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Abstract. In this paper, we focus on the existence of solutions
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Introduction

Fractional calculus theory has attracted many authors in the last decade.
In particular, fractional differential equations, as a branch of fractional cal-
culus, has proved to be better to describe certain problems than differential
equations of integer order. The properties of genetics and memory make
those equations, accompanied by initial or boundary conditions, important
in many fields of engineering, physics, biology and mechanics (see [8}/15,/16]).

Many researchers have focused in the existence, uniqueness or multiplic-
ity of solutions for such problems with fractional derivatives. In this regard,
intersting results have been obtained by using some fixed point theorems,
such as the Banach’s fixed point theorem, the Schauder’s fixed point the-
orem, the Krasnoselskii’s fixed point theorem, etc. (see, e.g., [19-22,25]).
Other techniques can be used, in particular, for the study of solution of frac-
tional boundary value problems at resonance. A boundary value problem
is said to be resonance if the corresponding homogeneous boundary value
problem has a nontrivial solution. One of the most important theory used in
the study of those problems is the coincidence degree of Mawhin (see [9-11]).

In the last years, many researchers have studied the existence of solu-
tions of resonant boundary value problems using coincidence degree theory
(see, e.g., |IH7,12-14,|17,/18,123,124]). In particular, in 2012, Jiang et al. [7]
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investigated the existence of solutions for the fractional differential equation
at resonance

{ D0+ZE( ) ( (t)) 7 te [07 1]7
2(0) =0, =(1) = fx(¢),

where Dy, is the Riemann-Liouville fractional derivative, 1 < a < 2, 0 <
E<1,86 1 =1, and f:[0,1] x R? — R satisfies Caratheddory conditions.

Hu et al. [6], in 2013, studied a two-point boundary value problem for
fractional equation at resonance

{ “D§ a(t) = f(t,2(t),2'(t), te[0,1],
2(0) =0, 2'(0) = 2'(1),

where 1 < a < 2, 9D, is Caputo fractional derivative and f : [0,1] x R? —
R satisfies Caratheddory conditions.

In 2015, Guezane-Lakoud et al. [3] studied the existence of solutions for
the two-point fractional boundary value problem at resonance

{ D x(t) = f(t,x(t),2'(¢),2"(t)), 0<t<1,
z(0) =2/(0) =0, 2"(0) = 2z(1),

where f :[0,1] x R® — R is continuous, 2 < @ < 3 and “Dg, is the Caputo
fractional derivative.

Benchohra et al. [2], in 2016, studied the nonlinear implicit value problem
for Caputo fractional derivative of order 0 < o < 1

{ “Dg x(t) = f(t,z(t),“Ds x(t)), t€]0,T], T >0,
2(0) = =(T),

where f is a continuous function.
Hu and Zhang [5], in 2017, investigated the existence of positive solutions
of the problem with Caputo fractional derivative

{ “Dfa(t) = f(t,x(t), 0<t<l,
2(0) = x(1),2'(0) = 2’(1), 2"(0) = 2"(1),

with 2 < a < 3, where f:[0,1] x R — R is a continuous function.

In 2020, Wang and Wu [18] studied the fractional differential equation
with Riemann-Liouville fractional derivative and under resonant boundary
conditions

{ Dgx(t) = f(t z(t), 0<t<l,
z(0) =0 D0+u(1) = WDngu(f)a

where 1l <a <2, 0<f<a—1,1n>0,0<¢ <1 with pge8-1 =1.
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Inspired by mentioned works, this paper is devoted to the study of the
fractional boundary value problem (FBVP) with Caputo fractional deriva-
tive

{ DY x(t) — f(t,z(t),2'(t),2"(t)) =0, ¢E€ [a,b], (1)
z(a) — f2’'(a) =0, 2'(a) =2'(b), z"(a)=0,

where B € R, 0<a<b, 2<a<3and f:[ab x R® = R is continuous.
The problem will be transformed into the equation Lx = Nx, where L is a
linear operator and N is a given operator between Banach spaces. It will
be shown that, with the present choice of boundary conditions, L is non-
invertible (KerL > 1), and thus, the problem is at resonance. Proving that
L is a Fredholm operator with Fredholm index 0, it is applied coincidence
degree due to Mawhin.

To the best of the author’s knowledge, this problem, with the given
conditions and in a general interval [a, b], has not been studied before.

The paper is organized as follows: in the Section [T], essential results and
definitions are presented as well as Mawhin’s coincidence theory. In Section
2, the main theorem on the existence of solutions to the problem under study
is obtained. Finally, in Section [3| an example is presented to illustrate the
previous results.

1 Preliminaries

In this section, we introduce some notations, definitions and results which
are used thorough this paper.

Definition 1 The Riemann-Liouville fractional integral of order o € Rt of
a function u is defined by

ou(t) = ﬁ / (t — 5)*u(s)ds,

provided the right-hand side is pointwise defined on (a,00), where I' is Euler
Gamma function (given by T'(o) = [ t*e™dt, a > 0).

Definition 2 The Caputo fractional derivative of order o > 0 of a contin-
wous function u is given by

Cpenp L[ )
Paul®) = 15— / (e aa.

provided that the right-hand side is pointwise defined on (a,0), where n € N
d

is such that n — 1 < a < n. If a € N, then “D2u(t) = (&) u(t).
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Lemmal [§/ Letn—1 < a <n, n e N. If feCab]) orf €
AC™([a,b]), then the following relation holds:

(12 CDs ) = 1) - 3 8)

0
Lemma 2 [§] Let a > 0 and f € C([a,b]). Then
(“Dr LT HE) = f(t).

In what follows, some notions of operator theory are recalled. Let X and
Y be two normed spaces.

Definition 3 A linear mapping L : dom(L) C X — Y is said to be a
Fredholm operator with Fredholm index zero if

i. ImL is a closed subset of Y,
1. dim KerL = codimImZL < co.

Definition 4 A linear operator P : X — X s said to be a projection if
P? = P. In this case, I — P : X — X s also a projection and KerP =
Im(I — P) and ImP = Ker(I — P).

Finally, let us recall a useful and well-known theorem [8].

Theorem 1 (Arzela-Ascoli) Let (X, d) be a compact metric space. A set
of functions F in C(X) s relatively compact if and only if it is bounded and
EqUICONEINUOUS.

In this paper, we denote X = C?([a,b]) with the usual norm ||z|x =
maxycfan){]|7]lo + |2 [|oc + 12" || } and Y = C([a, b]) with the norm ||y|y =
|Y]|oo, Where ||2]|co = maxseiqp) |2(t)]. It is known that X and Y, endowed
with such norms, are Banach spaces.

1.1 Mawhin’s coincidence theory

Let X and Y be two Banach spaces, and consider a linear mapping L :
dom(L) € X — Y. Assume that L is a Fredholm operator with index zero.
This implies that there exist continuous projectors P: X — X, Q:Y =Y
such that

ImP = KerL, KerQ) =ImL, X =ZKerL® KerP, Y =ImL ® ImQ.
Consider the restriction of L on domZL N KerP. It follows that
L|domLﬂkerP :domLNkerP —ImL

is an isomorphism. The inverse of L|qom rakerp 18 denoted by Kp: Im L —
dom L N KerP.
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Definition 5 Let € be an open bounded subset of X with domL N €2 #0. A
mapping N is said to be L-compact on € if it satisfies

e QN(Q) is bounded;
o K,(I —Q)N :Q — X is completely continuous.

The existence of a solution of the equation Lz = Nx will be shown using
the following Mawhin’s Theorem.

Theorem 2 [10] Let Q2 C X be open and bounded, L be a Fredholm operator

of index zero and N(QQ) be L-compact. Assume that the following conditions
are satisfied:

(i) Lz # ANz for every x € 002N (domL\KerL) and X € (0,1);
(ii)) Nz ¢ Im L for every x € KerL N OSY;

(77i) deg(QN|kerr, 2N KerL,0) # 0, where Q : Y — Y is a projection such
that ImL = Ker().

Then the equation Lz = Nx has at least one solution in dom L N €.

2 Main results

In this section, we apply Mawhin’s coincidence theory to prove the existence
of solution to the fractional boundary value problem .
Define the operator L : domL C X — Y by

(Lz)(?)

(“Dgy)(t), t€[al], (3)
where
domL={z € X : (°D%,2)(t) € Y, x(a)=p2(a), 2'(a)=2(b), 2" (a)=0}.
Let N : X — Y be the operator
(N@)(t) = (. a(t), 2'(1),"(1), ¢ € [a,b].
Thus, we can rewrite the fractional boundary value problem in the form
Lxr = Nz, x & domlL.
Lemma 3 Let operator L defined by . Then

KerL = {zeX:z(t)=c(t—a+F), t€[a,b]}, (4)
i — {yéY:/(b—s)aQy(s)ds:O}. (5)
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Proof. 1t follows from Lemma [I|and Lz = 0 that
z(t) = co +c1(t —a) + co(t — a)?.

According to initial condition z”(a) = 0, we obtain that ¢ = 0. From
x(a) = pa'(a), it follows ¢y = Sey, and we conclude that

x(t) =P +a(t—a)=c(t—a+p),

where condition 2’(a) = 2/(b) is verified. Thus, we get (4)).
Suppose that y € ImL. Then, there exists x € domL such that y = Lx €
Y. Thus, we have

x(t) =co+cr(t —a) +co(t —a)® + ﬁ/ (t —5)* ty(s)ds.

Considering the initial conditions z”(a) = 0 and z(a) = f2'(a), we obtain

x(t) = ey + e (t —a) + ﬁ/ (t —5)* ty(s)ds.

Since 2’(a) = 2/(b), we conclude that

[ 0= as =0
and get
ImL C {y €Y : /ab(b — 5)*2y(s)ds = 0} .

On the other hand, suppose y € Y satisfies fab(b — 5)*%y(s)ds = 0. Then
z(t) = (I2y)(t) € domL and (“D2 z)(t) = y(t), thus y € ImL, and
follows. [

Lemma 4 Let L be defined as (3)). Then L is a Fredholm operator of Fred-
holm index zero, and the linear continuous projection operators P : X — X
and Q Y =Y can be defined as

(Px)(t) = 2'(a)(t —a+p),

a—1

b
o a—2
@) = G [ 0= 9 (e)ds, tela]
Furthermore, the operator K, : ImL — domL N KerP written by

1

(K)() = e [ (6= 9" "0(s)as, 1€ ol

is the inverse of L|qomLnKerp-
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Proof. Obviously, InP = KerL and P?x = Pz. In fact,
(PPx)(t) = [P(P2)](t) =2'(a)(t — a+ B) = (Pz)(t).

For v € KerL, one has (Pv)(t) = v(t), which shows that v € ImP. Con-
versely, for every v € ImP, there is € X such that v(t) = (Pz)(t), and we
conclude that KerL = ImP. Moreover, ker L N KerP = {0}, and thus,

X = KerP @ KerlL.

For y € Y, it holds

= (bi—;)i_l /:(b —u)*? <ﬁ /ab(b - s)a2y(s)ds) du

a—1 b a—2 . O‘__l b —u)* 2du
:—1/a(b_8) y(s)ds (b—a)al/a(b )*7d

Thus, the linear operator () is a continuous projector. For y € ImL, one
has Qy = 0, which shows that y € Ker(), in fact, ImL = Ker@). Moreover,
y—Qy € ImL. It follows that Y = ImL + Im@), and since ImQNImL = {0},

we have
Y =ImL ¢ Im@Q.

Thus, codimIlmL = dimIm@ = dimKerL = 1, which shows that L is a
Fredholm operator of index zero.
Let us prove that

K, :ImL — domL N KerP

is the inverse of L|gomrrkerr. Let y € ImL. We have that (K,y)(a) =
0 = (K,y)'(a), and since y € ImL, we obtain (K,y) (b) = 0, and thus,
(K,y)'(a) = (K,y)'(b). Moreover, (K,y)"(a) = 0. Hence, K, € domL.
Furthermore,

P(Kp)(t) = (Kpy)'(a)(t —a+ B) =0,

which shows that K,y € KerP. Thus, the definition of K, is reasonable.
For y € ImL, we have

(LEy)(t) = (“Dg I7y)(t) = y(t). (6)
For z € domL NKerP, we have 2/(a) = z(a) = #/(b) = 2”(a). By Lemmal[l}

(K,Lx)(t) = (I2°D2 z)(t) = z(t) + c1 + co(t —a) + c3(t — a)?, co,c1,c0 € R,
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which yields
(KpLz)(t) = (179D )(t) = x(t). (7)

Combining @ and @, we conclude that K, = (L]dommKerp)fl, and the
proof is complete. []
Lemma 5 Let

b— « b— a—1 b— a—2

b-a)  b-ar (- 5
I'(a+1) () Fa—1)

’r]:

Then
I EKpyllx < nllylls
for any y € ImL.

Proof. For each y € ImL and t € [a, b],

eyl = 1EKpylloo + [10Kp9) oo + 11(Kpy)" |
= 72yl + 2 ylloe + 115 *Ylloc

(b — a)o‘ (b _ a)afl (b . a)a,Z
(F(a+1) T T Te-y ) 19loo-

O

2.1 Existence of solutions

In order to prove the existence of solutions of the FBVP , consider the
following conditions:

(H1) There exist nonnegative functions v1,7s,73 and ¢ such that for all
(u,v,w) € R3,

[t w,0,w)] < 3 (®)]u@)] +2()[o@)] + @) [w(t)] +6(2), T € [a,b]

with p1 = [[7ille, P2 = [12lls, s = [[13lls; ¢ = [|6]lc such that
7 - MaXse(o 5 {P1, P2, p3} < 1 (with 1 as defined in (g])).

(H2) There exists a constant R > 0 such that for x € domL, if |2'(t)] > R
for all t € [a,b], then

b
[ 0= (5209, (5)." () £
(H3) There exists a positive constant R* such that for ¢; € R, if |¢1| > R*
for t € [a, b], either

cf(t,e(t—a+p),c1,0) >0, t € la,b, 9)

or
cif(t,ei(t —a+B),¢1,0) <0, t € a,bl. (10)
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Lemma 6 Assume 2 C X is an open bounded subset such that domLNQ #
(0, then N is L-compact on §).

Proof. By the continuity of f, QN(Q) and K,(I — Q)N(Q) are bounded.
According to Arzela-Ascoli theorem, it is sufficient to prove that K,(I —

Q)N(£2) C X is equicontinuous.
Since f is continuous, there exists a constant M > 0 such that

(I = Q)Nz)(t)| < M

for x € Q, t € [a,b]. Denote Kpq = K,(I — Q)N. Fora <t <ty <D,
x € 0, we have

and

IN

(Kpqr)(t2) — (Kpgw)(th)]

1 : a=lr z(s)ds—
W/ (s — )" (1 — Q)N (s)d

/ 1(t1 —5)* (I — Q)Nx(s)ds

% {/atl(tz —5)*h — (t; — 5)* tds + /j (t2 — S)“_ldS}

M « o
m[(b—a) — (ti —a)?],

(Kpqr)'(t2) — (Kpqgz)'(t1)|

1 . a=2(f z(s)ds
m/a (t2 = )" (I = Q)Na(s)d

_ / (b — $)°2(1 — Q)Na(s)ds

% { /a ! (ty — 8)* 2 — (t; — 5)* 2ds + /t :2 (ty — s)a—st}

M a—1 —a a—1
T(a) [(t2 — a) (tt —a)* '],

(Kpqr)"(t2) = (Kpo)"(t)]

L ’ a=3(] — x(s)ds
m/ﬂ (t2 = s)* (I — Q)Nx(s)d

- / (t — $)*3(1 — Q)Na(s)ds
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M

m [(t2 - a)* % —(t, —a)* 2 + 2ty — tl)a_2:| ‘

Thus, when t; — t1, we have

[(Kpqz)(t2) — (Kpgx)(t1)| = 0,
[(Kpqw)'(ta) — (Kpgw)'(ti)] — 0,
[(Kpqx)'(t2) — (Kpgx)"(t1)] — 0.

Consequently, it follows that (Kpqx)(S2) C C([a,b]), (Kpqz)'(2) C C([a,b])
and (Kpgz)"(©2) C C([a,b]) are equicontinuous. Thus, Kpgz : Q@ — X is
compact, and we conclude that N is L-compact. [J

Lemma 7 Let Oy = {z € domL\KerL : Lr = ANz, X € (0,1)}. If
conditions (H1) and (H2) hold, then  is bounded.

Proof. Let x € 4, then z € domL\KerL and Lz = ANz, hence A # 0 and
Nz € ImL = KerQ C Y. Thus, Q(Nz)(t) = 0, which means that

b
/ (b—5)*2f(s,2(s),2'(s),2"(s))ds = 0.

From hypothesis (H2), we conclude that |2/(t)] < R for all ¢ € [a,b], and
thus, in particular, |2/(a)| < R. Furthermore, for z € )y, we have

[Pl x max {| Px(t)| + [(Pz) ()| + [(Px)"(t)[}

tela,b]
|2'(a)(t — a+ B)| + |2/ (a)]
2" (a)[(b — a +8]) + |2'(a)]
b—a+ |8+ 1R

IAINCIA

and

I = P)zllx = [[K,L(I = P)zlx
< LI = Pl

= nllLe]e
< N7

Thus,

lellx = llo—Pz+ Pr|x
[1Pxllx +[I(1 = P)xllx
(b—a+|8l+ 1R +n|Nz|w. (11)

IAINA
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with 7 defined in (§). Under condition (H1), for each z € Q, it follows that

Nl = max 706 (0,0, 2" 0)
< p(lz@®)]+12"@)] + 12" ()]) + ¢
= pllzllx +q, (12)
where p = maxycap{P1, P2, p3}. From and (12)), recalling that np < 1
(cf. (H1)), one obtains
(b—a+|B|+1)R+ng

rlx <
o] S

Y

which shows that € is bounded. [J

Lemma 8 Suppose that (H2) holds. Then the set Qo = {x € KerL : Nx €
ImL} is bounded.

Proof. Assume that = € Qy. Then, Nx € ImL and x(t) = ¢1(t — a + [).
Therefore,

b b
/(b—s)o‘_g(N:v)(s)ds:/(b—S)O‘_Qf(s,cl(s—a+,6’),cl,0)ds:O

and thus, from hypothesis (H2), |2/(t)| = |c1| < R for t € [a,b]. This leads
to

lz]|x = s?p]{lcl(t —a+ )| +lal} <(b—a+ B[+ 1R,
t€la,b

and we conclude that €25 is bounded. O

Lemma 9 Suppose that (H2) and (9) hold. Then the set Q3 = {x € KerL :
A+ (1 =ANQNz =0, A €0,1]} is bounded.

Proof. For x € Q3, we have x(t) = ¢;(t — a + () and

a—1

)\cl(t—a—l—ﬁ)—l—(l—)\)m

/b(b—s)“f(s, c1(s—a+pB),c,0)ds = 0.

(13)
If A\ =0, then |¢;] < R* according to (H2). If A € (0, 1], we also obtains
lc1| < R*. Otherwise, according to the first part of (H3), we have

a—1

b
cf(t—a%—ﬁ)—l—(l—)\)m/ (b—35)2ci1f(s,ci(s—a+B),c1,0)ds > 0

which contradicts . Therefore, €25 is bounded. [

11
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With identical arguments, we obtain the following result.

Lemma 10 Suppose that (H2) and hold. Then the set Qf = {x €
KerL : =Xz + (1 = AN)QNxz =0, X € [0, 1]} is bounded.

Once we have gathered the essential results, we can prove the following
theorem, which is the main goal of this paper.

Theorem 3 Let f : [a,b] x R® — R be continuous, and suppose conditions
(H1), (H2) and (H3) are verified. Then the fractional boundary value prob-
lem has at least one solution in X.

Proof. Let 2 be a bounded open subset of Y such that U?Zl Q, Cc O It
follows from Lemma |§| that N is L-compact on €2, and by Lemma, , L is
a Fredholm operator with index 0. By Lemmas [7], [§ [0] and we get the
following:

1. Lz # ANz for every € 9Q N (domL\KerL) and X € (0, 1);
2. Nz ¢ ImL for every x € KerL N 0%;

3. Let H(z,\) = £z + (1 — A)QNz. We know that H(z,\) # 0 for
x € KerLNON). Therefore, by homotopy property of degree, we obtain

deg(QN|kerr, QN KerL,0) = deg(H(-,0),KerL N o52,0)
= deg(H(-,1),KerL N 052,0)
= deg(£I,KerL N0, 0) # 0,

where [ is the identity operator.

From 1-3, according to Theorem [2] it follows that Lz = Nx has at least one
solution in domZL N ). Therefore, fractional boundary value problem has
at least one solution in X, and the proof is complete. []

3 Example

Consider the following fractional boundary value

5 1 1 1 "
‘D2 a(t) = 1 sinx(t) + gx’(t) + Ee*k” Ol te1,2], (14)

x(1) = 22/(1), 2/(1) = 2/(2), 2"(1) =0,

where a = 5/2, f = 1/2 and

ft,x(t), 2 (t),2"(t)) = isin x(t) + %x'(t) + 1—1061“”“)'
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is a continuous function. It follows that

1 1
£t v, 0)] < Zlu(0)]+ E )] + o),

with p; = 1/4, po = 1/5, p3 = 1/10 and ¢ = 0. It follows that p =
max{pi, p2, p2} = 1/4. Moreover, n = 58/(15y/7) and consequently, pn < 1.
Thus, condition (H1) is verified.

Let R = 2, and for any = € domL, assume |2/(t)| > R holds for ¢ € [1,2].
From the continuity of a’, either 2'(¢) > R or 2/(t) < —R for t € [1,2].

If 2/(t) > 2, one has

2 1 1 1 "
2 _ 3/2 | = & " - /t =2 (@)] d
/1( s) [481nx()+5x()+106 s

o2\ [? 3
> [->+= 2 — ) ?ds = — > 0.
(4+5>/1< ) ds = =5

If 2/(t) < —2, one has
2 1 1 1
/1 (2 — 5)3/2 [Z sinz(t) + ga:’(t) + Ee"“’” (t”] ds

1 2 1 2 1
< [=-Z+= 2—5)2ds=—— <0
<4 5+10)/1( s)ds = =55

Thus, for |2/(t)| > 2,

/1 (2 — 8)3/2f(s, u(s), ' (s),u"(s))ds # 0

and condition (H2) is verified.
Finally, we observe that

flt t L 0 L t L +1 + !
C — = = —S C - = — —.
y G1 9 , C1, 4 111 1 2 561 10

Take R* = 1 and assume |c;| > 1. Thus, if ¢; > 1,

1 1 1 1 1

and if ¢; < —1, one has

1 1 1 1 3
le (t7cl <t_§> ,C1,0> <= (1_5+E) ——% < 0.

Therefore, condition (H3) is verified.
It follows from Theorem 3| that fractional boundary value problem
has at least one solution.

13
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