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Abstract

A densely defined Hermitian operator Ay with equal defect numbers is con-
sidered. Presentable by means of resolvents of a certain maximal dissipative or
accumulative extensions of Ay, bounded linear operators acting from some defect
subspace 91, to arbitrary other 91y are investigated. With their aid are discussed
characteristic and Weyl functions. A family of Weyl functions is described, as-
sociated with a given self-adjoint extension of Ay. The specific property of Weyl
function’s factors enabled to obtain a modified formulas of von Neumann. In
terms of characteristic and Weyl functions of suitably chosen extensions the re-

solvent of Weyl function is presented explicitly.
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1. Introduction

The present paper concerns with maximal extensions of a closed, densely defined Hermitian
operator Ay with equal defect numbers. Characteristic function (O-function) of a maximal
dissipative or accumulative extension, and Weyl function (M- function) of a self-adjoint
extension are treated with the help of operator-valued function ©(y, A\) = P,|9,. Projection-

valued function P, is given by direct-sum decompositions
D(A) =D(Ay) + M, + Ny, Imy #0.

Explicit presentation of both P, and ©(y, ) in terms of resolvents of dissipative or accu-

mulative extension A, = Af|KerP; allowed to identify various definitions of ©-function of
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A,. The features of ©(v, A) are suffice to present the main properties of M-function without
employing the concept of space of abstract boundary values.

The content of this paper is as follows.

In Sec. 2 we consider extensions A, and their resolvents. Introducing O(v, \) operators
and examining their properties we arrive at (2 x 2)-matrix function W (~, \) with operator
entries, which provides the Krein-Shmulyan inter-spherical linear fractional transformation
Dy () [

In Sec. 3 we briefly review and unify some basic material on ©-functions. It is shown
that ©-function of A, in sense of Nagy-Foias [10], 4] coincides with that introduced by
A. Straus [12], 13]. The same operator function appears when we apply to A,, A5 operators
the variant of definition of matrix ©-function, developed by A. Kuzhel [7]. ©-function of
arbitrary maximal dissipative (accumulative) extension is reproduced in accordance with
that, obtained by Kuzhel’s approach in [8] for canonical differential operators.

In Sec. 4 we consider a pair A1y of self-adjoint extensions, defined by von Neumann’s
formulas with the help of isometries £V (7g) € [M5,, Ny, ], Imyo > 0. It is shown that isome-
tries Vi(y) = Py, ) (EV*(0)) € [M5, M, ], Im~y > 0 provide the same pair. The factors
of Vi(7y) build the Weyl function of Ay (A_y) in definition of V. Derkach, M. Malamud [1],
and we discuss the set of Weyl functions, corresponding to Ay . An analog of von Neumann

formulas is derived, applied to the decomposition
D(AY) =D(Ag) + M, +Ne,  Im~yIm ¢ <O0.

In that the part of isometry is played by bounded invertible operator M (v, () € [N, IN,]
with the properties of M-function’s corresponding factor. We present also one more proof
of Krein’s resolvent formula (Krein-Saakyan formula), which differs from those of [111, 1], 3],
and is applicable to canonical differential operators [9]. Lastly we compute the resolvent of
Ay operator’s M-function, extending the corresponding formula of [9] from real axis onto

the resolvent set.

2. Properties of O(vy,\) operators

2.1.

Let $ be a Hilbert space with an inner product (-,-), and let Ay be a closed Hermitian
operator in $) with the domain D(A) dense in $. The complex plane C' we consider with
the standard subdivision C = C~ U RUC™T. A defect subspace of Ay denote by 9, :=
Ker (Aj —~I), v € C~ UCT and assume that dim 9, = dim M < oo, Im~y - Im ¢ < 0.

The direct-sum decomposition
D (A% = D(4) + N, + N, (2.1)
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associates an oblique projection P, : D (Af) — 9, onto N, along D(Ay) + N5 to each 7,
defining projection-valued function P, on C~ U C™.
Denote fo € D(Ay), f, € M, and introduce the operators

A, = AiD(A,),  D(A,) = KerPs = D(Ag) + N,

that is

A f = Aofo+15 it f=fo+f, €DA,). (2.2)
Clearly, A, are extensions of Ay. If Imy-Im A > 0, then operators R (AW, 5\) = (Av — S\I) -
exist, D ((A7 -\ )_1) = Ran (AW — ) = 9, hence A, are maximal extensions of Ay (see
[2], Sec 12.4, [5] Sec 3.1.2). Relations yield (A, f,g) = (f, Asg) whenever f € D(A,),
g € D(A5), therefore a maximality of Ay implies A7 = A;.

Hermiteness of Aq yields

Im(A, f, )= ]m7<fw fv) = ]my(ny, P7f>a [ €D(A,). (2.3)

If v € C*, formula specifies that A, and A; = A are maximal dissipative and
accumulative extensions of Hermitian operator Ay. Their resolvent sets p (A4,) and p(As)
comprise C'~ and C" respectively.

From (2.2)) we see that Ran(A, — vI) = Ran(Ay — vI), Ker(A, —vI) =N, hence the

orthogonal decomposition

$ = Ran(Ay — 1) ® Ker (Ay — A1) (2.4)
can be presented also in the form

$) = Ran(A, —~I) & Ker (As —7I). (2.5)

Let P, be the orthogonal projection in §) onto N,. Projections P, and P, can be presented
explicitly by means of A,.

Proposition 2.1 Projections P, and P, are related by

1
(v y (Ag — 1) (2.6)

Proof. For any f = fo+ f,+ f5 € D (Aj) we have

(A5 =) f = (Ao = 3D fo + (v =) f,
hence from (2.4) we obtain P, (A§ — 1) f = (v — 7) P, f, with the result.

Proposition 2.2 The projection P, is presentable in the form
Py =1— (A5 —y1)"" (A5 —~1). (2.7)
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Proof. Consider the operator Q, = (Ay —~I)"" (A5 —~I), D(Q,) = D(A;). Clearly
Ran Q. = Ran (A5 —yI)™" = D(A5), and Q,M, = 0. From (A — 1) (Ay —~I) ' f = f
for arbitrary f € D (A5 —~I )_1 = $ it follows that Qi = @,. Thus @, is an oblique
projection in D (Af) onto D (A5) along M., so I — @, = P,, and the proof is complete.

To obtain the presentation of P, first we take note that I — P, is an orthogonal projection
in $ = Ran (A5 — 1) &, onto Ran (A5 — 1) = Ran (Ay — 7I). Now consider the Cayley
transform

T, = (A, 1) (A, — 30 =T = (v = 5) (4, - 31) " € [9], (2.8)

which is a contraction |75 | < 1 (see [5] Sec 3.1.2), and T = I — (7 — ) (45 —yD)7! =
(Ay = A1) (Ay =oI) ' =T,

Proposition 2.3 The operator T, is a partial isometry with initial subspace Ran (As — 7I)

and final subspace Ran (A, —~I).

Proof. We have to prove that KerT, = 9, and T is isometric on Ran (A5 —71) =
Ran (Ag —7I). Let f, € M. Then (A, —41)"" f, = go + g, € D(A,), s0

(Ay =AI) (9o + 9¢) = (Ao =) go + (v =) 9 = [+,

hence
%Z;%;ﬂ; (Ao —=71)g0o =0, go=0.

Thus T, f, = (A, —~vI) g, = 0 for any f, € M,, and N, C KerT,. On the other hand,
for arbitrary fo € D (Ap) one has T, (Ag — 1) fo = (Ao — 1) fo, hence 15 (Ao — 1) fo =
(Ao — 1) go- Thus T;T, f = f for any f = (Ao — 1) fo € Ran (Ag — 1), which completes
the proof.

The self-adjoint operator T7T., is an orthogonal projection, since evidently (T; Tw)2 =
T5T,. Thus we have

T, =1-P

Y A

P, =1-TT, (2.9)

2.2.
Let v, A be non-real numbers. Denote O(v,\) := P,|91, and observe that from (2.6) it
follows that -

O(y,\) = =—L P9, . (2.10)

Proposition 2.4 (v, \) operators are presentable as
O(1,3) = (A — AT) (A5 — 1), 211)
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Proof. Formula applied to f\ € 91\ immediately leads to the result
Pofa=Fr— A=) (A =) fr= (A5 = 2D) = A =I] (A; = 2D) " f
If Im~-ImA >0 it now follows that ©(v, \) is bounded invertible and
0713, ) = (A; —91) (A =AD" L, 212)

Formula also implies that, if Im~y-Im A < 0, then the operator ©(+, \) is not invertible
if and only if A is an eigenvalue of A5, that is, if A is in a point spectrum o, (A5) of As.

Applying decomposition to arbitrary fy € M\ we have fy = fo + f, + f5, where
fy =Py fr, [5 = P5 [y, so it holds the identity

Ix=Jo+ 00 N+ 607, A) /. (2.13)
In the case Im~y - Im A > 0 the formula above can be written in the form
I=fot f+0,(Nf0 0 6,(0):=0(3,0)07 (1, ) € [0, 9] (2.14)
Now we collect the main properties of ©(, A) necessary in what follows.
Proposition 2.5 If v, A, ( are arbitrary non-real numbers, then
0(7,0) =O0(1, MO\, ) + 0 (7. A) © (X (). (2.15)

Proof. Without loss of generality we assume that Im~ - Im X > 0, since A and A appear
symmetrically in the formula to be proved. In the presence of (2.13]) we have

Je =90+ 9y + g5 = ho + ha + h3,
where g, = ©(7, () f¢, g7 = © (7,0) fe, ha = O(N, () fe, hx = © (A, () fe. In its turn
hy = uog +uy +uy, hy = vo + vy + vy,
therefore from (2.13]) we get
gy =uy + 0y =u, + 0 (7,A) 071 (3, A\)vs.

Since uy = O(7, Ay = O(7,\)O(X, () fe, v5 = O(F, A)hz = O (7, A) O(A, () f¢, the formula
above leads to

07,0 fc = g4 = O(1, VOO fc + O (1,2) 071 (1,4) © (7, ) © (A, ¢) fe,

and ([2.15)) results.
In particular, setting in (2.15)) first ( = v, and then { = 7, we obtain

O(7, MO\, 7) + O(7, O\, 7) = O(v,7) = I, (2.16)

O(7, MO\, 7) +O(7,N)O(A,7) = 0(y,7) = 0.

The next property of O(v, A) is the following statement.
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Proposition 2.6 The operator adjoint to ©(~, \) is presented by

_Im)\

O\, 7). (2.17)

Proof. First, let us recall that in the proof of Proposition we have seen the relation
(Ax =AD" fr= (A=X)7" f, hence

o N\~
(Ay —3I) (Ay = M)~ |9y = 5 ;IA.

Thus from (2.10) we have

>

A —

(6 (1:3) frg) = T2 (4 = M) (45 =30)™ (4 = 31) (4 = M) frgy) =
= %«AA — 1) (Ax — 5\1)71 Fao (A, = M) (A, =1 g,) =
2 T =30 (= A ) = e s (s =20 (A3 = 2D g,

and formula (2.17)) is proved.
Now assume Im~y - ImA > 0 and consider the function ©,(\) = © (3,A) O~ (v, ),

appeared in (2.14). Clearly ©.(v) = 0. Combining Proposition and Proposition we
complete the list of necessary facts on ©(y, \) operators.

Proposition 2.7 The operator ©,(X) is a strict contraction ||©.,(N)|| < 1, and it holds that
0:(\) = 0, ().

Proof. Rewrite identities in the form
OO +O AT O (F,A) =1 OA7)O(F,A) +6 (X,7)O(y,A) = 0.

In view of (2.17) we obtain

Im A

(1, NO(1 ) — 6" (1.1 € (7.4) = 7=

Ly 0" (7,00(7,A) — 0" (1,4) © (7,A) = 0.

The first identity above can be presented as

I, = 8500, () = o [B(1: 06" (7,3 > 0

and the second is
0,(0) =0 (7,007 (1,0) = 07 (3, 16" (%, 1) = [0 (1, 1) 07} (7. 3)]" = 7 ().
The proof is complete.
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2.3.

Identities ([2.17) suggest the following construction. Let y, A be arbitrary in C*. Introduce
the Hilbert space N, of pairs fi,y = (f5, f5), fy € M, f5 € Ny with the inner product
(£):8¢1)) = (fy,9y) + (f5. 95). Analogously is defined N,). Consider the operator

O(v,A) O (7, A
W(y,\) = 2 6 () € [Noy, N - (2.18)

Relations ([2.16|) imply that

It

then from (2.17) it follows that

CIma | O -8 (A7) ImA\

W*(’%)‘)_
Imy _o () en.7)

The last formula can be presented as

~ 1

W (v, VW (7, \) = Jn, where W(vy,A) =a 2W(y, \),

so W (v, A) is collinear to (Jy, Jy) — unitary operator W('y, A).

With a J-unitary operator W acting in Krein space H associates the Krein-Shmulyan
linear fractional transformation @y, (-), which has an inter-spherical property (see [6]).

The main statements of referred above remain valid also for the case under consideration.
Namely, let K € [91,,9%5]. Denote

If ¢,(K)) is bounded invertible, the Krein-Shmulyan transformation is
D0 (Kn) = O5(KN) 0L (K. (2.20)

Apparently (I)VV(%A)(K/\> = Dy (K).
The inter-spherical property of W (~, \) is characterized as follows.

Proposition 2.8 Let W (v, ) be given as in (2.18). If | K\|| < 1, then K, = Py () (K))

is well defined, | K, || < 1, and K, K., are isometries simultaneously.
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Proof. The second identity of yields
O (1, )01, A) = -0\, 7)07" (A7) = —65(7),
hence
. (Ky) = O(7,A) [In + 071 (7, N)O(1, ) Ku] = ©(7,A) [In — Ox(7) K]

If |K,|| < 1, then from Proposition we have ||©5(7)K,| < 1, which proves bounded
invertibility of @, (Ky).

Now consider
I, — K:K7 = @;*(KA) [CI),*Y(KA)@W(KA) — @;(KA)CDW(KA)] @;1(KA).

Again making use (22.16]), (2.17)), by straightforward computations one can verify that

. ImA\ _ . B
I, - KK, = Ty O (Ky) [ — Ky Ky 951 (K,

which completes the proof.

3. Characteristic functions of maximal extensions

3.1.

Here we review and unify some fundamentals on characteristic functions, taken from [4] [7,
10, 12, 3]

First we turn to ©-function in sense of Nagy-Foias and recall a few basic notions and
facts from [I0] (Sec 1.3, 6.1).

Let T be a contraction in a Hilbert space H. Defect operators of T" are Dy = (I — T*T)%7
Dy = (I — TT*)%; defect subspaces of T are D1 = DyH, D+ = Dp-H. The following
relations are valid:

TDr = DpT, T* Dy« = DT, (3.1)

The Nagy-Foias characteristic function of T' is an operator-valued function defined by

Or(w) = |-T+ Y w"DpT" 'Dr| D7, |w| <1, (3.2)

n=1

hence is analytical in the unit disk |w| < 1. A left-hand multiplication of both sides of ([3.2))
by Dy« and use of (3.1]) leads to the equivalent definition

Dr-Op(w) = (Wl = T) (I —wT*) " |Dr.
Values of Or(w) are in [D7, Dp«] and ||O7(0)h| < ||k, h € Dr.
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O-function of dissipative operator B =: (I + T)(I — T)~! is defined by the relation
I
O©p(\) =07 ( Z), A€ CT (see [4] Sec 28.12).

A+1
From now on we attach y,A € Ct, (€ C~.

Let A, be the maximal dissipative operator given in ([2.2]).
Proposition 3.1 If T, = (A, — 1) (A, —31) ", then
1
|

Or, (W) =wPy (I —wI?) ', = (Wl —T) (I —wI¥) ™' 9, (3.3)

and Or, (w) admits the estimate
|©7, (w)]| < |wl, lw] < 1. (3.4)

Proof. Referring back to Proposition [2.3| we see, that defect operators and defect subspaces
of partially isometric operator 7, are orthogonal projections P,, P; on subspaces 91,, 5

respectively. Moreover, formula (3.1) now takes the form
TP, = P;T, =0, 1P =PT; =0,
hence definition (3.2)) for the operator 7', appears as
Or, (w) =wPy Y w"Ti"P, = wP; (1-wI¥) ' P, (3.5)
n=0

Since P% =Py=1- Tva* , the last formula can be transformed to
Or, () =P, (1 T,T;) S Topy = B, [ (1wt -1, 5 o] p, =
n=1 n=1
— =P {w (T —wry) " =T (1= wm) " 1]} Py = Pyl = 1) (T - wT) ' P

again by virtue of T, P, = 0.
Analogously, because of P3 =P, =1-T7T, and T} P; = 0, we obtain

Or, (W) =wPy Y WX (I = TT) Py =Py (I —wI7) " (Wl =T,) P, (3.7)
n=0
From (3.5) we have ©f, (0) = 0, hence ©r, ()), analytical in |w| < 1, meets conditions of
Shwartz lemma, which leads to (3.4). The proof is complete.

Proposition 3.2 Characteristic function of maximal dissipative operator A, is analytical

in Ct operator function, given by the formula

O, (N) = = (A, = L) (A, = 71)™" (A = 1) (A5 = AD) ™ o, = s
— — (Ay =71 (Ay =AD" (A, = AD) (A, = 31) " |, |
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and satisfying the estimate

H@AAAM}<’X{}§', et (3.9)

Proof. The first factor of (3.3]) can be transformed as follows:

wI =T, = wl — (A, =71) (A, =71) 7" = [w(A, = 71) — (A, =y D)] (4, —71) " =

~ o=, + (=) 14 =30 = (-0 (4, - 222 1) (4, -3

Similarly, the second factor is

P = 1= 0)4s = (=] (A =) = (=) (4 = 120 1) (4 =)

— W

7wy

C™, hence formula (3.3) can be rewritten as

Linear fractional transformation A\ = maps the unit disk |w| < 1 onto the half-plane

or, (%) =04, (\) = = (A, = AT} (A, = 317 (A = 91) (A5 = AD) T Py,

The next equality of (3.8)) follows analogously from ((3.7)).
Inequality (3.4) now takes the form (3.9)), completing the proof.

A comparison of (3.8) with (2.11]), (2.12)) brings the relation
64,0 = —0 (3,1 671(7,1) = 6, (). (3.10)

The case of maximal accumulative extension Ay = A7 is treated analogously, and corre-

From Proposition [2.7/it follows that ©7 () = ©.4, (A).
Another approach to ©-functions is due to A. V. Straus [12] 13]. In [13] was introduced

characteristic function of Hermitian operator Ag as a contractive operator function

sponding formulas are

o~
2l

04.(0) = —0(1, )07 (1.0) = 640 [[On,(0)]| < \

i

2

0,(N) = (A —71) (A =317 9, € [,,9],
where v € C* is fixed, A varies on Ct. The operator (:)7()\) possesses the property:
if fi=f+f— év(/\)f7 varies on My, then f, ranges over the whole ,. (3.11)

We wish to prove that the same property holds for the case of decomposition (2.14]). In view
of (2.13)) it is suffice to show that for arbitrary f., there exist f\ such that f, = O(y, ) f\.
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Choose gy = O(\,7) fy, so f, = O (A, 7)gx. Rearranging v and A in (2.16)) it is readily
seen that ©(7,\) = -1 (\,7) [L — O(\ 7)0(3, A}, hence f = [ — O\, 7)0(7, V)] ™ gy is
desirable vector.

Comparing (3.11)) with (2.14]) and noting uniqueness of decomposition fy = fo + f, + f5
we conclude that

6,(1) = —0,(\) = 04 (V). (3.12)

In [12] was presented ©-function of A, by the following manner.
Let S,(\) = (A5 —AI)"' (A, — \I), and let P,, P5 be oblique projections in D(A,),
D (A;) onto M, N respectively. Then O-function © 4 (\) is defined by the formula

Oa, (NP, f =P5S,(Nf,  feD(A,). (3.13)

In [I3] was noted that ©4,(\) = ©,()\), but no proof presented. To show it let us observe
that

ﬁvf:%PW(Av_”?I)f'
Y=

Indeed, it is clear that 75?{ =P,. Applying [2.6) to f € D(A,) we get

1 1 .
P,f=——PFP (Ay—7l)f=——P, (A, —7I) f =P, f.
v o y (Ag ) P y (Ay ) v
o ~ 1
Similarly Pyg = ——— (A5 — 1) g, g € D (A5), hence (3.13)) takes the form
T

G4 () = — (A — 1) 5,(N) (4, - 317 [,

~

which is the right hand of (3.8]).
Lastly, we discuss ©-functions of A, and A in definition, which is due to A. Kuzhel [7].
We shall extend to the case under consideration the method, introduced in [7] (Sec 2.1, 2.3)

for the case of finite deficiency index (n,n).
Proposition 3.3 Let fy € My and f. € N, be arbitrary, and denote
SAO =007 (), SN =076 (W), ~veC (314
Then there exist fz € Nz and fy € Ny such that
h+SANCQ) feeD(A);  fe+5S(CGA) freD(A4y). (3.15)

Proof. First, let us recall that formula (2.14]) provides one-to-one correspondence between
fr €My and f, € M,. The same is valid for f- € M, and f5 € N;.
Let f, € M, and f7=f0+f>\+f§\=go+gg+g§. If

ge = Up + ux + uy, g¢ = Vo + Ux + Uy

85



86 Perch Melik-Adamyan

then f5 = us + vy. Clearly uy = © (/_\, C) gc, vy = O (/_\,Q_“) g¢- From ([2.14)) it follows that
9¢ = ©¢(7)gc, hence, taking into account ([2.15)), we get

=[O0 +0(NO)0ENOT(CN)]g=6()07(()fe
Thus we obtain
fr=fo=Hh+S(ANC¢) g eD(A,).
Analogously, if fo € M and f5 = fo + fc + fe = go + gx + g», then
fi=fo=Tfc+0(¢7) 07 (A7) g5 € D(45),

completing the proof.
In the presence of relations (3.15)), ©-functions of A, and A5 appeared in [7] simultane-
ously as a factors of the product S (5\, f) S (C_, 5\). From (3.14) we have

SAQ) S(GA) =e(Xy)e () e(¢7)e (A7) =
=0 (A3 e (A6 (et (¢re(¢y)e (h).
Since and imply that
07 (1,7)© (A7) = =6 (7.6 (7.1) = =6, (),
07 (¢,7) 0 (7)) =-9(1.067 (7.0 = -6,(0),
hence we obtain
S(AQ) S(GA) =0 (17)6,(N) 656~ (A7).
The formula obtained coincides with that in [7] up to the order of multiplication by invertible
function © (5\, ”y).
3.2.

©-function of arbitrary maximal dissipative (accumulative) extension of symmetric canonical
differential operator was introduced in [§] by the Kuzhel’s approach. Here we present the
same formulas for arbitrary maximal dissipative extension of Ay, and for its adjoint.

Let some v € C* be fixed and K, € [915,91,] be a contraction. Consider extensions of
Ag, defined by

Ak, = Aj|Ker (Py — KXP,) ; Ar: = Ag|Ker (P, — K, P5) . (3.16)

According to [5] (Sec. 3.4) formula (3.16]) establishes one-to-one correspondence between
the set {K, € [915,9,]} of contractions and the set {Ax } ({Ax: = A} }) of maximal

dissipative (accumulative) extensions of Ag.
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Now consider the operator functions
(P, — K, P5) 19 = O(1.) = K, 0 (7.), (P — K3P,) |9 = O(3,A) — K20 (7,A):
(P5 = K3Py) 1M = ©(7,0) = K50 (7,0) . (Py — K, P5) [0 = ©(7,¢) — K,0 (7,€).
Proposition enables to introduce analytical in C*, C~ operator functions
O, (V) = [0(7,4) = K36(1, V)] [0(7,)) - K,0 (3, 0)] " =
= [0,() = K;] [, = K0,V
O;(Q) = [0 (7.0) = K,0(7.0)] [0(7,¢) = K30 (7.0)] ' =

-1

= [97(0 - Kw] [[’7 - K;G’}’(C)} )

(3.17)

as ©-functions of Ag and AK; respectively.
Proposition 3.4 The operator Ok (o) is not invertible if and only if Xy € o, (AK7)~

Proof. Let fx, € My, and [O (3, X0) — K2O(7, )] fr, = 0. Then (Py — KXP,) fo, = 0,
hence f\, € D (AKW) and Ag_ fx, = A5 re = Aofro-

It feD (AKV> and Agx f = Nof, then f € I, since A, f = Ajf. Therefore
(73,7 — K;PV) f=10(", ) — K*O(y, )] f = 0, and the proof is complete.

The analogous assertion is true for ©-function of Ag:.

Clearly, if K, = 0 we have the case of extension A,. From Proposition 3.2 we know that
O©-function of A, satisfies the condition O, () = 0. Now we can state that such a condition
is distinctive for maximal dissipative extension to be extension A,. Indeed, from (3.17)
it follows that O, (y) = —K7 , hence the condition O () = 0 means that Ax, = A,.

Moreover, all the extensions of type (2.2) can be described in terms of O-function (3.17).

Proposition 3.5 Let ¢ # v be arbitrary in CF and K., = O} (¢) so that Oex(,) (») = 0.
Then

Proof. From (3.17) we have

Oo: () (\) = [0 (7,1) — 0, () (7, \)] [B(1,)) — % (9) © (7, )] . (3.18)

We know that ©, (¢) = O (p) = O~ (7,9) © (v, ¢), hence the first factor of (3.18) is

From (2.17) and (2.15) it then follows that square bracket above is

% 66,907 - 265,10 (1.0 = 2% 6 (5,1,

Im~ Im~y
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thus we get
_ Ime ., _ _
A) — A) =—2067" A
By similar computations we have
_ Ime
A) — O A) =—">L07"7 A
O(7,A) =05 (p)O (7, T~ 07 (1,9)0(p, ),

hence formula (3.18) takes the form

Bo:(p) (N) =07 (1,0) 0 (9, 1) 071 (9, ) O (7,9) =07 (7,8) O, (\) O (7,¢) .

Finally, applying equation (2.17) once more, we arrive at the result

B6:(p) (N) =071 (2,7) 0, (N) O (¢,7).

4. On Weyl function and some of its applications

4.1.

Let 7o € C* be fixed and V() € [M5,,N,,] be an isometry. Consider the von Neumann'’s

self-adjoint extensions
D(Asy) = Ker [Py, FV(70)Ps]: Arv = A" D (Asy) (4.1)
of Ag. Let v # 7 be arbitrary. Then, by Proposition [2.8] the operators
VE(Y) = Pwire) [FV " (10)] € [D, 5]
are isometries too. Making use and one can see that
Vi(7) = Pyy0) [FV " (0)] = =ML (1) M1 (7) € 90,90, (4.2)

where
Mo+ (7) = O (70,7) £ V(7)0 (Y0,7) - (4.3)

Evidently M, +(v0) = Ly, Myyx (50) = £V (7).

The following assertion establishes the meaning of isometries Vi (7).

Proposition 4.1 Let self-adjoint extensions Ayy be given by (4.1). Then the isometries
Vi(y) defined by (4.2)), (4.3) are such that

Ker [Py = Ve(7)Ps] = Ker [Py, T V(70)Ps] = D (Axv)
for arbitrary v € CT.
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Proof. Since f = fo+ f, + f5 € D(Ay) if and only if [P,, — V(7)Ps,] f = 0, therefore, in
view of (4.3)), we have

[Py — V(10)Pss] fy + [Pro = V(90)Pso) f5 = Moy (7) fo + Moy—(7) f5 = 0.

Thus we obtain f, + M1 (v)M,,_(3)f; = 0, or, due to (£.2), f € Ker [P, — V_(v)P5].
The case of A_y and V(7) is treated analogously, completing the proof.

We wish to emphasize that formulas (4.2) and (4.3) build the family {V_(v)} oo+ of
isometries, which is associated with Ay (or V(7)) in the sense of Proposition [4.1]
Following V. A. Derkach, M. M. Malamud [1] (Sec 1), the operator-valued function

My (p) = iMy, ()M ' (p), @€ CUCH, (4.4)

Yo—

analytical in C~ U C™", is the Weyl function of Ay,. The Weyl function of A_y, is

M_y () = iMy, ()M} (9) = =My ().

Proposition 4.2 The Weyl function satz’sﬁes the identity
my

I'm o

My () = My (¢) = 2

M= ()O(v, ) ML (9). (4.5)
Proof. From definition (4.4) we have
My () = My () = M () [M5,_ () Moy () + M (V)Mo ()] M3 L (o).

Taking into account (4.3)), (2.18)) and (2.16)), the square bracket above is readily transformed
to

210" (70,%)0(10, ») — O (F0,9) © (G0, )] =
Im

[©(¥,7%)O (0, ©) + O (¥, %) © (N0, )] = 2+—— O (¥, p)

_21m¢
= T

Im o
with the result.
As a corollary, setting in (4.5)) first v = ¢, and then ¥ = ¢, we obtain the following well
known properties of M-function (see [1] Sec. 1)
My (p) = My (¢) [y -1
= M_* (@) M. ) 4.6
- T o (P) M~ () (4.6)
From (4.4) and (4.3) it follows that in C* we have also the following presentation of

M-function by means of ©-function

My(p) = My, (¢);

My (N) =i [L, +V(70)05,(A)] [1g = V(70)05,(N)] 7 =
=i [L, = V(70)0,, (V)] [L + V(70)05, (V)] = (4.7)

— i {L, +2[L, — V(10)0,,(N)] 7 V(30)0, ()}
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The presentation of M-function in C~ is similar

My (¢) = i[05,(¢) + V(70)] [05(¢) = V()] " =
= —i [‘[’YO + 9’70 (C)V*(/VO)] [I’Yo - 6’70 (g)V*(VO)]_l = (4'8>
= =1 {I“Yo + 2@% (Q)V* (70> [Ivo - @% (C)]il} .

In the presence of Proposition and formula (4.4)), we have another M-function of Ay,

namely, the operator function

My_)(9) =i [0(y,9) + V_(1)O (3,9)] [B(1,9) = V_-(1)O (7, 9)] " (4.9)
Again, in C'* it holds that
My (N =i [, + V_(7)0,(N)] [I, — Vf(”V)@w()‘)]_l =
— i {14200 - V(8,7 V- (1)8, (V)] .

Now with Ay (or My(-)) associates the family {(My),(-) := My_) (")} of M-functions

~yeC+
of Ay. The following theorem contains its description in terms of M-function My (+).

Theorem 4.1 For arbitrary v € C* the following formula takes place
(My),(A) =i {I =20(7, )07 (70, A) [, = V(10)05 (W] My (3)©,(N)} . (4.10)

Proof. From (4.2)) we have

[, — V- ('7)@7()‘)]_1 = [IW + M'y_olf (7)Mo (7) @7()‘)} =
= [M’YO*(F)/) + M’Yof (:Y) @’Y()‘)]il M'YO*(V) =
=07, N) [Myy(1)0 (1, A) + M,y () © (3, M)] " My (7).

In view of (4.3)), the square bracket above is

© (10,70 (7, A) = V(%) (0, 7) © (1, A) + © (%,7) © (7, A) = V(7)© (50,7) © (7, A) =
=0 (70, A) = V(7)0 (50, A) = [15; = V(70)0+,(N)] O (70, A).
Thus formula can be rewritten as
My_)(A) = i {1, +20(3, )0 (70, A) [ = V(70)05 (W] My (7) Vo (1)O,(N) }

which is (£.10)), since V_(y) = =ML (7) My, (7).
If v = v in (4.10]), apparently we have (4.8), since M,,_ () = =V (%), and the proof is
complete.

The analogous formula can be obtained for (My), (¢), ¢ € C~ by virtue of (4.9) and
My (¢) = My ().
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4.2.

Here we present modified formulas of von Neumann, stimulated by the following alteration
of decomposition (|2.1)).

For arbitrary v € C* and ¢ € C~ it takes place the direct-sum decomposition
D (A;) =D (Ay) + N, + Ne. (4.11)

Indeed, since Ran(A,—(I) = $, hence for any f € D (A} there exists the unique g € D(A,)
such that (A5 —CI)f = (A, —(I)g. Thus we have (Aj—C(I)(f—g) =0, which is f —g € N,
proving (E11).

Let domain of self-adjoint extension Ay be given by

D(Av)={f€D(Ay); f=f+V(Nf+ 5}
In the presence of we have

D(Av)> f=fo+ V(N3 + fs =90+ 9+ gc. (4.12)
From ([2.13) we know that

g¢ = o + Uy + U5 = ug + O(7,()gc + O (7, ¢) g,
therefore

f=T+ V5 +f5 = (90 +u0) + 97+ 07, Oyl +© (3, Q) e

which means that g, + ©(v,{)gc =V (V) f5, f5 =0, gc-
Thus we have g, = V(7)fs — (7, Q)gc = [V(7)© (7,{) — O (7,()] 9¢, and, in view of
(4.3)), formula (4.12)) takes the final form

DAv)> f=90—[0(1,Q) = V(O (¥ Ol gc + 9¢ = go — My (C)g¢ + gc- (4.13)

Theorem 4.2 Let an operator M(~,() € [N¢, M, | be bounded invertible. Then the operator
Ay = Ag|Ker [Py + M(v, Q)P
is a self-adjoint extension of Aq if and only if M (v, () possesses the property

—(y=71O" (7, QM (7,¢) + M (7,¢) O (7,¢)] = 0.

(4.14)
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Proof. In the presence of (4.13)), the necessary condition will be proved, if we will show that

the function M,_(¢) satisfies (4.14). By virtue of and we have
M3_(OM,— () =[0"(v,0) = 0" (3, QO V' (N[O (7. ¢) = V(1)O (7,0)] =
=0 (1001 )+0" (1,00 (.0l -[0"(1,OV(O (7,0 + 0" (7, V(1) (v.¢)] =
=[-0" (7.0 (. +0" (.0, +

+207(1,00 (7,0 -0 (v, QV(MO (7,.¢() =0" (%, ) V' (7)0 (v,0)] =

ImC

=T f<+@*(74) Q)+ MT_ (OO (7,¢),

which is (4.14)).

To prove the sufficient condition we only have to verify that the operator A,; is Hermitian,
since invertibility of M (v, () means that deficiency index of Ay is (0,0). Let f,g € D (An),
SO

Anf = Aofo — M (7,€) fe + Cfe, Anmg = Aogo — vM (7,¢) g¢ + Cge-

By straightforward computations one can obtain

(Ancf,9) — (f, Amg) = (v = 3) (M (7,€) fe, M (7, ) g¢) + (¢ =€) (fer 9¢) —

— (v =) (M (7,Q) fer 9¢0) — (€ =) {fe, M (7.€) gc)-
Since M (v, () € [, M,], it is apparent that

(M (7, Q) fo, M (7,€) g¢) = (M7 (7, ¢) M (7,€) fe, 9¢)-
To transform the last two summands of (4.15]) we apply formula (2.10)) in the form © (v, () =

S =7 p 9. Then
v =7

(4.15)

— ) (M (7,¢) fe, 9¢) = (v =€) (M (7,€) fe, Pyge) =

=(v- C) (M (7,¢) fe, © (v, Q) g¢) = (v = 7) (0" (7, Q) M (7, ) fe, 9¢)-

Analogously,

«mw >

y=n

— 7y
(C _) (fe M (7,¢) g¢) = (C=3) (Pyfe, M (7,Q) g¢) =

=((— 7) < (%, Q) fo M (7, €) g¢) = (v =) (M™ (7,$) © (7, €) fe, 9¢)-

The proof is ﬁmshed.

Note that if Ay, is a self-adjoint extension defined by M (v, () , then there exists the
unique isometry Vy; € [M5, N, ] such that Ay,, = Ay Uniqueness of presentation (4.12)) and

formula (4.13)) imply that

The special particular case of Theorem we get, when ( = —v. Then M, (—v) €
[D_,,M,] and corresponding formulas are

J=1Jo— Mv—(—V)f—w + [ Apf = Aofo — 7Mv—(—7)f—v — 7S
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4.3.

Let Ay be the self-adjoint extension of Ay of preceding Section and R (Ay , A) be its resolvent
on C'*.
Proposition 4.3 The resolvent of Ay satisfies the identity
1 1 _ -
R(Ay,\) |0y = Y [+ V_(\)] = B v [I5 — M2 (VM- (V)] (4.16)

Proof. Let f5 € 5 be arbitrary. Since
(Ay =AM (Ay =AD" =L+ (A=) (Ay =MD 7] fr = fr €9,
hence
h=f= =2 A =AD" fx= (A= X) R(Av,A) fx € D(4y).

From Proposition it now follows that f, = —V_(\)f5, proving (4.16)).
Relation (4.16|) suggests one more proof of Krein’s resolvent formula. For short, here we
omit some indices, so isometries V,V € (915, ] define self-adjoint extensions A, A of A

with M-functions

M) =iM, (NM=E(N), M\ =iM (A Mt ().

Now from (4.16]) we have

[R(AN) ~ R(AN)] o = ﬁ N B (8) - M M- (V)] @)

To derive the desired formula from ([{.17)), first we assume that 1€0,(VV*), which is necessary
and sufficient for the pair (A4, A) to be relatively prime, that is D(A)ND(A) = D(A,). Next,
from (4.3]) it follows that

O (1N = 3 IMy () + M- (V)] ©(3,4) = 5V* [M, () = M ()],

therefore
V() = 5 { IV )+ M )] = TV () - )} =

[(1 . Vv*) M, (\) + (1 + f/V*) M_(A)] -
I-U)[iI-U)" (I +U)+M(N] M_(N),

where U = VV* € [N,] is a unitary operator.

The Cayley transform 7 = i(I + U)(I — U)! is a self-adjoint operator, possibly un-
bounded. For unbounded 7 it is readily verified that «(I+U)(I—-U)"'f =«(I-U)"*(I+U)f
for any f € D((I — U)™'), hence

B0 = —5(1 = U) M) +T] M_ (),
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MZY M- (X) = MY [MOA) + T [M (X)) + T M- (N) .
Now the right hand of is

MMM+ T M) +T] - I} M- () =

:ngmgmnpwuy+¢]1@4@)—&M»]M;O»

Finally, taking into account (4.6|), formula (4.17)) transforms to the Krein’s resolvent formula

R(A,)\) — R(A, A)} Ny = —mlAM_l(A) (M) + T M2 (V).

4.4.

Here we turn to the resolvent of Weyl function. Let
My (A) = [l + VO, (N)] |1, — V@v()‘)]il ) Ve Ny, ).

In what follows we assume thaﬁgL some A € CT be fixed. Consider the linear fractional
o+1i

transformation L(o) = w = -, which maps the complex plane ¥ onto the plane (2.

Clearly, L (X1) and L (X7) are the interior and exterior of circle |w| = 1 respectively. The

1
inverse mapping is L' (w) = 0 = —il + iy
—w
Formula (4.6)) implies that Im My (\) > 0, hence the closed lower half-plane Imo < 0 is

a subset of resolvent set p (My (\)). Moreover, the following assertion is true.

Proposition 4.4 The resolvent set of My (\) comprises the exterior of the closed disk

— ) >\_f>/
D - ot |2 < =22 <1
(00, 70) {UG N 0,/ ’)\—fy < }
1 2 2
with the center oy, = 2'1 jiz and radius vy = %——52 .
A point o’ € o, (My (N)) if and only if (o) =w €0,(VO, (V).
o

Proof. Let o be arbitrary. Then

MVO‘) - ‘7[7 = {Z [[7 + V®7 O‘)] -0 [Iv - V@“y ()‘)]} [[v - V@“y ()‘)]_1 =

=[—(0—i) I, + (0 +i)) VO, (N)] [I, - VO, (N] " =

| (4.18)
=~ (o= |- Tve, W] 11, - Ve, () =
- i’iw I, — Ve, W] [, — Ve, (\)] .
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1
In the presence of estimate (3.9) we conclude that if m > (, then the operator I, —wV O, ())
w
is bounded invertible, hence the same is My (\) —ol. Owing equation (4.18)), we obtain also
the second assertion, completing the proof.
Let |w| =1, w # 1, so wV is an isometry. The corresponding self-adjoint extension of Ay

and its M-function denote respectively by A, and
My (\) =i [, +wVO )] [I, —wVO (\)] . (4.19)
The following theorem is proved in [9] for canonical differential operator.

Theorem 4.3 [fo € (—o0,0), then

1

(My(N) = o) = =

My (N) +0l,], w= L(0o).

Proof. From (4.19) by direct computations we get

va ()\) —i‘O'I'Y = va (/\) —Zl o
[

=i Kl - i—i) L +w (1 + i—(’:) Ve, (A)] L —wVe,(\)] " =

(L, = VO, (W] [I, —wVe, ()] .

w
- _—9;
Zl w

Now, from (|4.18]) we obtain

_1_].—(,4)

[My (A) — o] [, = VO, \] [I, —wVe, ()‘>]_1 = ——[My +o0ol].

1
1—w)? 1
It is readily verified that ﬂ =—-=
w o +1
Note that the formula proved above can be considered as a generalization of formula
My (X)) = —M_y()\) in Section 4.1.
To compute the resolvent of My (A) outside of real axis, consider the family { K, = wV, |w| < 1}
of contractions. According to (3.16)) and (3.17)), the ©-function of dissipative extension A,

18

, completing the proof.

Ouv (A) = [0, (\) —@V*] [I, —wVO, (\)] ' =
v(A)=16,(}) I 1 7 (V] (4.20)
= V@l - VO, (\)] [I, —wVO,(\)] " = =V*A (\).
If ¢ < |w| < 1, then the operator &, () is invertible and
Xy N =[I, —wVe, (V)] @, - Ve, (V)] ' =
= ww, (0.1, = VO, (V)] [I, — w. VO, (V)] = ww. X1 (N),

1 1

where w, = — belongs to the ring 1 < |w| < 7 It is also clear, that the image of this ring
w

under the mapping o = L™! (w) is T\ D (o4, ry).
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Theorem 4.4 The following formula takes place

1[a+2,va(/\)—Iw}, ceY, w=L(o)
I:MV()\)_O-[,Y]_II 0—0 |0—1

1 g+

U_ﬁ[a_in*v()\)—I}, o € X\ D (op,1¢), we = L(0).

Proof. We repeat the steps of the preceding proof.
If o € X7, from (4.20) we have

Xov (A) + 1_—@17 = Kw + 1_—‘”) I - (1 + wi_i) Ve, (A)} L, —wVe,\)] ' =

1l —w —w

— L Ve, )] I —wve, (V]

1l —w

hence from (4.18]) it follows that

e )=o) = = T (4 122
Again it is readily verified that
(1—w)2: 20 | — o — 2i(c-5) l-& _ o-i
2i (0 —1i)* (c—d)(@+1i) 1-w o+
thus -
o = T [y 2]

proving the first equality.

The second is verified on the same way, taking into account that the point ¢ isin D (o, 7).
The proof is finished.
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