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Nonlocal Solvability of the Cauchy Problem
for a System with Negative Functions of the
Variable ¢
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Abstract. @ We obtain sufficient conditions for the existence
and uniqueness of a local solution of the Cauchy problem for a
quasilinear system with negative functions of the variable ¢ and
show that the solution has the same x-smoothness as the initial
function. We also obtain sufficient conditions for the existence
and uniqueness of a nonlocal solution of the Cauchy problem for
a quasilinear system with negative functions of the variable ¢.

Key Words: First-Order Partial Differential Equations, Cauchy Problem,
Additional Argument Method, Global Estimates
Mathematics Subject Classification 2010: 35F50, 35F55, 35A01

Introduction

A problem with shift for mixed type equation with two degeneration lines
was considered in [§].
We consider the system

{ Owu (t,x) + (a(t)u(t,z) + b(t)v(t, x))0pu (t,x) = fi(t, x), (1)
Ow(t,x) + (c(t)u(t,z) + g(t)v(t, x))0v(t, x) = faolt, z),

where u(t, z), v(t,z) are unknown functions, fi(t,z), fa(t,x), a(t), b(t), c(t),
g(t) are given functions, a(t), b(t), c(t), g(t) € C([0,T]) and

a(t) <0, b(t) <0, c¢(t) <0, g(t) <0 on [0,T].
For system , we consider the following initial conditions:

u(ov J]) = (pl(l’), 1}(07*%) = 902(*%)7 (2)
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where ¢1(z) and ps(z) are given functions. Problem (1)), is considered
on Qpr ={(t,z)|0<t<T,z€l0,+00), T > 0}.

In [5], by means of an additional argument method, there were found the
conditions of nonlocal solvability of the Cauchy problem for the system

{ Owu (t,x) + (a(t)u(t,z) + b(t)v(t, z) + hi(t))Ou (t, z) = fi(t, x), (3)
Owu(t, z) + (c(t)u(t,x) + g(t)v(t,x) + ha(t))0,v(t, x) = fo(t, x),

subject to the initial conditions on Qp, where u(t,z) and v(t,z) are
unknown functions, fi(t,x), fo(t,x), a(t), b(t), c(t), g(t), hi(t), ha(t) are
given functions, a(t) > 0, b(t) < 0, c¢(t) > 0, g(t) < 0, hi(t) <0, ho(t) <0
on [0, 7.

Systems , appear in various problems in natural sciences. For
instance, such systems are applied in models of shallow water [I].

In [5], the existence and uniqueness of a nonlocal solution of the Cauchy
problem , on ()1 were proved under the following conditions

a(t) > 0, b(t) <0, c(t) >0, gt) <0, hi(t) <0, ho(t) <0 on [0,T),
QDl(x) <0, 902(1‘) >0, 30/1(33) >0, 90/2(x> < 0on [07+OO)7
fl(t7 .flf) S Oa f?(th) 2 07 axfl(tax) 2 07 al‘f2<t7$) S 0 on QT-

In the present work, by means of the additional argument method, we de-
termine the nonlocal solvability conditions for the Cauchy problem ,
on Qp in the case when a(t), b(t), c(t), g(t) are continuous and negative
functions on [0, 7). Also, we assume that

QOI(SC) > O? 902(1:) > 07 90/1(‘%‘) < 07 90/2<'I) < 0 on [0,+OO)7
fl(twr) Z 07 fQ(trx) Z 07 8$f1(t7x) S Oa 61‘f2<t7x) S 0 on QT‘
We can avoid setting boundary conditions at x = 0 if
a(t) <0, b(t) <0, ¢(t) <0, g(t) <0on [0,T],

w1(x) >0, @a(x) >0 on [0,4+00), fi(t,x) >0, fa(t,z) >0 on Q.

By means of the additional argument method, we obtain the following
extended characteristic system (see [I]-[7] for details):

W = a(s)wy(s,t,x) + b(s)ws(s,t, ), (4)
W = c(s)wy(s, t,x) + g(s)wa(s, t, x), (5)

7 = fi(s,m), (6)
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ws(s,t,x) = wa(s,s,m), wa(s,t,x)=wi(s,s,n), (8)
m(t,t,x) =z, n(t,t,z) ==, (9)

wi(0,t, ) = ©1(m(0,£,2)), wa(0,¢,x) = ©2(12(0, £, ). (10)

Unknown functions 7;, i = 1,2, and w;, j = 1,4, depend not only on ¢
and z, but also on additional argument s. Integrating equations — with
respect to the argument s and taking into considerations conditions 7,
we obtain an equivalent system of integral equations:

m(s,t,z) =a — /St (a(v)wy + b(v)ws)dy, (11)
ne(s,t,x) =x — /St (c(v)ws + g(v)wsq)dy, (12)
wilsito) = prm(0.t0) + [ A (13)
wa(s o) = palm(0.t0) + [ foon ) (14)
w3(s,t,x) = wa(s,s,m), wy(s,t,z)=wi(s,s,n2). (15)

Substituting and into (13)—(15)), we get
wi(s tx) = oi(z— /0 (@) + b)) +
+ /0 Chv - / (a(r)w) + b(r)ws)dr)dv,  (16)
wrlsstx) = ealo— [ e+ gvyuin) +
+ /0 v — / (P + g(rywa)dr)dy,  (17)
wyls,t,x) = wals, s,z — / (@) + b)) dv), (18)
wils tx) = wi(s, s,z — / (e + g(r)ws)d). (19)

Denote I'r = {(s,t,2)|0 < s <t < T,z € [0,+00),T > 0}.

Lemma 1 Assume that the system of integral equations f has a

unique solution w; € C(I'y), j =1,4, and

a(t) <0, b(t) <0, ¢(t) <0, g(t) <0 on[0,T],



4 M. V. DONTSOVA

p1(x) >0, pa(x) >0 on [0,+00), filt,z) >0, fa(t,x) >0 on Qrp.
Then w;(s,t,x),ni(s,t,x) € [0,400) on 'y, j=1,4,i=1,2.
Proof. From and conditions ¢4 (x) > 0 on [0, +00), fi(t,z) > 0 on Q,
it follows that wy(s,t,2) > 0 on I'p. From and conditions pa(x) > 0 on
0, +00), fo(t,z) > 0 on Qp, we find that wy(s,t,z) > 0 on I'y.

Since wy(s,t,x) > 0 and wy(s,t,z) > 0 on 'y, from and , we
conclude that ws(s,t,x) > 0, wy(s,t,z) > 0 on I'y. Since wy(s,t,z) > 0,
ws(s,t,2) > 0 on Iy and a(t) < 0, b(t) < 0 on [0,7], from (1), it follows
that (s, t,x) € [0,+00) on I'z. Finally, from wsy(s, t,x) > 0, wy(s,t,x) >0
on I'r, ¢(t) <0, g(t) < 0on [0,7] and (12)), we conclude that ns(s,t,z) €
[0, +00) on I'p. O

Lemma 2 Let wy(s,t,x) and we(s,t,x) satisfy the system of integral equa-
tions (L6)—-(19) ). Assume that wi(s,t,x), wa(s,t,x) together with their first-
order derivatives are continuously differentiable and bounded. Then the pair
of functions

u(t,z) = w(t, t, ), v(t,x) = wo(t,t, x)
18 a solution to the problem ), on Qr,, where Ty is a constant.

Lemma [2| plays the key role in the additional argument method. It is
proved in a standard way (cf., for example, [I]).

1 Existence of local solution

Let us introduce the following notations:

li=1,2, 1=0,2};

C, = max{ sup goz(l)

[0,400)

I = max{sup |a(t)[, sup |b(t)], sup |c(t)], sup |g(t)]};
[0,T] [0,T7] [0,T] [0,T7]

Cf = HlaX{SUp ’fl‘ , Sup |f2’ , Sup ‘aﬁcfl’ , Sup ‘aﬂcfZ’}a
Qr Qr Qp Qp
|U]l = sup [U(s, ¢, )|, ||f]l =sup|f(t z)];
I'r Qp

Covaze-an(Q)) is the space of functions continuous and bounded, together
with their derivatives up to order o, w.r.t. m-th argument, m = 1,n, on
unbounded subset €2, C R*, n=1,2...;
C([0,T7) is the space of continuous functions on [0, T7.

In the next theorem, we provide conditions for the existence of local

solution to the problem , .
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Theorem 1 Assume that

©1, P2 € 02([07+OO>>7 a, ba ¢ g € C({OaT])a f17f2 € 6272<QT)7

4Cf 10C, l>
a(t) <0, b() c(t) <0, g(t) <0 on [0,T7,
() 2 0, a(2) 2 0, h(2) 0, Fhl) <0 on [0, +00),
fit,z) >0, fa(t,x) >0, O.fi(t,z) <0, O fa(t,x) <0 on Q.

Then for each . ;
T < min (4—62, 40—C¢J>7
the Cauchy problem , has a unique solution
u(t,z),v(t,z) € CH*(Qr)
which can be found from the system of integral equations @7(@

The proof of Theorem [1 follows from the following lemma, the proof of
which can be obtained in the same way it was done in [I]-[7].

Lemma 3 Under conditions of Theorem system f has a unique
solution

w; € CYY4(Tp), j=1,4, T<m1n<400 402[)
f

2 Existence of nonlocal solution

In the next theorem, we provide conditions for the existence of nonlocal
solution to the problem , .

Theorem 2 Assume that
p1,92 € C%([0,400)), a,b,c,g € C((0,T)),  fi, fa € C**(Qr),
a(t) <0, b(t) <0, c(t) <0, g(t) <0 on[0,T],
i) =0, (1’) >0, ¢1(x) <0, ph(z) <0 on [0, +00),
filt,z) =20, fao(t,x) 20, Opfi(t,x) <0, O, fa(t,z) <0 on Q.
Then for any T > 0, the Cauchy problem , has a unique solution

u(t,z),v(t, z) € CH*(Q)
which can be found from — .
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Proof. Differentiating with respect to x and denoting

p(t, IE) = azu<t7x)v Q(tvr) = awv(t’ :L‘),

we obtain the system of equations:

I + (a(t)u + b(t)v)dep = —a(t)p® — b(t)pg + Ou f1,
g + (c(t)u+ g(t)v)dsq = —g(t)g* — c(t)pg + 0y f2, (20)

)
p(0,2) = ¥i(2),  q(0,2) = ph(x).

We add following two equations to the system — :

dyi(s,t,x
71 <d3 ) = —a(s)vi(s,t,x) — b(s)n1(s,t, 2)Va(s, s,m1) + 0w f1(5,m),
dys(s,t,x
= (dS ) - _g(S)’}/g<S’ t’ .’L’) - C(‘S)ryl (57 S, 772)72(57 t7 l’) + azfg(s, 7’]2)7
(21)
with conditions
1(0,t,7) = 90/1(771), 72(0,t,x) = 902(772) (22)

System ([21]) can be written in the form

P

/ b(v)n1v2 (v, v,m) + Oy fildv
} (23)

Y (s,t,2) = @) (m) +

Yo(s,t, ) = @h(n2) + c(V)yam (v, v, m2) 4 Oy fo]dv

\

As in [2]-]6], one can prove the existence of a continuously differentiable
solution to the problem . Therefore,

ou ov
’71(t7t7x) —p(t,x) - 8_1‘7 ’72(757{:7‘7:) - Q<t7'r) - %
As in [5], one can prove that for all ¢ and = on Qg
lull < Co+TCy, ol < Cp +TCy. (24)

Since p1(z) > 0, wa(z) > 0 on [0, +00), fi(t,z) > 0, fa(t,x) > 0 on
Qr, it follows from and that wy(s,t,z) > 0, wa(s,t,z) >0 on I'p.
Therefore, u(t,z) = wy(t,t,x) > 0, v(t,z) = wa(t, t,z) > 0 on Q.
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From , we have

(

n(s.t,x) =@i(m)exp (= [(a(v)n + b(v)ye)dv)+

+/8xflexp(—

0
72(37757'7:) = (10,2(772) eXp ( -

+/axf2 exp (—
0

(a()y1 + b(v)ya)dv)dr,

(25)
(cw)n + g(Ww)y2)dv)+

(c(W)m1 + g(v)ye)dv)dr.

V= n O —n TS O—|o

Since
a(t) <0, b(t) <0, ¢(t) <0, g(t) <0on [0,T],

pi(z) <0, @5(z) <0 on [0, +00),
Opfi(t,x) <0, O fa(t,z) <0 on Qp,
it follows from ) that 71 <0, 72 < 0 on I'p. Therefore,

il < Cp +TCy, i =1,2.

Since v (t,t, z) = O,u and Yo(t, t, x) = O,v for all t and x on Qr, the following
estimates hold:

|0.ull < Cp + TCy. [0s0]) < C, +TC. (26)

Thus, d,u(t,z) <0, d,v(t,z) <0 on Qf.
As in [2]-]6], for all ¢ and x, we obtain the following estimates

E5 Cia + Cis

’aizu‘ S EHCh (T 012021) + sh (T 012021> + ClzcggTz,

V120
E1Coy + C (21)
|8§2U| < Eych (T C'12021> + ﬁéﬁ <T 012021> + 0210133:87)

where EH, Egl, 012, 013, 021, 023 are constants.
Owing to the global estimates , 7, we can extend the solution
to any given segment [0,7]. For the initial values take u(Tp, z),v(Ty, z) €

C?%([0, +00)) such that
u(Ty,x) >0, v(Ty,x) >0, dpu(To, z) <0, dv(Ty,z) <0 on [0,+00).

Using Theorem [I} extend the solution to the segment [Ty, Ti]. Then take
for the initial values (T3, x),v(Ty, ) € C*(]0, +00)) for which

u(Ty,x) >0, v(Ty,2) >0, Opu(Ty,z) <0, dv(Ty,2) <0 on [0,+00).
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Using Theorem , extend the solution to the segment [T}, T3].
 Continuing in the similar way, we obtain that functions u(7}, z), v(Tk, z) €
C?([0, +o0)) such that

w(Ty,x) >0, v(T,z) >0, Opu(Ty,x) <0, Opv(Tg,x) <0 on [0,+00),
satisfy the following estimates
|U(Tk,l’)| < C¢+T0f, |U(Tk,$)| < OSQ—FTCf,

|8xu(Tk,x)| < Cw+TCf, |8xv(Tk,x)| < C¢+T0f
The second-order derivatives satisfy estimates and . As a result,

one can extend the solution to any given segment [0, 7] in finitely many steps.

The uniqueness of the solution to the Cauchy problem , is proved
with the help of estimates similar to those used in the proof of the conver-
gence of successive approximations. [

Let us bring an example.
Example. Consider the system

2

Ouu (t.) = ((t+Dult, ) + (8 + L+ 4o(t, )0y b, 2) = ————.

t+7
esr + 2’
(29)
where u(t, x) and v(¢, x) are unknown functions, with initial conditions

ow(t,z) — ((t+3)ult,z) + (B3 +t +5)v(t, x))dv(t, x) =

1 1

u(0,2) = p1(z) = TT1 v(0,2) = @2(z) = PITED (30)

on Qpr ={(t,z)|0<t<T,zel0,+00),T > 0}.
We have

1 11ett®
/ - - ! -
901(‘%) - (m + 1>27 902(3:) (ellx + 2)27

2 8¢ (t 4 7)

&Cfl(t,x) = —W—+1)27 afo(tax) = _W'

Since
P1, P2 € 02([07+OO>>7 a, bu ¢ g € C([OaT])v f17f2 € 02,2(QT)a

a(t) = —t—2<0, b(t) = —t* —t—4 <0,
ct)y=—-t—-3<0, gt)=—t2—t—-5<0o0n]0,T],
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1 1
901(-76):x+1>0, 902($)=m>0,
1 11ett
¢ (x) = —(I+1)2 <0, ©y(x) = —m <0 on [0, +00),
2 t4+7
t,x)=——>0 t,x)=——>0
fl(ax) t+£[)—|—1> ) fg(,l’) €8x_|_2> 3
(9f(tx)——#<0 Gf(tx)——w<00n9
xJ 1\l - (t+:L‘—|—1)2 ) xJ2\Uy — <€8$+2>2 T,

by Theorem|[2] Cauchy problem (29), (30)) has a unique solution u(t, z), v(t, z) €
CI’Q(QT).
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