (5.182)

where ¢ is the Ursell function with ¢(X,Y) = exp(—Us(X,Y)) — 1 where Uy(X,Y) is that
of (3.40).
This implies

InZ(Ag, 3, 2) /Xdpz / W, (w)g (X, w) L@y (X,w)

:/ du/ dP? Xo)/ AW, (w)g (X° + u,w) Lyag (X + w,w)
Ar X0 M

(5.183)
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where g(w) = ‘EJ‘) Let Ag1,...,Arm be the vertices of the convex m-gone Ag. Then,

defining H(t) = 1j,+00)(t), —00 <t < 00, we get

Laan (W) = [ [ H (inf (w, n;)),
j=1
where
inf(w;n;) = r)?elglrtlf (X(t);ny) .
Hence,

Lyian (X0 +u,w) = Z (—1)l HH (—inf (X° + u,w,n;))

Jc{1,...m} jeJ

in virtue of the identity H(t) = 1 — H(—t). Substituting the above equality into ([5.183]), we
get

In Z(Ag, B, 2) —/A du/XO dP%(X°) /M AW, (w)g (X° + u,w)

i / [ [ ape () [ a0 (0 )

H 1nf<X0—|—u w n3>)

i:/ARdu/XodPD (X°) / AW, (w)

- g (X° + w,w) H (—inf (X° + u,w,n;))
- H (—inf (X° +u,w,n541)) + I'(R, 2)
+Y PRz + ) IT(R2) + I'(R, 2), (5.184)
— =
where
I'(R,z) = i / du / dP? (Xx°) / AW, (w)
Jc{1,..., m}\J|>3 AR X0

9 (X 4+ u,w) HH(—inf<X0+u,w,nj>).
jeJ

Note that the configurations which contribute to I'(R, z) contain loops that cross at least

two non-adjacent faces. Hence, we can estimate this term with the help of Theorem [3.15|
Corollary and get I'(R,z) = o(1) as R — oo.

Now, by the translation-invariance of g, W, and M we obtain

I'(R, 2) = RA|Bp(B, 2),

where the pressure p(f, z) has the cluster representation
p(B,2) =B / ar? (X°) / AW, (w)g (X° + u,w) . (5.185)
X0 M
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Let us fix any j, 1 < 7 < m, and consider the term ]JI?(R, z) defined by . Consider
the corresponding side Ag ;_1Agr; between the vertices of the angles 6;_; and 6;. Here and
below we identify 0 with m, so that Agg = Arm, 0o = 0., etc. Further, we choose the
coordinates uy, ug, with u; along the side Ag ;_1Ag; and uy along the normal n;, to provide
that the coordinates of the vertices Ap ;1 and Ag; be (Ra;_1,0) and (Ra;,0) respectively.
To this side, we associate three disjoint regions in Ag: a rectangle D; of the height dR (with
a fixed § = 0(A)) and the length R(a; — a;_1) and two sectors Si(j — 1) and S5(j) of the
radius 0R and angles 6;_1 — 7/2 and 6; — 7/2 respectively. Then we have the following

decomposition of the term I7(R, z):
IP(R,z) = / du/ dPO(XO)/ AW, (dw)g (X° + u,w) H (—inf (X° 4+ u,w, n;))
S1(j—1) M
/ du/ ar? (Xx?) / AW, (dw)g (X° + u,w) H (—inf (X° 4+ u,w,n;))
X0

—/ du/ dPZO(XO)/ AW, (dw)g (X° + u,w) H(— inf(X° 4 u,w,n;))
S2(5) X0 M
+o(1) = IS” (R, 2)+ 15 (R, z)+]52(] (R,z) +0(l) as R — oc.

Note that in this decomposition the term I gj(R, z) gives the contribution to the boundary
term, while 1 (R, 2) and 18 (j)(£: 2) contribute to the constant term.
Observing that D; = {(ul,u2 e A ‘ Raj_1 <uy < Raj, 0 <uy < §R}, we get

Ra; R
Ip(R,z) = - / duy / dus / ar! (X?) / AW, (w)
Raj_1q 0 X0 M

9 (X + (uy, up), w) H (—inf (X° + (uy, up), w, n;))
—/ a; duyb, (Ul,ﬂ, ) ()

Raj_1

where
b, (u1,8,2) / duz/ dP? XO / dW,, (w)
X0
9 (X + (ur,u2),w) H (— inf <X + (w1, us), w,n;)) . (5.186)

Now, note that
inf<X0+(u1,u2),w,nj> 1nf<X0 + (0, uz), w,nj>.

Hence, the functions ¢; and H do not depend on wu;, and therefore also the quantity

bn, (u1, 8, 2) is independent of u; due to the translation-invariance of W,,. Thus, we have
IDBJ_(R, z) = R(a; — a;_1)bn,; (8, 2) + o(1) (5.187)
with by, (8, 2) = b, (0, 8, 2) defined by (5.186).
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Proceeding to the sector S;(j — 1) and using polar coordinates centered at Ap ;_1, we get
. s
8’1(]_1):{00’@) ‘ OSTS(SRa EﬁgoSijl},

where the angle ¢ is measured from the side Ag ;_1Ag ;. Therefore, by (?7?)

;-1 SR
Jg(j)(R,z):— / dyp / dr / dpr! (X?) / AW, (w)
/2 0 X0 M

X0+ (r,gp),w) H(—mf <X0 (r,0),w n]>)
0; 1

_ / dgen, (o, B,2) + o(1), (5.188)
/2

cn, (0, B, %) / dr/ dp! (X?) / dW,_(w)
X0

g (XO (, g&),w) H (— inf <X0 + (r, gp),w,nj» . (5.189)

where

Observe that by translation-invariance c,, (¢, 3, 2) is invariant with respect to the shift of
the center of polar coordinates by any vector a = (aq,0).

Similarly, we obtain that the contribution of the sector Sy(j) is equal to

/2
L5, (R, 2) :/ depcy, (9, 8,2) + o(1), (5.190)

0;

where ¢, (@, 3, 2) is that of (5.189). Combining formulas (5.187)-(5.190)), we get

D I (R2) = Z j = aj1)ba, (1, B, 2)
0;
+Z {/ dpcn, (@, B8, 2) + / d<pcnj+1(so,5,z)} +o(1). (5.191)

/2
For analyzing the term IJ-C(R, z), 1 < j < m,in (5.184), consider the angle 6; with vertex
Ap j, which is measured from the face AgjAg ;41 with the inner normal n;i;. Let S; be a
sector in A of the radius 0 R, angle 6; and vertex Ap ;. Choosing u,-axis along Ag jApr j+1

and up-axis along the normal n;,; we get

I (R, z) :/S.du/XOdPZO (X°) /Mdez(w)g (X° +u,w)
-H (— inf <X0 + u,w,nj>) H (— inf <X0 + u,w,nj+1>) + o(1).

Using polar coordinates (r, ¢) centered at Ap j, we can rewrite this equality in the form

“(R,2) / dgo/ dr/XodPO (X9) / AW, (w)g (X° + (1, ¢),w)

H (—inf (X°+ (r,¢),w,n;))
H (—inf (X°+ (r, 0),w,n11)) +o(1)

05
= [ bt (8.9 +001), (5.192)
0
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where

brpmislen8.2) = [Car [ aPO(0) [ W) (X0 + ()} U
H (—inf (X°+ (r, ), w,n;))
- H (—inf (X° + (r,9), w,nj41)) - (5.193)

To get the constant term of the expansion ([5.180)), we collect all contributions of angles given

in formulas ((5.191]) and ([5.192)):
0;
Cnjmjir (67 Z) :/ dcpén]-,nj.u (907 B; Z)
0

w/2 0;
+/‘dwa%m@+//w%HM@@,
T /2

0;

where ¢,,, and ¢, ,,,, are defined by (5.189) and (5.193)) respectively. This completes the

proof of Theorem.

If, in addition to translation-invariance, the interaction ¢ is rotation-invariant, then b, (3, 2)
and ¢, (¢, B, z) do not depend on n;, due to the rotation-invariance of PYand W, . Assuming

that e € R? is an arbitrarily fixed unit vector, we choose the Cartesian coordinates (u1, us)

/ dusg / ar! (x?) / AW, (w)
X0

+(0,uz),w) H (—inf (X + (0,u2),w, €)) . (5.194)

with uy along e and set

Similarly, evaluating the terms c,; given by (5.189) for a fixed vector e, we get

/ dr /X ar (x / AW, ()

g (X°+ (r,),w) H (—inf (X" + (r,0),w,€)) . (5.195)

Finally, the terms ¢, ., in (5.193)) are independent of the orientation of n;, n;,1 and depend
only on the opening ¢; of the corresponding angle, and therefore we can evaluate them by any
fixed pair of unit vectors e1(6;), e2(f;) € R? such that (e1(6;), e2(0;)) = |cosby|, j = M.

We assume that

(0,8, 2) / dr/XO dr? (X°) / AW, (w)g (X° + (r,¢),w)

H (—inf (X + (r,¢),w, e1(6;)))
‘H (—inf (X7 + (r,¢),w, e2(6;))) . (5.196)

Then, for obtaining ([5.180) it remains to replace in (5.179) the terms c¢,, and ¢é,, by
ce(p, B, z) and ¢y, (¢, B, z) respectively, and replacing the terms b, by b, in (5.178)) we com-

SMj41

plete the proof of Corollary.
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Appendix

A.1 Proof of Lemma 4.3

Let w = {x1, -+ , 2, }. Then, with the help of Proposition 6.1 (b) from Ref. 14 and Stirling’s

formula we can write

Wi < F [ )

n=0 ' TeT (1, ,mm+1,+ ,m+n) " {i,j}YeT
268)n+m

zZue
A dngg <+ 30 G

— n!
(m —1)! [ ziie?PBH1 }m
= 1

et — zye2PB+1

Here, we used the well-known fact that the number of trees with n + m vertices is (n +
m)"™=2 and the last line is a consequence of the formula:
m+n—1 m —1)!
Z—( Lo (m = D! t| < 1.

! —)ym’
— n! (1—1)

from [105], section 4.4 . This completes the proof of Lemma 4.3.

A.2 Proof of Lemma 4.4

To prove Lemma 4.4 we use the tree identity from [15].

Z H (e v — Z H —U; /d)\T({S”} exp( stu”)

~ECn {i,j}ey TET, {i,j}€T i<j

Here C,, is the set of connected graphs with n vertices, the real numbers u; j, 1 <@ < j <mn,

satisfy the stability condition 21§i<j§n u;; > —bn, s;; = s5, 0 < 555 < 1, Ap depends on

the tree 7" and is a probability measure supported on the set s; ;,1 <14 < 7 <n, such that
Zsijui,j > —bn. (A.6)
i<j

The details can be found in [15]. We will apply this identity with u; ; = u(x;, ;) and b = B,

where B is the stability constant for ¢.

Setting x; = 2 + (&1, m1), due to the tree identity we have

o 0
8_7]1 (T1, ,2p Z /d)\T {si;}) exp( ZSU u(z;, r; ) 8_771 H (—u

TET, i<j {ij}eT
(i, 2)) + Z /d/\T {sij}) exp( Zs” u(z;, x; )
T€eTn 1<j
0
I (— Zsz‘ju(%%‘)> 1T (—uwi ).
n i<j (ijyer
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Interchanging integration and differentiation (see [59], Lemma 2.2), we get

%W(Qz)(l’? + (&1,m), 2) = G121, 12) + G201, 72). (A7)
1
with
o on—2
Gy (xq, 1) 2222 / p(dzs) -+ p(dz,) Z /d)\T {si;j})
n=2 (TL - 2>' xn—2 TeT
0
X €Xp <— Z%M%;%‘)) I H (—u(@s, ;)
i<j T ver
and
e on— 2
o(x1, x2) ZQZ 2 / p(dxs) - p(dey,) Z /d)\T {sij})
n=2 xn-—2 T€Tn {1]}ET
0
X (—u(z;,xj))exp | — Z siju(zs, ;) o\ Zsiju(xi, z;)
i<j n i<j

Let us estimate G1(x1,z2). Evidently
0 0
% H (—U([L‘“LE‘])) - Z _%u(xhx]> H (_u(‘rkhxl))'
' figyer j{LIYeT ! (kYT k1 #{1,5}
Hence by the stability inequality (A.6) we have
(zePB)n

| Gi(21,22) \<Z ) > > / pldzs) - pldea) | 5~ 577 u(wr, ;) |

TeTn j:{1,5}T

X H lu(z, )] < eff max(M, M')(zeﬁB)QZn
{kYeTH{k,I}#{1,5} n=2
x (n = 1)[2Be”PH PO(X%) max(]|6]]1, ||Vl [1)]" 2. (A.8)

Now we consider Go(x1,x2). Since ¢ has bounded derivative,

i (-Zsiju(mi,xj)> ‘S ZSU { aimU(ZEhJ}j) ‘S /BM’n

0
n i<j =2

Therefore

| Ga(w1,m2) |<ef* MM (2e°%)* Y " n(n — 1)[z8e"P T PO(X°)[||1]" (A.9)
n=2

Now observe that if 28eP+1 PO(X9) max(||6]|1,||V¢||1) < 1, both series in the last lines of
Egs. (A.8) and (A.9) converge, hence Lemma 4.4 is proved.
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A.3 Proposition 4.11

Proposition 5.11 [/2]. The time t at which one dimensional composite Brownian loop

attains its infimum is P°-almost surely unique for all z: 0 < z <1

Proof: Let X° be the space of all one dimensional composite Brownian loops. Let T'(X) =
{t € [0,]X]|8|X(t) = inf, X(s)}. We need to show that P/{X € X|card T(X) > 1} = 0.
Let h(X) =supT(X) and h(X) = inf T(X), X € &C.
For each X € X let X € X° be defined by X(¢) = X(j8 — t) if X € &Y. Evidently

. X% — X% is one to one mapping which preserves the measure Pfy, j = 1,2,..., on each

~

X;5. Therefore " preserves the measure P?. Taking into account that A(X) = h(X) we have

that

[reoareo = [REarc) = [aeoarx)
Thus h — h > 0 with

[ 0cx) = n0)are) = o
X0
which implies that P{X € X°|cardT(X) > 1} = 0.

A .4 Proposition 4.12

Proposition 5.12 [/2]. For each X € X°, and all z, 0 < z < 1, tr(X) — to(X), as

R — 0o, PP-almost surely.
Proof: It is sufficient to show that
| Xn(tr) — Xu(ta)| = 0, as R — oo, (5.197)

for each X € X0. Indeed, if 7(X) is a limiting point for the set {tz(X), R > 1} then
implies that (X - n)(7) = (X - n)(t,) = inf(X - n) and by Proposition 1 7(X) = ¢,(X)
PY-almost surely.

Let us prove . By definitions of tg and ¢,

inf (X (fa) — frr(Xr(1))) — inf Xa(t) < Xaltn) — frp(Xr(tn) — Xa(ta)
which implies
Xn(tR) - fT,R(XT(tR)) - Xn<tn) < _fr,R(XT<tn))7
which together with the bound
|frr(€)] < CRTYIEN,

(see (5.158)) gives
0 < Xn(tr) — Xa(ta) < 20R7| X2

Formula (5.197)) is proved.
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6 Conclusion

The thesis presents a new general approach to the cluster expansion method, one of the
most powerful method for the study of Gibbs random fields. This approach can be applied
to classical and quantum systems, both continuous and discrete

The method of cluster expansions is presented in Chapter 2.

With the help of this approach efficient bounds for the two-point semiinvariants of the
Gibbs random fields in a bounded domaines are obtained.

The main bound for an abstract two-point semiinvariant is proved in Section 3.1. We are
interested mainly in applications to quantum systems. To apply the techniques, developed
in Chapter 2 and Section 3.1, to the study of partition functions of quantum gases, the
quantum mechanical problem involving unbounded noncommuting operators is reduced to
a classical-like problem involving only scalar functions. The key to this reduction is the
remarkable Feynman - Kac representation [40 46, 86] of a quantum gas as a model of
interacting Brownian loops which is called the interacting loop gas. One can think about
the loop gas model as a classical system where Euclidean points are replaced by Brownian
loops, the Lebesgue integrals by Wiener integrals and classical interaction between points
by an interaction between trajectories.

For a function of two Brownian loops an integral type decay property is introduced
and it is proved that if the classical pair potential has a power decay then the two-point
semiinvariant of the corresponding loop gas has the same type of decay.

In Sections 3.4 and 3.5 the cases of repulsive integrable potentials, general stable inte-
grable potentials and potentials with hard core are considered and the corresponding bounds
for the two-point semiinvariants are derived.

Chapter 4 is devoted to classical gases. The cases of continuous gas with pair potential
and lattice spin gas with many body potential are considered.

A new approach for the derivation of the large volume asymptotics of the log-partition
function is presented. This approach, in contrast to the existing ones (see [92], [19]), uses
bounds only for the two-point semiinvariants. By a modification of this method a similar
problem for the model of interacting Brownian loops is solved in Chapter 5. In Chapter 4 we
prove the central local limit theorem [7, 0], give a bound for the convergence rate [84] and
prove the local limit theorem for the probabilities of large deviations of the particle number
in a grand canonical ensemble [97], 90].

Chapter 5 is devoted to the asymptotic expansion of the log-partition function of the
Gibbs distribution of a quantum gas in a bounded domain.

The following expansion for an interacting Boltzmann gas is the main result obtained in
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Chapter 5:
In Z(Ag, 2) = R*|A|Bp(¢, 2) + R|OA|b(9, 2) + 2mx(A)c(0, 2) + o(1). (6.1)

Here [ is the inverse temperature, |A| is the area, |0 A| the length of the boundary of A
and x(A) is the Euler-Poincare characteristic of the domain A. The coefficients p(¢, z),
b(¢, z) and c(¢, z) are explicitly expressed as functional integrals and are analytic functions
of the activity z in a neighborhood of the origin; p(¢, z) is the pressure and b(¢, z) can be
interpreted as the surface tension.

For the case of ideal Bose gas a similar expansion is proved.

Using different method the asymptotic expansion of the log-partition function of the

interacting Bose gas in polygonal domains is proved.
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