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Abstract. We investigate the existence and representation of transmutations, also known as
transformation operators, for strings. Using measure theory and functional analytic methods we
prove their existence and study their representation. We show that in general they are not close
to unity since their representation does not involve a Volterra operator but rather the eigenvalue
parameter. We also obtain conditions under which the transmutation is either a bounded or a
compact operator. Explicit examples show that they cannot be reduced to Volterra type operators.
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1. Introduction

We are concerned with the existence and representation of transmutation operators between
two strings S; and Sy which are respectively defined by

(11) Sl(f): dMl dm+f() 0<z<L
' bf'(0) — af(0) =

and

(1.2) S2(f) = — sz(w dw+f( ) 0<z<L
' bf'(0) — af(0) =

where dM;(x), for i = 1,2, are Stieltjes measures, i.e. M;(z) is a real valued function, continuous
from the right, nondecreasing and normalized by M;(04) = 0. The string S; models the vibration
of a string and M;(x) can be seen as its mass between 0 and z, while L is its total length. The
constants a, b are real with a? + b # 0, and describe how the strings are tied down at the origin.
Observe that M; can include jumps and jl% f(x) denotes the usual right derivative at a point x.
Recall that S;, defined by (1.1) and (1.2), are symmetric operators, acting in the Hilbert spaces,
see [15, 13]

L
L3, —{fmeasurable: 1£113s, :/0 |f(z)|2dMi(x)<oo}.

Let us denote by ¢ and y the normalized solutions, which we call eigensolutions, of the initial value
problems

(1.3) { S1(g(, X)) = Ap(a, A)

p0,N) =b, g0\ =a 04

{ Sa(y(x,A)) = Ay(z, A)
y(07 >‘) =1, y'(O, )\) =a.

If (., A) € L%\/Il, then A is an eigenvalue of S; and ¢(., A) is an eigenfunction and in case A belongs
to the continuous spectrum then ¢(., A) is an eigenfunctional, see [10]. Since an eigenfunction is
not unique, the initial condition in (1.3) provides a simple normalization.
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We recall that an operator V : Lﬁﬂl — ]LI%412 is said to transmute the strings S; and So, see [3, 4, 17],
if
(1.4) SoV = VS;.
Applying ¢ to both sides of (1.4) formally yields

SaVe(z,A) = VSijp(x,N)

= AVp(z, ).

which means that Vo is an eigensolution of So, and so if it is unique, we should also have
(1.5) y(z, \) = Vo(x, \).

One should emphasize that (1.4) does not imply that S; and Sy are similar operators, since their
spectra may be different and usually (z,\) ¢ L3, and y(z,\) ¢ L3, , see[10]. Nevertheless the
Gelfand-Levitan theory uses (1.5) and (1.4), to compare and express one operator in terms of the
other. This simple idea is at the heart of the Gelfand-Levitan inverse spectral theory, which we
now briefly outline. The relation (1.5) in the 1951 Gelfand and Levitan theory, [9], reads

(1.6) y(x, \) = cos (zﬁ) + /OI K(z,t)cos (m[\) dt,

where y(x, \) is the eigensolution of the Sturm-Liouville problem

(1 7) 73//(1'7 )‘) + Q(x)y(xv )‘) - )\y(:c, )‘)7 0<z<oo,
’ y(0,\) =1, ¥'(0,\) = h.

A necessary condition for the existence of the transmutation in (1.6) is the asymptotic behavior of

the spectral function at infinity, [9, 17]

2
(1.8) T'(A) = =y/A; as A — oo
7r

A year later, M. G. Krein came up with a completely new direct method for the inverse spectral
theory for the string. Surprisingly, it used no transmutations or perturbation techniques, but
function theory, continued fractions and moments problem, [6]. To reconstruct the mass M of a
string, the spectral function is required to satisfy

< 1

(1.9) /0 T /\dF()\) < 00.

Observe that (1.9) covers a larger class of spectral functions than (1.8). Using a set of rules, on
how simple operations on M would affect the spectral function, M.G. Krein could in some special
cases reconstruct the mass of the string explicitly. In 1966, at the Moscow international congress,
M.G. Krein mentioned the open problem regarding the uniqueness of the inverse spectral problem
for the string which was then solved few years later by de Branges using Hilbert spaces of entire
functions. In 1976, Dym and McKean summarized the inverse spectral theory for the string in
their book [6].

How to extend the Gelfand-Levitan theory to strings? As a first step, this paper is to address
the question of existence and representation of the transmutation between two strings. In [7, 8],
Dym and Kravitsky studied the existence of the transmutation under the assumption of a small
perturbation of the mass. Their method starts with the spectral functions and then solves a
nonlinear integral equation through the Gokhberg-Krein special factorization theorem, see also
[1, 11, 24]. Basically for the transmutation to be close to unity, one needs the measures to be
close enough.

Here the treatment is different. We use direct methods, where only the transforms of the
strings are used, which avoids the heavy machinery of partial differential equations used in the
Gelfand-Levitan theory [9].
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Note also that in general, a string such as S; cannot be reduced to a Sturm-Liouville equation
such as (1.7), for the simple reason that the growth condition (1.8) may not be valid, see [13].
Also the Liouville transformation cannot be used unless M; is C® and is strictly increasing. For
applications and numerical methods of the string we refer to [2, 4, 5, 6, 16, 17, 21, 23].

2. Notation

Recall that dM; is in fact a Lebesgue-Stieltjes measure [20], which vanishes when M,; is
constant and its support supp dM; C [0, L]. The differential expression — M FIvAE)) d 2 defines then a
symmetric operator in the Hilbert space L?\/f To avoid any ambiguity about the division by zero,
M.G. Krein interpreted the initial value problem %%y(z) = f(z), y(0) = b, ¥'(0) = a, when

fe L?wi, as an integral equation

(2.1) y(z) = az +b— / ’ / ()M (€)dt

For a self-adjoint extension, we need to examine the right end point. In case the length is infinite,
L = o0, it is well known that operator S; is in the limit point case at x = oo if and only if
fooo 22dM;(z) = oo, see [15, p. 70]. In that follows we assume that we are in the limit point case,
otherwise we must add a boundary condition at z = oo to make Sy in (1.1) self-adjoint. In case
the length is finite, L < oo, the type of a boundary condition to be added at x = L depends on
the presence of a jump of the mass at = L, which is called “heavy mass”, see [6]. M.G. Krein
allowed the boundary condition at x = L to be a function of A, which led to a family of spectral
functions. He then defined a principal spectral function when the associated transform was onto,
[15]. Since finite length strings can be extended to the right, without loss of generality we can
assume that L = oo and that S; are self-adjoint in L3,

When S, is self-adjoint, its eigensolutions, (1.3), form the kernel of the transform associated
with Sl

F
2 Fo o
LM1 - Lrl
where

/ F(@)p(z, )M, (z).

The inverse transform is given by

@) = [Pl )Nt Nara ()

where the spectral function I'; is non decreasing7 right continuous, supp dl'; is the spectrum of S,
and the Parseval relation, for any f, g € L3, 31, vields

| i@ @ = [P O0F @ o)
We now introduce a notation used to compare Stieltjes measures
dl1(A) =0 (dly (M) as A — oo,

if for all measurable functions with respect to dI'y, and dI';

/OO [f(AN)]dT1 () < c/Oo |f(A)] dT2(A) holds for large N.

N N
The fact that dI'; is absolutely continuous with respect to dI's, is denoted by dI'y <« dI's and
means there exists g € L1 ¢ such that dl'y(A) = g(A\)dl2(A). Similarly dT'; <24°¢ dT", means that
g e L2 loc while dT'; <> dF2 means esssup g¢(\) < oo and finally the cut-off function is defined

A€suppdl's
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if x> . . . . .
by z4 = { g ilf xx;% . When integrating functions of two variables with respect to one of the

variable, we shall indicate it by labeling the measure. For example f(x,t) € L?V[l(t) means

£ DI 0 = / 1F (@, O dML () < oo,

The measures I'; are always associated transforms and so with the variable .
In all that follows we assume that the strings in (1.1) and (1.2) have infinite lengths, M;(0+) =
0, L = oo, and are self-adjoint. To this end we need either

/ 22dM;(x) = 0o for i=1,2 (LP case at = o)
0

or fo 22dM;(z) < oo, limit circle case at & = oo, but then we must add a boundary condition
there.

3. Preliminaries

The normalized eigenfunctions of Sy, see (1.1) and (2.1), satisfy the integral equation
o(2,A) — az — b= —)\/ (2 — ) o(t, M (1),
0

For any fixed x, we have (z — t); € L?Vh(t), and so —3 (¢(z,A) — ax — b), as its F, transform,
belongs to L12“1' Therefore by the Parseval relation we get

(3.1) /;2\ (2, 2) am—b|2d1“1()\):/;(:Jc—t)ngl(t) for 0<a.

Similar relations hold for the transform F, associated with operator S, and its spectral function
I'5. Using the above relation we have

PROPOSITION 1. For all x > 0 we deduce

(1) % (p(x,\) —ax —b) € L12“1
(i) [ % l@(z,A) —az —b[>dT1(N) = [ (x — t)2dM; (t)
(iii) The set 5 (¢(x,\) — ax — b) is complete in L
Proof. (i) and (ii) follow from (3.1). To see (iii), we first show that the set {(z — t)+}w>0 is
complete in L?Ml that is for any g € L?Ml, if

(3.2) G(z) == / (x —1t)g(t)dM1(t) =0 forall x>0 then ¢g=0 dM; —a.e.
0

Note that the function G(x) is continuous and differentiable and so
dr v
0= 26() = [ atamn(o).
Differentiation with respect to M; leads to
d d*
dMl( dM, () dz ™+

which means that the family {(x —t) +}$20 is complete in Lﬁ/fl(t). The image of a complete

- G(z) = g(2),

set in L?\/ll by the F,— transform remains complete in L12“1 and so {F, ((x —t)+)}0§z<oo =
{5 (p(x,\) — az — b) }o<w<oo is also complete in L .00
Similar result can be also stated for the string S; . We now prove the existence of a transmu-
tation between eigensolutions of S; and Ss
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PROPOSITION 2. Assume that dI'1(A) = O (dT'2 (\)) as A — oo, then for each x > 0 there
exists H(x,.) € L3, such that

(3:3) y(, N) = ol A) + A / " H(a )plt, \dM (1),

Proof. We only need to prove that for any given = > 0
2

(3.4) / h ]i (y(. ) — ()| D) < oo,

Observe that since 1 (y(z,A) — ¢(z, \)) is continuous in A, and y(x,0) — ¢(x,0) = 0, then

2

N
|5 6 = et ari) < o
0

for any finite N. For large N, use the fact that dI';1(A) = O (dT's (X)) as A — oo to write

2 2

‘i (y(z,X) — az = b)| dl2(}) < o0,

o0

dr,(\) < c/

N

/:\i@(x,»—ax—b)

thus (3.4) holds. Using the inverse F,— transform, (3.4) implies the existence of H(x,t) € L?Ml(t)
such that

(y(@,\) — o(z, 1)) = / " H(a )plt, \ML (1),

> =

ie.

(3.5) ylx,\) = oz, A) + )\/Ooo H(x,t)p(t, \)dM; (t).0

So far the transmutation operator (3.5) has been defined over a family of solutions only, namely
(., A) and its range is also a family of solutions y(., A). Unfortunately these solutions cannot be in
the Hilbert space L3, , when X is not an eigenvalue, see rigged spaces, [10]. Next in order for (3.5)
to define a linear operator, its action must be independent of A\, thus we must remove the spectral
parameter \. To this end use the fact that

det(z,\) = —Ap(x, \)dM; ()

to recast (3.5) into an operator form

(3.6) y(z. ) = plz. ) - / T H(e 0dgt (1, 0).

To find the domain of the integral operator in (3.6) that maps ¢(.,A) — y(., A), we need to
examine the integrability of the kernel H. For that purpose we prove the following proposition,
which by itself is of independent interest.

PrROPOSITION 3. Let I'y and 'y be two nondecreasing functions defining Stieltjes measures.
Then

dl'y <> dUy if and only if L}, C L7 .

Proof. It is enough to prove the converse, that is the assumption L%2 - L12“1 leads to bound-

edness of the identity mapping L, — L, . Otherwise there exists a sequence {f,.},~, C Lf, such

L L
that f, 22 0 but fn 24 0. Thus there exists ¢ > 0 and a subsequence of f,, which we denote

again by f,, such that

2 1 2
”anI‘2 < ﬁ but ”an1‘1 >e>0.
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Define by v = [ 32 |f,|?. It is readily scen that 1 € L3, since ||7,/1||§2 = > ||fn||%2 <Y L <o
n>1 n>1 1

n2
2 2
llE, =D 1l =D e =c0,

n_
n>1 n>1
which means that there is ¢ € L, such that ¢ ¢ L , which contradicts Lf, C L§ . Thus the
identity mapping Lf, — L must be bounded, i.e.

(3.7) / FOP D) < ¢ / FO2dTo(N).

Thus a negligible set with respect to dI's is also negligible with respect to dI'1(A) by (3.7). By the
Radon-Nikodym theorem [20] dI'; is absolutely continuous with respect to dI's, i.e. there exists
a locally dI'y integrable function g(\) such that

dT1(A) = g(\)dTa(N)  dTs ace.

However

We now show that g is essentially bounded. To this end use (3.7) to obtain

SO g00dra) < e [ 17001P dra(.

Thus the mapping b — [ h(A)g(A\)dl'2(\) is a bounded functional on L} which implies that
4 o
9 € (Lar,) =L, O
We now prove:

THEOREM 1. Let dI'y <= dI'y then
(38) ||H(JJ, t)”Ml(t) <c H(l‘ - t)+HM1(t)+M2(t) .

In all that follows by ¢ we denote a universal constant, that can be distinct in different places.
Proof. Observe that (3.8) is a uniform bound on the kernel H. jFrom (3.3) it follows that
H ez, A) —y(z,\)

1H (@, )y = R

I
H(p(m,)\)—aw—b Hy(am/\)—ax—b
< | | -
A r A r,
The fact dI'; <*° dI'g, see Proposition 3, implies
‘y(m,)\)—ax—b <CHy(:c,)\)—ax—b
A r, A I
and Proposition 1, but stated for Sg, then yields
y(z,\) —azx —b
1 < 16— 04l +ef LN
Iy
< - t)+HM1(f,) +el|(z - t)+HM2(t)
< ell@ =01 lhnranm

In terms of integrals (3.8) means that

/ H (2, 1) M (8) < c/ (@ — )2 d[M; + My (8).
0 0

COROLLARY 1. Ifdl'y <= dl's and dM; < dMy then
(3.9) 1H (@, Ol ary ) < cll@ = O+ llary e -
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< clj(z - and (3.8)

DI (PP

Proof. Observe that if esssup2¥L < oo then | (z — t)+|}M
>0 1(2)

M,
yields (3.9).0
Since M3(0+) = 0 we have

=04y = | @02 da) < a* [ aba(t) = (o).
Thus the norm of H(z,-) satisfies the inequality
VH @, 8) g, o) < co/Ma(@).
We now prove the converse of Theorem 1.

THEOREM 2. Assume that

i) y(@, ) = @@, \) + A [§7 H(w, )p(t, A)dMi (),

W H @, )| ag, ) < i@ =8+l

iii) dMy < dM,

then dl'y <«° dI's.

Proof: From i) it follows that

1 o0
SN = etz ) = [ Hlz e a0

then by Fy-transform + (y(z,\) — ¢(x,\)) € L}, since by i) H(z,-) € L3 . Recall that from
Proposition 1 we also have

(p(z,\) —ax —b) € L%l

> =

and so we deduce that

% (y(z,A) —ax —b) € L12“1-
Hence,
1 1 1
310) |0y -ar-v)| < S0 -ewm| o+ e -y
Iy Iy Iy
= ||H(x7t)||1\/[1(t) +[I(z — t)+||M1(t)
< cll@=D+llae +el@ =D+l
1
< ey (@A) —az —b)

I
Let C, be the set of continuous functions with compact support. Since C, C L%z ﬂL%l the identity
operator L12“2 — L12“1 is always densely defined. Observe that (3.10) means that the identity
operator L{, — L{ being uniformly bounded on the complete set {3 (w(x,\) — az — b)}Aech ,
whose convex hull is dense in L, , is therefore bounded. This means that ||, < c| fll, for all
feLi,, or L} C L{ . Thus by Proposition 3, dI'y <> dI's.

Combining Proposition 2, Theorems 1, 2 and Corollary 1 we arrive at

THEOREM 3. Let dM; <*° dMsy then
y(z, A) = o(z,A) + A/ H(z, t)p(t,A) dMy(t), with |H(z,t)|[ar, @) < cll(z =)+l an @
0

if and only if dI'y <« dI's.

Under the assumption that I'; grows slowly at A = 0, we can prove the square integrability of
H (-,t) with respect to dM;(z).
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PROPOSITION 4. Let dI'y < dI'y and dMy < dMs. If moreover, foa /\1—2dF1(A) < oo for
some € > 0, then [° |H (z,t)|* dMq(t) € L3, (@)

Proof. From (3.5) and the inverse F-transform we deduce that
1
Hiet) = [0 = ez ) ot o)

/ ) 2N ar, (3) / A o, Nyara (3
= ILi(x,t) — Ix(z,t).

To examine I5(x,t), recall that any spectral function I'y of the string satisfies fo

mxdl(V) <
00, see [6]. The assumption [ 5zdl'1(\) implies that [ {zdl'1(A) < co. Since S; has at most a

finite number of negative eigenvalues, then f_oooo )\%dfl(/\) < oo which means that

1
(3.11) 3 (at +b) € L},
which combined with % (¢(t,A) —at —b) € LE, see Proposition 1, imply that %gp(t, N eLi e
1 2
(3.12) /‘/\cp(t,)\) dl(N\) < oo

For every fixed ¢t > 0, I5(-, t) being the inverse F(¢)-transform of $¢(t,\) € L}, belongs to L?wl (@)
Now use the fact that dI'y < dI'y to recast the function I; in the form

hat) = [ oleX)elt A0

_ / W,A)% (t, A)j?;()\)dl“g()\).

It remains to see I;(-,t) as the F,—inverse transform of a function from L%2. To this end we
estimate the function @%()\) using (3.12)

o(t,\) dF1 dry 1
To(N) < a Z
/’ 3 dF2 d 2(M) < esssup o (A)/‘/\w(m)

Thus [ (z,t) € LMZ(I) C LMI(I) which means that H (z,t) = I (z,t) — Iz (z,t) € L?WI(I)D

2

4. The transmutation operator H

From Proposition 3, we have the existence of the kernel H. Now observe that

) = /0 H(x, ) f(1)dMi (1)

defines a continuous functional on L3, ,

HH(m,t H]V[l(t) Hf”M1 :

IA

/000 H(x,t)f(t)dMl(t)‘

IN

Thus we have proved

PROPOSITION 5. Assume that d'v = O (dI's) as A — oo then for each fized x > 0, f —
Jo" H(x,t)f(t)dMy(t) defines a bounded functional on L3, .

We now show that (3.3) can be used to define an integral operator in L?wl. More precisely we
have
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PROPOSITION 6. Assume dlI'y = O (dI'2) as A — oo, 4L € L2 dM, = O (dMs) as & — oo
then the operator L3, — L3,

g / " (e, )S19(t)dM, (1)

is densely defined in L?V[l.

Proof. From Proposition 2, H(z,t) € Lih(t) and Parseval identity and (3.3) imply that for
any f € L3,

(4.1) / " He 00 () / T F, (H(@, ) (WF, (/) (VdE ()

= [ e = ol ) T ()
Now choose f = S;g, which means

Fo (£) (A) = Fy (S19) (A) = AF 4 (9) (A)-

Thus (4.1) can be written as

| Haossonnn = [ 0w - ple ) F (0 )

/OO y(z, ) F, (9) (A)dlr(A) — /OO p(z, M)Fy (g) (A)dl1(X)
0 0

_ /O (e VE, (9) (V)DL (V) — 9(),

which holds for all g € Ds,, that is when Fy, (9), AF,, (g9) € L7 .
The range of the operator g — [~ H(z,t)S1 (g) (t)dMi(t) depends on the set of functions

Ag)(2) = / Y@ VF, (g) ()L ().

In order to see y(g) as an inverse F,—transform we first restrict v to the following dense set in
L?\/ll :

{g€ L3, :F,(9) €C,} C Ds,.
We deduce that y(g) is a continuous function and so y(g) € L?\}Illoc. Furthermore since g—?; € L?’joc

we have Fy, (g) (\)2EL(\) € LE and

+(g)(x) = / T Ur NP ) )TN (V) € I3,

(From the condition dM; = O (dMs) as x — oo it follows that for large N

oo

/ T @)@ dM () < ¢ / (9)(@)]? dMs(z)
N N

and since y(g) € L?V[’lloc we deduce that v(g) € L3, which means that

/0 " H (e, 0819(t)dM, (1) = A(g)(2) — glx) € L2y,

Thus the operation g — [ H (x,t)S19(t)dMi(t) is densely defined in the space L3, .00
We now obtain a sufficient condition for the operator H to be compact.
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PROPOSITION 7. Assume that d'; <> dl'y, then H is a compact operator from wal nto L%Vh

if
o0 xr o0 x
(4.2) / / (z — t)* dMy(t)dMy(z) < 0o and / / (z — t)® dM; (t)dMs(z) < 0o
o Jo o Jo
Proof. From Theorem 1 it follows
o0 2 dF1 r 2 v 2
|H (z,t)]” dM;(t) < 2 esssup—— (A) (x —t) dMa(t) +2 | (z—1t)"dMi(t),
0 A dl 0 0

which leads to

dr; 0 rx )
/ / (2, t)> dMy () dMy(z) < Qessiupd—m()\)./o /0 (x —t)" dMa(t)dMs(z)
+2/0 /0 (z — t)* dMy (t)dMy(z).0

A sufficient condition for the realization of (4.2) would be

/00 22 My (x)dMy(z) < oo and /OO 22 My (2)dMy(x) < oco.
0 0

Once an operator is densely defined, we can ask for its adjoint.

5. The adjoint operator H*.

PROPOSITION 8. Assume that dM; <*!°¢ dMy and dU1(\) = O (dl'2) as A\ — oo. Then
H* : L3, — L3, which is defined by

/ H(z,t)f(z)dM,(z),

is densely defined, and for any f € C,, we have
d
(5.1 PN + AR (1) ) = F, (1@ @) 0

Proof. Multiply (3.3) by f € C,, supp f C [a, b] say, to obtain
(5.2)

A/ /th) (t, \)dM, (t)dM; (z /f y(z, \)dM, (z /f oz, \)dM (z)

Observe that from proposition 4, [ H(x,t)p(t, \)dM(t) € L3, and so

@) [ He et N (1) € Ly,
0

from which it follows that

b [e%)

/f(x) / H(z, t)p(t, M, (t)dM () = / / F () H (z,£)p(t, \)AM, (£)dM, ()
(5.3) - / / F(2)H (2, 0)dM, (2)(t, N)dM ()

- (/f xtdw))w.

On the other hand the right-hand side of (5.2) is equal to
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b
[ st namn@ - [ et @) = [ 1@t @ @) - Fa0

_ F, ( 1) ;’% <x>) () = Fo ().

Since f € C, and dM;(x) <>1°¢ dMy, then f(z )g%; (z) € L3, and thus F, (f(x) Z%; (;v)) eLi..
Because dI'1(A) = O (dI'2) as A — oo, then
dM1 dMl

55 [ R (roGi@) o] o e [T, (0% ) o

But
R (105w ) W= [ @t N

is continuous with respect to A, therefore, for any N

56) [ (s o

We deduced from (5.5) and (5.6) that F, (f(m) i, (m)) € L3p, and since F(f) € L{ , it follows

2 2

drg()\) < 00.

2
dr1()) < oo.

dMs

r, (F0) @) - Foln € 22,

! <F (f(m) . (x>) - Fq;(f)> -/ " @)% (9l - oo ) dM )

is bounded as A — 0, it follows that

1 dMy

3 (F (f0GE@) - Fon) e 12,
and so fab f(@)H (2, t)dMy(x) € L3, for any f € C,. As C, is dense in L3, , the operator H* :
L3, — L3, defined by

Observe

is densely defined. Furthermore from (5.3) and (5.4) it follows (5.1).0

6. Adding a potential
We now extend the above construction to include operators such as

(6.1) SM((b)(x) = d%/[l(z) dz T ¢($ )‘) + Q1( )(;5(.’];, )‘) = )\(b(.%‘, )‘)7 0<z<oo
?(0,A) =b, ¢'(0,A) = a.

where the potential ¢; € L?\}[lfc(o, o0). The classical Sturm-Liouville problem corresponds to par-

ticular case when M (z) = x, i.e. S14(¢)(x) := —%(é(x, A) + q(x)p(z, A) = Ao(z, N).
Similarly define the second generalized string by

S2Q('(/))(I) = dM2 dm+ '(/}(x /\) + q2(x )¢($7>\) = )"(/}(xa)‘)’ 0<z<oo
¥(0,A) = b, ¥'(0, /\) *a
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where the potential go € L?\/[J:C(O, 00). Equation (6.1) is equivalent to

6.2) ¢z, \) =az+b+ /0 (z — ) qu ()b (t, \)dM (t) + A/Ogﬂ (z — ) $(t, \)dM, (1).

The addition of a potential changes dramatically the spectrum from being mainly positive to
possibly covering the whole real line. Thus the support of the spectral function is a subset of the
real line.

We now show that a transmutation between the strings S, and Sy, exists under minimal
conditions dI'y (A) = O (dI'2(\)) as A — £oo.

PROPOSITION 9. Assume that dI'1(\) = O (dT'2(N\)) as A — +oo, then there exists Hy(x,t) €
L?Ml(t) such that for x >0

B, ) = o, A) + A /0 " Hy (e 1)6(t, N (1),

Proof. For A — £00, we can recast (6.2) into

J 0@ a0 = [ @-Dabeeinw + [ @0 oedn0

and since (x —t), qi(t), (v — 1), € L?Wl(t)’ we use Parseval equality to deduce successively that

/0 " (@ — 1) ({8, \)dM (1), / " (@ — 1) ot My (8) € L. (N, o)

and since the mapping F — $F is bounded in L (N,00), it also follows that

3| - na@et a0 < 1, (v.)

and so

1
(6.3) 3 (¢p(z,A) —az —b) € L} (N, 0).
We repeat the same argument for the second solution 1 to obtain

1

1 ((z,A) — az — b) € L}, (N, 00)
and since dI'1 (\) = O (dT'3(A\)) as A — £o00, we deduce that

1

(6.4) 1 ((z,A) —az —b) € L, (N,00) C LE, (N, 00).

Subtract (6.3) from (6.4) then yields

1

5 W, 2) — oz, A)) € L}, (N, o0).

Repeat all the above arguments using LE (—oco, —N) instead of LE (N, o0) leads to § (¢(x,A) — ¢(z, ) €
L? (=00, —N) which means

1
(65) X(w(xv)‘) —(b(.’l,‘,)\» € L12—‘1 [(_007_N) U <N7 OO)]
To finish we observe that )
as a function of A is continuous for A € [-N, N] for any large N > 0, and so

1

(66) X(’L/}(ma)‘) _¢($7A)) € ngl(_Na N)
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Combining (6.5) and (6.6) leads to
% (Y(x,A) — ¢(x,N)) € L, (=00, 00),

and the inverse F4—transform implies the existence of Hy(x,t) € L?Ml( "

((@, ) — () = / " H, (e, )6(6, \)AM, (£).0

> =

In order to proceed further we rewrite the transmutation operator as

b ) = oo )+ /Ooquw,t)w(t,A)dMl(t)

oz N) + / " Hy (e, 0)S106(t, NdM, (1

= ¢(xa/\)+/ooo Hq($,t)d+¢(t,)\).

The kernel H, contains all information about the solution ¢ and so contains the information about
My and qs.

In practice, we usually do not have the spectral function explicitly. In the next proposition we use
an important fact that asymptotics of the spectral function I" as A — oo depend on the behavior
of M as x — 0.

PROPOSITION 10. Assume that lim,_,q 5%11 =k #0, lim,_.¢ g%g = ko # 0, and spectrum

of S1 is bounded from below. If 0 < aq < ap then there exists Hy(z,-) € L?Ml (0,x) such that for
x>0

D(@, ) = b, A) + A /0 T H, (2, )0t A M (1),

Proof. We only need to show that conditions of Proposition 9 hold. First when A — —oo,
dl'1(A) = 0 and so the condition dI';(A) = O (dT'3(\)) is trivially verified. However when A — oo,
we have two separate cases, see [14]: if

a # 0 then I‘i()\):q)\%—i-o()\%) as A — oo,

24a; 24y
a = 0 then T;(A) =A™ 4o ()\H'”i) as A — oo.
Since 0 < a; < o implies —21- < 22 j o 41 c)\<1+zii?ia2> < oo as A — oo.ld
1= 2 p 1+ay — 14+as 7" dI'g ~ :

We now present explicit examples which show that the representation of the transmutations
cannot be in general triangular or close to unity, see [11].

7. Examples

Many examples of all kinds of spectra, for various potentials, can be found in [6, 22]. The
purpose of the following examples is to illustrate two essential facts of transmutations for strings,
which make all the difference from the usual transmutations for Sturm-Liouville operators (1.6).
The first is that one should have the parameter A in the integral. Secondly the upper bound may
not be just z as in the Gelfand—Levitan theory.

Example 1. Let M;(z) = x and My(z) = p?z, a =1, b= 0, p > 1. Then for z > 0, we have

+ +
[Sl] { _ddi‘/ljddxigp(x7 >‘) = /\LP(% )‘)7 and [SQ] _ﬁ%#y(zr >\) = /\y($7 >‘)
©(0,A) =1, ¢'(0,A) =0 y(0,A) =1, ¢'(0,A) =0.
The eigenfunctionals of the strings are

oz, A) = cos(zVA) and y(z,\) = cos(pzVA)  for z > 0,
a1



and their spectral functions, [19], are given by

_Ld and dl'o(\) = = d

IR VW N

Thus by Proposition 2, the transmutation exists

)

dl'1(A)

cos(pzVA) = cos(zV\) + )\/ H(z,t) cos(tV/\)dt.
0
Computing the kernel H, we obtain

H(xz,t) = 1 /OOO 1 (cos (pxﬁ) — cos(x\&)) cos (tﬁ) ax

™ A VA
1 -1 -1
= min{p;x, ’p2 x—&-t’}sign [p2 x-i—t}
1 -1 -1
—|—min{p;—x, pZ:E—t’}sign [p2 m—t}.

One can verify that H(z,t) = 0 if ¢ > pz, but H(x,t) = px — ¢ # 0 if t < pz, but close to pz.
Therefore we deduce an explicit form of the type
pT

(7.1) cos(prV/A) = cos(zVA) + A H(x,t) cos(tV/A)dt.
0

Here we notice that the multiplier A is needed simply because for any fixed z > 0 we have
cos(pzv/A) — cos(zV/\) ¢ L%& while the integral on the right hand side

px

; H(x,t) cos(tVA)dt € Li/z.

Thus the role of A is to ensure that } (cos(pxﬁ) - cos(xﬁ)) € LQ\F.
+

As for the integral upper bound in (7.1), it cannot be just x as in the transmutation used by
Celfand-Levitan. It is easily seen that since the growth type of cos(pzv/A) —cos(zv/A) as a function
of v/ is pz, when p > 1 the Paley-Wiener theorem implies that the support of the transform must
be included in [—pz, pz| and the fact that the transform is even, reduces it to [0, px].

Example 2. Consider transmuting the strings when «a, 8 > 0,

—z7%" (2, \) = Ap(z, ), 0<ux —z By (z,\) = M\y(x,N), O0<ux
[Sﬂ{ ¢(0,A30: 1 @'(O,;\p) =0 [SQ]{ y(o,Ajy: 1 y’(O,)?\J) =0.

Their eigensolutions are the well known Bessel functions

p(r,\) = a(MVrY_L ( 2V 2+2”> and  y(z,\) = co(A\)VaY _L_ ( 2vA ng) .

2+a |\ 2 4 am 248
The spectral functions are [14],
INTOVNES CiA5+2 and o) =~ Cg)\% as A — oo.
This leads to the following conclusion.

COROLLARY 2. If B > a > 0 then there exists a transmutation such that

y(z,\) = o(z, \) + )\/OOO H(z,t)p(t, \)t*dt.
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In terms of Bessel functions the above relation becomes

2V 2is 2V zia
VIV 535 7 | = allVavar (55

° 2 24a
+>\(31(>\)/ H(]J,t)\/{fYﬁ QLtL 1o dt
0 (3

An interesting particular case is when o = 1, i.e. ¢(x, A) = cos (mﬁ) , thus for 8 > 1 we have

(A )\FYT ;_F\/émwz_ﬁ = cos (xxf)\) + )\/OOO H(z,t) cos (t\&) dt.

Acknowledgment. The authors sincerely thank the referee for his constructive comments.
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