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Introduction

One of the main problems in Topology is the classification of topological
spaces up to homotopy. A more tractable approach is to forget torsion in
the homotopy groups. Such an approach has underlying theories which lead
to algebraic models of nilpotent spaces, namely, Sullivan and Quillen theo-
ries [13,/14]. Our interest is the determination of the rational homotopy type
of mapping spaces between topological spaces. In this paper, we will study
the connected component of the inclusion 4, : CP" — CP™* between
complex projective spaces. We will use Sullivan models and L., models,
which we briefly recall and for which details can be found in [41[7].

We assume that all vector spaces are over the field QQ of rational numbers.
The dual of a graded vector space V will be denoted by V#. Let A = @,50A"
be a graded algebra. The degree of a homogeneous element a € A™ will be
denoted by |a|. A graded algebra is called commutative if ab = (—1)!%/llpq,
where a and b are homogeneous. A differential graded algebra is a graded
algebra A = @-¢A™ together with an algebra differential d : A" — A™*! such
that d> = 0. We call (4,d) a cochain algebra. Let V = @, V™ be a graded
vector space. A Sullivan algebra (AV,d) is the free graded commutative
algebra generated by V' together with a filtration V(0) C V(1) C --- C V
such that dV (i) C AV (i —1). Tt is called minimal if dV C AZ2V. If (A, d) is

a commutative differential graded algebra which is simply connected, that is,

1


http://armjmath.sci.am/
https://doi.org/10.52737/18291163-2023.15.9-1-6

2 J.-B. GATSINZI

H°(A,d) = Qand H'(A,d) = 0, then there exists a minimal Sullivan algebra
(AV, d) together with a quasi-isomorphism (AV,d) — (A, d). It is called the
minimal Sullivan model of (A, d) and it is unique up to isomorphism |7, §12].

The minimal Sullivan model (AV,d) of a simply connected space X is
the minimal Sullivan model of the commutative differential graded algebra
of piecewise linear forms App(X) on X [14]. Moreover, if X is of finite
type, that is, H'(X,Q) is a finite-dimensional vector space, then V" =
Homyg (7, (X),Q) [7, Theorem 15.11].

Let f: X — Y be a map between simply connected CW-complexes of
finite type. We denote by map(X,Y’; f) the set of continuous mappings from
X to Y which are freely homotopic to f. Sullivan’s model of map(X,Y’; f)
was first given by Haefliger [10], and more recently L., models were devel-
oped in [25].

We denote by CP"™ the complex projective space which is the smooth
manifold of lines in C""'. Its minimal Sullivan model is given by
(A(x2, Topi1),d), where subscripts indicate the degrees with dzrs = 0 and

dTons1 = 5. Moreover, the projection

(A(w2, Tanga), d) = A((z2)/(2511),0)

is a quasi-isomorphism.

Consider the natural inclusion 4,; : CP" — CP"** between complex
projective spaces. An L., model of map(CP", CP"**;i, ) was described
in [8], from which the following is derived.

Theorem 1 ( [8], Theorem 11) The mapping space map(CP", CP"*k: 4, )
has the rational homotopy type of CP* x S2k+3 x ... x S2n+k)+1

For k = 0, the theorem agrees with |14, §11] where a model of B aut; CP"
is computed. Here aut; X denotes map(X, X, 1y), the monoid of self homo-
topy equivalences of X.

1 Generalized evaluation subgroups of the
inclusion CP" — CP"+*

Let ¢ : (A,d) — (B,d) be a map of cochain algebras. A ¢-derivation of
degree k is a linear mapping 6 : A* — B*~* such that 0(ab) = 0(a)d(b) +
(—1)klelp(a)d(b). We denote by Dery(A, B; ¢) the vector space of all deriva-
tions of degree k. There is a differential

D : Dery(A, B; ¢) — Dery_1(A, B; ¢)
defined by D = df — (—1)%0d. Define Der(A, B;¢) = ®g>1 Dery(A, B; ¢),

where in degree 1, we restrict to those derivations which are cycles. Hence,
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(Der(A, B; ¢), D) is a chain complex. Moreover, if A = (AV,d) and (B,d)
are commutative differential graded algebras where A is a Sullivan algebra,
then s™!(Der(A, B; ¢), D) has an L., structure [4}5].

Let ¢ : (AV,d) — (B, d) be a morphism between commutative differential
graded algebras. For v € V and b € B, we denote by (v,b) the unique ¢-
derivation € such that §(v) = b and 6 vanishes on the remaining generators
of AV. Let f: X — Y be a map between pointed CW-complexes of finite
type and ev : map(X,Y; f) — Y be the evaluation at the base point of
X. The generalized evaluation subgroup G.(Y, X; f) of f is the image of
me(ev) @ m(map(X,Y; f)) = m(Y). f Y = X and f is the identity map,
then one gets the usual Gottlieb group of X [9].

If Y has the homotopy type of a finite CW complex and ¢ : (AV,d) —
(B, d)isamodel of f, then m,(map(X,Y; f))®Q = H,(Der(AV, B; ¢), D) |6].
Moreover, s~1(Der(AV, B; ¢), D) is an L, model of the universal cover of
map(X,Y; f) 35

In [1], Block and Lazarev showed that the chain complex Der(AV, B; ¢)
computes the André-Quillen cohomology Hj(A; B) whenever there is a
quasi-isomorphism (AV,d) — (A, d). Therefore, if ¢ : (B,d) — (B,d') is a
quasi-isomorphism, so is the induced map

. : (Der(AV, B; ¢), D) = (Der(AV, B'; p 0 ¢), D)

obtained by post composition with .

If p: Y — Yy is the rationalization of Y, then G,.(Yy, X;p o f) can
be computed using Sullivan models. Let ¢ : (AV,d) — (B,d) be the min-
imal Sullivan model of f. The post composition with the augmentation
€:(B,d) = (Q,0) yields a map of chain complexes

€, : (Der(AV, B; ¢), D) — (Der(AV,Q;e0 ¢),0) = (V#,0).

The generalized evaluation subgroups of p o f are given by im H,(e,) [11].
In short, given v € V", its dual v# € V¥ represents a generalized Gottlieb
element in 7, (Y) ® Q if there is a ¢-derivation § € Der(AV, B; ¢) such that
O(v) =1 and DO = 0. In this case, H,(e.)([0]) = v*.
We assume that k > 1. The inclusion i, : CP® — CP"™* is modelled
by
¢+ (ANY2, Yont2kt1), d) = (A (T2, Tant1), d)

where ¢(y2) = 79 and ¢(yoniokt1) = T5T2,41. The quasi-isomorphism
1 (A2, on1),d) = (Awo/(2571),0) = B

induces a quasi-isomorphism

Px - Der(/\(yQ, y2n+2k+1)7 /\($2, I2n+1); ¢) — Der(/\(yz, y2n+2k+1)7 B;po ¢)-
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Theorem 2 The generalized Gottlieb group G.(A(y2, Yontok+1), B; 0 0 @) is
1somorphic to < y#, yf;r%“ >= W*(Cpn+k) ® Q.

Proof. Consider the derivations Sy = (y2, 1) and Boprokt1 = (Y2nt2k+1, 1) in
Der.(A(y2, Yant2k+1), B; ¢ 0 ¢). The derivation S, 19x+1 cannot be a bound-
ary for degree reasons. For k > 2, Ders(A(y2, Yontok+1), B; po¢) = 0. Hence,
(o cannot be a boundary. If k£ = 1, the vector space of derivations of degree
3 is spanned by S35 = (Yoniokt1, ), which is a cycle. Hence, fy cannot
be a boundary. Therefore, 55 and [s,19x+1 represent non-zero cohomology
classes in Der(A(ya, Yont2k+1), B; ). Moreover,

H,(e.)([3]) = 4§ € Der(A(y2, yansors1), Q) = V.
In the same way, H*(E*)<[62n+2k+l]) = yi+2k+l' O

Corollary 1 The generalized Gottlieb group

G (A (Y2, Yont2k+1), N@2, Tont1); @)

18 1somorphic to < y#, yfnwkﬂ >.

Proof. This is a consequence of the above theorem and the quasi-isomor-
phism

. Der(A(y2, Yant2k+1), N2, Tong1); @) — Der(A(ye, Yontor+1), B;p o @).

However, we will give a separate proof. Consider derivations ay and o, op11
in Der (A(y2, Yant2k11), AN(T2, Tony1); @) defined by aa(y2) = 1, aa(yonyori1) =
(n+k+ Dabwy,1 and agpionss = (Yonsorsr, 1). A straightforward com-
putation shows that as and as,10x+1 are cycles. We show that they cannot
be boundaries. The subspace of derivations of degree 3 is spanned by as,
where as(y2) = 0 and as(Yapiori1) = 2277272 As Das = 0, then oy is not
a boundary. Moreover,

Derl-(/\(yg, y2n+2k+1>7 /\(:1:2, x2n+1); Qb) =0 fori>2n+2k+1.

Hence, gy o641 cannot be a boundary as well. As H,(e,)([as]) = 3 and
H.(e.)([aony2ks1]) = yfnﬂk“, we conclude that

G (AN Y2, Yantort1), AN@2, Topgr); ) =< yf7y§+2k+1 >= W*(CPn+k) ® Q.
O

Remark 1 The above result corrects Theorem 2.2 in [12], where it is stated
that Go(A(Y2, Yan+or+1), (T2, Tan1); @) = 0.
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