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On the Distance Spectrum and
Distance-Based Topological Indices of
Central Vertex-Edge Join of Three Graphs

T. Haritha and A.V. Chithra

Abstract. In this paper, we introduce a new graph oper-
ation based on a central graph called central vertex-edge join
(denoted by G¢ > (Gy, U GE)) and then determine the dis-
tance spectrum of G, > (GY, U GZE) in terms of the adjacency
spectra of regular graphs G1, G, and (3 when G is triangle-
free. As a consequence of this result, we construct new fami-
lies of non-D-cospectral D-equienergetic graphs. Moreover, we
determine bounds for the distance spectral radius and distance
energy of the central vertex-edge join of three regular graphs.
In addition, we provide its results related to graph invariants
like eccentric-connectivity index, connective eccentricity index,
total-eccentricity index, average eccentricity index, Zagreb ec-
centricity indices, eccentric geometric-arithmetic index, eccen-
tric atom-bond connectivity index, Wiener index. Using these
results, we calculate the topological indices of the organic com-
pounds Methylcyclobutane (C5Hyg) and Spirohexane (CgHyp).
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Introduction

We start with the necessary definitions and notations. All graphs con-
sidered in this paper are simple connected and undirected. Let G, =
(V(G,), E(G,)) be a graph of order n and size m, with vertices v;, 1 <i<n
and edges ej, 1 < j < m. The adjacency matriz of a graph G,, is a square
symmetric matrix A(G,,) = (a;;)nxn, Where a;; = 1 when v; is adjacent to
vj and a;; = 0 otherwise. Denote the eigenvalues of A(G,,) (A-eigenvalues)
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by 61 > 0y > --- > 0, then the collection of all the eigenvalues of A(G),) is
said to be the adjacency spectrum of G,,. The incidence matrixz of a graph
G, is the n x m matrix Q(Gy) = (4ij)nxm, where g;; = 1 when v; is incident
to e; and ¢;; = 0 otherwise. The line graph L(G,) of G, is a graph with
V(L(G,)) = E(G,) such that two vertices in L(G,,) are adjacent only if
the corresponding edges in G, have an end vertex in common. For a parti-
tioned matrix, we denote its equitable quotient matriz by M [3] and all one
entry matrix by J,xm. We denote by C,, the cycle, by K,, (p+ ¢ =n) the
complete bipartite graph, and by K, the complete graph each of order n.
The distance dg, (vi,v;) between two vertices is the length of the short-
est path connecting them in G, [4]. In particular, dg, (v, v;) = 0, for
any v; € V(G,). The eccentricity of a vertex v; € V(G,) is defined as
eca, (v;) = max{d(v;,v;) : v; € V(G,)}. The square symmetric matrix
D(G,) = (dij)nxn = da,(vi,v;) is called the distance matriz of G, and
its eigenvalues are said to be the distance eigenvalues (D-eigenvalues). Let
1 > pe > --+ > g be the distinet D-eigenvalues of GG, with multiplicities

S1,82,...,5. Then the distance spectrum(D-spectrum) of G,, is given by
_ (M1 M2 M
Speep(Gn) = <31 So ... st) ’

The D-eigenvalue, py(Gy,), is called the distance spectral radius of G,,. The
non-isomorphic graphs of the same order having identical D-spectrum are
called D-cospectral graphs. The transmission Tr(v;) of a vertex v; is the sum
of all distances from v; to all other vertices in G. See [2] for a survey of the
distance spectra of graphs.

In graph theory, operations on graphs play a significant role. For sig-
nificant works on distance spectra of graph operations, see [1, 2], [14]. The
central graph C(Gy,) of G, [20], is the graph obtained by adding new ver-
tex to each edge of G, and joining all the non adjacent vertices in G,.
In [16], the authors defined the central vertex (edge) join of two graphs and
their adjacency spectra are investigated when G, and G,,, are both regular
graphs. Inspired by these works, we introduce a new graph operation based
on central graph and join.

Definition 1 Let G,,, G,, and G,, be any three graphs of orders ny, na, ns
and sizes my, mg, ms, respectively. The central vertex-edge join (CVE-join)
of Gp, with Gy, and G, is the graph G > (G U GE ), which is obtained
from C(G,,), G, and G, by joining each vertex of G,, with every vertex
of G, and each vertex corresponding to the edges of G,, with every vertex
of Gy,. The set of vertices in C(Gy,) corresponding to the edges of Gy, is
denoted by 1(G,,) (see Fig. 1).

The order and size of GS > (Gy, UGE)) are ny + m; + ny + n3 and
my + ma + m3 + ning + myns + (n} — ny)/2, respectively.
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Figure 1: C¢ > (Ky U KE).

In general, finding the D-spectrum of complicated networks is a difficult
problem. In Section 2, we obtain the D-spectrum of CVE-join of three
regular graphs. Using this we can find the D-spectra of more complicated
networks.

The distance energy (D-energy) was introduced by Indulal et al. [15], and
it is defined as the sum of absolute values of D-eigenvalues of G,,, denoted
by Ep(Gy). Two graphs of the same order having equal D-energy are called
D-equienergetic graphs. In the literature [I3] 17, 12], we can see the con-
structions of different D-equienergetic graphs. In Section 2, using the above
operation we provide a new class of D-equienergetic graphs of diameter 3.

The study of graphs through their topological descriptors is beneficial
for deriving their underlying topologies. This process has many applications
in modeling physico-chemical properties of molecules by QSARs/QSPRs
(quantitative structure-activity relationships/quantitative structure-property
relationships) analysis. In the studies of QSARs and QSPRs, the topo-
logical descriptors of graphs are used to approximate the biological activi-
ties and properties of chemical compounds. Various topological indices of
chemical structures have emerged as a result of successful applications of
QSAR/QSPR studies. This article gives some distance-based topological
indices of the new graph operation central vertex-edge join of three graphs.

The following are some graph parameters which are in terms of vertex
degrees, eccentricity and distance of a graph G,,.

The eccentric connectivity index of G, is introduced in [18] as

E(Gn) = Y dega, (vi)eca, (v:): (1)

v; €V (Gn)

The connective eccentricity index [11] of G,, is

Gy = Y 2] @)

(% EV(Gn) eCGn (,UZ)
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By using the eccentric connectivity index, the total-eccentricity index [8] is
given by

T(Gpn) = Z eca, (v;). (3)

'UiGV(Gn)

The mean value of eccentricity of vertices in V(G,,) is called the average
eccentricity [19]

weg(G) == 3 ec, (v) = 2E), @

n
v €V(Grn)

The Zagreb indices [9] of Gy, in terms of eccentricities are

M, (G,) = Z ecg, (vi),

v; GV(Gn)

Ms(G,) = Z eca, (vi)eca, (v5).

v;v; EE(Gn)

The geometric-arithmetic index [10] in terms of eccentricity is given by

GAL(G,) = Z 2\/ecGn(Ui)ecGn(vj)‘ (©)

viv; EE(Gn) GCG"(vi) + ecq, (Uj)

The atom-bond connectivity index [7] in terms of eccentricity is given by

ABCH(G) = eca, (v;) + eca, (v;) — 2. )

v;v; €EE(Gn) €CGn (Ui)ecG" (Uj)

The Wiener index W(G) [21] of G, is defined as

W(G,) = %ZZdG(vi,vj) _ % S Tr(w). (8)

=1 j=1 v; €V (Gn)

Section 3 gives all the mentioned above indices of central vertex-edge join
of three graphs. As a consequence of these results, we calculate different
topological indices of the organic compounds Methylcyclobutane (CsHyg)
and Spirohexane (CgHyp). Also, we obtain bounds for the distance spectral
radius and distance energy of the central vertex-edge join of three graphs.

1 Distance spectrum of CVE-join of three
regular graphs

In this section, we discuss the D-spectrum of G, > (G, U GE)), where G,
is a triangle-free regular graph and G,,, G,, are two regular graphs.
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Lemma 1 [5] Let G, be a k-reqular graph of order n and size m with
Spec(Gy) = {61,0s,...,0,}. Then

We—2 Oythk—2 ... O, +k—2 —2
Spec(L(Gn)):( 1 2 1 )

1 m-—n

Moreover, —2 is an eigenvalue of L(G,,) with eigenvector V if and only if
Q(Gn)V =0.

Theorem 1 For ¢ = 1,23, let ki = 04 > 02 > --- > 0;,, be the A-
eigenvalues of the k;-regular graph G, of order n; and size m;, where Gy, s
triangle-free. Then the D—eigem;alues of Ggl > (Gy, UGEB) are the following:

()( 3+01J:|:\/¢91] +4(91]+k1))/2,j22,3,...,n1;
(17) —2 with multzplzczty my — ng;
(11) —0;; —2,1=2,3 and j = 2,3,...,n;;
(iv) ezgenvalues of the matrix
ny — 1+ kl 2m1 — k‘l N9 2713
2”1 -2 2m1 -2 2712 ns
nq 2m1 2712 — kz -2 3713
271,1 my 3712 277,3 - k’g -2

Proof. By a proper ordering of vertices in Ggl > (G}; U GES), the distance
matrix D(GS > (G), U GL,)) can be written as

J—1+4+A(G,,) 2J-Q(G,) J 2J
2J - Q(Gn,)"  2(J—1) 2J J
J 2.J 2(J —1I) — A(Gpy) 3J
2J J 3J 2(J —1)— A(G,,)
Let ki = 6;1 > 0;p > --- > 0, be the A-eigenvalues of G,,,, where

i=1,2,3. Let U be a vector such that A(G,,)U = 0;U for j =2,3,....m
then by Perron-Frobenius theory, we have Jix,, U = 0.

Now, let ¢y = [tU Q(G,,)'U 0 O}T be an eigenvector of D(GY >
(Gy, U GE .)) for the eigenvalue i, where t is a real number. Then D(GS >
(GV U GE )1 = pgr. That is,

[J — 1+ A(G,,) 2J—Q(Gn) J 2.J
2J —Q(G,)T  2(J 1) 2.J J
J 2.J 2(J — 1) — A(Gy,) 3.J 1
I 2.J J 3J 2(J —I) — A(G,,)
= [o1,
[(—t+ 01t — 615 — k1)U utU
(—t— 2)602<Gm>TU _ MQ(G(SH)TU

0 0
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Therefore,
—t 4+ 91]'15 - 91]' - kl = ,ut,
—t—2= M,
t2 + (91j + 1)t - (91]' + kl) =0,

01; + 1) + /(01 +1)> + 4(01; + k1)
2 Y
(0 +1) V(01 4+ 1)2 +4(61; + k1)

ty = 5 .

That is, —t; — 2 and —t, — 2 are eigenvalues of D(GS > (G, U GE ) cor-
responding to the eigenvalues 6y; # ki of A(G,,). Thus, we get 2(n; — 1)
eigenvalues of D(GS > (G UGE)).

By Lemma , Q(Gp,)V =0, where V' is an eigenvector of L(G,,) corre-
sponding to the eigenvalue —2 (repeated m; — n; times).

fgy=[0 V 0 0], then D(GC > (GY, UGE )y = —2¢s. Therefore,
—2 is an eigenvalue of D(GS > (G}, U GE.)) repeated my — ny times.

Consider the eigenvalue 0y, (for j = 2,3,...,ny) of G,,, with an eigen-
vector W such that Jix,, W = 0. Put ¢5 = [0 0 W 0], then D(GC >
(Gy, UGE )3 = — (025 + 2)¢5. This shows that —(02; +2), j =2,3,...,n9
are eigenvalues of D(GS > (GY, U GE))) corresponding to the eigenvalues
Oa; # ko of A(G,,).

Similarly, for each eigenvalue 65; (for j = 2,3,...,n3) of G,,, we get an
eigenvalue —(3;+2) of D(GS >(G), UGE )) with eigenvector [0 0 0 X]T.
Thus, we have 2ny —24+m;—ni1+ns—1+n3—1=n1+mqy+ns+n3—4
eigenvalues of D(GS > (GY, UGE)). All the other eigenvalues of D(GS >
(Gy, UGE)) are the eigenvalues of the equitable quotient matrix

P

n—1+k 2mg—k N9 2n3
M= 2ny — 2 2my — 2 2n9 n3
(Al 2m1 277,2 - ]Cg -2 3713

2711 my 3712 2713 - ]{73 -2

Using Theorem I, we present some new families of D-equienergetic graphs.

A partition of a nonnegative integer a is a representation of a as a sum
of positive integers, called summands or parts of the partition. For a fixed
a € N, let P, be the family of all partitions of a, denoted by p1, ps, ..., ps,
each of size at least 3. For P = {p1,ps,...,ps} € Py, let Cp be the union of
cycles with vertices p1,pa,...,ps. Then, the order of Cp is a.

Theorem 2 Let H,, be a ky-reqular triangle free graph of order ny and size
my and H,, be a ko- reqular graph of order ny and size mo with the least
eigenvalue being at least —2. Then, for fited a € N and every partition of
'd, anl > (Cp UHL) forms a family of D-equienergetic graphs.
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Proof. Let ky = 6y > 0y > - > 0,2 =X\ > X > --- > ), and
ky =1 2> 79 > -+ > 7, be the A-eigenvalues of H,,, Cp and H,,, respec-
tively. From Theorem 1], it follows that for every partition P of a the D-

eigenvalues of HS > (CYUHS ) are (—3 +0; £/(0; + 1) +4(6; + /{:1)) /2,
7 =2,3,...,n; —2 with multiplicity mq — ny; —Ay — 2, j=23,...,a

=Y — 2, j° = 2,3,...,ny and the eigenvalues of the equitable quotient
matrix M of HS > (Cp U HY)

n+k—1 2m; —Fk a 2n9
M= 2?11 -2 2m1 -2 2a N9
ny 2my 2a — 4 3na

2’/’L1 mi 3a 2TL2 - k?g -2

Since Ay > —2 for j = 2,3,...,a, we have —(A;y +2) < 0. Similarly,
—(y7 +2) < 0,57 =2,3,...,ny. Therefore,

S Ay =2 3y =2 = 30 2+ 3 (42

]—2 g—2 ]:2 j =2
:26L—]{?2+27’LQ—6.

Hence, for every partition of a, the energy remains the same. [J

2 Distance-based topological indices of CVE-
join of three graphs

This section gives various distance-based topological indices of the central
vertex-edge join of three graphs. The following well-known theorems are
used in the main results.

Theorem 3 [22] Let G,, be a connected graph with n > 2. Then

with equality if and only if the row sums of D(G,,) are all equal.
Theorem 4 [6] Let G,, be a connected graph with diameter d. Then

Ep(Gy) < V2n ((2 —V2)d+ (V2 - 1)W(Gn)> .
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For three graphs G.,,, Gy, and G, their CVE-join G = GS >(G), UGE))
has the following properties:
ny+ng —1 if v e V(Gy,),
n3 + 2 if vel(G,),
dega,,(v) +ny  if v e V(Gy,),
dega,,(v) + my if v € V(Gpy).

degg(v) =

Now we give the eccentricity of vertices in G by two different cases.
Case 1. If G, is a triangle free graph,

eco(v) = 2 ifveV(G,)orvel(G,),
A if veV(G,,) orveV(G,,).

Case 2. If G, is a graph which is not triangle free, then
ecg(v) = 3 for every vertex v € V(G).

Theorem 5 For i = 1,23, let G,,, be a k;-reqular graph of order n; and
size m;, where Gy, is triangle-free. Then the Wiener index of G = Ggl >
(Gy, UGE ) is given by

1
W(g) = 5(71% —ny +2(n3 +nj + ning — ny — ng + ming + mi)
+ 4(n1n3 + mimny + ming — ml) — (TLQ]CQ + n3k3) + 6n2n3> .

Proof. Let the vertex set of G = G§ > (G, UGE)) be

V(g) = {Ula,UQv <oy Unyy Ve Uegy v - avem17u17u27 ceey Upg, W1, Wa, . .. 7wn3}7
where vy, vg, ..., vy, are the vertices in G, Ve, Veys - - - ; Ve,,, are the vertices
corresponding to the edges of G,,, in C(G,,), u, ua, ..., u,, are the vertices
in G,,,, and wy,ws, ..., w,, are the vertices in GG,,,. Then

Tr(v)=ny+ne+2n3+2m;—1,i=1,...,ng;

Tr(ve;) =2n1 +2ng +n3 +2my — 4, j=1,...,my;

Tr(uk)—n1—|—2n2+3n3+2m1—k2—2, k=1,...,n;
Tr(w) =2n; +3ny+2ng+my —ks—2,1l=1,...,n3

From ,
Z Tr(v;)

’UiGV(g)

= é(nf —ny +2(n3 +ni + ning — ny — ng + ming +mi)
+ 4(ning + ming + mang — my) — (noks + ngks) + 6nang).
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Fori=1,2,3, let G, be a k;-regular graph of order n; and size m,;, where
G, is triangle-free. Then, by using Theorems 3[4 and [5] we get bounds for
the spectral radius and energy of D(G).

Corollary 1 For G = GS > (GY, UGE) one has

1
g) > <n2—n +2(n2 4+ n2+ nins — ng — n3 +myn
,Ul( ) 1+ 1y + 13 + My 1 1 (2 3 112 2 3 1mns3

+m?2) 4 4(nyng + ming +ming —my) — (ngks + nsks) + 6n2n3>.

and

1
Ep(G) <(2 = V2)v/ni + ng + ng + my (3\/5 + 5 (0] = 1+ 2(nf + 0
+n1ny — Ny — ng + myng +m3) + 4(ning + ming +ming — my)
—(nagky + nsks) + 6nang) ) .
Theorem 6 Fori=1,2,3, let G,, be a graph of order n; and size m;. Then
(i) if Gy, is triangle-free,
£(G9) = 2n? + 5ning + Sming — 2ny + 4my + 6my + 6ms
otherwise,
fc(g) = 3%% + 6n1n2 + 6m1n3 — 372,1 + 6(m1 —+ mq + m3);

(13) if Gy, is triangle-free

1
§Ce(g) = 6 <3n% + 5(711712 -+ m1n3) + 67711 + 4(m2 -+ m3) — 3711)

otherwise,

1
£°(G) = 3 (n% + 2(ning + ming) — ny + 2(my + mo + m3)>.

Proof. Let GG, be a triangle-free graph. From by using @ and ,

we can write

€@ = Y 2mtna-1+ Y 2ng+2)

vEV(Gn,;) vel(Gny)
+ Z 3(dega,, (v) +n1) + Z 3(dega,, (v) +m;)
vEV (Gny) vEV (Gngy)

= 277/% + 5711712 + 5m1n3 — 2711 + 4m1 + 6m2 + 6m3.
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Similarly, in the case when G, is not a triangle-free graph, by using @D

and (10), we get
§°(G9) = 3“% + 6111y + 6myng — 3ny + 6(my + ma + ms).

Let G, be a triangle-free graph. Then from using @ and , we
obtain

ce ny+ny —1 ns + 2 degg,. +n1
o= Y el s mit, y detn

vEV(Gn,) v€I(Gny) vEV (Gny)

Z degg,,, +mi
3
'UEV(G’VLB)
1
= 6(377/% + 5(711712 + mmg) + 6m1 + 4(m2 + mg) — 372,1)

Similarly, in the case when G, is not a triangle-free graph, by using @D

and , we get

£°(G) = (n% + 2(nyng + myng) — ny + 2(my + mo + mg)) .

Ll

O

Theorem 7 Fori=1,2,3, let G, be a graph of order n; and size m;. Then
(i) if Gy, is triangle-free,

7(G) = 2ny1 + 2my + 3ng + 3na,

otherwise,
7(G) = 3(ny + ng + n3 +my);
(1) if Gy, is triangle-free,
271,1 + 2m1 + 3%2 + 3713
aveg(G) =
ny+mne +n3+my

otherwise, aveg(G) = 3.

Proof. Let G, be triangle-free. Then from by using , we get
7(G) = 2n1 + 2my + 3ng + 3ns.

Similarly, when G, is not a triangle-free graph, we obtain
7(G) = 3(n1 + na + ng + may).

From , we get
7(9)

)
ny + N + N3 + My

aveg(G) =

and statement (ii) follows. [
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Theorem 8 Fori=1,2,3, let G, be a graph of order n; and size m;. Then
(i) if G, is triangle-free,

Mi(G) = 4ny + 4mq + 9ng + 9Ing,

otherwise,
Mi(G) = 9(n1 + ng + ng + my);

(i) if Gy, is triangle-free,
Ms(G) = 4my + 9(ma 4+ mg3) + 2(nf — ny) + 6(niny + ming),
otherwise,

TL2 — 1N
2
Proof. Let G, be triangle-free. Then from by using , we get
)RS ID LD DL D DI
vEV(Gny) vEl(Gny) vEV (Gny) vEV(Gny)
= 4711 —|— 4m1 + 9712 —|— 9713.

MQ(Q) = 9(’)711 + Mo + M3 + NiNe + MiN3 +

Similarly, when G,,, is not a triangle-free graph, we get
Mi(G) = 9(n1 + ng + ng +my).
Let G, be a triangle-free graph. Then from by using , we get

My(G)= > 3x3+ > 3x3+ Y 2x3

wEE(Gny) wEE(Gng) u€V(Gny),
’UEV(G’VLQ)
+ Y 2x3+ > 2x2+ Yy 2x2
u€l(Gny), weE(G), weE(G),
vEV (Ghngy) UEV (Gny ), wEI(Gny) u,vEV (Gny)

=4mq + 9mq + 9ms + Zn% — 2n1 + 6n1ny + 6Mns.

Similarly, when G,,, is not a triangle-free graph, we get

n?—n
Mz(g):9(m1+m2+m3+n1n2+m1n3—|— ! 2 1).

O

Theorem 9 Fori=1,2,3, let G, be a graph of order n; and size m;. Then
(i) if Gy, is triangle-free,

2v/6

1 2
—(n1n2 + m1n3) +m1 +mo + ms + 5(’@1 — n1>,

GAu(9) = —
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otherwise,
1
GA4(G) = my1 + my +m3 +ning + ming + é(n% —ny).

(1) if Gp, is triangle-free,

2 1
(n1n2 -+ mins + ml) + g(mz + TTL3> + —(n% — nl),

ABCS(Q) = 2\/5

V2
otherwise,
2 Lo,
ABC5(G) = g(ml + mg + mg3 + nyng + ming) + g(m —ny).

Proof. Let G = G$ > (GY, UGE ), where G, is triangle-free, then from ()
by using we have

m+z

GA(G) = > 2 + > 2

343
weE(Gny) we€E(Gngy) u€V(Gny ),
'UEV(GnQ)
2x3 22 2x2
DRI S
243 2+2 242
w€l(Gny), u€V(Gny), weE(G),
veV (Gnyg) vEI(Gny), u,0€V (Gny)
weE(G)
n? —ny
=my +my+m3—+ T(nan + myng) + 5
Similarly, when G,,, is not a triangle-free graph, we get
n — N

GA4(G) = my + my +m3z + ning + ming +

Let G,,, be a triangle-free graph. Then from by using , we get

3+3-2 3+3_2
ABC5(9) = E: 3x3 E: V " 3x3

quE(GnQ) EE(Gn3
2432 2+3—2
2x3 2x3
uEV(Gnl), uw€l(Gny),
vEV(Gny) vEV(Gng)
/2+2—2 [24+2—-2
+ Z C2x2 Z C2x2
weFR(G weER(G
uGV(Gnl u 'UGV(Gnl
’L)GI(Gnl)
9 1 ni(ny — 1)
:§(m2+m3)+—2 n1n2+m1n3+m1+T .
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Figure 2: K$ > (KY UKE), K¢ > (KY U KE).

Figure 3: Methylcyclobutane (CsHy), Spirohexane (CgHyp).

Similarly, when G,,, is not a triangle-free graph, we get

2
ABC5(G) = =(mq + mg + mg + ning + myng) +

3
0J

nl(nl — ].)

3

Example The molecular graph of Methylcyclobutane (CsHg) is isomorphic
to K¢ > (K{ U KF), and that of Spirohexane (CgHg) is isomorphic to
K§ > (KY U KE) as shown in Fig. 2 and 3. Then the following table
gives different topological indices of the molecules Methylcyclobutane and

Spirohexane.
No. Topological indices Methylcyclobutane Spirohexane
(CsHyo) (CsH1o)
1 Wiener index 16 25
2 Eccentric connectivity index 23 18
3 Connective eccentricity index 4.5 6
4 Total-eccentricity index 12 15
5 Average eccentricity 3 2.5
6 First Zagreb index 30 39
7 Second Zagreb index 26 41
8 Geometric-arithmetic index 4.939 6.919
9 Atom-bond connectivity index 3.535 4.909

13
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3 Conclusion

Topological indices play an important role in mathematical chemistry. In
QSAR/QSPR study, topological indices can be used to estimate the bioactiv-
ity of chemical compounds. In modelling the chemical and other properties
of molecules, we can use topological indices as a tool. This article gives
the results related to various topological indices of the newly defined graph
operation called central vertex-edge join (CVE-join). From these results, we
compute different topological indices of the chemical compounds Methyl-
cyclobutane (C5Hpo) and Spirohexane (CgHig). Also, the D-spectrum of
CVE-join of three regular graphs G,,, G,, and G,, when G, is a triangle-
free are obtained. These results enable us to construct new D-equienergetic
graph families. In addition, bounds for the distance spectral radius and dis-
tance energy of CVE-join of three graphs are calculated.
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