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Abstract

We investigate convergence of the rational-trigonometric-polynomial interpolations which
perform convergence acceleration of the classical trigonometric interpolation by sequential
application of polynomial and rational corrections. Rational corrections contain unknown
parameters which determination outlines the behavior of the interpolations in different frame-
works. We consider approach for determination of the unknown parameters by minimization
of the constants of the asymptotic errors. We perform theoretical and numerical analysis of

such optimal interpolations.

Key Words: Convergence Acceleration, Trigonometric Interpolation, Rational Interpolation,
Krylov-Lanczos Interpolation
Mathematics Subject Classification 2000: 41A20, 42A15, 65T40

Introduction

We continue investigations started in [12], [I3] and [14] where we considered convergence

acceleration of the classical trigonometric interpolation

2 Ff imnxr [ 1 2 —iTNnTy 2k
IN(f;:U>: Z fne s fn:2N+1 Z f($k>e 7wk:2N—|—1
n=—N k=—N

via sequential application of polynomial and rational correction functions. Polynomial cor-
rection was representing the discontinuities in the function and some of its first ¢ derivatives
("jumps”). The resultant interpolation Iy ,(f) was known as the Krylov-Lanczos (KL-)

interpolation (see [I], [3]-[8], and [TI0] with references therein). Additional acceleration of
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On some optimizations of trigonometric interpolation

) correction functions

the KL-interpolation was achieved by application of rational (by e
along the ideas of the Fourier-Pade approximations ([2]). This interpolation Iy, (f) was
known as the rational-trigonometric-polynomial (RTP-) interpolation where p is the order
of denominator in rational correction (see [12]-[14]).

Rational corrections contain unknown parameters 6, which determination is a crucial

issue for realization of the RTP-interpolations. In [12] and [13] it is assumed that

Gk:&k:l—%,k:l,...,p, (1)

where the new parameters 7, can be determined differently and are independent of V.
Papers [12] and [13] investigate the pointwise convergence of the RTP-interpolations in the
regions away from the endpoints = 1 and in the numerical experiments consider the case
when 7, are the roots of the associated Laguerre polynomials. In this paper we continue
investigations of the RTP-interpolations with parameters 6 as in (I). We derive exact
constants of the asymptotic errors and determine the parameters 7, to be optimal in the
sense of the considered frameworks: pointwise convergence in the regions away from the
endpoints and Ls-convergence on the entire interval. This RTP-interpolations we call as
pointwise-minimal and Lo-minimal RTP-interpolations. Theoretical and numerical analysis

outline the properties of such interpolations.

1 The Krylov-Lanczos interpolation

First we recap some details from [10] concerning the polynomial corrections.
Let f € C7Y—1,1]. By Ax(f) denote the jumps of f at the end points of the interval

Ae(f) = FP) = fB(=1), k=0,...,¢ - 1.

The polynomial correction method is based on the following representation of the inter-

polated function
f) = Au(f)Bi(x) + F(w), (2)

where By, are 2-periodic Bernoulli polynomials
1

By(x) = g, Bi(z) = /Bk_l(x)dx, z € [-1,1], /1 By(z)dx =0

with the Fourier coeflicients
(_ 1>n+1

Bu(k) = 5y

Function F' is a 2-periodic and relatively smooth function on the real line (F € C7'(R))

with the discrete Fourier coeflicients
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82 A. V. POGHOSYAN

Approximation of F in by the classical trigonometric interpolation leads to the Krylov-
Lanczos (KL-) interpolation

q—1

Ing(fi2) = ZAk<f)Bk(x> + In(F, 2)

k=0
with the error
rng(fia) = fz) = Ing(f; 2).
We need some theoretical and numerical analysis for further comparisons. The next

theorem reveals asymptotic behavior of the KL-interpolation in the framework of the Lo-

norim.

Theorem 1. [10] Let f € C[—1,1] and f9 € AC[—1,1] for some q > 1. Then the following

estimate holds
. 1
A N2 g (), = [Ag(H)le(a),

where 1 ) 2
“la) = ﬂ;ﬂ 2q2+ i +/_1 ;ﬁ
Table [1) presents the values of ¢(q).
q |q=1]q=2|q¢=3|q=4] q=5 q=6 q="1

c(g) | 0.084 | 0.019 | 0.0055 | 0.0015 | 4.4-107* | 1.3-107* | 3.8-107°

Table 1: Numerical values of ¢(¢) from Theorem

Theorems [2| and |3 describe the pointwise convergence of the KL-interpolation in the

regions away from the endpoints r = +1.

o (=
Om = S:ZOO (2s+ 1)’

Theorem 2. [10] Let ¢ > 2 be even, f € C9—1,1] and f9*Y) € AC[-1,1]. Then the
following estimate holds for |x| <1

(—1)N+2 sinZE(2N + 1)

2mwatl Na+l cos 7

Theorem 3. [10] Let ¢ > 1 be odd, f € CT2[—1,1] and %% € AC[-1,1]. Then the
following estimate holds for |x| < 1

()N (g + 1) sin 22 sin 22 (2N 4 1)

TNvQ(f; .T) = AQ(f) 4ﬂ_q+]_Nq+2 C082 % q+2

Denote

TN,fI<f§ I) = Aq(f) ¢q+1 + O(quil), N — oo.

(—1)N+2 sin TZ(2N 4 1)

2mat2Nat2  cos 12 Garz + 0N, N = co.

+ Aga(f)
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On some optimizations of trigonometric interpolation

Now consider the following simple testing function that we use for numerical analysis

f(z) = sin(z — 1). (3)

As we see from Theorems [2] and (3| the behavior of the KL-interpolation (and also the

behavior of the RTP-interpolations as we will show below) is different for even and odd ¢

and in numerical examples we show the results for both cases. Figures [1| and [2| show the

behavior of |ry,(f;2)| on the interval [—0.7,0.7] (left figures) and at the point = = 1 (right
figures) for N = 2048 and ¢ = 3 and ¢ = 4, respectively.

35x1078 1
3108 ] 1.x102|
25x10718 | 8.x10°13
2.x10718 . 6.x10-13
15x1028 | I
; 4.x10713 |
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06 o4 o2 f 02 oa o6 09988 09990 09992 09994 09996 0.9998 1.0000

Figure 1: Graphs of |rags 3(f; )| on the interval [—0.7,0.7] (left) and at the point x = 1 (right) for the
function (3)).

15x10°° 35x10747¢
i 3.x1077F
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Y S e I Vinmrvey T 09988 0.9990 0.9992 0.9994 09996 0.9998 1.0000

Figure 2: Graphs of |rags.4(f; )| on the interval [—0.7,0.7] (left) and at the point x = 1 (right) for the
function (3)).

We calculated also the Ls-norms of the errors

I720a8.3(F) |2, = 2.0- 107", |lroousa(f) |2, = 1.7- 1075, (4)

2 Rational-trigonometric-polynomial interpolation

In this section we investigate the method of additional acceleration of convergence of the

KL-interpolation by rational correction functions and recap the main ideas from [12] and
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84 A. V. POGHOSYAN

3.

Consider a finite sequence of complex numbers 6 = {0 }f k=1 and denote
52(07 Cn) = Cp,

580, c) = 05710, cn) + 0_k0E71(0, ¢n) + Ok (85710, ¢0) + 0_161 1 (0, ¢))

for some sequence c¢,. By 6%(c,) we denote the sequence that corresponds to the choice
0 = 1. It is easy to check that

5713(071) = A?fj—k(cn)’
where AF(c,) are the classical backward finite differences defined by the recurrence relation
An(en) = ca
Aﬁ(cn) = Aﬁ_l(cn) + Aﬁzll(cn)-
We can write according to expansion ([2))

N —-N-1

TN,q(f;ZL‘) = Z (Fn_Fn)emmﬁ+ Z Fneiﬂnx+ Z Fne”m,

n=—N n=N+1 n=-—o0o

where F;, is the n-th Fourier coefficient of F’

1 [t :
F, = —/ F(z)e "™ dx.
2/

Now, we proceed by sequential applications of the Abel transformations and get

P k—1/p 7
rg(fia) = (7N — eV § H_kéN‘ 0, F,) |
= Lo (14 0_se™) (1 + O,e7im)
s 00530, F)

+(einx i e—i7r(N+1)g;> | |
; H]::1(1 + 673627“”>(1 _|_ 956_7‘7”3)

) i 5P (0, F,)e™=

In|=N+1

1
P 1+ 0_em)(1+ fyeim

+

_I_

N
1 .
. . E 0P (0, F,, — F,)e'™",
18’21(1 + 9_8617@)(1 + 9567”@) S~ n( )

which leads to the following rational-trigonometric-polynomial (RTP-) interpolation

p k—1 n
—imNx o T G*k(s (97Fn)
Rg(fiw) = Ing(fim) + (7™ — D )an (1+96 Ziwx)(1+ee—i”x)
k=1 s=1 —-s s

+ (ein;r . e—iW(N-i-l)ac) Zp: 9[665;\71(9’ Fn)
k=1 H’;:l(l + 0_gei™) (1 4 O e im)
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On some optimizations of trigonometric interpolation
with the error
rP (f!L’) _ 1 Z 517 0 F wrnx
N ) - - —
»q IS’:1 (1 + 9_8627rx>(1 + 956 'er ‘nl ~
1 .
+ : : }E: 82(0, F, — F,)e"™ (5)

Isjzl(l + 0_36””3)(1 + Qse—mx) =

Throughout the paper we suppose that parameters 6, are chosen as in (|1)). Determina-
tion of the new parameters 7, will be discussed later. Let 7x(7) be the coefficients of the

polynomial
p
H (14 75z Z ~s(T)x®. (6)
s=1

Now, we investigate the convergence of the RTP-interpolation I% (f) in different frame-
works. First we display some results from [I3] where pointwise convergence in the regions
away from the endpoints was explored. Then we consider Ls-convergence of the RTP-
interpolations.

Denote

p p

7pm,p = Z(_l)Sst(T) Z'Yk(T) (2p —k—s+ m)!¢2p—k—s+m+1-
s=0 k=0
Theorem 4. [13] Let ¢ > 2 be even and f € C9F2PH[—1 1] with f9r2+Y) ¢ AC[-1,1] for
some p > 1. Let parameters 0, be chosen as in . Then the following estimate holds for
lz] <1

(—1)N+rt3 sin % (2N + 1)
rqu(f;x) - ‘1<f)22p+1 q+1q] N2p+a+1 2p+1 T Vap
miTq! cos -5

+o(N~#71 1 N — o,

Theorem 5. [13] Let ¢ > 1 be odd and f € CT2P+2[—1,1] with f+?2+2 ¢ AC[-1,1] for
some p > 1. Let parameters 6 be chosen as in . Then the following estimate holds for
lz] <1

. (—1)NHPH L gin T2 gin T2 (2N 4 1)
TN’q(f’ ZU) o q(f) 22p+27rq+1q]]\/'2p+q+2 C082p+2 7T2‘T wq+1’p

A (=1)NFpH sin ZF (2N + 1)
g+1(f) 22+ ra+2(g 4 1)IN2+a+2 cog2pt] 7r2x at+lp

+ o(N72797%) N — oo.

Comparison with Theorems 2] and [3]shows that for smooth functions RTP-interpolations
with 6 as in (1) are asymptotically more precise than the KL-interpolation and improvement
in precision is by the factor O(N?) as N — oo. Also worth noting that interpolation by

odd ¢ has more accuracy although its asymptotic depends not only on A,(f) but also on

Aga(f).
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86 A. V. POGHOSYAN

Next theorem describes the asymptotic behavior of the error of the RTP-interpolations

in the Lo-norm.
Theorem 6. Let f € C2[—1 1] with f@t%) ¢ AC[-1,1] for some p,q > 1. Let
Tk ) .
9k29_k:1—ﬁ, T > 0, 7—2-7&7—].’ Z7é].
Then the following estimate holds

lim N2y (F)llz, = [A()lep(a),

where o
o) = g
< (% /_11 /loo(a(x Sy 4 (C1)alt + 2)Q(e)de
_ /t1 a(z — )Y (2)dz — /_tl alt— ) T()de] ar
+ /100 [(a(t — )+ (=1 a(t 4+ 2))Q(z)dx
+ /too(a(x )+ (—1) a4 2))Q(x)de
—/lla(t—x)T( \da 2dt>%,
and ) )
) = s D S
Y(w) - :2(—1)5%(7) kﬁ;wm@p SRV e
gl

Proof. We use and proceed by estimation of the following fraction

p

: S
st (14 0:em) (1 + Oseime) - = (1 + Osem) (1 + foemm)

where ) go1
6m = 7 0 = UL .
[]a-6.6.) < %> [1 = 6.6.) (00 —6,)
r=1 r=1
r#m r#m
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On some optimizations of trigonometric interpolation

Taking into account that parameters 6 are chosen as in (1) we derive

(1—5)" N2

6771 =7
H (70 — ) (Tr + T — M)
r=1 N
r#mM

and hence

Then, as |0;| < 1, however for sufficient large N, we can write

p p o] 00
B . .
' ' _ B, —1)"grei™e A
; (1 + bei™) (1 4 O,e—im) 321 §< ) n;)( )
P -1 00 P 00 00
_ Z B, Z (_1)Z€i7r€x6)s—€ Z ggn + Z B, Z(_]_)éezﬁrfzeﬁ Z egn
s=1 {=—00 n=0 s=1 =0 n=0
P ﬁ —1 0
_ Z 3 592 |: Z (_1)€ei7r€x98—€ + Z(_l)ﬁeiwéxeﬁ}’
s=1 8 Lp— oo =0
where according to and
L gy B !
N2r—1 NSoo 1 — 62 o p ’
IS | G
r=1
r#s

Substituting into (), after simple manipulations we obtain

rvg(f) =1+ L+ I,

where

[e’e] P 5 t

_ imtx S t+npot—n

b= Y 21_92<Z<—1> gonan(o, )

t=N+1 s=1 $ \n=N+1
00 —N-1

+ ) (D)0, F) Y (1), F)
n=t+1 n=—oo

N
+ Y (SR (6, By — Fn)),

n=—N
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88
then
N 6 o)
o it S t+ngn—t
L = ) e Z1—9§< > (=1)trertat(o, F)
t=— s=1 n=N+1
—N-1 N
+ Y (=)0, Fy) 4+ Y (—1)erten(0, F, — F)
n—=—oo n=t+1
t
b3 e, F m) ,
n=—N
and
—N-1 p /B o]
I = ), ™) o 2( > (=DFrerteno, F)
t=—00 s=1 s n=N+1
—N-1 t
+ Y (=D, Fa) + Y (—1)ToR(6, F)
n=t+1 n=-—oo
N
+ > (=)rerTIeR(0, F, — Fn)> :
n=—N

Hence
IR (OIZ, = 14117, + 12017, + 15117, (10)

where
¢

00 p
55 n —-n
IhIZ, = 2 >0 D =g D (FUTOT0N0, B

t=N+1]|s=1 $ n=N+1
o) —N-1
S (OO, B ¢ Y (—1) TS0, F)
n=t+1 n=-—00
N 2
+ S (~)ne e, Fy - F)
n=—N

and similar formulas we have for || 5|7, and ||Z3]|7,
Now we estimate 62(6, F,,) and 62(0, E,, — F,,). According to smoothness of f and expan-

sion we write
q+2p

Fo =Y Aun(f)Ba(m) + o(n= 7971

and
q+2p

52(0, F,) Z A B,(m)) 4 o(n~9"271).
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On some optimizations of trigonometric interpolation
Application of Lemma [I| leads to the following estimate

()t e (1) ~ (7)
(52(97 Fn) = Aq(f)Q(mn)qJFln?Pq' Z Nsn_s . Nkn—Fk (2]? —k—s+ Q)'
=0

1
q—1
+ —N2p0(n ), n>N+1, N — oo.

Then, again according to expansion and smoothness of f we have
62(0, F, — F,) ZA )62(8, By(m) — B, (m)) + o( N~2P7971),

Now application of Lemma [2| leads to the following estimate

- (=1t 75(7) s~ (1)
P F,—F) — § : ) % — k — !
5n(07 Fn Fn) Aq(f)Q(ZWN)Q+1N2pq' Ns e Nk ( p s+ q)
(=1)" Copge1
E +o(N"P7170), In] < N, N — oc.
o\ 2P—Fk—s+q+1 ’ ’
7 (2r+3)” !

These complete the proof by tending N to infinity in and by replacing the sums by the
corresponding integrals and by taking into account @ O

Theorems [4] [] [6] are valid nonetheless parameters 7, are still undefined. Papers [12] and

[13] consider parameters 75, which are the roots of the associated Laguerre polynomials LI(x)
Li(re) =0, k=1,...,p.
It is well-known that the roots are distinct and positive. Associated Laguerre polynomials
have well-known representation
p

g (p+q)
Lye) = ;(_1)kk!(p TR

It allows calculation of parameters 7, explicitly for p = 1,2,3. For other values of p the
values of 75, can be calculated numerically with any required precision.

Table [2| displays the values of ¢,(q) when 7, are the roots of the associated Laguerre
polynomials L{(x).

The ratio ¢(q)/c,(q) shows the efficiency of the RTP-interpolation compared to the KL-
interpolation. We see that as higher are the values of p and ¢ as more efficient is the
RTP-interpolation (in general).

One thing that worth to notice is that Theorems [ 5] and [6] put additional smoothness
requirements on the interpolated function compared to Theorems|[T] [2]and [3|so in comparisons

this fact must be taken into account.

89
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90 A. V. POGHOSYAN

q 1 2 3 4 5
c1(q) 0.020 | 0.0031 | 0.00092 | 0.00016 | 0.000047
c(q)/ar(q) | 41 6.2 6.1 9.5 9.4
c2(q) 0.0091 | 0.0014 | 0.00027 | 0.000038 | 0.000012
c(q)/ealq) | 92 | 137 | 206 30.8 36.0
c3(q) 0.0064 | 0.0007 | 0.00009 | 0.000017 | 3.9-107°
c(q)/eslq) | 131 | 273 61.8 91.5 115.2
ca(q) 0.0046 | 0.00038 | 0.000045 | 8.0-107% | 1.3-107°
c(q)/ca(q) | 18.3 50.0 123.3 190.9 351.9

Table 2: Numerical values of ¢,(q) and ¢(q)/c,(q) when parameters 75 are the roots of Li(z).

7.x1072 | L
[ 8.x1071 -
6.x1072° | [
5.x1072 6.x10714 -
4.x102 | [
3 0 4.x1071 -
. x 1077 [ t
-29 [ r
2.x10 F 2 %1074
1.x10°2 |
_06 04 02 0.2 0.9988 0.9990 0.9992 0.9994 0.9996 0.9998 1.0000

Figure 3: Graphs of [r3,5 5(f;2)| on the interval [—0.7,0.7] (left) and at the point x = 1 (right) for the
function when parameters 73, are the roots of L3(x).

Figures (3| and {4 show the behavior of |}, (f;z)| on the interval [—0.7,0.7] (left figures)
and at the point x = 1 (right figures) for p = 2, N = 2048 and ¢ = 3 and ¢ = 4, respectively,
when parameters 7, are the roots of L(x).

We have the following Lo-errors

Ir30a8,5(F)lIze = 9.7- 107, [Ir3ss 5(f) 2. = 4.4 - 1077, (11)

Comparison with Figures , and shows tremendous improvement in accuracy both by

L, and pointwise convergence.

3 Optimal RTP-interpolations

As was mentioned above in Theorems [ [5| and [6] parameters 73 are undetermined and this
gives opportunity to achieve additional accuracy in different frameworks by minimization

of the constants in the asymptotic errors. Minimization of ¢,(¢) in Theorem [6] leads to Lo-
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7.x1031 '
N 25x10°8 |
6.x107° t
[ 18 |
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Figure 4: Graphs of [r3y,5 4(f; )| on the interval [-0.7,0.7] (left) and at the point 2 = 1 (right) for the
function when parameters 75, are the roots of L3(x).

minimal RTP-interpolation and minimization of t,, and 1,41, in Theorems [4] and [7] leads

to pointwise (P-) minimal RTP-interpolation.

3.1 Ls-minimal RTP-interpolations

The idea of determination of parameters 7;, by minimization of the constant c,(¢) in the
estimate of the Ly-error was realized in [9] for RTP-approximations. For interpolations this
idea was realized in [I1] only for p = 1. Method described there was not allowing to get
parameters for other values of p while estimate of Theorem [0]is giving such possibility. Thus,

we determine parameters 7, from the condition
cp(q) = minimum. (12)

Tables [3| and [4] show the values of 7, that solve the problem for p =1 and p = 2,

respectively.

q 1 2 3 4 5

71 1.8081 | 2.4581 | 3.7303 | 4.3705 | 5.7525
ci(g) | 0.015 |0.0022 | 0.00070 | 0.000084 | 0.000038
c(q)/er(q) | 5.5 8.8 7.9 18.1 11.8

Table 3: Numerical values of 71, ¢1(g) for the Lo-minimal RTP-interpolation.

As it was expected the Lo-minimal RTP-interpolation is more accurate not only compared
to the KL-interpolation but also compared to the RTP-interpolation by the roots of the
associated Laguerre polynomials. For example, when p = 2 and ¢ = 5 the Lo-minimal
RTP-interpolation is 105 times more accurate (asymptotically) in the Ly-norm than the KL-
interpolation while RTP-interpolation by the roots of the Laguerre polynomial is only 36

times more accurate.
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q 1 2 3 4 5
T 0.7737 | 1.3199 | 22877 | 2.6571 | 3.7031
T 3.8711 | 4.5984 | 6.5213 | 6.9081 | 8.7884
co(q) | 0.0051 | 0.00041 | 0.000096 | 0.000015 | 4.2 - 10~¢

c(q)/ea(q) | 166 | 46.0 575 102.8 104.6

Table 4: Numerical values of 71, 72 and ¢z(q) for the Lo-minimal RTP-interpolation.

Figures [5| and @ show the behavior of the Ly-minimal RTP-interpolation |r% (f;x)| on
the interval [—0.7,0.7] (left figures) and at the point = 1 (right figures) for p = 2, N = 2048
and ¢ = 3 and ¢ = 4, respectively.

12x207% 2x10°4
1.x1028}
i 15x10°% -
8.x1072
6.x10°29 1Lx10°% |
4.x10°2
b 5.x107%5 -
2.x107% r
06 04 —02 02 0.0988 09990 0.9992 0.9994 0.9996 0.9998 1.0000

Figure 5: Graphs of [r5y,s ,(f;x)| on the interval [-0.7,0.7] (left) and at the point # = 1 (right) when
function is interpolated by the Ls-minimal interpolation with p =2 and ¢ = 3.

Comparison with Figures|3|and 4| shows that the Lo-minimal interpolation is more precise
on the entire interval by the L and uniform norms (compare also (13 with (11])) but less
accurate in the regions away from the endpoints.

However, while applying the Lo-minimal interpolation we have serious limitation - optimal
values can be calculated only for limited values of p and ¢ as minimization of ¢,(q) is not an
easy problem while calculation of the roots of the Laguerre polynomials can be performed
actually for rather large values of p and ¢ with actually any required precision.

We have the following Lo-errors for the Lo-minimal interpolations

||T§048,3(f)||!12 =3.6- 10_16a H7’§048,3(f)||L2 =1.7-107%. (13)

3.2 Pointwise minimal RTP-interpolations

In this subsection we investigate determination of parameters 7, that leads to RTP-interpola-
tions with more accuracy in the regions away from the endpoints than RTP-interpolations
introduced above. The resultant RTP-interpolation we call as pointwise (P-) minimal RTP-

interpolation.
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Figure 6: Graphs of |55 ,(f;x)| on the interval [-0.7,0.7] (left) and at the point 2 = 1 (right) when
function is interpolated by the Ls-minimal interpolation with p =2 and ¢ = 4.

Let us consider the error of the RTP-interpolation given by . We derive by sequential

applications of the Abel transformations the following expansion of the error when |z| < 1

) (f ) e—iTrNx _ 6 ir(N+1)x pz_i 52(9 Fn))
r yr) = ;
Nq\J > P (14 0_e™)(1 + O,e7im) i (L+em) wH(l + eyt
. eimNz _ efiﬂ'(N+1)x p—1 l_UN((Sg(Hv Fn))
am1 (L 0™ (1 + se7m) £ (1 4 efme) et (L 4 emmejud
1
4 4 6p 6p 0 F ITNIT
T (24 2cos )P [T_ (1 + 0_se™)(1 + fe=) | |§J\;+1 )
1
+

- - P (5P F, — Fn imne
(2 +2cos )P [TP_, (1 + 0_.eim) (1 + feime) n:ZN oy (070, ))e

From here it turns out that for better accuracy in the regions away from the endpoints

x = £1 parameters 7, must be determined from the conditions
§Y(62(0,F,)) = 6“5 (0P(0,F,) =0, w=0,...,p—1

and taking into account the asymptotic expansions for 6% (62(6, B,(m))) in Lemmas [3| and
we get the following system of equations for determination of 4, and hence from @ for

determination of 7

qurw,p:O? w=0,...,p—1 (14)
for even values of ¢, and
p p o0 r
DD ) ks m )3 e =0
s§= k=0 r=—00

w=0,...,p—1
for odd ¢g. The latest is equivalent to the following system of equations
1/)q+w+17p20, w:07,p—1 (15)
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Now, estimates of Theorems [4] and [5] imply.

Theorem 7. Let ¢ > 2 be even and f € CIH#+—1 1] with 2+ ¢ AC[-1,1] for some
p > 1. Let parameters 0y be chosen as in where coefficients v (T) in @ satisfy the
system (14)). Then the following estimate holds for |z] < 1

r%’q(f;:c) =o(N"#771 N — .

Theorem 8. Let ¢ > 1 be odd and f € CT+2P2[—1,1] with f9r2+2) ¢ AC[-1,1] for some
p > 1. Let parameters 0y be chosen as in where coefficients v (T) in @ satisfy the
system (15). Then the following estimate holds for |z < 1

Phea(fi) = o(N707%) N = oo,

Tables [f] and [6] displays the values of 7, calculated from systems and together
with the values ¢,(¢) and ¢(¢)/c,(¢). Table [f] shows the values for p = 1 and Table [] the
values for p = 2. Similarly other values of p can be investigated. Comparison with the above
similar tables for other RTP-interpolations shows that P-minimal RTP-interpolation has the

worst accuracy in the Ly-norm.

q 1 2 3 4 5
Ti 3.5124 | 3.5124 | 5.4866 | 5.4866 7.4848
c1(q) 0.059 | 0.0044 | 0.0027 | 0.00024 | 0.000016
c(q)/aa(q) | 1.4 4.3 2.1 6.3 2.8

Table 5: Numerical values of 71, ¢1(q) and ¢(q)/c1(q) for the P-minimal RTP-interpolation.

q 1 2 3 4 5
T 2.8699 | 2.8699 | 4.4990 | 4.4990 | 6.1829
Ty 8.1108 | 8.1108 | 10.4512 | 10.4512 | 12.7675
c2(q) 0.050 | 0.0030 | 0.0019 | 0.00012 | 0.000093
c(q)/ca(q) | 1.67 6.2 2.9 12.3 4.8

Table 6: Numerical values of 71, 72, c2(q) and ¢(q)/c2(q) for the P-minimal RTP-interpolation.

Figures|7|and {8 show the behavior of the P-minimal RTP-interpolation |r} (f; )| on the
interval [—0.7,0.7] (left figures) and at the point = 1 (right figures) for p = 2, N = 2048
and ¢ = 3 and ¢ = 4, respectively. Comparison with the figures presented above shows the
worst Lo and uniform accuracy on the entire interval but the best pointwise accuracy in the
regions away from the endpoints (compare also (16| with the above norms of the La-errors).

We have the following Lo-errors for the P-minimal interpolations

||T§048,3(f)||L2 =6.9- 10_15, ||T§048,3(f)||L2 =14-107". (16)
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Figure 7: Graphs of [r5,s ,(f; )| on the interval [-0.7,0.7] (left) and at the point 2 = 1 (right) for function
(3) when parameters 74, are determined from with p =2 and ¢ = 3.
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Figure 8: Graphs of [r5,5 ,(f; )| on the interval [-0.7,0.7] (left) and at the point 2 = 1 (right) for function
when parameters 75, are determined from with p =2 and ¢ = 4.

Appendix

Here we present some lemmas concerning the properties of the generalized finite differences.

Lemma 1. [13] The following estimate holds for p >0 and m >0

() s ()

2(in)m+Hn2rm! (=1) Nsn=s Nkn—k
s=0 k=0

0p (0, Bn(m)) =

1
X (2p—k—s—|—m)!+ﬁ0(n*m’2), In| >N +1, N — occ.

Lemma 2. [13] The following estimate holds for p >0 and m >0

BOBm) — Balm) = 5 S ) Y ()
(-1

)2p—k—s+m+1

X (2p—k—5+m)!z

7 (2r+ %
+ O(N~#"m2) N — 00, |n| < N.
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Lemma 3. [13] Let m be even. Then the following estimate holds for p,w,m >0 as N — oo,
where 0, are chosen as in

(=1)Ntptutl

0N (070, Ba(m))) = 7s(7) Z (7)

2 (ZTFN)erl N2w+2pm|

(=1)"
27" 4+ 1 2w+2p—k—s+m+1

X Qw+2p—k—s+m)! Z
4 O(N72w72p7m72>.
Lemma 4. [153] Let m be odd. Then the following estimate holds for p,w >0 and m > 1 as
N — o0, where 0, are chosen as in

SN0, Bulm)) = ) Nm, 213l
k=0

o0

X Qu+2p—k—s+m+1)! Z

(=D
(27, + 1)2w+2p—k—8+m+2

T O(N_Qw_Qp_m_g).
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