ARMENIAN JOURNAL OF MATHEMATICS
Volume 16, Number 2, 2024,
https://doi.org/10.52737/18291163-2024.16.2-1-28

On the Links between Miura Transformations
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Abstract. We consider semi-infinite and finite Bogoyavlensky

lattices , »
di = Gy (H Ay — H%’—j) )

j=1 j=1

] P p
bi = b; (Z bivj— Y bi—j) ;

j=1 j=1

for some p > 1, and Miura-like transformations between these
systems, defined for p > 2. Both lattices are integrable (via Lax
pair formalism) by the inverse spectral problem method for band
operators, i.e., operators generated by band matrices. The key
role in this method is played by the moments of the Weyl matrix
of the corresponding band operator and their evolution in time.
We find a description of the above-mentioned transformations
in terms of these moments and apply this result to study finite
Bogoyavlensky lattices and, in particular, their first integrals.
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Introduction

Since the pioneering work of Gardner, Greene, Kruskal and Miura [12], the
integration of nonlinear equations by using various inverse problems methods
is among the main topics in modern mathematical physics. This integration
task has inspired the development of many aspects of the theory of differ-
ential and difference operators (the inverse problems for the latter can be
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considered as a part of operator theory) as well as the areas of mathemat-
ics related to inverse problems. For almost half a century, see [16(H18], the
inverse spectral problems for difference operators have been applied for in-
tegration of certain nonlinear dynamical systems called nonlinear lattices.
As an example of such an application, we mention the work by Berezan-
ski [7], where the initial boundary value problem for the semi-infinite Toda
lattice was solved by using the classical inverse spectral problem for Jacobi
operators. Further on, the inverse spectral problem method was developed
aiming to cover wider classes of nonlinear lattices, see e.g. [13}21],30]. Such
activity has also inspired the development of the areas of the function theory
connected with the study of difference operators [2,[3./5,28].

Turning to nonlinear integrable equations, note that an important role
in their study is played by various Miura-like transformations which relate
the equations and their solutions. For example, a discrete Miura trans-
formation between Kac-van Moerbeke (Volterra) and Toda lattices allows
one to derive the N-soliton solutions for both such systems starting from
the trivial ones [15]. Also, as noted in [9,/10], such transformation maps
onto each other the first integrals, Hamiltonians, Poisson brackets, master
symmetries of these two systems (both of them are rich in these objects of
interest of the integrable systems theory). In [22-24], an easy description of
this transformation in terms of the inverse spectral data for Jacobi opera-
tors, which appear in the Lax representation for both lattices (including the
matrix Volterra and Toda systems), was obtained. Note that it was recently
found in [23,25] that such transformations can be applied to the study of
self-adjointness of Jacobi operators. The latter result illustrates that the
links between the theory of nonlinear integrable equations and the operator
theory are not based entirely upon the above-mentioned inverse problems.

Here we study similar transformations between Bogoyavlensky lattices [8,
29,32] and obtain their description via the inverse spectral data for band op-
erators (the latter may also be regarded as a high order difference ones [30])
which arise in the Lax pairs of such systems. We also apply this result to
the case of finite Bogoyavlensky lattices. In particular, we show how our
findings can be helpful for obtaining some “nonstandard” first integrals of
these systems.

The paper is organized as follows. In the next section, the semi-infinite
Bogoyavlensky lattices and their integration by means of the inverse spectral
problem for band operators is considered. In Section 3, the above-mentioned
description of Miura-like transformations between these lattices is obtained.
In the final two sections, we consider the finite lattices and show how the
previous result can be applied to study their first integrals.



MIURA TRANSFORMS OF BOGOYAVLENSKY LATTICES AND INVERSE PROBLEMS 3

1 Bogoyavlensky lattices. Inverse problem
method

Consider the Cauchy problem for two nonlinear dynamical systems in the
class of bounded solutions in the semi-infinite case:

(H Qipj — Hal J> for a fixed r€N; (1)
=1 7j=1
q

bi = by (Z biyj — Z ) for a fixed g€ N; 2)
j=1

for i € Z,, where a; = a;(t), bi = bi(t), a;,b; € C, t € [0,T), 0 < T < o
ai, by # 0, (a;(1))52g, (b:(1))52 € loo; by = a; =0 for [ < 0.

Both systems and (when i € Z) were introduced by Bogoyavlen-
sky, see [8] and references thereafter, where it was shown that they can be
regarded as discrete versions of the Korteweg-de Vries equation.

The system ([1)) admits the Lax representation L= [L, A] with matrices
L = L1=L1(t) = (L1;)®

INES =0 —
0 0 ... Ogp.s 1 0 00
@ 0 0 ... O, 1 00
= 0 ay 0 0 02,r+1 1 0 , (3)
0 0 a» 0 0 0 1
A = Al = Al(t) = (Aly)i=0 =
0 0 0 00O
B Oro0 0 0 000
 lao---a, 0 0 00O ’ (4)
0 aj - Apyq 0 0 0O

and the Lax pair for the system @ can be defined as follows
L = L2=1L12(t) = (L2;)

1]0
0 1 0 0 0 0 0
{00 o0 Ly 0 0 0 5)
bo Og1 .. 0 lgg 0 0 ... |
0 by O 0 1 0
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A = A2=A2t) = (A2,)

i,j=0 —
bo 0 0o, 4 1 0 0 00
0 by+ by 0 0 01,941 1 0 00
q. : : :
= — Oq,o Oq,q_l Zbi 0 0q72q 1 0 ... (6)

=0 g+1

0 0 Og+1,q Zbi 0 ... 01
i=1

Both L1 and L2 are special cases of the matrix M = (a;x)5%—o With the
following elements:

a,, €C, a;,=0, k>i+r, i>k+g,
Qi ivr =1, Qirqi #0, ©2>0;

(7)

ie.,
Q0,0 . 1077“ 0 0
a0 11 c. 1 0
M = ; (8)
Qq, 0 Qq .1 Qgq, 2 Ce . 1q,q+7’ 0 oo
0 Ag+1,1 Qg4+1,2 Qg4+1,3 - -- e 1

thus M is an infinite nonsymmetric band matrix which consists of ¢ +r + 1
(possibly) nonzero diagonals. Denote as M any matrix of this structure. As
we see, the matrix L1 fits into the case of M with ¢ = 1, whereas for L2 the
corresponding case is r = 1.

Denote by [?[0,00) the Hilbert space of the complex sequences y =
(Yn)o2 such that Y07 ' |y,|* < oo, with inner product (y, z) = > 07, YnZn.
Also, denote by {e,}22, its standard orthonormal basis. We identify the
matrix M with the operator defined as the closure of the operator acting on
the dense set of finite vectors from %[0, o0), where its action is described via
matrix calculus (and keep the same notation M for this operator).

Now, consider in brief the inverse spectral problem for the operators M,
for its full description, see e.g. [26]. First, for A € Q(M), where Q(M) is
the resolvent set of M, we define the following functions named the Weyl
solutions of M [26,30,31]:

(I)()‘> = ((I)iO‘))?iOa (M) = (q)il()‘)v ) q;g()\))’ 9)
O (N) := (Rren—1)i;, n=1,...,q,

where Ry = (AE— M)~ is the resolvent of M and FE is the identity operator.
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In other words, ®(\) = (Rxep, . . ., Raeq—1). Also define the Weyl matrix
for M as follows:

MA, M) = (Minu(A, M) 25008 A€ Q(A),

..... T

mmm()\, M) = q)?n—l()\) = (R)\enfl)mfl = (R)\en,l, em,l). (10)
For ¢ = 1, r = 1, the matrix M(\, M) coincides with the Weyl function for
the corresponding tridiagonal matrix of Jacobi type, and if J is the classical
Jacobi operator, then (A, J) is the Stieltjes transform of its spectral mea-
sure, see [1,6/7,22,123]. We also introduce the following system of formal
power series with the parameter A € C\{0}:

W) = Wi (N)pir

m=1...1»

Wmvn(A) = E )\24_17 Sk; ' - (Mk)mfl,TL*l?
k=0

where (M*) is the k-th power of the matrix M. If the operator M is bounded
(when sup; ; | a;i4; |< 0o, which holds for L1 and L2), the Neumann formula
for its resolvent is valid for | A |> || M|, and, as follows from (9),

oo kY
apy) =Y )it (12)

)\k+1
k=

[e=]

for all « and n. Therefore, for the bounded operators M, the functions
M n(A) = @7 _1(A) are holomorphic at infinity and 9, ,(A) = W, (A) in
its neighborhood. This allows us to define, in the general case, the asymp-
totic expansion of the Weyl matrix of M at infinity, as the matrix ({11

Mo (N, M) E wn.

Now we introduce the object which plays the key role in the considered
inverse spectral problem method. Namely, the moment sequence of the Weyl
matrix of M is defined by

P s
SO M) = (S, Si= | '

b

r,1 T,q
Srtos

where the elements S;"" form =1,...,r, n =1,...,q are defined by (1)),
and called the moments of M(\, M).

As in the tridiagonal matrix case [22], our inverse spectral problem ad-
mits the following formalization: given S(9(A, M)), find M.
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The elements of M can be recovered from S(9M(A, M)) in the recurrent
manner starting from a;;,;, see [26], and the latter are obtained from the
following formulas:

Ai+in71 .
a; P= S, 1 Z O, 13
o AiJrqflAi ( )
where
AL = det(Hk) for H, = (041‘7]‘)%:07 A =1, and Qij = SIZTI:;? (14)
=t we= 2] = mod 1, 1= G mod o)+ 1
r q

(we use the common notation: r = a mod b for the remainder from integer
division). Also, set

H = (aij)7j=o- (15)

Another important issue is a solvability criterion for the considered in-

verse problem method for M in terms of the moment sequence of its Weyl

matrix. It can be formulated as follows.

Theorem 1 The sequence

Syt S
R
St eC, m=1,...,r,n=1,...,q,

s the moment sequence of the Weyl matriz of the operator M, if and only if
the following conditions hold:

(i) normalization condition:

ST = §virms 1> 1, zzanwﬁy
.

(ii) for every k > 0, Ay # 0, where Ay are the determinants defined
according to .

For r = 1, ¢ = 2, the proof is given in [19]; the case of arbitrary r and
q can be proved similarly (see also [20,30,31] where a similar criterion was
established for another classes of band operators). Note that from the proof
it follows that there is a one-to-one correspondence between the matrices M
and the sequences satisfying the above conditions (i) — (i7). Obviously, the
condition (#7) implies that

rank H = oo,

where H is defined in ([15)).

Using Theorem (1] (condition (7)) and and applying induction on k,

we establish the following result.
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Lemma 1 The determinants Ay, are calculated by the formulas

Ay = =00 =1,
Az‘+q = jtq,i"" 'ai+1,ifq+1<ai,ifq s aifq+1,i72q+1>2 Xoeee
X (@i—(h-3)q,i—(h—2)g * " * Wie(h—2)q+1,i—(h—1)g+1) X
X (@i—(h-2)qi—(h-1)q " Cq,0)"; (16)
i>0, h= VWLQJ; aip=1fork<0
q

We now turn back to the systems — and, respectively, to the ma-
trices L1 and L2. As follows from the above, for the eponymous operators
the moment sequences are

o0

Syt
SN, L) (t) = | where S;"' = (L1%),,_10;  (17)
Sy

and
SN, L2))(t) = (Sp', ..., SyD,  where S = (L2%)9,1. (18)

Both L1 and L2 correspond to the case of “sparse” matrices M, i.e., such
ones that in addition to the conditions

a,, =0 for k=i—q+1,...;i4+7r—1

are fulfilled. In terms of S(M(A, L1))(t) and S(IM(A, L2))(t), this property
implies that for k' € Z,

S,T’l = 0, m=1,...,r, k#m—1+(r+1)k; (19)
S =0, n=1,....q, k#n-1+(q+1)¥K. (20)
For the complete proof of sparsity criterion for the matrices M in terms

of S(M(A\, M)), see [26], Theorem 2. Another property of the moments of
S(OM(A, L1))(¢) and S(9M(A, L2))(t) can be established directly using (3)),

and —, namely,

Lemma 2 For the elements of S(OM(A, L1))(t) and S(O(N, L2))(t) defined
according to f

m71 JE— . 171 — .
Sii1 =00 ... Qpm_g, M > 2; Syl = Qg ... Ar_1;

n—1
21
sm=1 s, =Yn (21)
=0
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Note that Sy = 1 according to the condition (i) of the Theorem .
Our next aim is to find the evolution equations for the moments. First

we check that since Ry(t) = —Ra(t)(AE — L(t))Rx(t), it follows from the
Lax equation that

RA(t) = Rat) (A()(M = L(1)) = (AT = L() A() Ra(t) =
= [Ra(t), A(t)]. (22)
Let R} and R3 be the resolvents of L1 and L2 respectively. Denote by

(Ri ;)50 and (R?;)2S_, their matrix representations in the basis {e,}. As

follows from (T0), My 1 (A, L1) = 9,4 (A, L1)(t) = RL_, 0, My u(A, L2) =
DMy, (A, L2)(t) = Rf,,_,. Then, using and (3)-(), we find that

Rig=ag...a;R},.; i=0,....,r—1. (23)

From the identity
RY(\E — L1) = E, (24)
written in the matrix form, we get the following chain of relations
_R(l),[) + )\R(l),r - aTR(l),TJrl = 07
/\R(l),r—l - aT—lRé,r = 0,

ARy, —a1Ry, = 0,
ARy, —agRy, = 1;
from which we obtain
pXan Rtl),O — )\

Substituting the latter into for i = 0, we find the equation for 9t ; (A, L1):

1

1 —
Qr RO,H—I -

M1 (A, L1) = N0 (A, L1) — N — ag. .. ay D1 (A, L1).
Using f and , , we get the corresponding equation for the

moments ‘
1,1 _ oLl 1,1 ol
Sk; - Sk+r+1 - Sr+1Sk :
Fori=1,...,r — 1, we derive from the following relations
_Ril,O + ARil,r - aTR'},rJrl = 07
AR, — a1 R, = 0,

,r—1 @7

/\Ril,o—aoRil’1 = 0;
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from which we have
q+1 pl
A Ri,()

1 _
arRi,rH = ... 0y
e Gy

- Ril,m
and the substitution of the latter into leads to

RL_ o= My (N L) =
N, (A L) —ag. . ap M (N, L1); m=2,...,7

Thus we arrive at the following equations for the elements of S(9t(\, L1))(¢)
S,T ! S,Zi}nﬂ ShLSl m=1,. . (25)
which can be written in the equivalent form
S(E) = X (6)(ST(0 / X(82) LS (1) dt): (26)
where X (t) is the solution of:

X(t) = —SHLOX(0);  X(0) =1,

and we find for the latter

. /Ot ShY(7) - /Otao(f)...ar_l(T)dT' o

In order to get the equations for the elements of S(OM(A, L2))(t), first,

using the formula R} = [R3, A2], we establish the relations similar to ([23)),
namely,

From the matrix equation (AE — LZ)Ri = E and (28), acting similarly as
above, we derive:

R, = M.\ L2)=
n—1
AN, (A, L2) — A9 (Z b)My (N, L2); n=1,...,¢
1=0

and using , we finally get

i,n 1n 1n 1,n,
S =5 — SdmSy n=1,...,q. (29)
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Similarly to , we find that

SH(t) = Y, (£)(S27(0) + / () IS (f) ) (30)

and each Y,, is found from

Yolt) = —SM(6)Ya(t);  Ya(0) = 1.

qtn

In view of the above, we have obtained that if and have a solution,
then the elements of S(M(A, L1))(t) and S(M(A, L2))(t) satisfy and
9).

Assuming that (a;(£))52,, (b:(t))52y € loo (Which, in turn, implies that the
operator norms ||L1(t)|| and ||L2(t)|| are bounded) and solving the integral
equations and by iteration, one can get the following formulas for
the moments:

o0

m,1 1,n
Z llS’H' 7‘+1)l l|Sk+(q+1) (O)
Spnl(t) = 55 | ; S,i’”(t) = Oloo ckeZ,. (31)
1,1
Z ﬁS(TH)l(O) Z onon— 1+ (q+1)1 )
1=0 -0

Indeed, take m = 1 and k = r+ 1. Applying (26) N times, we obtain the
following equation for S

1,1
r+1 (Z l' Sr+1+l r+1) )+

/ / / X tN—i—l (N+1)(T+1)(tN+1)dtN+1 dtl) .

As follows from ,
Sy v = (LI (g ))o o (L1 (Ew ) |HDHD,

Hence, due to our assumption and , we find that the integral in the
above formula converges uniformly to 0 as N — oo on [0,7"). Thus,

= Sh e (0
Sl (t) = X (1) ) (32)

=0

From we obtain that S}, (t) = —X(t)X_l(t). On the other hand,

AXE) o (D S (0
o = X)X ) = (Z S “+ .

=0
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Using this relation, we find that

> S (0)E
-1 _ I(r+1)
X7 = (Z I!
1=0

(here we used the sparsity condition (L9)). Substituting the latter relation
into , we obtain for m =1 and k = r + 1. Taking other values of k
and using the above arguments we find that

Sy (0)E
S () = X (1) Y
=0

from which follows for m = 1 and all k. The cases for other values of
m and n are considered similarly.

Note: Comparing and , we see that all equations contain
the same multiplier 5,7, and this is not the case for the equations (29),
where each of the ¢ equations has its own multiplier S;fn. Further on, we
will use this while studying the finite Bogoyavlensky lattices.

For arbitrary initial data (a;(0))52,, (0:(0))2y € leo, @i(0), b;(0) # 0, the
local existence and uniqueness theorem for (2|) (in the class of bounded solu-
tions) was established in [13[21] (in fact, the lattices with matrix/operator
coefficients were considered there); for the system , it can be proved in a
similar way.

In view of the above, we obtain the following integration method for
0-@.

Theorem 2 For each set of initial complezx data (a;(0)):2y, (0:(0))52 € loo;
a;(0), b;(0) # 0, there exists 6 > 0 such that the Cauchy problem for (1)—(2)
has a unique solution for t € [0,0) which can be found in the following way:

1. Construct the matrices L1(0), L2(0) defined by and (F)), respec-
tively, at t = 0 out of the initial data and find the moments
S(OM(A, L1))(0) and S(M(A, L2))(0).

2. Calculate the moments S(OM(A, L1))(t) and S(M(A, L2))(t) according
to .

3. Using find the elements a;(t), by(t) for i € Z, and t € [0,6),
which give the required solution.

If a;(0) and b;(0) are all real and positive (or all negative) then the global
existence and uniqueness property for the solutions of was established
in [28]; a similar result for the system ([2)) was obtained in [3,19]. As follows
from the above considerations, in this case, our integration method can be
applied to find the global solution. To our knowledge, it remains an open
question for which (complex or real) initial data there exists the bounded
solution of (1)) or (2 for all t € [0,T).

11
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2 Miura-like transformations

From now on, we will assume that in (1)—(2)), 7 = ¢ = p for some p > 2. In
this case, the Weyl matrices (A, L1) and M (A, L2) are of the sizes p x 1
and 1 x p, respectively, and formulas are written as follows:

_ Ai-f—pAi—l

AVERVAVES]
Aipp1 i

Az Y b’L

a; =

i >0, (33)

where A,;’s are defined in .
As mentioned in [§], the systems

p p
a; = a; H@Prj_Haifj , 1 EZ;
Jj=1 Jj=1

after denoting
bi=ai - airp-1, (34)

take the form
a; = ai(biJrl - bi—p)y

and differentiating both sides of , one gets
) p P
bi=bi(> bi;— Y biy), i€ (35)
j=1 j=1

Conversely, fix an arbitrary ¢ = I in (35)). Then, for p > 2, let

ar,...,ar4p—2 be solutions of the equations
ar = ar(bryr —br—p);
(36)
Arip—2 = arip-2(brsp_1 — br—2).
Then, by setting
R (37)

ar - ar4p—2

from f, one gets
br <Z§:1 brj— > 5o bI—j)

Ar4p-1 = -
ar - ar4p—2

br ((br+1 — br—p) + (br42 — br—py1) + -+ - + (br4p—1 — br—2))
ar--- a[+p—2

= al+p—1(bl+p —br-1).
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In the same manner, defining successively

a; = &, for i>1+p, (38)
Qj—py1 - Aj—1

and ;
a = ————— for i<I—1; (39)
Ayl Ajgp—1

for these values of i, one finds that

di = ai(bi+1 — bi—p)-

The later implies that an inverse to the transformation can be defined
according to ([36)—(39).

We now turn back to the Cauchy problem for semi-infinite systems ([1))—
, considered in the previous section. The Miura transformation, as we call
it (in [32] it was called a Bécklund transformation; since Miura mappings
may be regarded as a special cases of Backlund transforms, this name is also
justified), defined by , maps the system (|1]) to the system (12) with initial
conditions

b;(0) = a;(0) - - @z4p-1(0).
The inverse Miura transformation for p > 2 from to is defined as
follows:

t
/ bi+1 7)dT
a;(t) = a;(0)elo for some 0 # a;(0) € C,i =0,...,p—2; (40)
and for ¢ > p — 1, it is defined recurrently as

bi—p41(t)

Qi—p1(t) -+ @i (t)
Note that one can define the inverse Miura transformation starting from
(36) and set a;(t) = a;(0) exp(f(f(biH(T) — b;_,(7))dr) for certain complex
a;(0)#0,i=1,...,1 —p+2. Then, using , one arrives at the elements
ao(t), ..., ap,—2(t). However, if in (40) we set for a;(0) the values of the latter
at t = 0, then, applying 7, we get the same semi-infinite system
(1)) with the same initial data as after using the transformations defined
according to —; in this sense, the two procedures are equivalent.

Our next aim here is to find the expression for these Miura transforma-
tions in terms of the moment sequences S(OM(A, L1))(t) and S(M(A, L2))(¢)
introduced in the previous section. For convenience, denote their elements

defined in f as
Sh

a;(t) = (41)

: and (S},...,80), ke€Z,,
Sk

13
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respectively. Note that as follows from 7,
SL=8 =0 for I=1,....p, k#l—1+(p+1DK, K eZ, . (42)

Theorem 3 The Miura transformation between the systems and
Jorr=q=p=>2 can be described as the transformation S — S between
S = SO\ L1))(t) and S := S(M(A, L2))(t) as follows:

Sit)
————=5(t), l=1,...,p; keZ,. 43
S~ Y ' ”

Conversely, the transformation f can be expressed as S — S in the
following way:

Si(t) = Si(t),
(Stip(7) = Spia(7))dr
Si(t) = ao(0)~~az—2(0)6/0 Si(t),  (44)

l=2...,p.

Proof. First consider and the corresponding moment sequence S. In
this case we have «; ; = S,ZL%H- (t), r =p in (14), and formula (16]) reads

Ay = ap_1d;_o---ak, k> 1. (45)
For k > 0, set
A Si(t)
Splt) = =2, 1=1,....p; (46)
SNCING
and consider the determinants A, = Ay(t) = det(d ;)7 ;-0 defined in (14)
(with &; ; = S”,’gﬁj (t)). Then, for k =0,...,p—1, applying Lemma , we get
< Ay U103 o+ af
IS0 5050 o
For k> p, k=hp+ hy and h = {EJ, we have
p
- Akz
A = P 1(4\\h( Qh1+1 1 -
(Sp1(t) -+ S () (S (8) - -+ Sp(t))
_ ak*lai_Q “e a(lg B
(apoa?_s---af )" (aj, ---ag")
h—1
_ @1 ap S (an ao)t 1 (48)

(ap_2a§_3 .. ag—l)h I
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As in , set by = ay, ... ag4p—1. Then it can be checked that

Dk—uvp * * * Ok 1)pt1 = (49)

_ 2 coed? @t g2
= Qk—(v-1)p—1%—(y—1)p—2 A—vpTh—vp—1 A —(v41)pTk—(v+1)p+15

forv =1,...,h — 1. Applying , we rearrange the numerator in the
right-hand side of as follows:

I= (bg—pbp—opr1) Orzp -+ br—zpr1)® (Bh—noyp -+ br—nprn)" ™ x 111,
where
I = aZ+h1—1a§}ih1—2 a&ﬁ)h(ahl - ag)?", (50)

Then from and , we have

h 2h ph_ph  ph
OI Gy, —10pghy—2 """ Gpy Oy —1%0

™ oyl

h 2h
Upthy—1%pthy—2 """ Ap—1 ~ dp— "Op,y hi—1
Substituting the latter formulas into , we finally get

Ak = (bk:fp - 'bk72p+l)(bk72p T bk73p+1)2 s (bkf(hfl)p T bkfthrl)h_l X
X (bp, -+ bo)™. (51)

Comparing and with formulas corresponding to the special
case of matrices L2 (When g = p), we find that they coincide with each
other. Due to (33), (42) and Theorem [1] (its condition (i) follows from
and (46); the condltlon (#4) follows from the fact that (i) is fulfilled for the
moment sequence S), this coincidence implies that (S)(¢), ..., S,(t)) is the
moment sequence S = S(M(A, L2))(t) of the matrix L2 with the coefficients
b; defined by . Thus, the “direct” part of the theorem is proved.

To prove the converse part, we consider the system , the moment
sequence S and the corresponding determinants Ay defined according to
and satisfying (51). Then we consider the sequence S = S(t) with the
elements defined from . Using the latter, we set

S0 [ (820t) - St
Si—&-l(t) = ai(o)e 0
it1

As follows from Lemma , Sit2 (1) = Sifl (1) = biya(7), and we arrive
at formula . Then we consider the determimants A defined according
to (14)), Where a;; = S ﬂ( ), and show, reversing the arguments used to
prove the “direct” part and applying (41]), that they satisfy (45 . (in the
latter, the elements a; for £ > p — 1 are found from (41)). Using this fact
and Theorem (1} we find that S is the moment sequence of the matrix L1(t)
which appears in the Lax representation f for the system with the

elements satisfying 7. 0

a;(t) = , 1i=0,...p—2.

15
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3 Finite case. First integrals

Now consider the finite systems —, namely,

p p

d,‘ = Qa; (H Qiy5 — Hai_j> 3 (52)
j=1 j=1

. p p

by = b (Z bi+j - Zbi]) ) (53)
j=1 j=1

where i =0,...,N; a;,b, € C,t€[0,7),0<T <o00; a;,b0; #0, by =a; =0
for | < 0and ! > N; for a certain p > 1 and N > 2p —1. They can be called
the Bogoyavlensky lattices with open-end boundary conditions [29]. As in
the semi-infinite case, the system admits the Lax representation with
the matrix

0 0 ... Ogpsy 1 0O 0 ... 0
@ 0 0 ... 0, 1 0 0
0 aq 0 0 ... 0 1 0
L=Lly= ! A
0 0 avy, O 0 0 1
0 0 0 ay 0 0 0

0 1 0 0 0 0 0

Op—1,0 0 11',,;,;, 0 0 0
o R R R |

0 T S

0 0 0 by O 0

and its order is N +p+ 1 x N 4+ p+ 1. Both of them are special cases of the
matrices My; the latter may be regarded as leading principal submatrices
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of order N 4 ¢ + 1 of the above considered matrices M defined by :

0,0 Lo, » 0 0 0o, g+~
(q,0 Qg1 q,2 Ly g+r 0
My = 0 Qg N—r, N—r 1q—&-N—7‘7 g+N
0 0 0 aginN Aq+N,q+N

The inverse spectral problem method considered in Section 2, including the
reconstruction algorithm, is applicable to My as well. The condition (7) of
Theorem |1 remains the same, while the condition (i7) is replaced by

(tiy) Fork=0,...,q+ N, Ay # 0 and

rank H =N +q+ 1, (54)

where H is defined in ([15)).

Due to the Hankel type structure of matrix H (for r = ¢ = 1, this is
an infinite Hankel matrix. As known, its subsequent rows/columns are the
“shortened” versions of the preceding ones, see [11], Chapter XV, Theorem
7, and this property is retained in the general case of matrix H) the condition
(54) is equivalent to

N+q
Q5 = Z Cottij—y—1, Cp€C, j>N+qg+1, (55)
v=0
or
N+q
Qi j = Z Dyoi—y1j, DyeC, i>N+qg+1, (56)
v=0
for certain sets Cy, ..., Cnyq 0r Dy, ..., Dniy, and N ¢ is the least number

for which f are fulfilled. Also, if one of these conditions is hold,
then the second one is hold as well (the row rank of a matrix is equal to
its column rank). We call Cy,...,Cny, and Dy, ..., Dy, the finite rank
coefficients (FRC) of the matrix H. Here, we will not give the proof of
analogue of Theorem [1] for the matrices My, instead we refer to [20] where
a similar result was established for another class of finite band matrices (see
also [13]).
As in the previous section, we denote as

S\
SON(A, L1n))(t) := Sn(t) = Sy =

k=0

17



18 A. S. OSIPOV

and

SN\, L23))(t) == Sx(t) = Sy = (8L,..., 8"),

the moment sequences of the Weyl matrices corresponding to L1y and L2y
respectively. The relations and for the elements of Sy and Sy can
be written as

N+1
=Y CS, . k=N+2 (57)
N+1
Sty = ZD St k20 I=1...p, (58)

where

by — {NJF_HZJ = V”_H’J ,
p p

m;=(N+1+Ilmodp)+1, 7y,=(N+1—vmodp)+1

(as mentioned above, the order of L1y and, consequently, the rank of H
equals to N + 2);

N+p
Si=>_CS .. k=N+p+1; (59)
N+p
S;z+k Z D, M+k;’ k> 0; l=1,...,p, (60)
where
. N l ~ N,
k= L%J k= {?J , Ny=N+p+1l—(v+1),

ﬁl:(NﬂLp—l-lmodp)—i—l, ﬁl,v:<Nvm0dP)+1

(in the L2y case, the rank of H is N +p+ 1).

The integration procedure for the semi-infinite Bogoyavlensky lattices
considered in Section 2 can be applied for integration of their finite counter-
parts as well. In particular, formulas (25 and (29)) are valid for the elements
of Sy(t) and Sy(t). An additional questlon here is how the finite rank co-
efficients defined in f evolve in time. It turns out that all of them
except D, are time independent. Namely, the following result holds for the

systems f.
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Theorem 4 The FRC C := {Cy,...,Cns1} and D = {Dy,...,Dyi1}
introduced in f are the integrals of motion (first integrals of) the
system (52)), while the FRC C := {Cy,...,Cnip} defined in are the
first integrals of the system (53)).

Proof. First, consider the sequence Sy(t). In accordance with (14)), for
a fixed j € Z,, the j-th column of the corresponding matrix H = H(t)

consists of the moments ay ; = S(Lirjlic;p)ﬂ, k=0,1,.... We apply and
(25) (here, r = p) to the first N +2 elements of the (N + 2)-th column of

- _ qal
H. In particular, for ag ni2 = Sy, We have

. N+1 . N+1
SNz = Z CySyiime + Z CoSypioy =
v=0 v=0
N+1 N+1
= Cu(Sy — Sy Sht1w) D CuShyy, =
+1—v+4p+1 p+1~N+1—v VM N+1—v
v=0 v=0
N+1 . N+1
= Shipts — Spi1Shia + Y CuSA = Syiat Y, CoSyiiy-
+p+3 p+1~N+2 VY N+1—v N+2 VM N+1—v
v=0 v=0
Thus,
N+1

> CuShi, =0

v=0
After that, applying successively this procedure N + 1 times to oy n2, ...,
QaN41,N+2, Where

(N+1 modp)+1 o m1,0

(8% = S = ~
NHLNT2 = 2| Nt | v F1,0+N+27

we arrive at the system of equations

CoSNin + ... + CyuS; = 0,
: : (61)
Cosiﬁj‘i’fﬁf + ot CN+1S(LETO(1P)+1 = 0.
P p

By the above-stated condition (iiy) (here, ¢ = 1), its determinant Ay 1 # 0,

therefore, Cyp=--- = Cpni1 = 0.
Note that for a fixed ¢ € Z,, the i-th row of the matrix H consists of

the moments «;, = S([l.rn(f’:’)H? k=0,1,... Weset o= N+ 2 and apply

and to the first N + 2 elements of the (N + 2)-th row. First, take

19
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aNt2,0 = S,Zl“. Differentiating with respect to ¢ both sides of the relation
m N+1 M1 .
=3 DvSiﬂi) and applying (25)), we get

N+1 N+1

7.’YL1 . ml,v ml ’U ml v
Skl - ZO Dv(Sl%l’v-l—p-f—l k‘l K + Z D Sk‘1 K -
N+1 . N+1
m 1 m My m M1
- k11+p+1 S +1S L ZD S Sk’ll T ZD Skqlv ’
v=0 v=
and we find that ZNH D, Sm1 v =0 (here, SmlNN+1 = S}). Then applying
k1,N+1
this procedure to the remamlng N + 1 elements (ani21,--.,ONt2N41) =
(Sei1s - Sing1), we obtain the system
DOS}:I:% .. 4+ DypSE=0
M, ' 1
0 /%1,100+N+1+ ...+ Dny1Syy =0,
Again, its determinant Ay, # 0, and DO == DN+1 =0 as well.

Further on, consider the sequence Sx(t) and the corresponding matrix

H = H(t). By (14)), for a fixed i the i-th row of H consists of the moments

— S(@Tﬁp)ﬂ, kE=0,1,... Set i to be N +p+ 1 and take its first p
pN

elements: va+p+1, [=1,...,p. Acting as above and using ([59)) and . we

obtain

N+p N+p
N+p+1 - E C, SN+p v C =
v=0
N+p N+p
~ o~ ! X~ -
O (SN+p v+p+1 Sp+1SN+p v) + C -
v=0 v=0
N+p . N+p .

SN+2p+2 Sl+1s Nipt1 T Z C Szlv-H - SlN+p+1 + Z C S§V+p v

Therefore, > " Ntp C Sf\, =0forl=1,...,p. After repeating this proce-

+p—v

dure N +1 tlmes for the elements anip+1p;- - ONtpr1,N+p, We Obtain the
linear homogenous system similar to for the unknowns Co,...,C Netp

with the determinant Ay, # 0, and we immediately find that

Co= = Crpp = 0.
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Note that an analogues result was obtained in [14] and [22], where a sim-
ilar approach based upon an inverse problem method was applied to integra-
tion of finite Volterra and Toda lattices and discrete modified Korteweg—de
Vries equation in the finite case. In these works H is a Hankel matrix of a
finite rank.

Remark. Unlike the case of D, the above arguments are not apphcable
to D := {Dy,...,Dn,} due to the different structure of equations
and . (see the note before Theorem [2 ' As we will see below, the latter,
generally speaking, are not the first integrals of .

It can be easily verified (see e.g. |4]) that if a finite dynamical system
satisfies the Lax equation, then the coefficients of characteristic polynomial
of the corresponding L matrix (and, therefore, its eigenvalues) are the first
integrals of the system. Below we establish the relations between the above
introduced FRC and these coefficients.

Proposition 1 The FRC C and C defined in Theorem @ coincide up to
the sign with the coefficients (except for the leading ones) of characteristic
polynomials of the matrices L1y and L2y, respectively.

Proof. First, consider the matrix L1y and its characteristic polynomial
Priy(\) i=det(M — L1y) = AVT2 4 cog AV o ey,

where [ is identity matrix. As follows from the Cayley-Hamilton theorem,
LN o  LINTHY ey LK =0, K ez, (62)

(here O is a zero N +2 x N + 2 matrix). According to the definition, S} =
Nic10,1=0,...,p, k € Z,. Using equation for k' =0,..., L%J =

(L1
/;:170, we construct the system of N + 2 equations

— 1
— 2
(63)
7?7,1’0 Sml ,0 ﬁh,o
: = — s —ceny1S;
k1,0+N+2 ‘o k1 0+N+1 N+1 kig ’

its determinant Ay, # 0 . Comparing with ~, one can find that
Co = —cp,...,Cny1 = —cny1. The case of Cy, ..., Cnyp and L2y is consid-
ered similarly. [

In view of the above, Cy,...,Cys1 and Cy, .. ., éNﬂ, may be regarded
as “standard” first integrals of the finite systems and respectively,
whereas Dy, ..., Dyy1 as nonstandard first integrals of (52)). Note that

21
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for non-Abelian finite Bogoyavlensky lattices (e.g. lattices with matrix el-
ements), it can be also shown that the corresponding (matrix) finite rank
coefficients Cy, ..., Cns1 and Cy, . . . ,éN+p are their first integrals (in [14], a
similar result was established for non-Abelian discrete modified KdV equa-
tion in the finite case) and they are not directly linked with the characteris-
tic polynomials of the corresponding Lax matrices (the existence of possible
links between these objects is, to our knowledge, an open issue).

At the end of this section, consider the Miura transformation between
and (53]). To define it correctly, see , we set N to be equal to ng
for system (53) and N = ng + p — 1 for certain ny > 2p — 1 for . All
findings of the previous section, including the analog of Theorem [3| for the
sequences Sy and Sy, hold unaltered. To prove the latter, one should take
the determinants A, with k ranging from 0 to ng + p, rather then k € Z, as
in the semi-infinite case. It is of interest to study the behavior of the first
integrals of these systems in relation to the Miura transformation. For the
finite Volterra and Toda lattices this issue was considered in [22]. As already
mentioned, for both such lattices the corresponding moment matrix H is a
Hankel matrix of a finite rank. It was shown that the finite rank coefficients
of both moment matrices, as in the above Proposition, are coincide with
the coefficients of characteristic polynomials of their (finite) Lax matrices L.
These coefficients are transformable into each other by Miura-like mapping
between Volterra and Toda lattices considered in [22], and that is all the
information about the first integrals we can get from studying such mapping.
In what follows, we will show that the situation is more promising in the
case of finite Bogoyavlensky lattices.

4 Example

Consider, as an example, for p = 2 system (52)) with N = 4:

/ -
g = Qpaiaz,

a; = a1asas3,

a2 = Q20304 — Q20a10G0, (64)
a3 = —a3a2ay,
g4 = —Q40302;

and, respectively, system (53| with N = 3:
..
bo = bo(b1 + b2),
b1 = by(ba + b3 — b1),
by = by(bs — by — by),
[ b3 = b3(—by — b1).

(65)
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Let Sy and Sy be the corresponding moment sequences which consist of the
elements defined by i with the matrices L1, and L23, respectively.
According to (42), S} = S} =0, (k mod 3) # 0, Sf = S} =0, (k mod 3) #
1. Then, the rank of matrix H defined by equals to 6 for the both
systems and as well as the order of the matrices L1, and L23. For
the elements of Sy, it can be checked (e.g. by solving two 6 x 6 systems
composed of the equations and , respectively, in the unknowns C,
and D,) that in accordance with (57)—(58)),

Sllc = (apa1 + aras + asas + a3a4)S,l€_3 — (a0a1a3a4)5,l€_6, k > 6,
m ml,? ’ﬁ'Llys o .
Sl = (a1 + CLg)SmH€ — (aoag)SleSJrk, =12

where, as found from ki =3, m =1, /%1,2 =1, Mms = 2, /%1,5 =0,
iy = 1, ky = 3, my = 2, kno = 2, gy = 1, kys = 0, 1hys = 2. In
particular,

S3 = (a1 + a3)Si — (apas)S;. (66)

Thus, for the matrix L1,, the nonzero elements in the FFRC sets C' and
D defined in Theorem (4| are {apa; + ayas + asaz + agay, —agajazay} and
{a1 + a3, —apas}, respectively, and all of them are the first integrals of .
As follows from Proposition 1, the coefficients of characteristic polynomial
of the matrix L1, coincide with the set —C', and the polynomial itself is
written as

PL14(/\) = /\6 — (a0a1 + a1a9 + acas + a3a4)/\3 + apaiasay.

Note that 77 a;a;41 = Tr(L?)/3 for L = L1,.

We now turn to the system and to the Miura transformations be-
tween and (65)). Since Sj = 1, we find from that S} = S}. Then,
using the first of the equations (for [ = 1), we find that for the ma-
trix L23 with the elements b; defined from Miura mapping , the set C
(Theorem [4)) coincides with C', namely,

C = {aoay +a1a2+azas+azay, —agarazas} = {bo+by+by+bs, —bobs} (67)

and gives the “standard” (see previous section) first integrals of the cor-
responding system ; we denote them as {[y,I}. Moreover, since the
elements of C' defined in can be expressed entirely via {b;}, these are
the first integrals for the general case of . Using and Proposition
1, we also find the characteristic polynomial of L25 without its direct calcu-
lation:

Pra,(N) = A° — (bg + by + by + b3)A\* + bgbs.

Now consider the pair {J;, Jo} := {a1 +as, —apas} of the first integrals of
from the set D. Obviously, they are also the first integrals of the system

23
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(65) with the elements by, ..., bs defined according to . As follows from
the latter, Jo = —agaz = —boby /b1, and Jo = Jo(bo, by, be) is the first integral
of in the general case of this system. To find the expression of J; via
{b;}, we first consider the mapping S; — Ss, which is equivalent to (34), and
the resulting sequence Ss. As follows from and , for the element
5':11 = 51 of the latter, we have

S = D87 + DsSL,
and, as in the general case of , Dy and Ds can be expressed in terms
of {b;}. Comparing the latter expression with and using Theorem
(formula ) we find that D5 = Jy = —bybe /by and

boba

Dg :CLOJ1 = apay + apas :bo+b— :bo — JQ.
1

In particular, from the latter formula follows that Ds is not the first integral
of , see the remark after Theorem . Thus, J; = bo(by + b2)/b1ag, and
applying formula for the inverse Miura transformation, we finally get
the expression for J; via {b;}:

bo(by + b2)
by(7T)dT
b1a0(0)6/0 ( )

Thus, we have found that system in the general case has four in-
tegrals of motion {Iy, I5, Ji, Jo} such that first two of them are the coeffi-
cients of characteristic polynomial of the Lax matrix corresponding to ,
whereas J; and J2 are the “nonstandard” integrals related to the system

69).

J1 = for certain ao(0) € C\0.

5 Concluding remarks and open issues

In view of the above, we can conclude that the description of Miura trans-
formation between Volterra and Toda lattices via the inverse spectral data
of the corresponding Lax operators, obtained in [22]- [23], can be extended
to the case of Bogoyavlensky lattices —. The latter, like the former,
are systems with a rich Hamiltonian structure, see [29], Chapter 17 and [32].
For example, the finite system can be written as

di:{Hg,ai}g, iZO,...,N,

with the Hamiltonian H$ := ) a;a;11 and the quadratic Poisson bracket
{*,-}% defined in the coordinates {a;} as follows:

{ai,a;35 = —{aj, ai}s = m0505, 12 j,
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where
0,i—45=0,1;
my=q1,i—j=24,...,2%];
—1,i—j=3,5,.... 2| %2 +1;

and the system (53] admits the following Hamiltonian representation:
b = {H}, b},
whith H? := > b; and Poisson bracket {,-} with nonvanishing elements:

{biv1,bi}s = bisabi,  {bio, bi}s = bijabi.

It should be noted that {-,-}} is a local bracket (i.e., {-,b;}3 depends only on
the neighboring coordinates b;12, b;11, b;—1, b;—2,) while {-,-}3 is a nonlocal
one. Obviously, the Miura mapping transforms H$ to H? and {-,-}4
to {-,-}5, so it may be useful to apply the above results to the study of
Hamiltonian properties of Bogoyavlensky lattices.

Also, as we have seen, equations ([25) and are equivalent, in a certain
sense, to the original systems f. It may be of interest to consider ([25))
and from the point of view of the theory of integrable systems.

As known [8][29,32], alongside with (1)—(2), the family of Bogoyavlensky
lattices contains the system

'CZ' = C? (ﬁ Citj — f[ci—j> . (68)
j=1 j=1

The operator L, which appears in the Lax representation for , differs
sufficiently from the above operators L1, L2 and M, and the inverse spectral
problems for such operators are less studied. Some recent results in this area
are contained in [27]. The Miura transformation between and

bi = CiCiy1 - Cigr

was obtained by Bogoyavlensky [8], and its description in terms of the inverse
spectral data is another interesting task.
All the above issues can be addressed for future work.
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