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Abstract

The object of this article is to investigate the Dirichlet averages of the generalized multi—
index Mittag—Leffler functions introduced by Saxena and Nishimoto [23, 24]. Representations
of such relations are obtained in terms of Riemann—Liouville integrals and hypergeometric
functions of several variables. Some interesting special cases of the established results as-
sociated with generalized Mittag-LefHler functions due to Srivastava and Tomovski [32] and
multi-index Mittag-Leffler functions due to Kiryakova [12] are deduced. Certain results

given earlier by Kilbas et al. [§] also follow as special cases of our findings.
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1 Introduction

The Dirichler average of a function is a certain kind integral average with respect to Dirichlet
measure. The concept of Dirichlet average was introduced by Carlson in 1977. It is studied,

among others, by Carlson [I 2, 4], zu Castell [5], Massopust and Forster [I7], Neuman
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DIRICHLET AVERAGES OF GENERALIZED MULTI-INDEX MITTAG-LEFFLER FUNCTIONS

[18], Neuman and Van Fleet [19] and others. A detailed and comprehensive account of
various types of Dirichlet averages has been given by Carlson in his monograph [3]. In a
recent paper Dirichlet averages of the generalized Mittag—Leffler function due to Prabhakar
[21] are obtained by Kilbas and Kattuveettil [§]. Motivated essentially by the utility and
usefulness of Dirichlet averages in the study of Dirichlet splines, B-splines and Stolarsky
means etc., the authors investigate the Dirichlet averages of the following generalized multi—
index Mittag—Leffler function defined and studied by Saxena and Nishimoto [23, 24] in the

following manner:

Epr (g 85)1m: 2] = Epa[(@1,60), -+, (@msbm); 2] = > (P)in 2 GY

where z,p, k,o;,0; € C; R <Z;n:1 5j> > max{0, R(k) — 1}; R(e;) > 0,5 = 1,m and (a)p,
denotes the generalized Pochhammer symbol or shifted factorial defined in terms of the

Euler’s Gamma function

@ ':F(a—l—b): 1 b=0,a€C\{0}
) ala+1)--(a+b—1) beN,aeC '

The function E, ;[z] plays a very important role in the theory of Riemann-Liouville fractional
calculus and integral transforms. In this connection, one can refer to the works [9} 10, 1T, 22]
and the papers by Kiryakova [12), 13 [14] [15]. Integral expressions of this function are recently
given by Saxena et al. [27]. Let us mention that the multivariate generalization of has
been recently investigated by Saxena et al. in [26], where the authors provide generalization
of the results given earlier by Kilbas et al. [10].

When p = k = 1, relation (1] yields the multi-index Mittag—Leffler function defined and
studied by Kiryakova [12] in a slightly different form:

= z
El,l [(&j7 1 m7 Z m
o [[T(ej +65n)-n

Jj=1

n

, (2)

2

where 2, a;,0; € C; R <Z;n:1 5j) >0,R(ey) > 0,5 =1,m

Note 1. The function s introduced and studied in a series of articles by Kiryakova
[12, 13, T4]. Due to importance of this function in fractional calculus, it is also studied,

among others by Sazena et al. [25, 27], Paneva—Koneska [20] and others.

Further if we set m =1, reduces to the following generalized Mittag—Leffler function
defined by Srivastava and Tomovski [32]:

n=
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176 R. K. SAXENA, T. K. POGANY, J. RAM AND J. DAIYA

where z,p, k,a,6 € C; R(a) > 0, R(0) > max{0, R(k) — 1}.
For k =1 function Eg’clf [2] reduces to the generalized Mittag-LefHler function introduced
by Prabhakar [21]

oo ’I’L

Byl 0):2] = B231:] = 3 25— @

n=0
where z,p,a,0 € C; min{R(a),R(0)} > 0. Now, when § = 1, the above function reduces
to Kummer’s confluent hypergeometric function ﬁ 1Fi(p; a; 2) [6], see also Kilbas et al.
9 [10).

In () if we put p = 1, we get the Mittag—Leffler function defined by Wiman [33] (also
consult [5] 18, [19]):

Ei1[(a,6); 2] E;}; Z T(a 1 o) (o, 0 € C, min{R(9), R(c)} > 0), (5)

and finally with & = 1 we earn the Mittag—Leffler function [7]:

Es(2) = Ey;[2] Zr o (6 € C, R(5) > 0).
n=0

We will need some more notations in the further exposition. In the sequel, the symbol E,,_;

will denote the Euclidean simplex, defined by

Enot={(ui,  stno1)tuy >0, j =10, ug 4+ +upg <1} (6)

Next, we need the concept of the Dirichlet average. Following [3, Definition 5.2-1] let © be
a convex set in C and let z = (21, ,2,) € 9", n > 2 and let f be a measurable function
on €. Define

F(b;2) = / F(wo2) dpuy(u) (7)

where dyuy, is the Dirichlet measure

1 -
dpp(u) = ——ubr =t ol 1(1 —uyp— = Upeq) " dug e dug,y, (8)

B(b)
with the multivariate Beta—function

L'(by)---T(bn) R
L(by+--+0by)’

B(b) =

and

uoz:Zujzj—i—(l—ul—---—un_l)zn.

For n =1, F(b;z) = f(z). For n = 2 we have

) = ot (1 = 0. )
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DIRICHLET AVERAGES OF GENERALIZED MULTI-INDEX MITTAG-LEFFLER FUNCTIONS
Carlson [2] investigated the average for f(z) = 2%, k € R, in the form
Ry(b;2) = / (u o 2)* duy(u), (k eR), (10)
IE'n,fl
and for n = 2, he proved that [2], 3]
Ru(B, 5 z,y) = ! /1 [uz + (1 = w)y] " u® (1 — w)? " du (11)
) ) ) B(/B, /8/) O )

where 3,5 € C,min{R(5),R(")} > 0, x,y € R and B(-,-) stands for the standard Beta—

function.

The Dirichlet averages of the generalized multi-index Mittag—LefHer function is given
by

Mp,k [(aj75j)1,m; (ﬁaﬁ/7x7y)} = / Ep,k [(CYj,(Sj)Lm;UOZ]d/,L@,g/(U) ) (12)
Eq
where z = (z,y) € C? p,a;,0; € C; R (ZT:1 5j> > max{0, R(k) — 1}, R(e;), j = 1,m and
R(k), R(3), R(F) > 0.
We also need the Srivastava-Daoust generalization of the Lauricella hypergeometric func-
tion Fp in n variables defined by [29, p. 454]

(@) 58 605 () e 1 [60) 6] |
SA:B’;W;B(")
C:D’;--- ;D)
[(e) c s ™) [(d) 2 5o 5 [(d™) : 60] g,
A B’ B -
. / /oo e ,n
f: Jl;ll(aﬂ)m19;+‘-~+mn9§"> jl;ll(bj)ml%"j jl;[l(by )mnso§-"> 2 M 13
= c ’ (n) | o 1’
mi, ,mn=0 I1(c)) 112[ AN -DH (d(n)) my! My
: J mlw’-+--~+mnw<-") : J ml(sj : J mnd(n>
7=1 J 7 4=1 7=1 J
where the parameters satisfy
9/17 79.{47"' 75§n)7 75(Dn()n) > 0.
For convenience, we write (a) to denote the sequence of A parameters aq,--- ,a,, with
similar interpretations for (5),---,(d™). Empty products should be interpreted as unity.

Srivastava and Daoust [30, pp. 157-158] reported that the series in converges absolutely

(i) for all zy,--- ,2, € C when
C D® A B®
IS LIS 3 (I Y (B S e
j=1 j=1 j=1 j=1
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178 R. K. SAXENA, T. K. POGANY, J. RAM AND J. DAIYA

(ii) for |z¢| < me when A, =0, ¢ = 1,n, where

(]
C n ¥ DO )
4 AR
oo T (S ) 1160

— i = j=1 \U=1 j=1
e M1y >0 He A n © 0]@) B® o (£>
1 (Swe?) T ()
=1 \/=1 j=1
() : i
When all A, <0, Sg g, _ g(n) (21, ,x,) diverges except at the origin.
i : (n) -
The further set of conditions for convergence of the series Sg g/ _ ng (1, ,x,) is given

in Srivastava and Daoust [30]. We remark at this point that the Srivastava—Daoust 8 gen-
eralized Lauricella hypergeometric function for n = 2 reduces to 8§ generalized Kampé de
Fériet hypergeometric function of two variables initially introduced in [28], 29]. A detailed
account of the above function can be found in the paper [30] and in the book [31].

In sections 2, 3 we shall obtain certain integral representations for Dirichlet averages for
n = 2 and in section 4 in n > 2 dimensions by virtue of the related Dirichlet measure p,
defined by (8), in terms of the Riemann-Liouville fractional integral of order a € C, R(a) > 0
which we define [11], 16, 22]:

1 v o—1
{12, f} (x (a) /a ft)(x —t)* " dt, (x>a,acR). (14)

2 Two—variate Dirichlet averages

Carlson’s result has been reconsidered and reformulated by Kilbas and Kattuveettil.
We recall their findings. Let z,y be such that y > 2 > 0,5,8 > 0 and k € R. Let R; and
Iéi be given by and respectively. Then there holds the following formula [8 p.
475): s
| G_g'
Rulp, 50, = g {1 0 -0 ). (15)
Theorem 1. Let z,p,a;,0;, 5,3 € C; %(z] 15-) > max{0, R(k) — 1}, R(k),R(a;) >
0,7 =1,m and R(B),R(B') > 0, finally let x,y be such that x >y > 0. Then the Dirichlet
average of Mittag—Leffler function s given by

F !/
Mp,k[(ajv(sj)l,m; (576/5%9)] - F(ﬁ)(;ﬁ_—i_y)ﬁﬁlﬁ’1

{IOBJ/r (" Bk (0, 05) 1m5 y + ] } (—y).
(16)

Proof. According to and , we have

Mol 00 (5, 8.4 w' Zﬁr( (pik:; ) ol
n= a; n)-n!

j=1

1
X / ly+ u(z —y)"u’ (1 —w)’ tdu = H,.
0
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DIRICHLET AVERAGES OF GENERALIZED MULTI-INDEX MITTAG-LEFFLER FUNCTIONS
Put u(z —y) =t

179
- . =y t \°! t \7 7 q
Hl:B(ﬁ B’ ] o / Wiy <:t:— ) (1_30— ) x—u
’ n=0 F(ozj + 6Jn) .n! 70 Yy Yy Y
j=1
_ )& =y ,
Sy e ey g
(8.2 =0 [ I'(ej + d;n) -n! 70
j=1
) R 1
~BGB.A) o 7 Borl(ag, 0)1miy +1] - (@ —y — )7 dt,
which yields the assertion of the Theorem 1. O
Now, we present some illustrative special cases.
When p =

= 1, Theorem 1 yields the results for the following multi-index Mittag—
Leffler functions [12]:

Corollary 1. Let the conditions of Theorem 1 are satisfied with p = k = 1, then the following
result holds:
M [(Oéj, 5j)1,m; (B, B, y)]

__ TB+8)
L(B)(x — )7t

{7 By [(05 0 miy + 1] f e —y). (A7)

If we set m = k = 1, Theorem 1 transforms into a result by Kilbas et al. [, p. 476].

Corollary 2. Let the conditions of Theorem 1 are satisfied with m =k =1,01 = a, 01 = 6,
then the following result holds:

o / Lg+p / 1 p
MP,f(E?B ;x,y) - F(ﬂ)(.ﬁiﬁ— y)652r,3'1 {I()B+ (t’B 1Ea:1

1} @ —y).

If y =0, Theorem 1 gives

(18)
Corollary 3. Let the conditions of Theorem 1 are satisfied with y = 0, then we have

/ B)n
Mpvk [(O./j, 6j)17m; (57 5 T, O)] = ﬁ Ep,k’ [(ajv 5j)1,m; $} .
When x = 0, Theorem 1 yields

(19)

M

Corollary 4. Let the conditions of Theorem 1 are satisfied with x = 0, then we have
p

k@, 07)1,m: (B,850,y)] = % By [(aj,6;)1miy] - (20)
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180 R. K. SAXENA, T. K. POGANY, J. RAM AND J. DAIYA

Now, we consider a modification of the Dirichlet average Mp,k[((Sj,ozj)Lm; (B,ﬁ';x,y)}
described in , in the form

A MY (0, 85)1m; (B, 85 2, y)] :/n«: (wo2)" ™ Eppl(er, 05)1m; (wo 2)P|dpgg (u),  (21)

where z = (z,y), and 7 € C, R(v) > 0

Theorem 2. Let z,p,c;,6; € C;R <Z;n:1 (5]~) > max{0, R(k) — 1}, §R(aj) =1,m, R(k),
R(B), R(B') > 0 and further let x >y € R.Then for all v such that R(~y) >

M2 (0, 85)1m(8, B, y)] = (?(;)ﬁ’)

X {15; @t =) Byl (g, 6)1.m; 75’)})} (z). (22)

Proof. Recalling the definition @ of Dirichlet measure associated with simplex E;:

(z —y) 7

o) = iy L= 0

and the definition of the modified Dirichlet average M}, [(aj,6)1.m; (B, B2, y)], we

clearly obtain

WM,fk [(O‘ja i)1,m; (B, [ y)}

(5 +8) [ x y ! o (P)n[u + (1 — u)y]pnuﬂfl 11— 1du
T Jy T2 Fretomnt
B + B/ io: (p)kn /l[um + (1 _ u)y]7+pn—1uﬁ—1(1 _ u)ﬁ'—l du = H, .

n=0
J

m

I(a; 4 0jn) - n!

—

Taking substitution y + (x — y)u = t, it gives

T(B)T(8) ‘= ﬁ (o + 6;n) - n!

J=1

Hy= LUAP) ( yons i ()i /xt’”ﬂ”l(t—y)ﬁl(x—t)ﬁ’l dt

(ﬁ +06') 1-8-p' ’ -1 -1 S (0)kn(t7)" B8—1
Sz —y) O (t—y) m (—¢)" " dt
INEINED] /y ZO U T'(a; + 6;n) - n!

Lp+6)
L(B)L(5")

which is equivalent to the statement of the Theorem 2. O

(z y)l_ﬁ_ﬁ// Ot = y) T B k[ (0, 0 1mi 7] (2 — 1) Tt
)

For the Wiman’s Mittag—Leffler function , that is when p = k = 1 in Theorem 2, we
obtain the result by Kiryakova [12].
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DIRICHLET AVERAGES OF GENERALIZED MULTI-INDEX MITTAG-LEFFLER FUNCTIONS

Corollary 5. Let z,0;,8; € C; R (Z}L 5j) >0, R(ay), j = Lm, R(B), R(B),R(7) > 0
and further let x >y € R. Then we have

AMu[(ag,85)1m3(8, B2, y)] = % &=y

X {15; (Ot - y) 1By, [(aj,6;)1,m; ﬂ)} ().

When m = k = 1, Theorem 2 concerns the Prabhakar’s Mittag—Leffler function (4)),
considered by Kilbas and Kattuveettil [8, p. 480].

Corollary 6. Let z,p,a,0 € C;R(5) > 0, R(a), R(B), R(B),R(y) >0 and let z >y € R.

Then we have

M (0855, ] = S = L - 0 B ) ()

Corollary 7. Let z,p,c;,6; € C; R (Zznzl 5j> > max{0, R(k) — 1}, R(ay), j = 1,m, R(k),
R(B), R(B'),R(y) > 0 and further let y € R. Then

I NI -1
M7 [(, 85)1m3 (8, 850, y)] = Wﬁ)r(f/)ﬂ ) o1

X Epvk;ﬁ”rv—lm[(aj» 5j)1,m7 (B + B4+~ —1, p); yp]-

If we put 8+ ' =1 in Corollary 2.3, we conclude

Corollary 8. Let z,p,;,0; € C; R <ZT:1 6j> > max{0, R(k) — 1}, R(«a;), j = 1,m, R(k),
R(B), R(y) —R(B) > 0 and further let y € R.Then
Y, ['(y—5)

pch [(aj> 0j)1,m; (8,1 =550, y)] = m y%lEp,k;%ﬁ,p [(O‘ja 0i)1ms> (7, 0); yp]'

-
Corollary 9. Let z,p, a;,0; € C; R (Z;n:l 6j> > max{0, R(k) — 1}, R(«a;), j = 1,m, R(k),
R(B), R(B') > 0 and further let x € R. Then

’YMZk [(Oéj, 5j)1,m;(/6a 6/; Z, 0)} = F(ﬁ ki 5 E(ﬁﬁ) i 1) Qﬁ"y_l

X Ep,k;,8+7—1,p[(ajv 5j)1,m7 (6 + 6"+ v—1 P)% xp}-

Finally, taking 5 4+ 8’ = 1 in Corollary 2.5, we get

Corollary 10. Let z, p, a;,8; € C; R (Z;n:l 5j> > max{0, R(k) — 1}, R(«;), j = 1,m, R(k),
R(B), R(v) — R(B) > 0 and further let x >y € R. Then we have

r -1
’YM;:JC [(ij, 5j)1,m; (5’ 1-— ﬁ’ Z, O)] - % xy_lEP,k;ﬁ-&-’y—l,p [(Oéj, 5j)1,m7 (’77 p)a $p] .
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182 R. K. SAXENA, T. K. POGANY, J. RAM AND J. DAIYA

Another kind characterization of the modified Dirichlet average of the generalized multi—

index Mittag—Leffler function presented as the following result.

Theorem 3. Let 2, p, a;,0; € c;m(z;;l 5j) > max{0,R(k) — 1}, R(ay), j = Lm, R(k),
R(B), R(B') > 0 and assume that x >y € R. Then

kM;’),k[<O‘ja5j)l,m§ (ﬁ»ﬁl;ﬂ%y)] =

k—1 [1_k:_pa1] [pk] a[ﬁl] xP
L 801 tmit 12
jlle(aj) - =k —pl[(@): 6im B+ B 1] y

Proof. In view of and (the second relation with v = k), we have

k/'MppJg [(6jaaj)l,m; (5?6/71'73/)}
_ NCERR (P)kn
L8 = I D(a; + d;n) - !

J:

it pn+k—1 1 k+pn—1
ﬁ+ﬁ Z m(ﬂ nY / [1_ (1—5) u] B — u) ! du
n=0 ] I'(a; + d;n) - nl 70 Y

e nY" ,—m+1—k x
e (P)kn 2F1<B p ‘1 >::H3.

1
/ [uz + (1 — w)y P11 —w)P ! du

—_

<.
[y

=0 ] D(a; + 6;n) - n! B+p Y
j=1
Now, since
(1—k— pn), = F'l—k—pn+r) _ (1—k),pn+r7
D—k—pn)  (L=kpm
we conclude
0o 00 1— k) pyn (1 -z r
H3 _ yk—l ZZ ( ]:;) pn+r (p)kn (/B)r . <y ) (' ' y)
n=01=0 (1 = k)_pn- [[ D(a; +6;m) - (B + B), e
j=1
P (L= s ()i (B) () (-3
= — ZZ —Tzn—l—r P)ikn r . — Yy :
HIF(%') n=0r=0 (1 —K)_pp - Hl(aj)éjn (B4 B wr
j= j=
which, in comparison with clearly gives the assertion. O]

3 Dirichlet average of multivariate function

Let us make the convention that here, and in what follows, (\) denotes the n—tuple of some
ALy A
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DIRICHLET AVERAGES OF GENERALIZED MULTI-INDEX MITTAG-LEFFLER FUNCTIONS 183

The Dirichlet average M, and its modification ,M 5 . are discussed here, where the
complex variable vector is (z) = (21, -+ ,2,) € C" and the prescribed parameters vector is

(b). Our findings are based in part on the following result.

Lemma 1. [§ p. 483, Lemma 1] Let n be a positive integer, bj,r; € C such that R(b;),
R(r;)+1>0, j =1,n. When E,_ denotes the Euclidean simplex (6)) and du(u) stands
for the Dirichlet measure , then there holds the formula

~ b - (b)
o, Tnll_ e — o, ™ _ (17"1 n)rn ‘ 24
/E e )" () = B (21)

The Lauricella functions Fp defined for complex parameters b € C" in terms of the

multiple series [31] is defined by

Fola(bpe() = 3 Ommela Bl S AT

mi, mn=0

Series converges for all variables inside unit circle, that is for max;<j<, |2;| < 1. Let
us remind the Srivastava—Daoust generalization 8 of the Lauricella Fp. Now, we will
study the following Dirichlet average:

kMg [(@,65)1,m3 ((0); (1 — 2))] = / (1—uo2)* " B, i[(ay, 0;)1m; (1—uo0z)?] dus(u) ; (26)

En—l

we will also need the directly verified formula

> Zrl"'sz
AP D O e A G U

r1,,mn=0

Theorem 4. Let p, k, a;,8; € C; R (z;’; X 5j) > max{0,R(k) — 1}, R(ay), j = Lm, R(k),
and let (b) = (b1, ,b,),(2) = (21, -+, 2,) € C". Then the following result holds:

kM, [(Oéj, 5j)1,m; ((0); (1 = 2))]
- okl [k ep] s [(0) 1] 1

m ) n
[17(a)) B (0L [0 0] @] 5 () | (T

Here ()T denotes the matriz transpose operator.

Proof. Consider multivariate Dirichlet average

k—1+pn

Myl 0ns (@1 = 2] = [ S Um0 g <o

En-tn=0 T[] T'(a+ d;n) - n!
j=1
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184 R. K. SAXENA, T. K. POGANY, J. RAM AND J. DAIYA

Applying the Lemma 1 and the polynomial expansion , letting |uyz1+- - - Fupz,| < 1,
to H, we find that

o0

n 27'1 P Z;:n
Hy=) — (o) (1 =k = pn)pysoir, ﬁ
n=0 [ (o +d;n) - nl rira=0 L v
j=1
. / up' g (U= un = = )™ dp(u)
Enfl
= i (P)kn - (L =k = pn)rigogr, (b1)r - (b)), 200 2
m R oo |7
n=0 [T T+ d;n) - nl vy ra=0 (Ot b, R
j=1
The n—fold inner sum (with respect to ry,--- ,r,) forms a Lauricella Fp function, so
H, = — (P Fp(1—k—pn;(b);by 4+ -+ by (2)) .
n=0 H F(a + (5]71) . TZ'
j=1

Since

(_1)T1+~-~+7’n (k)/m ,
(F)pn—r1 e

and by applying another obvious transformations to Hy, we arrive at

(1 —k— Pn)r1+~~~+rn =

T (0)in (B)pn (01)r, - (), (—2)" o ()

o i nlrdeory,!
[T () n)=0 (k) pnry—emr (b1 + =+ 4 b )rytooter, - [T(0))65m
j=1 J=1

which is equivalent to the asserted Srivastava—Daoust function expression . O

Corollary 11. Under the conditions of Theorem 4 with p = k = 1, the following result
holds:

- (11 [ 1) 5 [(B) 2 1] 1

L0 [Sh s ] (@) 5 O | T
Finally, for m = k = 1 the assertion of the Theorem 4 reduces to the known result due
to Kilbas and Kattuveettil [8, p. 482, Theorem 3], presented as the following result.
Corollary 12. Under the conditions of Theorem 4 with m = k =1, we have:
MT(0), (1= 2)]

0:2;(1)
= )1 :(0)
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