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Abstract. In this paper the boundedness of Hardy-Littlewood maximal and
singular operators in variable exponent Morrey spaces M 5((")) (X) defined on spaces
of homogeneous type is established provided that p and ¢ satisfy Dini-Lipschitz
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INTRODUCTION

Let (X, p, 1) be a space of homogeneous type with L := diam(X) < co. The
paper is devoted to the boundedness of the operators

(MP)@)= swp (B, [ If@lduly), v € X,

reX
0<r<L

(K f)(x) = lim k(z,y)f(y)du(y), =€ X

=0 JX\B(z,e)
in Morrey spaces with variable exponent defined on X, where k is the Calderdén-
Zygmund kernel on X.

In the paper [2] some properties of variable Morrey spaces over a bounded open
set 2 C R™ and the boundedness of maximal and Riesz potential operators in
these spaces were studied.

For mapping properties of maximal functions and singular integrals on Lebesgue
spaces with variable exponent we refer to [9], [10], [7], [6], [19]-[20], [26], [13] (see
also [29], [17] and references therein).

We notice that the main results of this paper were announced in [18].

The paper is organized as follows. In Section 1 we formulate and prove some
properties of variable exponent spaces. Section 2 is devoted to the boundedness
of M in variable exponent Morrey spaces, while in Section 3 we study the same
problem for the operator K. Section 4 deals with applications of the derived results
to singular integrals on fractal sets.

Constants (often different constants in the same series of inequalities) will be

denoted by ¢ or C.
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1. PRELIMINARIES

A space of homogeneous type (SHT) (X,d, ) is a topological space X with
a complete measure p such that the space of compactly supported continuous
functions is dense in L}L(X ) and there is a non-negative function (quasimetric)
p: X x X — R, which satisfies the following conditions:

(i) p(z,x) =0 for all x € X.

(ii) p(x,y) > 0 for all x # y, z,y € X.

(iii) There exists a positive constant ag such that p(z,y) < aop(y, z) for every
z,y € X.

(iv) There exists a constant a; such that p(z,y) < a1(p(x, z) + p(z,y)) for every
x, Yy, z € X.

(v) For every neighbourhood V' of the point € X there exists r > 0 such that
the ball B(z,r) ={y € X : p(x,y) < r} is contained in V.

(vi) Balls B(z,r) are measurable for every z € X and for arbitrary r > 0.

(vii) There exists a constant b > 0 such that

uB(x,2r) < bu(B(x,r)) < 0o (1.1)

for every x € X and r, 0 < r < oo.

It is known (see [24], [14], p.2) that there exists another quasimetric p’, equivalent
to p, for which every ball is open.

Throughout the paper we assume that L := diam(X) < oo; pu{z} = 0 for all
r € X, and

p(B(xo, R) \ B(xo, 7)) >0 (1.2)

for all zp € X and r, R with 0 < r < R < L/2. For the definition and some
properties of SHT see, e.g., [24], [5], [14], Ch.1, [12], Ch. 1.

Notice that conditions (1.1) and L < oo imply puX < oco.

If b is the smallest constant for which the measure p satisfies (1.1), then the
number @) = log, b is called the doubling order of u. Iterating (1.1) we find that

W(B(r.R) ., (R\ ,
W) <o(5) (1)

,
for all balls B(z, R) and B(y,r) with B(y,r) C B(z, R). For example, in the case
of R™ with the Lebesgue measure ) = n.

Let p and ¢ be measurable functions on X such that 1 < p_ < p(z) < py < o0,
1 <q- <q(x) <qs < oo, where

p- =infp, py:=supp, ¢- =infq, ¢4 =supgq.
X X

We shall use the following notation:

p-(E) =infp, p(E):=supp,
E

where F is a u— measurable subset of X.
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The Lebesgue space with variable exponent LP()(X) (or LP®) (X)) is the class
of all measurable p- functions f on X for which

S,(f) = /X |f(2)P@dz < 0.

The norm in Lp(')(X ) is defined as follows
£l ey (x) = inf{)\ >0:5,(f/\) < 1},

It is known that LP()(X) is a Banach space (see [23], [16]). For other properties
of LP() spaces we refer to [31], [23], [28], [16].

Definition 1.1. We say that p satisfies the Dini-Lipschitz condition on X
(p € DL(X)) if there exists a positive constant A such that

A
Ip(z) — p(y)| < “log(p(z, 1))

for all x,y € X with p(x,y) < 1/2.

Remark 1.1. It is easy to check that if 1 < p_(X) < p,(X) < occand p € DL(X),
then 1/p(:) and p/(-) belong to DL(X), where p/(-) := p(-)/(p(:) — 1).

The next lemma was proved in [16] for metric measure spaces.

Lemma 1.1. Let p € DL(X). Then there exists a positive constant ¢ such that
for all balls B C X the inequality

,u(B)p’(B)_Z”(B) <c

holds.

Proof. First notice that (1.1’) implies that p is lower Ahlfors Q-regular, i.e.
there is a positive constant ¢ independent of y and r such that

uB(y,r) > cr®

for ally € X and 0 < r < L. Further, suppose that ¢g = min {;, al(ao—l—l)}, where

ao and a; are constants from the definition of the quasimetric p. If 0 < r < ¢,
then for B := B(y,r), we have

(uB)P-B~P+(B) < cqp-(B)p+(B) < cpteon < .

O

Remark 1.2. Tt is easy to check that if p € DL(X), then there is a positive
constant ¢ such that

(uB)p(x) < c(uB)p(y)

for all balls B and all z,y € B.

In [2] variable Morrey spaces over a bounded open set €2 C R™ were introduced.
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Definition 1.2. Let 1 < q¢_ < q(-) < p(:) < py < 0. We say that a measurable
locally integrable function f on X belongs to the class Mp ( ) if

”f“M;’((j;(X) = sup (MB(377T))l/p(x)_l/q(x)||f||Lq(->(B(:c,r))-

reX
0<r<L

It is easy to see that if p = ¢, then Mﬁ((_')) (X) = LPO)(X). When p(z) = p and
q(z) = q are constants, the space le((f)) coincides with the classical Morrey space
MY (see [25], [27], [15], [1] for the definition and some properties of MP). For the
boundedness of maximal and singular integrals in the spaces M} we refer to [4],
[11], 3], [30].

Taking into account Remark 1.2 we have the next statement.

Proposition 1.1. Ifp,q € DL(X), then there are positive constants ¢y and co
such that

Al i < 1o < cllflg
for all f, where

Hf”ﬂg((j;(x) = sup [[(u(B(z,r)))""O7O F ()] 1t By

reX
0<r<L

This follows easily from Lemma 1.1 and Remark 1.2.
For the next statement we refer to [23], [28].

Proposition 1.2. Let f be a measurable function on X and let E be a measur-
able subset of X. Then the following inequalities hold:

1155600 < Solfxe) < N FIey I1flom <1
(E
11520 0y < SolFxe) < ISy 1 oy > 1

Holder’s inequality in variable exponent Lebesgue spaces has the following form
(see e.g. [23], [28]):

[ fodn < (1p-(B) + 1/0)-(B)) I/ o mllallvoey  (13)

The following statement holds (for Euclidean spaces see [2], Lemma 7).
Proposition 1.3. Let 1 < (q1)- < q1(-) < @2(+) < (q2)+ < 00 and let q1,q2 €
DL(X). Then
) )
Mé)z(')(X) — M,

q1 ()

(X

Proof. By Lemma 1.1, Remark 1.2 and Proposition 1.2 it is enough to see that
there is a positive constant ¢ independent of f, x and r such that

(B (2, 7)Y 2OAO O L By < o ()
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Indeed, suppose that || f[| a0 (5@, < 1; using Holder’s inequality and Remark
1.1 we have

Sun(uB(a,r)) V=000 () = |

q1(y)
( )<(uB(x,r))”q2(y)”‘““”\f(y)I) dy <
B(z,r

c(puB(w, r)) OO L0 om0 B X8 (Ol Latmor x) < ¢
O

Lemma 1.2. Let § be a measurable function on X satisfying 5(z) < —1 for
all X. Suppose that r is a small positive number. Then there exists a positive
constant ¢ independent of r and x such that

Alz,r) = /X\B(m(u(Bmy)ﬂ‘””)du(y) < =g

where

Proof. We have

Awy) = [ (X \ B@.) N {y € X : (1Bn) " > AP =

(n(Br))@ oo
/ +/ = Al(fE,’f‘)+A2(ZE,T).
0 (1(B(,r))P@)

First observe that Ay(z,r) =0 for all x € X and small r. Indeed, let x € X and
A > (uB(x, 7))@, We denote

Ex(z) :={y € X : (uB,,)"™ > \}.
Suppose that y € (X \ B(z,7)) N Ex(x). Then we have
1By, < A0,

On the other hand, if A > (uB,,)?®, then uB,, < \Y@ < uB(x,r).

When y € X \ B(z,r) we have p(x,y) > r and therefore, uB,, > uB(z,r).
Consequently, (X \ B(z,7)) N Ex(z) = 0 if A > (uB(x,7))?®@ which implies that
Ay(x,r) =0.

Now we estimate A;(z,r). First we show that

pEy < BAVA@), (1.4)

where b is the constant from the doubling condition for u. If pE, = 0, then (1.4)
is obvious. If pF) # 0, then 0 < ¢ty < 0o, where

to = sup{s € (0, L) : pB(z,s) < AV},
Indeed, since L < oo, we have ty < 0o. Assume now that tg = 0. Then F) = {z};

otherwise there exists y, y € E\(z), such that p(z,y) > 0 and uB,, < A\/F®

which contradicts the assumption ¢y = 0. Hence we conclude that 0 < t; < oo.
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Further, let z € Ey(z). Then uB,. < A/#®@_ Consequently, p(z,2) < to. From
this we have z € B(z,2t)), which due to the doubling condition yields
pE\(z) < pB(z,2ty) < uB(x,to/2) < B2AVA@),
This implies (1.4). Since f(z) < —1, we have

(1B (2,r))° ) b28(z
Amr) < bQ/o pE(x)dA = L)(MB(Z‘, r)) YO

|

Lemma 1.3 ([5], [33]). Conditions (1.1) and (1.2) imply the reverse doubling
condition (RDC) i.e. there exist constants o, 5, 0 < «, 5 < 1 such that

pB(z,ar) < puB(z,r) (1.5)
for all x € X and all sufficiently small positive r.

2. MAXIMAL FUNCTIONS

In this section we establish the boundedness of the operator M in M 5(( )) (X).

The following statement is well-known (see [9] for Euclidean spaces and [16] for
metric measure spaces).

Theorem A. Let 1 < q_ < q(x) < g4 < 00. Suppose that ¢ € DL(X). Then
M is bounded in L) (X).

Our aim in this section is to prove the next statement.

Theorem 2.1. Let 1 < ¢ < q(-) < p(-) < py < o0 and let p,q € DL(X).
Then M is bounded in Mg((,')) (X).

Proof. Let r be a small positive number. Represent f as follows: f = fi + fo,
where fi = fXB@ar), fo = f — fi, where a = a1(ai(ap + 1) + 1). We have

(B (@, ) POV M F|| oy ey <
(nB(x,r))H/rie)-1/a@ ||Mf1||L‘1()(B(9c,r)+
(B (2, ) POV DM fol| Lo 5y = L1 + L.

Taking into account the condition ¢ € DL(X ), Theorem A and the doubling
condition we have

Il S C(NB($7T))1/p( 1/q ||XB a:a?”)fHL‘I() < C||f||MP((.‘))(X)‘
Now observe that for y € B(x,r),
1
M foly) < 7/ dy,
f(y) < Sup g | ldu

BDOB(z,r)

because B(z,r) C B(y,ai(ap + 1)r) C B(z,ar).
Hence by Holder’s inequality, Lemma 1.1 and Proposition 1.2 we have

1
o < c{pBla,r)) MO0 sy | fla
B

BD>B(z,r)
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C(HB(%?"))W(I) sup (MB)_lHf”Lcm(B)HXB”Lq’<~>(X)§

B
BDOB(z,r)
c(uB(z,m)"" D sup  (uB) "M (uB) = EV| [l Loy ) <
BD&wT)
¢ sup (NB)l/p(x) Hat ||f||Lq<>(B >
BD&:E,T‘)

csgp(luB)l/P(aco)—l/Q(mo)||f||Lq(,)(B) < c||f||M,,<(.))(X),
o

where zq is the center of B.
Finally we conclude that M is bounded in M 5((,')) (X). O

3. SINGULAR INTEGRALS

Let k: X x X \ {(z,z) : x € X} — R be a measurable function satisfying the
conditions:

C

O e W)

, T,y eX, x#Y;

k(a1 y) = k(. y)| + [y, 21) = M%“”SWCXZEDMMM¢@Lw>

for all 21, zs and y with p(xs,y) > p(x,x2), where w is a positive, non-decreasing
function on (0, 00) satisfying Ay condition (w(2t) < cw(t), t > 0) and the Dini
condition [y w(t)/tdt < co.

We also assume that for some py, 1 < pg < 0o, and all f € LP°(X) the limit

(K@) = pov. [ k(e,y)f(y)dul)

exists almost everywhere on X and that K is bounded in LP°(X).

The following statement is known (see [21], [22]).

Theorem B. Let p € DL(X). Then K is bounded in LP©)(X).

Theorem 3.1. Let 1 < q- < q(-) < p(*) < py < oo. Suppose that q,p €
DL(X). Then K is bounded in M;?((.'))(X).

Proof. We take small » > 0 and represent f as follows: f; + fo, where f; =
[XB@z2air), fo = f — fi. First observe that if y € B(x,r) and z € X \ B(z, 2a;7),
then uB(x, p(z,2)) < cuB(y, p(y, 2)). Indeed,

p(x,2) < aip(z,y) + aip(y, z) < arr + arp(y, 2) < p(x, 2)/2 + arp(y, 2).

Hence p(z, z) < 2a1p(y, z). This implies
pB(z, p(r,2)) < cuB(x, p(y, 2)).
Further, if t € B(z, p(y, 2)), then

p(y7t) < alp(ya Z) + alp(z,t) < al(p(ya Z) + (le(Z,.Z') + (hp(ﬂ:,t)) <
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a1(p(y, 2) + 2aTaop(y, 2) + arp(y. 2)) = 2a3(1 + agar)p(y, 2).
Thus, pB(x, p(y, 2)) < cuB(y, py, ). Finally,

pB(x, p(x,2)) < cipB(z, ply, 2)) < couB(y, p(y, 2)))-

Let us take an integer m so that o™ diam(X) is sufficiently small, where « is

the constant from (1.5). Now by the reverse doubling condition and the latter
inequality, for y € B(x,r), we have

KR <c

X\B(z,2a17) [f(2)|uB(x, pa, 2)) " dp(z) <

/X\B@’v?“ﬂ) e </B<x,amp<z,z>>\3<x,amlpu,z))(“ Bz, p(w:t)))” dﬂ(t>> dp(z) <
/X\B(mm%m (uB(, p(z,1)))~* ( /B ) f (Z)Idu(2)> dp(t) <

/X\B(mm%m (uB(z, p(z, 1)) f(x, t)dp(t),

where

Flat) = [qu,almp(x,t))]l Loy HENE).

Taking into account the condition ¢ € DL(X) and (1.1) we find that

f_(l’,t) S (:u(xvali ( ))) ”fHLQ() (z,al=mp(z,t) ||XB z,al=mp(z,t) ||LQ()( X) <

1 e (0 @1, 1)) -1/
p(+) ’ ’

C||fHM5((‘~)>(X)(u(x, plz, 1)) ~1/P@),
Hence, Lemma 1.2 yields

KR < o |,

(pe(, pla, £))) PO Ndp(t) <
X\B(z,am~12a1r)

ol B 1)) 720 < gy (B ),
Further, by the last inequality, Theorem B, Lemma 1.1 and Remark 1.2 we have
(uB(x, r>>1/p(x)7l/q(x)HKfHLq(')(B(x,r)) <
(uB(2, ) PO IONK | i) () +

(1B, 7)) PO I K fo| o (Blay) =
(1B (2, 7)) POV FN Lty (50 200+

(/LB(I, T))l/p(x)fl/Q(x) HKQfHLQ(')(B(I:T)) S C|’f||M5(("))(X)+
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C(ILLB(SC,T))il/q(x)||XB(1‘,7”)HLq(')(X)||f||M5(<:)>(X) S C”fHM;)((:))(X).

4. APPLICATIONS TO SINGULAR INTEGRALS ON FRACTAL SETS

Let I' C C be a connected rectifiable curve and let v be arc-length measure on
I'. By definition, I' is regular if

v(D(z,r)NT) <r
for every z € I and all r > 0, where D(z,r) is a disc in C with center z and radius
r. The reverse inequality

v(D(z,r)NT) > cr
holds for all z € T" and r < L/2, where L is a diameter of I'. If we equip I" with
the measure v and the Euclidean metric, the regular curve becomes an SHT.

The associate kernel in which we are interested is
1

z—w

k(z,w) =

The Cauchy integral

ses) = [ L avir)

is the corresponding singular operator.

The above-mentioned kernel in the case of regular curves is a Calderén-Zygmund
kernel. As was proved by G. David [8], a necessary and sufficient condition for
continuity of the operator Sp in L"(I"), where r is a constant (1 < r < 00), is that
I is regular.

Definition 4.1. Let 1 < q_ < q(-) < p(:) < py < 0o. We say that a measurable
locally integrable function f on T' belongs to the class M(f(("))(lj) if

||f||M5(<;)>(p) = sup (v(D(z,7)N F))l/p(z)il/q(Z)||fHL‘1(‘)(D(z,r)ﬂF)'

zel
o<r<L

Theorem 3.1 implies the following statement.

Proposition 4.1. Let I be a reqular curve. Suppose that 1 < q_ < q(z) <
p(z) < py < oo forall z € I'. Assume that L < oo and p,q € DL(T"). Then the
Cauchy integral St is a bounded operator in Mé)((f))(lj).

Let now I" be a subset of R™ which is an s-set (0 < s < n) in the sense that
there is a Borel measure p in R™ such that

(1) supp po = T;

(ii) there are positive constants ¢; and ¢y such that for all z € I"and all r € (0, 1),

car® < pu(B(z,r)NT) < cor’.

It is known (see [32], Theorem 3.4) that p is equivalent to the restriction of

Hausdorff s— measure H; to I'. We shall thus identify p with H|T.
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Let I'(z,r) = B(z,r)NI", where x € I'. Suppose that K is a Calderén-Zygmund
singular integral defined on an s— set I'.

The next statement is a consequence of Theorem 3.1.

Proposition 4.2. Let 1 < q_ < g(x) < p(z) < py < oo for all x € T'. Suppose
that T is bounded. Assume that p,q € DL(T"). Then the operator Kt is a bounded

operator in M;’((_')) ().
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