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Introduction and Preliminaries

Number sequences arise in many different theoretical and applied areas, as
well as in mathematical modeling of all the problems where there is a kind
of invariance to shift in terms of space or of time. As in the computation of
spline functions, time series analysis, signal and image processing, queueing
theory, polynomial and power series computations and many other areas,
typical problems modelled by number sequences are the numerical solution
of certain differential and integral equations (see, for example, [7, 18,23]).

The Fibonacci sequence has delighted mathematicians and scientists
alike for centuries because of its beauty and tendency to appear in unex-
pected places. Fibonacci numbers are found in Pascals triangle, Pythagorean
triples, computer algorithms, graph theory and many other areas of mathe-
matics. They also occur in a variety of other fields such as physics, finance,
architecture, computer sciences, color image processing, geostatistics, music,
and art. There are many studies of the Fibonacci sequence in the literature
because of its numerous applications as well as many generalizations, some
of which can be found in [1–3,8, 9, 11–13,16,24,29].

Leonardo Fibonacci and Alwyn Horadam examined number sequences
defined by recurrence relations, which were then studied over the years (see,
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for example, [4, 10, 19, 22, 25, 27, 28]). The Leonardo sequence, also known
as Leonardo numbers, is a linear recurrent sequence of integers related to
the Fibonacci sequence (see [30]). Its elements are defined by the following
recurrence formula

Len = Len−1 + Len−2 + 1, n ≥ 2

with Le0 = Le1 = 1. This sequence can also be defined in the following way:

Le0 = Le1 = 1, Le2 = 3, Len = 2Len−1 − Len−3, n ≥ 3.

Corresponding characteristic equation is given by

x3 − 2x2 + 1 = 0

and has three real roots: x1 = (1+
√

5)/2, x2 = (1−
√

5)/2 and x3 = 1. Note
that x1 and x2 are the roots of the characteristic equation of the Fibonacci
sequence (see [5]).

Fibonacci and Lucas numbers are defined by the following recurrence
relations

F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn, n ≥ 0

and
L0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln, n ≥ 0,

respectively. Besides, the nth Fibonacci and Lucas numbers are formulized
as

Fn =
αn − βn

α− β
and Ln = αn + βn, n ≥ 1,

where α = (1 +
√

5)/2, β = (1−
√

5)/2 (see [20]).
Pell and Pell-Lucas numbers are defined by

P0 = 0, P1 = 1, Pn+2 = 2Pn+1 + Pn, n ≥ 0

and
Q0 = Q1 = 2, Qn+2 = 2Qn+1 +Qn, n ≥ 0,

respectively. Equivalently, these numbers are formulized as

Pn =
αn − βn

α− β
and Qn = αn + βn, n ≥ 1,

where α = 1 +
√

2, β = 1−
√

2 (see [21]).
Jacobsthal and Jacobsthal-Lucas numbers are defined recurrently as fol-

lows
J0 = 0, J1 = 1, Jn+2 = Jn+1 + 2Jn, n ≥ 0
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and
K0 = 2, K1 = 1, Kn+2 = Kn+1 + 2Kn, n ≥ 0,

or, equivalently,

Jn =
αn − βn

α− β
and Kn = αn + βn,

where α = 2, β = −1 (see [6]).
Horadam numbers are defined by the second-order linear homogeneous

recurrence relation

Hn+2 = aHn+1 + bHn, n ≥ 0,

with H0 = r, H1 = s, where a, b, r, s ∈ Z. Equivalently, they can be
formulized as

Hn =
(s− rβ)αn − (s− rα)βn

α− β
, n ≥ 0,

where α = (a+
√
a2 + 4b)/2, β = (a−

√
a2 + 4b)/2 (see [17]).

Horadam aHn−1 + bHn−2 a b r s
Fibonacci Fn−1 + Fn−2 1 1 0 1
Pell-Lucas 2Qn−1 +Qn−2 2 1 2 2
Jacobsthal Jn−1 + 2Jn−2 1 2 0 1

Table 1: Number sequences and their names

n 0 1 2 3 4 5 6 7 8 9
Fn 0 1 1 2 3 5 8 13 21 34
Qn 2 2 6 14 34 82 198 478 1154 2786
Jn 0 1 1 3 5 11 21 43 85 171

Table 2: The first ten terms of the Fibonacci, Pell-Lucas and Jacobsthal
sequences

The Binet formula for a sequence of numbers whose characteristic equa-
tion is of the 3rd order can be formed as follows

Sn =
m1α

n

(α− β)(α− γ)
+

m2β
n

(β − α)(β − γ)
+

m3γ
n

(γ − α)(γ − β)
, n ≥ 0,

where m1 = S2 − (β + γ)S1 + βγS0, m2 = S2 − (α + γ)S1 + αγS0 and
m3 = S2 − (α + β)S1 + αβS0. Equivalently, Sn is defined by

S0 = a, S1 = b, S2 = c, Sn = rSn−1 + sSn−2 + tSn−3, n ≥ 3,
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where a, b and c are arbitrary complex or real numbers and r, s and t are
real numbers (see [26]).

In this work, Leonardo-Alwyn numbers will be defined and a variety of
their algebraic properties will be presented. Some identities, such as Binets
formula and generating function formula, as well as a matrix representation
of the Leonardo-Alwyn number sequence, will be given.

1 The Leonardo-Alwyn Numbers

In this section, the Leonardo-Alwyn numbers, dedicated to Leonardo Fi-
bonacci and Alwyn Horadam, will be introduced. These numbers will be
defined similarly to the Leonardo number sequence. By adding the number
1 to the roots of number sequences with quadratic characteristic equations,
a third-order characteristic equation will be obtained. Starting from this
equation, the recurrence relationship between the numbers of the Leonardo-
Alwyn sequence will be found. The elements of this sequence can also be
derived from sequences of numbers whose two consecutive terms are equal;
namely, the first two terms of this number sequence are determined to be
the same.

The Leonardo-Alwyn sequence with the properties of well-known number
sequences seems to be useful in different applications.

Definition 1 Let integers a ≥ 1 and b, c be such that a + b − 1 6= 0 and
a2 + 4b ≥ 1. The Leonardo-Alwyn numbers LAn are recursively defined by

LAn = aLAn−1 + bLAn−2 + c, n ≥ 2,

LA0 = LA1 = a =

{
H0, H0 6= 0,
H1, H0 = 0,

where H0 = r and H1 = s are the first two Horadam numbers, r, s ∈ Z and
c = r + s.

From equations

LAn = aLAn−1 + bLAn−2 + c, LAn+1 = aLAn + bLAn−1 + c, n ≥ 2,

one can obtain by subtraction an equivalent recurrence formula for LAn.

Proposition 1 The Leonardo-Alwyn sequence can be equivalently defined
by

LAn+1 = (a+ 1)LAn + (b− a)LAn−1 − bLAn−2, n ≥ 2,

where LA2 = a2 +ab+c is an additional value. The associated characteristic
polynomial is

p(X) = X3 − (a+ 1)X2 − (b− a)X + b = (X − 1)(X2 − aX − b),

which has roots t1 = (a+
√
a2 + 4b)/2, t2 = (a−

√
a2 + 4b)/2 and t3 = 1.
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The Leonardo sequence is obtained using the characteristic equation of
the Fibonacci sequence. This sequence is named after Leonardo Bigollo
Pisano, who obtained the Fibonacci sequence. The first names of Pell and
Lucas are given since the John-Edouard sequence is also constructed using
the characteristic equation of the Pell-Lucas sequence. Similarly, the char-
acteristic equation of the Jacobsthal sequence is used in the Ernst sequence,
and Jacobsthal’s name is given to it. The Ernst sequence is also known as
the Purkiss sequence (see, for example, [14], [15]).

The new family of number sequence is Leonardo-Alwyn, and its members
are: Leonardo numbers LEn (sequence A001595 in the ON-LINE Encyclo-
pedia of integer sequences), John- Edouard numbers JEn (new) and Ernst
numbers ERn (sequence A051049 in the ON-LINE Encyclopedia of integer
sequences [semi-new: Ernst and Purkiss numbers have the same terms but
different derivations]).

The sequences LEn, JEn and ERn satisfy the following third-order linear
recurrences:

LE0 = LE1 = 1, LE2 = 3, LEn = 2LEn−1 − LEn−3, n ≥ 3;

JE0 = JE1 = 2, JE2 = 10, JEn = 3JEn−1 − JEn−2 − JEn−3, n ≥ 3;

ER0 = ER1 = 1, ER2 = 4, ERn = 2ERn−1+ERn−2−2ERn−3, n ≥ 3.

Leonardo-Alwyn aLAn−1 + bLAn−2 + c a b
Leonardo LEn−1 + LEn−2 + 1 1 1

John-Edouard 2JEn−1 + JEn−2 + 4 2 1
Ernst ERn−1 + 2ERn−2 + 1 1 2

Table 3: Number sequences and their names

n 0 1 2 3 4 5 6 7 8 9
LEn 1 1 3 5 9 15 25 41 67 109
JEn 2 2 10 26 66 162 394 954 2306 5570
ERn 1 1 4 7 16 31 64 127 256 511

Table 4: The first ten terms of the Leonardo, John-Edouard and Ernst
sequences

Definition 2 The sequence LA−n is defined as follows

LA−n =
(b− a)

b
LA−n+1 +

(a+ 1)

b
LA−n+2 −

1

b
LA−n+3, n ≥ 1,

where LA0 = LA1 = a and LA2 = a2 + ab+ c.
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The sequences LE−n, JE−n and ER−n satisfy the following third order
linear recurrences

LE−n = 2LE−n+1 − LE−n+3,

JE−n = −JE−n+1 + 3JE−n+2 − JE−n+3,

ER−n =
1

2
ER−n+1 + ER−n+2 −

1

2
ER−n+3,

n ≥ 3.

n -1 -2 -3 -4 -5
LEn -1 1 -3 3 -7
JEn -6 10 -30 66 -166

ERn −1

2

1

4
−7

8

1

16
−31

32

Table 5: The first five negative terms of the Leonardo, John-Edouard and
Ernst sequence

Theorem 1 The Binet’s formula for LAn, n ≥ 0 numbers is

LAn = αtn1 + βtn2 + γtn, n ≥ 0,

where

t1 =
a+
√
a2 + 4b

2
, t2 =

a−
√
a2 + 4b

2
, t3 = 1,

α =
(a2 + ab− a+ c)(a2 + 4b− (a− 2)

√
a2 + 4b)

2(a2 + 4b)(a+ b− 1)
,

β =
(a2 + ab− a+ c)(a2 + 4b+ (a− 2)

√
a2 + 4b)

2(a2 + 4b)(a+ b− 1)
, γ =

c

1− a− b
.

Moreover,

t1 + t2 + t3 = a+ 1, t1t2t3 = −b, t1t2 + t1t3 + t2t3 = a− b.

Proof. The proof is carried out using equation (1). �

The sequences LEn, JEn and ERn satisfy the following Binet’s formulas:

LEn =

(
5 +
√

5

5

)
tn1 +

(
5−
√

5

5

)
tn2 − 1,

JEn = 2tn1 + 2tn2 − 2,

ERn = tn1 +
1

2
tn2 −

1

2
,

n ≥ 0, where t1 and t2 represent the roots of sequences with quadratic
characteristic equations associated with the sequences LEn, JEn and ERn,
respectively.
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Theorem 2 Let integers ln be recursively defined by

l1 = l2 = a, ln = aln−1 + bln−2, n ≥ 2.

Then

LAn =

[
1 +

c

a(a+ b− 1)

]
ln+1 −

c

a+ b− 1
, n ≥ 0.

Proof. We show by induction on n. For n > 0 and n = 1, we have LA0 =
LA1 = l1 = l2 = a, and it remains to check the equality

a = a

[
1 +

c

a(a+ b− 1)

]
− c

a+ b− 1
,

which is obviously holds. Let the assertion be true for (n − 1) and n with
n ≥ 1. Then

LAn+1 = a

[
1 +

c

a(a+ b− 1)
ln+1 −

c

a+ b− 1

]
+b

[
1 +

c

a(a+ b− 1)
ln −

c

a+ b− 1

]
+ c

=

[
1 +

c

a(a+ b− 1)

]
(aln+1 + bln)−

[
c

a+ b− 1

]
(a+ b) + c

=

[
1 +

c

a(a+ b− 1)

]
ln+2 −

c

a+ b− 1
.

�

Corollary 1 If l0 = l1 = a, then

LAn =

[
1 +

c

a(a+ b− 1)

]
ln −

c

a+ b− 1
, n ≥ 0.

Corollary 2 For the sequences LEn, JEn and ERn, the following equations
hold

LEn = 2Fn+1 − 1,

JEn = 2Qn − 2,

ERn =
3Jn+1 − 1

2
for all n ≥ 0.

Corollary 3 The Leonardo numbers in the form LEn = 2Fn+1− 1 are odd.
The John-Edouard numbers in the form JEn = 2(Qn − 1) are even. The
elements of the Ernst sequence are even when n is even and odd otherwise.
Moreover,

ERn =


1 if n = 0,

2n − 1 if n is odd,
2n if n is even.
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Theorem 3 The generating function for the Leonardo-Alwyn numbers is

h(t) =
LA0 + [LA1 − (a+ 1)LA0] t+ [LA2 − (b− a)LA0 − (a+ 1)LA1] t2

1− (a+ 1)t− (b− a)t2 + bt3
.

Proof. Let h(t) =
∑∞

n=0 LAnt
n be the generating function for Leonardo-

Alwyn. Then

(a+ 1)th(t) = (a+ 1)
∞∑
n=0

LAnt
n+1,

(b− a)t2h(t) = (b− a)
∞∑
n=0

LAnt
n+2

and

(−b)t3h(t) = (−b)
∞∑
n=0

LAnt
n+3.

After the necessary calculations, the statement of the theorem follows. �

The generating functions for the sequences LEn, JEn and ERn are given
by

∞∑
n=0

LEnt
n =

1− t+ t2

1− 2t+ t3
,

∞∑
n=0

JEnt
n =

2− 4t+ 4t2

1− 3t+ t2 + t3
,

∞∑
n=0

ERnt
n =

1− t+ t2

1− 2t− t2 + 2t3
.

2 The Matrix Form of the Leonardo-Alwyn

Numbers

In this section, we will give the matrix representation of the Leonardo-Alwyn
numbers. Using it, we will obtain some properties of the Leonardo-Alwyn
numbers.

The basic matrix for the Leonardo-Alwyn sequence is

Q =

 a+ 1 1 0
b− a 0 1
−b 0 0

 .
Due to the Cayley-Hamilton theorem, Leonardo-Alwyn’s characteristic

polynomial is given by

p(λ) = |λI −Q| =

∣∣∣∣∣∣
λ− a− 1 −1 0
a− b λ −1
b 0 λ

∣∣∣∣∣∣ = λ3−(a+1)λ2−(b−a)λ+b = 0.
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Theorem 4 Let LAn, n ≥ 0 be the Leonardo-Alwyn numbers. Then the
following equalities hold LAn+3 LAn+2 LAn+1

LAn+2 LAn+1 LAn

LAn+1 LAn LAn−1

 =

 LA3 LA2 LA1

LA2 LA1 LA0

LA1 LA0 LA−1

 a+ 1 1 0
b− a 0 1
−b 0 0

n

,

 LA−n+3 LA−n+2 LA−n+1

LA−n+2 LA−n+1 LA−n
LA−n+1 LA−n LA−n−1

 =

 LA3 LA2 LA1

LA2 LA1 LA0

LA1 LA0 LA−1

 0 0 −b
1 0 a+ 1
0 1 b− a

n

.

Proof. We will use induction on n. The first equality hold for n = 1. Now
suppose that it is true for n > 1. Then for n+ 1, we can write LA3 LA2 LA1

LA2 LA1 LA0

LA1 LA0 LA−1

Qn+1 =

 LA3 LA2 LA1

LA2 LA1 LA0

LA1 LA0 LA−1

QnQ

=

 LAn+3 LAn+2 LAn+1

LAn+2 LAn+1 LAn

LAn+1 LAn LAn−1

 a+ 1 1 0
b− a 0 1
−b 0 0


=

 LAn+4 LAn+3 LAn+2

LAn+3 LAn+2 LAn+1

LAn+2 LAn+1 LAn

 .
The second equality is verified similarly. �

Corollary 4 (Simsons identity) Let LAn, n ≥ 0 be the Leonardo-Alwyn
numbers. Then the following relations hold∣∣∣∣∣∣

LAn+3 LAn+2 LAn+1

LAn+2 LAn+1 LAn

LAn+1 LAn LAn−1

∣∣∣∣∣∣ =


4(−1)n if LAn is LEn,

256(−1)n if LAn is JEn,
9(−2)n−1 if LAn is ERn,∣∣∣∣∣∣

LA−n+3 LA−n+2 LA−n+1

LA−n+2 LA−n+1 LA−n
LA−n+1 LA−n LA−n−1

∣∣∣∣∣∣ =


4(−1)n if LAn is LEn,

256(−1)n if LAn is JEn,
9(−2)n−1 if LAn is ERn.

Theorem 5 Let LAn, n ≥ 0 be the Leonardo-Alwyn numbers. Then the
following relations hold

[LAn+2 LAn+1 LAn] = [LA2 LA1 LA0]

 a+ 1 1 0
b− a 0 1
−b 0 0

n

,

[LA−n+2 LA−n+1 LA−n] = [LA2 LA1 LA0]

 0 0 −b
1 0 a+ 1
0 1 b− a

n

.
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Proof. The first equality holds for n = 1. Now suppose that it is true for
n > 1. Then

[LA2 LA1 LA0]

 a+ 1 1 0
b− a 0 1
−b 0 0

n+1

= [LAn+2 LAn+1 LAn]

 a+ 1 1 0
b− a 0 1
−b 0 0


= [LAn+3 LAn+2 LAn+1] .

The second equality is verified similarly. �

3 Sums of Leonardo-Alwyn Numbers

In this section, we present some results concerning sums of terms of the
Leonardo-Alwyn sequence.

Theorem 6 Let LAn, n ≥ 0 be the Leonardo-Alwyn numbers. Then

n∑
i=0

LAi =


2Fn+3 − n− 3 if LAn is LEn

2Pn+1 − 2n− 2 if LAn is JEn

3Jn+3 − 2n− 5

4
if LAn is ERn

n∑
i=0

LA2i+1 =


2F2n+2 − n− 1 if LAn is LEn

Q2n − 2n− 8 if LAn is JEn

J2n+4 − 2n− 3

2
if LAn is ERn

n∑
i=0

LA2i =


2F2n+3 − n− 3 if LAn is LEn

Q2n+1 − 2n if LAn is JEn

Jn+2 if LAn is ERn

Proof. We have

LA0 = aLA−1 + bLA−2 + c,

LA1 = aLA0 + bLA−1 + c,

LA2 = aLA1 + bLA0 + c,

. . .

LAn = aLAn−1 + bLAn−2 + c.

Taking the sum of the equalities above, we obtain

n∑
i=0

LAi =
(−a− b)LAn + (a+ b)LA−1 + b(LA−2 − LAn−1)

1− a− b
.
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From Corollary 2, it follows that finite sums for the sequences LEn, JEn

and ERn are given by

n∑
i=0

LAi =


2Fn+3 − n− 3 if LAn is LEn

2Pn+1 − 2n− 2 if LAn is JEn

3Jn+3 − 2n− 5

4
if LAn is ERn

Two other statements of the theorem are verified similarly. �
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[9] S. Falcón and Á. Plaza, On the Fibonacci k-numbers. Chaos,
Solitons and Fractals, 32 (2007), no. 5, pp. 1615–1624.
https://doi.org/10.1016/j.chaos.2006.09.022

https://doi.org/10.29333/iejme/6440
https://doi.org/10.1016/j.laa.2014.11.006
https://doi.org/10.1515/integ.2009.051
https://doi.org/10.1016/j.chaos.2006.09.022


12 H. GÖKBAŞ

[10] S. Falcón, The k-Fibonacci difference sequences.
Chaos, Solitons and Fractals, 87 (2016), pp. 153–157.
https://doi.org/10.1016/j.chaos.2016.03.038

[11] A.H. George, Some formula for the Fibonacci sequence with generaliza-
tion. Fibonacci Q., 7 (1969), pp. 113–130.

[12] W.R. Hamilton, Li on quaternions; or on a new system of Imaginaries
in algebra. Philos. Mag. Ser. Taylor and Francis, 25 (1844), no. 163.

[13] C.J. Harman, Complex Fibonacci numbers. Fibonacci Q., 19 (1981),
no. 1, pp. 82–86.

[14] A. Heeffer and A.M. Hinz, A difficult case: Pacioli and Cardano on
the Chinese rings. Recreat. Math. Mag., 4 (2017), no. 8, pp. 5–23.
https://doi.org/10.1515/rmm-2017-0017

[15] A.M. Hinz, S. Klavzar and C. Petr, The tower of Hanoi-Myths and
maths, Birkhauser, 2018.

[16] A.F. Horadam, A generalized Fibonacci sequence. Math. Mag., 68
(1961), pp. 455–459.

[17] A.F. Horadam, Basic properties of a certain generalized sequence of
numbers. Fibonacci Q., 3 (1965), pp. 161–176.

[18] R.E. Hudson, C.W. Reed, D. Chen and F. Lorenzelli, Blind
beamforming on a randomly distributed sensor array system.
J. Sel. Areas Commun., 16 (1998), no. 8, pp. 1555–1567.
https://doi.org/10.1109/49.730461

[19] B. Kafle, S.E. Rihane and A. Togbe, Pell and Pell-Lucas numbers of
the form xa ± xb + 1. Bol. Soc. Mat. Mex., 26 (2020), pp. 879–893.
https://doi.org/10.1007/s40590-020-00305-z

[20] T. Koshy, Fibonacci and Lucas numbers with applications, Wiley, 2001.

[21] T. Koshy, Pell and Pell-Lucas numbers with applications. In: Pell and
PellLucas Numbers with Applications, Springer, New York, NY, 2014.
https://doi.org/10.1007/978-1-4614-8489-9 7

[22] D. Marques and P. Trojovsky, On characteristic polynomial of
higher order generalized Jacobsthal numbers. Advances in Con-
tinuous and Discrete Models, 2019 (2019), no. 392, pp. 1–9.
https://doi.org/10.1186/s13662-019-2327-6

https://doi.org/10.1016/j.chaos.2016.03.038
https://doi.org/10.1515/rmm-2017-0017
https://doi.org/10.1109/49.730461
https://doi.org/10.1007/s40590-020-00305-z
https://doi.org/10.1007/978-1-4614-8489-9_7
https://doi.org/10.1186/s13662-019-2327-6


A NEW FAMILY of NUMBER SEQUENCES: LEONARDO-ALWYN NUMBERS 13

[23] E. Ngondiep, S. Serra-Capizzano and D. Sesana, Spectral features
and asymptotic properties for g-circulant and g-Toeplitz sequence.
SIAM J. Mat. Anal. App., 31 (2010), no. 4, pp. 1663–1687.
https://doi.org/10.1137/090760209

[24] L. Ramirez, Some combinatorial properties of the k-Fibonacci and the
k-Lucas quaternions. An. St. Univ. Ovidius Constanta, Ser. Mat., 23
(2015), no. 2, pp. 201–212. https://doi.org/10.1515/auom-2015-0037

[25] S.F. Santana and J.L. Barrero, Some properties of sums involving
Pell numbers. Missouri J. Math. Sci., 18 (2006), no. 1, pp. 33–40.
https://doi.org/10.35834/2006/1801033

[26] Y. Soykan, On k-circulant matrices with the generalized third-
order Pell numbers. NNTDM, 27 (2021), no. 4, pp. 187–206.
https://doi.org/10.7546/nntdm.2021.27.4.187-206

[27] L. Spelina and I. Wolch, On generalized Pell and Pell-Lucas
numbers. Iranian J. Sci. Tech., 43 (2019), pp. 2871–2877.
https://doi.org/10.1007/s40995-019-00757-7
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