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Abstract

In this paper, we consider the m'™® mean curvature flow of convex hypersurfaces in
Euclidean spaces with a general forcing term. Under the assumption that the initial hy-
persurface is suitably pinched, we show that the flow may shrink to a point in finite time
if the forcing term is small, or exist for all time and expand to infinity if the forcing term
is large enough. The flow can also converge to a round sphere for some special forcing
term and initial hypersurface. Furthermore, the normalization of the flow is carried out
so that long time existence and convergence of the rescaled flow are studied. Our work
extends Schulze’s flow by powers of the mean curvature and Cabezas-Rivas and Sines-
trari’s volume-preserving flow by powers of the m'" mean curvature.
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62 Chuanxi Wu, Daping Tian and Guanghan Li

1 Introduction

Let M™ be a compact oriented manifold of dimension n > 2 without boundary, and
Xo : M™ — R™"! be a smooth hypersurface immersion of A" which is strictly convex.
We consider a smooth family of maps X; = X (-, ¢) evolving according to
2X(a,t) = {h(t) = Fl.0}v(e,0), zeM"
X(‘, O) - Xo,

(1.1)

where F'is a symmetric function of the principal curvatures of M, = X,(M™), v the outer
unit normal vector field, and /() a nonnegative continuous function.

In order to specify the class of speeds F' we are going to consider, let us introduce
some notation. We denote by M; both the immersion X; : M™ — R""! and the image
Xy (M™). We call \; < Ay < --- < )\, the principal curvatures of M,. We use the letters H
and K for the mean curvature and Gauss curvature respectively, i.e. H = A\ +--- + )\,
and K = ); - - - \,.. In addition, for any integer m € {1,--- ,n}, we denote by H,, the m*®
mean curvature, defined as

(n — !
H, = "mml s,

1<y < <im <n.

m*

We remark that H = nH; and K = H,. In addition, H, coincides, up to a constant
factor, with the scalar curvature. Thus, the m'™ mean curvatures can be regarded as
generalizations of these quantities.

In this paper we consider the flow with the speed F given by a power of the m*®
mean curvature, namely

F()\b"' a)\n) = H;yyq()\l? 7>\n) (12)

for some v > L. In this way F is a homogenous function of the principal curvatures

with a degree m~ > 1. Our analysis is focused on the behavior of convex hypersurfaces.
The curvature flow is a strictly parabolic equation and the short time existence
easily follows from [8]. Therefore we suppose that the evolution equation has a
smooth solution on a maximal time interval [0, 7},.,) for some T,., > 0. Often different
forcing term will lead to different maximal time interval. We always assume that A(t) is
continuous in [0, Tay)-

If h(t) = 0and m = 1, is just the flow by powers of the mean curvature [14} [15].
In this case, (1.1) is contracting and 7. is finite. If 4(¢) is the average of powers of the
m'™ mean curvature on M, i.e. h(t) = | , Fdp/ / A1, A1, where dy; is the area element
of M,, is then the volume-preserving flow by powers of the m'® mean curvature
[2], which exists on all time [0, c0), and the solution converges to a round sphere. If
m =y =1, is just the forced mean curvature flow in Euclidean spaces studied
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Forced Flow by Powers of the m'" Mean Curvature

by the third author and Salavessa [9]. Some special cases of certain volume preserving
mean curvature flows are studied in [7, [11, [12]. When F' is a smooth and symmetric
function of homogenous degree one and satisfies suitable properties, the mixed volume
preserving curvature flow is studied in [13], and the curvature flow with a general forcing
term is studied in [10].

One of the main reasons for authors in [2] to consider the curvature functions is
to obtain the higher order derivative estimates of curvatures. However, to the authors’
knowledge, there is no regular paper on the contractive case, i.e. h(t) = 0. In this paper,
as in [9} [10] we study the curvature flow with a general forcing term A(t¢) such that
the limit lim, 1, , h(t) exists, which includes the contracting flow. We want to show
that if the initial hypersurface is convex and compact, the shape of M, approaches the
shape of a round sphere as t — T},..«. In order to describe the shape of the limiting
hypersurface, we carry out a normalization as in [6,/9]. For any time ¢, where the solution
X (-,t) of (1.1) exists, let 1)(¢) be a positive factor such that the hypersurface M, given by

X(x,t) =) X (x,t)

has total area equal to | M|, the area of M

/ dfi; = | M|, forallt € [0, Thax)-

My

After choosing the new time variable #(t) = fot Y (7)™ dr, we will see that X satisfies
the following evolution equation

(1.3)

where h = ¢y~"7h, § = ¢""™~10 and @ is given by

[, (F = h)Hdp
Jur dn .

In Section we have a time sequence {7;} such that 7; — T},.« as ¢ — oo, and a limit

9:

lim (T}) = A.

Ti _>Tmax

We now state our main theorem:

Theorem 1.1. Letn > 2 and M, be an n-dimensional smooth, compact and strictly con-
vex hypersurface immersed in R"**. Givenm € {1,--- ,n} and~ > L there exists a con-
stant0 < Cy(n,m,v) < = such that, if the initial hypersurface X, is pinched in the sense
that

> Co(n,m,~) forallx € M", (1.4)
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64 Chuanxi Wu, Daping Tian and Guanghan Li

then for any nonnegative continuous function h(t), inequality (1.4)) holds everywhere on
M, for allt > 0 as long as the flow exists, and there exists a unique, smooth solution to
the evolution equation (1.1) on a maximal time interval [0, T,,.x) for some T,,.x > 0. If
additionally the following limit exists and satisfies

lim h(t) = h < +oo, (1.5)

t—Tmax

then we have:

(I) If A = oo, then Ty.x < oo and the curvature flow converges uniformly to
a point ast — Tn.x. Moreover the normalized equation has a solution X (z,1)
for all time 0 < t < oo, and the hypersurfaces M (z,t) converge, exponentially in the
C>=—topology, to a round sphere of area | M|, ast — oc.

(I1) If0 < A < oo, then Ty,.x = oo, and the solutions to (1.1)) converge, exponentially
in the C*>°—topology, to a round sphere ast — oc.

(II1) If A = 0, then Ty., = oo. Moreover if h # 0, the solutions to (1.1)) expand
uniformly to oo ast — oo and if the rescaled solutions to (1.3)) converge to a smooth
hypersurface, then the limit must be a round sphere of total area | M,|.

Remark 1.2. (1) If h = 0, Theorem is just the curvature flow by powers of the m™
mean curvature, which partially generalizes Schulze’s flow by powers of the mean curva-
ture[14, [15]. Theorem|l.1]also includes Cabezas-Rivas and Sinestrari’s volume-preserving
flow by powers of the m*™ mean curvature 2.

(2) The assumption seems not natural since often the maximal existing time Ty,
of depends on h(t). In fact we can use a stronger assumption that h(t) is a non-
negative continuous function on [0, c0) and satisfies lim;_,., h(t) < +oo. Our result still
includes all cases in (1).

The extreme cases of Theorem[1.1]can also be considered.

Remark 1.3. (1) For case (I), when h = oo, Ty, may not be finite, even though M, is
contracting (see Remark (3)). Asphere: r(t) = h(t)=(t+1)"™ — ﬁ, is such an
example, whose maximal existing time Ty, = 00.

(2) Forcase (I11), if h = 0, Tinax is also infinite (see Section[)). We do not know whether
the solutions to (1.1) expand uniformly to o ast — oo, but we can find the special solu-
tion satisfying that condition. In fact, a sphere: r(t) = \/t + 1, h(t) = %, is such
a particular example, for which M, expands to infinity. If h = oo, by similar discussion as
in Section([7}, we can show that M, expands to infinity, but T.,.. may not be co. For exam-
ple, the spherer(t) = 14, h(t) = (1 —1)™ + =57 is a solution to ,for which Ty = 1,
andr — oo, ast — 1.

1
t+1’

This paper is organized as follows: Section [2|introduces basic properties of the m'™"
mean curvature, some known facts of convex hyperfaces and an interior Hélder esti-
mate, which will be used later. In Section [3, we compute the evolution equations for
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Forced Flow by Powers of the m'" Mean Curvature

several geometric quantities of the flow (1.I), and prove the preservation of the initial
pinching condition. In Section[4 we carry out the normalization of (I.I), compute the
evolution equations for several rescaled geometric quantities, and estimate the inner
and outer radii of the rescaled convex hypersurfaces. In terms of the limiting shape of
the scaling factor ¢ (t) as t — T.x, long time existence and convergence of solutions
to or are proved in Section [5} 6| and [7} separately, and therefore the proof of
Theorem|[I.1]is completed.

2 Preliminaries

Let M™ be a smooth hypersurface immersion in R""'. We will use the same no-
tation as in [2, 9, [15]. In particular, for a local coordinate system {z',--- 2"} of M",
g =g;; = (-,-) and A = h;; denote respectively the metric and second fundamental form
of M". The eigenvalues \; < --- < ), of A are called the principal curvatures. We say
that M, is convex if \; > 0 everywhere and that it is uniformly convex if \; > 0 every-
where. Then further important quantities are the mean curvature H = g“h;; = >, \;,
the normed square of the second fundamental form |A]* = ¢g¥g*h;hy = >, A7 and the
Gauss curvature K = (deth;;)/(detg;;) = [], \i, where ¢ is the (¢, j)-entry of the inverse
of the matrix (g;;). More generally, we call the m™ mean curvature of a hypersurface the
function H,,, that is, the m'® elementary symmetric polynomial of the principal curva-
tures, up to a normalizing factor. Since H,, is homogeneous of degree m, the speed F is
a homogeneous function of degree m~ in the curvatures );. Throughout this paper we
sum over repeated indices from 1 to n unless otherwise indicated.

We shall often use A to denote the vector (A4, - -+ , \,,) whose entries are the principal
curvatures or, depending on the context, a generic element of R". We denote by ', C R”
the positive cone, i.e.

Fi={A=(\, -, ) A >0foralli}.

Observe that H, K, H,,, F may be regarded as functions of A, or as functions of A, or
as functions of h;; and g;;, or also as functions of space and time variables on M,. For
the sake of simplicity, we denote these functions by the same letters in all cases, since
the meaning should be clear from the text.

We use the notation

. OF L ~OF  OF
Fi=22 te(F) = =
o ) ZaoN  Ohy’

ij

In addition, we denote by (#') the matrix of the first partial derivatives of F' with respect
to the components of its arguments:

LA+ 3B)|.o = PY(A)B
S

R
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66 Chuanxi Wu, Daping Tian and Guanghan Li

where A and B are any symmetric matrices. Similarly for the second partial derivatives
of F', we write
02 g
WF(A + SB)ls:O = Fw’kl<A)BijBkl.
S
For any differentiable function ¢ on M,, we define the operator £, according to a matrix
'
Ly =1"ViVjp.

In addition, for any other differentiable function ¢ on M;, we write
IVol2 =n9VipVje,  (Ve, Vi), =n7VipVi.

In particular, |Vy|? = ¢”V,;oV,¢. The gradient and Beltrami-Laplace operator on 1,
are denoted by V and A respectively.

First we need the following lemma (see [2]) which will be used repeatedly throughout
the paper.

Lemma 2.1. Foranym € {1,--- ,n}, the function H,, satisfies:

(1) &= (X) > 0 foralli € {1,--- ,n} and X € T';..

(2) HY™ is concave inT .
(3) tr(F?) > myF"" 77,
(4) Hy™ < I, or equivalently, F < <%)m

(5) H.,, as a function of h;;, is also a homogeneous polynomial of degree m; in addi-

9Hm ) = 0 foranyi € {1,--- ,n}, whereV is again

tion, as a function on M, it satisfies V ( T
ij

the covariant derivative on M.

Let |M | be the area of M, and |V'| the volume of the region V' contained inside M. We
denote by r_ the inner radius of M = 0V and by r, the outer radius, which are respec-
tively the radii of the biggest ball enclosed by M and of the smallest ball enclosing M.
We have the following relations between |V'| and | M| by Aleksandrov-Fenchel inequality
and divergence theorem (see Theorem 2.3 in [12], or also see [9,10]).

Lemma 2.2. Let M be a compact and convex hypersurface embedded into R satisfying
H > 0 and h;; > eHg;j, for somee € (0, 2]. Then there exists a constant C, depending on
n and e such that
CM < V] < GolM|™
The following result with regard to inner and outer radii observed by Andrews in [1],
shows that a pinching inequality on the curvatures implies a bound on the ratio between
outer radius and inner radius.
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Forced Flow by Powers of the m'" Mean Curvature

Lemma 2.3. Let M be a smooth, compact and convex hypersurface in R"*'. Suppose that
there exists a positive constant Cy such that M satisfies the pointwise pinching estimate
() < Co)i (), for every x € M. Then there exists a constant C; depending onn and Cs
such that

ry < Csr_.

Next we recall an algebraic property proved by Schulze in [15] (or also see [2]).

Lemma 2.4. For anye > 0 there exists § = 0(s,n) > 0 with the following property: if we
have h;; > ¢Hg;; > 0 at some point of an n-dimensional hypersurface, then at the same
point we have

M25< 1 K) 2.1)

H? nn Hn

Finally, we recall an interior Holder estimate, due to Di Benedetto and Friedman (see
[4], or also see [2]). Given r > 0, we denote by B, the ball of radius » > 0 in R" centered
at the origin. For degenerate parabolic equation

%1/ - D, (aij(x,t, Dl/)Djl/d) = f(z,t,v,Dv), (2.2)

being d > 1, we assume that ¢”/ = ¢’* and that ¢/ is uniformly elliptic, that is, there exist
two constants w, 2 > 0 such that

wlv|® < @ (x, t)vv; < Qu)?
forv € R"and (z,t) € B, x [0,T]. Then the following estimate holds:

Lemma 2.5. Letv € C?(B, x [0,T]) be a nonnegative solution to (2.2)). Let By, B, N > 0
be such that
|f(2,t,v, Dv)| < By|DvY| + By,

and
sup HV<'>t)H%2(Br) + HDVdH%Q(BTX[O,T]) < N.
0<t<T

Then forany(0 < § < T and(0 < 1’ < r, we have

vl cas,, x5.17) < C,

for suitableC > 0, « € (0,1) depending only onn, N, w, Q, 6, By, By, r andr’'.

3 Evolution equations and the pinching estimate

As it is pointed out in [7], the forcing term A (¢) does not influence the parabolicity
of the equation (1.1). Then the short time existence easily follows (see [2}[13]). That is,
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68 Chuanxi Wu, Daping Tian and Guanghan Li

there exists a unique smooth solution X (-,¢) of equation (1.1]), for some time interval
[0, Thnax ), With Tyay > 0.

For convenience we write b7 = (hij) ~! Asin [2,[14,[15], we have the following evolu-
tion equations for various geometric quantities under the flow (1.I).

Lemma 3.1. The following evolution equations hold for any solution to equation (|1.1).
(1) %gij = Q(h - F>hij-

(2) %V =VF.

(3) 2dp; = (h— F)Hdyp,.

(4) 2F = LpF — (h — F)FPihyht.

(5) Zhij = Lrhi; + FP" N ihpgV jhys + FPhyehEhy + (h — (mey + 1) F) hyh.
(6) ZH = LpH + FP*" N1y Vihe, — (h + (my — 1)F)|A]* + FPih,hEH.

(7) 2K = LpK — KE 4 K (5 PP oV iy — FPN 69V hij)

— (h+ (my = 1)F)HK + nKFrihy,hk.
(8) For the position vector field X on M,:
2(X,v) = Lp(X,v) + FPhyhE(X,v) + (h = (my + 1)F).
In order to write down the evolution equation for H,,, we set

_ 0H,,
~ Ohy

iJ

Since the symmetric tensor c is divergence-free (cf. part (5) of Lemma|2.1|or see [2]), we
have:

Lemma 3.2. If M, is a hypersurface in R"*! evolving under (1.1)), the m*™™ mean curvature
H,, and its v power F satisfy the following evolution equations:

9, -1 |VHm‘§ i k
o H =V, <£ch t(y— 1)H—m) + (F = h)chht,
and
0 -1 F—nh i k

By direct calculation, we have the following evolution equation (see [2}15]).

Lemma 3.3. The quantity Q = K/H" evolves under flow (1.1)) satisfying

0 n+1 n n—1 H" 2

50 = L@+ o (VH",VQ)p = — (VK,VQ)F—ﬁWQ\F
+%‘Hvihm - hpqviHﬁ;b + Q(bij - %gij>qu’rsvihqujhrs (3.2)
o+ (my = DF) 2 (| AP — 1?),
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Forced Flow by Powers of the m*" Mean Curvature 69

where
|HV shyy — hpgViH |5, = FI0 U (HV by — g ViH) (HV shyy — hy oV H).

We want to show a monotonicity property for the quotient ). Such a quotient, which
was also considered in [2,3}15], plays an important role in studying flow .

In order to apply the maximum principle to equation (3.2), we need some prelimi-
nary inequalities (see [2,[15]).

Lemma 3.4. If for somee > 0 the inequality h;; > <Hg;; > 0 holds at a point of a hyper-
surface immersed in R"!, then e < % and at a same point we also have

—1
|HV iy — hygVH[? > 2 E2H2|V A, (3.3)

Lemma3 5. Given anye € (0, ], let Cy(n,m,~) be the minimal constant such that( <
Co < =, forany A = (M, , \,) € R*with\; > 0 foralli =1,--- ,n. Then we have

nn)

K(\) :
o0 >Cy= 1rélz'lgnn)\i >ecH(N).

By these two lemmas, a pinching estimate for flow ((1.1) immediately follows (see
[2,113]).

Corollary 3.6. There exists a constant Co(n,m,~) € (0, =) with the following property: if
Xi : M x (0, Tnax) — R, is a smooth solution to equation (1.1)), such that the initial im-
mersion X, satisfies , and the solution M, satisfies H > 0 att = 0, then the minimum
of the quotient () on M, is nondecreasing in time.

Proof. Letusset Q(t) = miny; Q(+,t). Thanks to (3.2) we get
d 1 on
=0 > Q5| HVihyy — by ViH][, + (47 = ﬁg”>F iV s

1 .,
> Q(F|Hvihpq—hpqviH|Fb bl —

FPOrs(V A, VA)y) (3.4)

where we have used that the last term in is nonnegative, since the elementary in-
equality |A]? > H?/n.

We can show that the above expression is nonnegative provided the second funda-
mental form is suitably pinched. To this purpose we need to bound from below the
positive term. Doing computations at a point where we choose an orthonormal basis
which diagonalizes h;;, we first deduce

[HV iy — by ViH [y = > F’ HV ihpg — gV H )

qu

|A’2 ZFZ (HV ihpg — hp,ViH)?, (3.5)

4,p,q
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70 Chuanxi Wu, Daping Tian and Guanghan Li

since 0 < \, < |A]| for all p.
Note that each F' is positive in the interior of the positive cone I' . More precisely,
let us set, forany e € (0, 2]

Ke={A= (A1, ,\) €ER": min \; >eH > 0},

1<i<n
Ni(e) = min{F'(\) : 1 <i<n, )A€ K, |\ =1}

Observe that F* > 0 on K. for all i, by Lemma[2.1] (1). Therefore N;(¢) > 0, being the
minimum of a finite family of positive smooth functions on a compact set. In addition,
since the cone K. becomes smaller as ¢ increases, NV;(¢) is an increasing function of .
By homogeneity, we conclude

Fi(e) > Ni(e)|\™ !, NeK..
Substituting this into (3.5) and using Lemma 3.4} on a hypersurface satisfying h;; >
eHg;;, we obtain

1
nTNl (€)e2|A™ 3 H2|V A%, (3.6)

Now we can estimate the term |F79"*(V A, VA)| from above. Observe that the quan-

| HV ity — by ViH [, >

tity Fr9™(V A, VA) is homogeneous of degree m~ — 2 in the curvatures and quadratic in
V A. Itis smooth as long as the curvatures are all positive, while it may be in general not
defined when one or more curvatures vanish. With an argument similar to the previous
one, we see that, for some ¢ € (0, 2], there exists a constant N, (¢) such that, at any point
where h;; > ¢Hg;;,

|FPars(V A, VA)| < No(e)|A™ 2|V A 3.7)

The constant N,(¢) is decreasing in ¢, since it gives a bound from above.
To conclude, we show that ‘bij — g" ‘ is small if the second fundamental form is
pinched enough. Clearly, we have

< max{Va(5: - ) vl - 5.)

If h;; > eHg;; for somee € (0, 1], then \; > eH and \, < (1 — (n — 1)e) H. It follows that

pii _ % g

1 n 1 —ne
< ’
)\1 H — cH
and
n 1 < n(n —1)(1 — ne)
H M\, — H
Since ¢ < 1, we deduce that
3
- - Sn—1
B - ] < (gD 3.

70



Forced Flow by Powers of the m'" Mean Curvature

Plugging (3.6), (3.7) and (3.8) into (3.4), we obtain

n —

EQ > Q|A|™—3|V A? ( () —2n2(1—ng)|f[|N2(e)>

v

( (2)22 — 203 (1 — ne) No(e )) (3.9)

To apply the maximum principle, we need that Ny(e)e2 — 2n2(1 — ne)Ny(e) > 0 on
our hypersurface. Since NV, (¢) is increasing and N»(¢) is decreasing, such a quantity is a
strictly increasing function of €. In addition, it is negative for ¢ close to zero and positive
for e close to *. The optimal condition is obtained if we fix¢ € (0, -) to be the unique
value such that

Ni(e)e? — 2n% (1 — ne)Ny(e) = 0. (3.10)

By Lemma there exists a constant Cy € [0, ) such that K/H" > C, implies h;; >
eH gm, with e given by (3.10). Then, if K/H" > C, everywhere on our hypersurface, we
have £0Q > 0 by . By the maximum principle, this proves that, for any C;, € [0, %),
the property K/H"™ > () is invariant under the flow. O

Corollary[3.6]states that inequality K/H™ > C; holds for all ¢ € [0, T1,.x). In addition,

by the definition of C, we have that
Ni>eH onM x |0, Thax) for each ¢ (3.11)
with e € (0, 1). In particular, the solution is convex for all ¢ and therefore satisfies

A <H onM x|[0,Thax) for each ;. (3.12)

4 The normalized equation

The solution of the curvature flow may shrink to a point if 4 is small enough
(e.g. h = 0 [14]), or expand to infinity if & is large enough (e.g. h is a constant and
h > sup,cum F(2,0)). The solution can also converge to a smooth hypersurface, for
some special initial hypersurface and h (e.g. volume-preserving flow by powers of the
m'® mean curvature [2]). In order to see this, we normalize the equation by keeping
some geometrical quantity fixed, for example as in [6, 9] the total area of the hypersur-
faces M;. As that mentioned in Section(I} multiplying the solution X of ateach time
0 <t < Tmax With a positive constant ¢ (¢) such that the total area of the hypersurfaces
M, given by

X(z,t) = ¥(t) X (x,1)

has total area equal to | M|, the area of M

/~ diis = My, 0<t< Thu. @.1)
My
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Then we introduce a new time variable (¢ f (7)™ dr, such that g—f = ™+,
As in [6, 9], for a geometric quantity P on M,, we denote by P the corresponding
quantity on the rescaled hypersurface M;. By direct calculation we have

Gij ¢ Gij; ilz’j = hyj,
H=4'H, [AP=y¢7*AP,
K =4 "K, H,=1y"H,,
F=y™™F,  di=y"dy,

and so on. If we differentiate (4.1) for time ¢, we obtain

LJy(F —WHdp 1,

¢
1
v n Joy A n

Now by differentiating X with respect to #, we derive the normalized evolution equa-
tion for a different maximal time interval 0 < ¢ < Tyax

DX (2,t) = {h(t) — F(z,0)}¥(z,t) + 20(0) X (,7), w2
X(-,0) = Xo, '
where h = ¢)~"7h, § = ¢)~™1¢ and 6 is given by
[y (F—h)Hdp
0 = . (4.3)
Jardpe

As in Lemma we have the following evolution equations for various geometric
quantities under the rescaled flow (1.3).

Lemma 4.1. The following evolution equations hold for any solution to equation (|1.3).
(1) Zgi; = 2(h — F)hi; + 26;.

(2) Zdji; = (h — F)Hdji; + 0dji;.

(3) &F = LiF — (h — F)Frih, bk — ™4F.

(4) Zhi; = Lphij + FP75N bV hes + FPhyihlEhg + (b — (moy + 1) F) hyhk + L0h,;.
(5) 2H = LzH + F**"V' 1y Vb, — (h+ (my — 1)F)|A]? + FPah, hEH — L0H.

(6) 2K = LK — 5 o R (59 Prors oy Vi — BP0V, 59 )

— (h+ (my — 1)F) HK +nKFrihht — K.

Lemma 4.2. IfM; is a hypersurface in R evolving under (1.3)), them'™ mean curvature
H,, and its v*" power I satisfy the following evolution equations:
~ m ~ ~

0 -~ - - |VH,,? .
—H,, =~vH ' (L:H,, — 1) F—h ”hlh — —0H,,
g7t = 9 (Lall o (7 = D22 ) o (F = )bl —
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and

0 - ~ - F—h-_.. - my ~ ~
— F =~yH 7 'YLF 4+ v———F& b — —L0F. 4.4
5 Yy, VgL haly (4.4)

m n

In the remainder of this section, we will estimate the inner and outer radii of the nor-
malized hypersurfaces M. First we see that since at each time the whole configuration
of M is only dilated by a constant factor ¢, the solutions to (4.2) are compact and convex
hypersurfaces, then Lemma [2.3]still holds for 7, and 7_ with the same constant Cj. It is
easy to see that Lemma[3.5/and Corollary3.6still hold for the rescaled flow because
of the scaling invariance of the quotient Q = K/H". Combination of and
yields

eH <X\ <H onMx|[0,Th.) foreachi, (4.5)

for some ¢ € (0,1]. The hypersurface M encloses a region V of volume |V|. Then by
Lemmal[2.2]

n+1

v <|VI<GIM

n+1
no,

CTHM (4.6)

Since |V| is controlled by the volume of its inner and outer sphere
Cy™t < V| < Gt
for a constant C};, we obtain the following estimate by the fixed total area of M by
7y >Cs and 7_ < Cg, 4.7)

for some two positive constants C5 and Cg.
By Lemma2.3]and (4.7) we have

Proposition 4.3. The lower bound of the inner radius and the upper bound of the outer
radius of M; are all uniformly bounded, i.e.

Col<i <7  <Cy
for some constant C; and allt € [0, Ty.x).

Now for any given time sequence {7;}, T; € [0, Tax), such that T, — T,,.x asi —
oo, there corresponds to a sequence {v; = (7;)}. By limiting theory, there exists at
least one accumulation of this sequence. Denote by A; the minimal accumulation of the
sequence {¢; = (T;)}. We define A to be the infimum of A; for all possible sequences

(i =9(Th)}, ie.

A = inf {A;|A,; is the minimal accumulation of a sequence {vy; = ¥(T;)} ,

where {T;} is any sequence in [0, T},.,) such that 7; — Ty,.c asi — oo} .
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Therefore by the method of extracting diagonal subsequences we have a subsequence,
still denoted by {v; = ¥(7;)}, which converges to A as T; — Tp,.x (Or i — o0), that is to
say we have the following limit

lim 1; = A. 4.8)

1—00
There are three cases in terms of the limit A: A = 00, 0 < A < oo and A = 0. We will
consider the three cases separately in the sequel.

5 Case(I) A =

In this section we consider the case A = oo, and prove Theorem 1.1 (I). Since 7, =
Yry, we have by Proposition (4.3

-1
7 <r, < g7
(& (G
which implies that for the sequence {7;} in last section (see (4.8)), we have a limit
Tiggnax r+(T;) = 0. (5.1)
By limiting theory, there exists a time 7 < T},., such that for any 7; > 7%, r,. (T;) is less
than any given positive number r*. By the assumption (1.5), 4(¢) has a uniformly upper
bound 2" on [0, T1,.) (We can always assume 4™ > 0 even in the case of h(t) = 0). We
now choose r* is less than (1/h%)"/™,

We follow an idea in [1}, 19, 18] to prove the following lemma which implies that when
t is very near Ty,.,, M, is in fact contracting.

Lemma 5.1. Whent > T*, the regions enclosed by the hypersurfaces M, are decreasing.
Furthermore T, < oo, and the solutions to (1.1)) converge uniformly to a point in R"!
ast — Toax.

Proof. Let 0B,-(O) be a sphere in R""! centered at the origin O, with radius r*. Since
the outer radius of M- is less than r*, without loss of generality, we can assume that the
hypersurface Mr- is enclosed by 0B,-(0O). Now we evolve the sphere 0B,-(0O) in terms
of (L.1), the radius r5(¢) satisfies

drg(t) 1 1 %

(5.2)
re(T*) =r*,

which yields that r3(t) is decreasing because r* < (1/h7)Y/™. Then by containment
principle, we see that the enclosed regions of M, are decreasing for ¢ > 7.

74



Forced Flow by Powers of the m*" Mean Curvature 75

Furthermore it can be checked that the solution to the differential inequality (5.2) is
given by
1 r5(t) 1 N . .
rB(t)+h—+/ ———————drg(t) > hT(t =T") +r", (5.3)

which yields the finiteness of 7., since the left hand side of is uniformly bounded
fort > T~

By convexity in Lemma 3.5} the pinching estimate in Lemma [2.3|will imply the uni-
formly convergence of solutions to to a point if we can show that the enclosed area
of M, tends to 0 as ¢ — T,.x. We claim that lim sup,_,;, max y;,|A|* = +00. Suppose not,
we can show that under the assumption limsup, ,;, maxyy, |[A|> < +oo, the surface M,
converges to a smooth limiting surface My, (see Proposition 3.5 in [14]). By the short
time existence we get a contradiction to the maximality of 7},,.,. Therefore X (-, ¢) must
converge to a point as t — T,.«. This completes the proof of the lemma. O

Remark 5.2. (1) By the strict parabolic maximum principle, as for the mean curvature
flow, we have the containment principle. If two closed initial hypersurfaces M, lies in the
domain enclosed by M, then they remain so under the flow for 0 < t < T,,.x. To prove
this, we assume that M intersects M, at some point xq € M" for the first timet,. It can
be seen that hﬁjl-) (zo,t0) > hg-) (zo, o), SO by the monotonicity condition of F' (see part (1) of
Lemmal2.1), F(h{ (z0,t0)) > F(h (w0, 1))

(2) From the proof of Lemma/5.1}, we see that the containment principle implies that
1, tends to zero, ast — Ty.x. Therefore by Proposition[4.3| again, the function ¢ (t) must
tend to infinity ast — T, i.e.

dim (t) = oo.

(3) We can see that for h = oo, (1.1)) is still contracting to a point. In fact from the limit
of Y (t) in Sectionld], we see that A is the smallest limit of . That is to say if A = cc, then for
any sequence {T;} C [0, Tiax) Satisfying Tj — Trax asj — 00, lim; o ¢(T;) = oo. There-
fore similarly by Proposition[1.3} the inner and outer radii of the evolving hypersurfaces
all tend to zero ast — T,... Then the containment principle implies that the solutions to
(L.1]) converge to a point ast — T,,.x for all possible limits of h(t).

To understand the solution X (-, ¢) near the maximal time 7., we consider the solu-
tion of the rescaled equation (1.3). We want to bound the m™ mean curvature ,, and
the mean curvature H of M;. For this purpose, we set S = (X, v) and use a trick of Chow
(Tso) [16] (see also [1},12,19,12,[18]) to consider the function

F

b =
S—a’

(5.4)
for a constant « to be chosen later. First we compute the evolution equation of ®.
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Lemma 5.3. Fort € [0, Ty.x), for any constant o« we have

0
—d = Lp®
ot P+ S—a
1
+m{(m +1)F? — hF — aF FPhyhl — h(S — ) FPhyphl ).

(VO,VS)p

Proof. The proof is similar as in [9]. Because we shall consider the evolution equations
of similar functions in Section [f|and [7}, we outline its proof here. We first have

V,F FV,;S

P — _
Vi S—a (S—a)?
and
vy ViVl ViEV,§+ViSV,EFViV,S | 2FV.SV,E
T S —a (S — )? (S —a)? (§—a)? ’
which yields
Li® = — EF—LES— 2 (Ve,VS) (5.5)

By Lemma|3.1] (4) and (8), we have the time derivative of ®

) 1 1
—d = F— ——(h— F)F"h,,h*
ot soatrt g B ik

F F .

F

m(h — (my+ 1)F) (5.6)

Therefore by combining (5.5) and (5.6), we obtain the expression

0 2 1
a, = — _ Pq k
823(1) Lr®d+ S_a(VQ,VS)F S—a(h F)F hpilg

T S Sy U SR

(S —a)? Pl (S —a)? (S — )2
2
Lpd + S Oé(V , VS
1
g Ly DE? — hE — aF FPhyhs — (S — ) Fhynt)
which establishes the lemma. 0

For ¢t € [0,7*], M, is smooth, compact and convex, and therefore the m'™ mean cur-
vature H,, and the mean curvature H are uniformly bounded in this time interval. Sim-
ilarly, the m'" mean curvature H,, and the mean curvature H of M are also bounded in
the corresponding time interval. Moreover we can prove the following

Lemma 5.4. There exist positive constants Cs and Cy such that for anyt € [0, Tnax),

H,(2,1) < Cs and H(z,i)<Cy, VreM"
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Proof. Let T* = fOT* Y(t)™*dt. For any ¢ € [0,T*], M; is a smooth, compact and convex
hypersurface, the velocity F of the flow is therefore uniformly bounded in [0, 7*].

Consider any time ¢y, € [T*, T,.x), and choose the origin of R"™! to be the center of
the sphere of radius r_(¢y), which is enclosed by X(-,¢;). By Lemma 5.1, on the time
interval [T™, t,], the function satisfies

S=(X,v)>r_(t).

Let a = ir_(to), we consider the function ®(z, t) defined in forany (z,t) € M" x
[T, to]. Let (x1,t,) € M™x[T*,t,] be such that ® achieves the maximum sup{®(x, t)|(x,t) €
M™ x [T+ to]}. If t, = T*, we are done, since in this case, F'(x,t,) < constant. Thus we
may assume ¢; > 7%, then by Lemma|5.3} at (z1,¢;)

(my + 1)F? = hF — aFFPhyihl — h(S — o) FPh,,hk > 0.

We use
FPhyihl = F'A} > eHF'\; = emyFH
to obtain
(my + 1)F(F +h) > (my+1)F? — hF > asmyHF(F + h),
then X
H(zi,t) < s
aEMy
By Lemma/2.1| (4) we have
H t1)\™ 1\m
Fay, th) < (@—11)) < (m7+ )"
n aemny

Therefore for any = € M™,

F(xatO)
Oz, ty) = ——< O t
(2, to) S(ato) —a = (z1,t1),
which implies
2(my+ 1)\m™ 1
<
Fla,to) < ( emnry ) r_(to)™’

where we have used Lemma2.3] By combining with Proposition[4.3} we have

< 2C7(my + 1)\ ™
Pl < ()

forall » € M™. Here t, = Oto ()™ dt.

Since ty € [T, Thay) is arbitrary, t, € [T*, Tmax) is also arbitrary, we thus have the
uniform bound on F in [T*,T,.,). Combination with the bound in [0,7*], we at last
arrive at the inequality F'(z, ) < C}, for a constant C.
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Then

H(z, 1) = F(z, D)"Y < O = Cs, Vo e M™
Moreover, by homogeneity and the inequality (3) in Lemma 2.1} we have
myF = Fi)\; > eHtr(F') > eHm~yF'~ .

We therefore at last get

H(z,i) < e 'Fa,DV™ =" HY™ < e '0Y™ = €y, Vo e M (5.7)

The above result allows us to obtain a uniform upper bound on the quantity 6.

Lemma 5.5. There exists a positive constant C, such that
é(f) <Cn (5.8)
holds for anyt € [0, Timax)-

Proof. Let T* = fOT* ()™ +1dt. For any ¢ € [0,7*], h() is a nonnegative continuous
function, / is therefore uniformly bounded in [0, 7%].
By the assumption (1.5), ~(¢) has a uniformly upper bound 2" on [0, T;,.x). Since
A = oo, we can assume that forany ¢ > 7™, v (¢) is greater than any given positive number
N. Then, we have
hi) =p™™h < N"™ht, Vi>T,

here f = [} y(r)™*dr.
Therefore, combination with the bound in [0, 7], we at last arrive at the uniform
bound on & in [0, Tmax], that is, there exists a constant C, such that for any ¢ € [0, Tmax),

h(f) < Cra. (5.9)
Note that
Jas dn Jar e Jur dn
combination with (5.9), the lemma follows. ]

Since our hypersurfaces are convex, the bound on H we have just obtained implies
a bound on all principal curvatures. As a consequence, one can prove that A/; can be
locally written as a graph with uniformly bounded C? norm (see [2, 15, 17]).
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Corollary 5.6. There exists 7, > 0 (depending only on max H) with the following prop-
erty. Given any (p,t) € M x (0, Tiax), there is a neighborhood U of the point & = X (p, 1)
such that M; N U coincides with the graph of a smooth function

i:BixT —R, foralltcT.

Here B; C T, Mj is the ball of radius 7 centered at T in the hyperplane tangent to My at 7,
and T is the time interval T = (max{f — 0,0}, min{t + 1, T }). In addition, the C* norm
of i is uniformly bounded (by a constant depending only on max H).

Next we want to prove the existence of the limiting hypersurface (see [2]). To do this,
an essential step is the derivation of some kind of estimate on the curvature (e.g. a Har-
nack inequality, or a Holder estimate) which is uniform in time. Such an estimate allows
us to say that, if the curvature is positive at a given point of our hypersurface, then it also
satisfies a uniform lower bound in a whole neighborhood. However, there is a difficulty
in deriving this type of inequalities, which has been pointed out in [15] and is related to
the fact that the speed we are considering has a homogeneity degree greater than one in
the curvatures; namely, we cannot ensure a condition that the evolution equations for
the curvatures are uniformly parabolic. In fact, the operators £: and £ which appear
in the equations, in contrast with the standard Laplacian A, become degenerate if the
curvatures go to zero, and this is exactly the behavior we are not able to exclude at this
stage.

Consequently, we will make use of regularity theory for degenerate parabolic equa-
tions. Similar as in [15], we will prove a uniform C“-estimate for the m'" mean curvature
H,, by means of Lemma valid for equations of porous medium type. The procedure
here is more complicate than in [15]; in particular, it is necessary to rewrite down the
evolution equation for H,, in a particular form which suits to the hypotheses of the reg-
ularity theorem.

Lemma 5.7. In a local coordinate system, the evolution equation for the m*™ mean cur-

vature H,, under rescaled flow 1D can be written as
9 7 YRt i frd M Sty 1T 77y T LYY
il = DZ-(EHm GID; L) + T Dy, + (M, — )& hught “0H,, (510

whered = ~ + ’”T_l and D; denote derivatives with respect to the coordinates.

Proof. By the definition of ¢/, we can write down F9 = ~yH) '@/, thus the evolution
equation for H,, becomes

L H, = LoF + (F — D)@ hyht — 26, (5.11)
n

As in [2], using part (5) in Lemma[2.1we have

L: = D;(¢"D;) + T4 D;.
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Then, if we set d = v + =1, we have
~ .o~ lom ~ ~. . ~
LoF = %Di (E”Hm’” DjH;'fL> + 09D, F
By substitution of this in (5.11), we reach formula (5.10) in the statement. O

Same as in [2], choosing a coordinate system such that g, is identity and 5, is diag-
onal at a given point, we can easily estimate the tensor ¢”. It is easy to see that

i = O s

O\

By definition of H,,, the derivative oH,, / d); is a sum of products of m — 1 principal
curvatures. Hence we find, for any vector ¢ € R",

C;ﬂﬂ;\gnfl’g‘Z < 61’]’@@ < c" S\mfl‘éf’Q

m,n’'n

for suitable constants C’

m,n’

C,.., depending only on m, n. It follows

Cl(eH)™YEP < dige; < O JH™ e

For short, we express a double bound like the above one by writing down &/ ~ H™1§4.
With this notation, we also obtain

~ 1

4—m
m

m" &gl (5.12)
because [ ~ H,/™ by part (4) of Lemmal[2.1/and (5.7). Another useful inequality related
tocis

Hhyht =&\ < cp H™' Y N =Cy H™ AP < B, Co (5.13)

which is true thanks to convexity and Lemma|5.4
Similar as in [2,[15], we also need the following lemma.

Lemma 5.8. There is a constant C,3 > 0 depending onn, m, v and M, such that

to B B N R
/ \VH 2djizdt < Cia3(1 415 — ).
o JM

Proof. Using (5.12), by direct computation we have

1-m

/ Ho |V 2 Pdis

Q

/~ VAP
M M

d

d L o
= & | (vRVELdpy = S [ HicFdg
Y Jnmr Y Jar
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where the last equality follows using integration by parts and Lemma [2.1{ (5). Next, we
can use the evolution equation (5.11) to deduce

. d OHH! d
VH2di: ~ — / m d~~+—/
| 1V SRSV L
d - N
S 014£\/]\~4Hgl+1dug+015.

S d [ --
(F — h) A hyhkdjip — —— / OH dji;
ny Jir

Notice that C'5 comes from (4.5), (5.8), (5.9), (5.13) and the bounds in Lemma 5.4, Fi-
nally, recall 0 < H,, < Cs and, by Proposition 4.3} M; is contained in a ball of radius C7;

these facts can be applied (after integrating the above inequality on [t,,%,]) to achieve
the estimate in the statement. O

Proposition 5.9. There are constants Cys(n, m,~v, My) > 0 and 0 < « < 1 such that for
every (z,t) € M x (0, Tyax), the a-Holder norm in space-time of H,, on a neighborhood,
sayU C M x (0, Tmax) is bounded by Cs, i.e.

1ol ety < Cio.

Proof. We use the local parametrization of M; as the graph of a function @ : B; x 7 —
R"™! coming from Corollary[5.6, where T = (max{t—7,0},+7) for 7 not depending on .
Using D; to denote the derivatives with respect to these local coordinates, and choosing
as positive normal the one which points below, we have (see [2, 5} 17])

) - i DD
Gij = 0ij + DyuDju, 9" :éj_m’
and
- D;ju
hi]’ = —Ju;
(1+[Daf)?

In addition, the Christoffel symbols have the expression

DFuD'u

[k = <5kl -
" 1+ |Du|?

)DijaDla. (5.14)
It is not restrictive to assume thatZ > 7, since the C® norm of H,, on M x [0, 7] is clearly
finite by the compactness of M.

If we consider ¢/ fmjz;? as a function of x € By, (5.10) can be regarded as an equation
of the form (2.2) for v = H,,, with

.. ~ 1l=m ~ . . ~ ~ ~ o~ o~ ~ ~
il — gHm’" @, and f(x,t,v, Dv) = T4 DT, + (), — B)& hyht — 20,
n

Next, notice that

() = T eg ) ~ 1376, = JleP foranyg e R, (5.15)
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combination of (5.8), (5.9), (5.13) and the bounds in Lemma(5.4]yields
~. .o~ 1l=m ~ ~
/] < gw;lé“Hmm D HE| + by & —\rﬂ " D;HE | + by < by DHE| + bs,

where b; comes from (5.14) and the fact that @ is C?-uniformly bounded. Moreover,

Lemmal5.8implies
/ / |DH? 2djizdt < Cy7(7).
B;XI

Therefore, we are in position to apply Lemma[2.5\with " = 7/2 and ¢ = 7/2 to deduce
that
1l 5.5 < O
for suitable 0 < o < 1 and C}4 > 0 depending on n, m, v and M,. O
With the above result, we have

Proposition 5.10. Let M" be a compact n-dimensional smooth manifold and X : M" —
R"*! be an immersion pinched in the sense that Q > Cy. If M; = X;(M™) is the solution
to the rescaled flow (1.3)), then M; exists on [0, cc).

Proposition 5.11. The quotient Q) converges to % uniformly on M ast — .

Proof. Letussetp = - — ﬁ. By 1b we have the following evolution equation

0 n+1 . n—1,_ -~ Hr )
20 = Lip ~+ — (VH",Vp) - — (VK,Vp)FJrﬁ\va
—%\ﬂ Vilg — Vi [ — @(5”' —~ %g“) FPrs o Vb, (5.16)

Applying the maximum principle to equation (5.16), we obtain

max p < maxp,
M; Mo

where we have used (see Corollary
E‘Hvihpq a hpqviH’F,B + Q<b] N Eg ]>qu7 Vihpqvjhrs > 0.

Therefore we have shown that the function max; p is strictly decreasing unless p con-
verges to 0 uniformly on M. This implies that the quotient Q) converges to = uniformly
on M ast — oo. O

Theorem 5.12. Let M" be a compact n-dimensional smooth manifold and X : M™ —
R"™! be an immersion pinched in the sense that Q > C,. If M; = X;(M™) is the solution
to rescaled flow , then M; converges exponentially ast — oo to a round sphere in the
C*-topology.
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Proof. Let us take any sequence {7;} C [0, c0) with 7; — co. The uniform bounds on the
curvatures imply that there exists a subsequence (again denoted by 7,) such that, up to
translations,

X('? i) — XOO(')v
in the C*-topology for any a € (0,1), and M., = X..(M")is a convex C'-hypersurface.
By Proposition at each time 7; we can find a point p; € M such that

~ n
H(pjv Tj) Z ?7
Then yields
Hy(pj,7j) > e™H™(pj, 75) > (SC—T:) =C15>0 (5.17)

for each fixed j. Proposition [5.9|implies that H,, cannot decrease too fast in the sense
that we can find a 6 > 0 (independent of (p;, 7;)) satisfying

- c
Hon| By(py)x [y —om; 48] = 718 (5.18)

If § is small enough, then M; N Bs(p,) can be written as the graph of a function i, for
anyt € [r;—4,7;+0] asin Corollary Using the arguments of the proof of Theorem 6.4
in 2] on any neighborhood Bj;(p;) x [r; — d, 7; + ¢], but with upper bounds independent
of time, we can obtain uniform C*°-estimates on the functions ; in suitable smaller
neighborhood, say of radius £. Therefore, we have that

Bg(pj) N MTJ. — B%(poo) N Moo in C*,

where X (p;, 7j) = Poo € Me.

Recall that, by Proposition the limit must be totally umbilic, and therefore is
a portion of sphere. By , the sphere has H,, curvature at least Cys. Then, in the
neighborhoods Bs (p;) x [r; — g
a constant value not smaller than C}5. Using again the uniform Holder continuity, we
deduce that holds, for j large, in B3;(p;) instead of Bs(p;). Thus we can extend

the region where M/, is known to be spherical. After a finite number of iterations, we

7; + 2] the H,, curvature becomes arbitrarily close to

deduce that M, is a sphere, whose radius is uniquely determined by the fixed total area
| Mo|.

Since the above argument can be applied to any sequence 7;, we conclude that the
whole family M; converges to a sphere as ¢ — oo, possibly up to a translation in space.
This implies that H,, tends to a positive constant as { — oo, and therefore it is bounded
from below by some constant § > 0 for long times. Consequently, the mean curvature A
is bounded from below by n6'/” > 0 for long times. Thus, we can repeat the argument
in the proof of Proposition|5.11jusing

n—1

0 -
a—fﬂ(t) < Lpp+ P

n~n
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Then there exists a ¢’ > 0 and a constant (9, such that
p(f) S 019676/5.

In this way we obtain that the rate of convergence of Q to = is exponential. With this
property, we can argue exactly as in [15] to conclude that the second fundamental form
of M; converges exponentially in C™ to the one of a sphere. The C™ convergence of the
second fundamental form implies the C*>° convergence of the immersions and of the
metric by standard arguments (see [I,[15]). This implies that M; approaches a sphere as
t — oo. Of course M, has the same total area | M,|. Therefore the proof of Theorem
(I) is completed. O]

Remark 5.13. It is easy to check that0 < h < inf,epm F(z,0) is of this case, and T* below
(5.1) is equal to zero.

6 Case(I)0 < A<

In this section we consider the case 0 < A < oo and prove the main Theorem ID.
Since 7, = ¢r, and 7_ = ¢r_, we have by Proposition 4.3

L§T7§T+§—7
(G

which implies for the sequence {7} in Section there exists a time 7* < T}, such that
forany 7; > T+,
Copt <7 (T;) <14(T3) < Coo 6.1)

for some constant Cy. The following lemma shows that the inner and outer radii of all
evolving hypersurfaces M/, are uniformly bounded from below and above.

Lemma 6.1. There exists a constant Cs; such that
Colt <r_(t) < ry(t) < Oy, foranyt € [0, Tax)-

Proof. We only prove the upper bound, the lower bound is similar. First we claim that
h > 0in this case, where  is the limit in (1.5). Suppose not, we can take any h* > 0, such
that there exists a time 7" < Ty,.x and h(t) < h* for any ¢ € [T”, Tyuax).- Then by similar
proof as in Lemma 5.1} we prove that )/, is contracting for ¢ > 7. Therefore r, (T;) — 0
as T; — Tuax, Which is a contradiction to (6.1). The claim follows.

;From the claim we know that there must exist a time 7" € (7%, T,,.x) such that for
any ¢ € [T", Tax), h(t) has a positive lower bound 2~ > 0.

Since M, for any ¢ € [0,7"] is smooth, compact and convex, the corresponding outer
radius is uniformly bounded from above in this time interval. Suppose there is a time
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T" > T such that r(7") > C5. By Lemma we can assume Cy; is large enough
so that r_(T") > (1/h~)Y™. Again, we evolve a sphere 9B, (7 (O) under (1.1). The
solution r5(t) to the differential inequality

dplt) —p 1 >pm L >

dt e = NGOG

(6.2)
rp(T") = r_(T") > (1/h7)/™,

is given by

N N N
B e B = - T )
h~ r_(T") ,,»B(t)m’y - h%

Clearlyrp(t) — coast — oco. Onthe other hand, by containment principle, 05, ) (O)
is enclosed by M, for any ¢ > 7", since My~ encloses 0B, (O). Therefore there ex-
ists some 7; > T"” such that r(T;) > rg(T;) > Cq, which is a contradiction to (6.1).
Combining the case in [0, 7”], we finish the proof of the lemma. O

Remark 6.2. Similar as in Remark[5.2, by Lemmal6.1) and that the hypersurface M, uni-
formly converges to a round sphere (see below for the proof ), we have a limit

lim (t) = A. (6.3)

t_)T‘Inax

Following the procedure of [2,[12,[13], we have the following result.

Lemma 6.3. Given anyt € [0, Ty.x), let T € V; be such that B(z,7) C Vi, wherer = r_(t)
is the inner radius of M;. Then we have

B(z,7/2) CV; foreveryt € [t,min{t + 7, Tinax})-
for some constant T depending only onn, m, vy, | My|.

Similar as in Section 5}, we consider the function ® defined in fort¢ € [t, min{t +
7, Tmax}), and a = 1C5', where Cy, is given in Lemma By using the same method as
in [2,12], we obtain the uniform upper bounds of the m'™ mean curvature H,, and the
mean curvature f.

Proposition 6.4. There exist positive constants Coy, Co3 depending on n, m, v, and My
such that

Hy(-t) < Cop and H(-,t) < Cys,
hold for everyt € [0, Trax)-

85

85



86 Chuanxi Wu, Daping Tian and Guanghan Li

By Lemma [6.3|and Proposition we can prove as in Corollary 5.6 that A/, can be
locally written as a graph of a function v, that is, locally, M;=graph (-, t), with uniformly
bounded C? norm. In particular, using D; to denote the derivatives with respect to the
local coordinates, and choosing as positive normal the one which points below, the
Christoffel symbols have the expression (see e.g. [2,[15},17]):

D¥uD'y

Tk — <5kl _ Zuru
i 1+ [Dul?

>DijuDlu.

Same as in Section 5] (also see [2]), we have the following results.
Lemma 6.5. In a local coordinate system, the evolution equation for the m*® mean cur-
vature H,, under unrescaled flow (1.1)) can be written as

0

o Hy = Dy ZHu ¥ DyHL) + D Dy, + (H), = h)chadil,

d

whered = v + ™= and D, denote derivatives with respect to the coordinates.

Lemma 6.6. There is a positive constant Cy4 such that

to
/ /|VH$|2dutdts024(1+t2—t1).
t1 M

Now we can prove a uniform C®-estimate for the m'"* mean curvature H,,, that is, we
have

Proposition 6.7. There are constants Co5 > 0 and 0 < o < 1 such that for every (z,t) €
M x (0, Thax), the a-Hélder norm in space-time of H,, on a neighborhood, sayU C M x
(0, Thmax) is bounded by Css, i.e.

HHm”Ca(u) < Cs.

With the above result, we have:

Proposition 6.8. Let M™ be a compact n-dimensional smooth manifold and X : M" —
R"™! be an immersion pinched in the sense of (1.4)). If M, = X,(M™) is the solution to flow

(1.1), then Ty = 0.
Lemma 6.9. We have
/ Hm1n<t> = +o00,
0
where Hy,;, (t) = miny, H(-, ).
Proof. Set F(t) = miny, F(-,t). At a point where the minimum is attained, from Lemma
(4) we get

d
F = (F — h)F™hyhl.

86



Forced Flow by Powers of the m*" Mean Curvature 87

As F F"hy,.hl is always nonnegative because 1/, is convex, recalling that A(t) has a uni-
formly upper bound /4" on [0, T},,.« ), we obtain

d

for some constant Cy5. Now the application of a maximum principle to the above in-
equality yields

1

£y i
F 2 (Cort O ) ", with Cyr = F(0)" 7,
mry

which, together with part (4) of Lemma2.1} leads to

S S t —1
/ Huun(t)dt > lim | nF (H)dt > lim n<027—|—C'28—> dt = oo.
my

§—00 0 §—00 0

Proposition 6.10. The quotient Q) converges to - uniformly on M, ast — oc.

Proof. We consider the evolution equation for the quotient @) given in (3.2). From Lemma
6.1, we know that A(¢) has a positive lower bound 2~ > 0 ast > T’ with 7" given in
Lemmal6.1} Combining (1.4) and (2.I), we estimate the term containing & as follows:

h%(n\AP —H?) > hQHWT;H
with Cy9 = h=Cyd. Set F = sup,,(n~" —Q)(-,t). Then .# is alocally Lipschitz continuous
function and satisfies

> CogHpyin(t)(n™" — Q), Vt>T,

a

9

sup

at(

where M(t) = {p € M|Z(t) = n™" — Q(p,t)}. Using , we obtain
d
—Z(t) < sup[—CogHuin(t)(n™" — Q)] = —Co9Humin(t)-Z (t).

Since the sum of the gradient terms in the second row of (3.2) is nonnegative, as shown
in the proof of Corollary3.6| (or see Theorem 4.3 in [2]). By the maximum principle, we
deduce that

t
In () < In.Z(0) — Cao / Hyn(7)dr — —oc0.
0
This allows us to conclude that lim;_. ., % (t) = 0, from which the proposition follows. [

Same as in Theorem (also see Theorem 7.7 in [2]) we can prove that the solution
to (1.1)) converges, exponentially in the C*>°—topology, to a round sphere as ¢t — oco. This
finishes the proof of Theorem (1D).

Remark 6.11. By the limit (6.3), we easily see that M; converges to a sphere of total area
| M.
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7 Case(IID)A=0

This section is devoted to discuss the case A = 0 and prove the main Theorem [L.]]
(III). Similar to Section[5, we have a limit
lim r_(T;) = oc. (7.1)
Ti%Tmax
Then there exists a time 7* < Ty,.x such that for any 7; > 7%, r_(T;) is greater than any
given positive number N. As before we evolve 0B, _(1+)(0) and 0B, (r-)(O) under (1.1),
respectively. That is to say, they satisfy the following equation
dr B (t) 1

with initial data »_(7*) and r, (T*) respectively.
First we consider the case h = 0. Integrating (7.2) from 7* to 7; and using integral
mean-value theorem, the outer radius r}(¢) of M, satisfies

1

rp(T;) —r(T%) = [h(tz‘) - +—)m] (T, —T7), (7.3)

r5(t
where t; € [T*,T;].

If we suppose T} < 00, and take limits of both sides in (7.3), we have lim, .7, h(t) =
oo, which contradicts to & = 0. SO T}.x = 0.

Next we consider the case 0 < h < oo. In this case, we choose N greater than
(1/h=)Y™ (now h~ is the uniform positive lower bound of h(t) in [T*, T,,..)). There-
fore by (7.2), the inner radius r5(t) and outer radius r}(¢) of M, satisfy the following
inequalities, respectively

o (t) + hl / T’(B:)) mdrg(t) > h(t=T7) +r_(T%), (7.4)
and
() + / " () 2 h (= T 4 (1), (7.5)
h™ Sy rh)™ — = F "

Lemma 7.1. Whent > T*, the regions enclosed by the hypersurfaces M, are increasing.
Furthermore T,,,, = oo, and the solutions to (1.1)) expand uniformly to co ast — oc.

Proof. Fort > T*, (7.2) implies that rz(t) is increasing since r3(t) > (1/h~)Y/™ initially.
By containment principle again, the enclosed regions of M, are increasing. Moreover,
all M, ’s are contained in the regions between 0B, - »(0) and 83@@)(0) for every ¢t €
[T*a Tmax)-

88



Forced Flow by Powers of the m*" Mean Curvature 89
Suppose Th,.. is finite. Integrating equation (7.2) from 7* to ¢, we have

t t
Fh(t) — i (T) = / h(r)dr - /T de
which implies that r}(¢) is uniformly bounded from above in [T, T,,..x). This is a contra-
diction to (7.1). Therefore T, = co.
Obviously the diameter of the biggest ball enclosed by M, tends to cc ast — oo by
(7.4), and the containment principle, which implies that M/; expands to coast — oo
in this case. The lemma follows. N

Remark 7.2. Lemmal7.1]and Proposition[d.3|imply the limit

tlggo W(t) =0. (7.6)

We do not know whether the rescaled m'" mean curvature H,, is uniformly bounded

from above or not, but we can prove that if the rescaled hypersurface M; converges to

a smooth hypersurface, it must be a sphere. To this end, we need to estimate the lower
bound of the rescaled m'" mean curvature. Again we consider the function

F

(I)ZB——S

for some constant . As in Lemmal5.3|we have the evolution equation of ®

Lemma7.3. Fort € [0,00) andx € M",

0 2
b = Epd)—ﬁ_—S(V@,VS)F

1
5 sy LBF hpihg + D)F = [(my + D)F BB = S)FP iy}
For any ¢, € [T* o0), let = 2r,(ty) in Lemma Then by Lemma for any
te [T*vtO]r
S =(X,v) <ry(to)

Applying the maximum principle to the evolution equation of ¢, by the same approach
as in the proof of Lemma5.4|we have

Lemma 7.4. There are some positive constants Cs, Cs, and Cs, such that for any (x,t) €
M™ x [0, 00)

F(z,t) > Cso.

Moreover
Hp(2,0) > C"=Cy1 and H(z, 1) > nCil™ = Cs.
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At last we show that the eigenvalues of the second fundamental form approach to
each other, when  — T.,,.... As before we consider the function defined in Section

1 K
P=n ™ T
It is easy to see that p ia a scaling invariant. We also have the evolution equation of p
asin (5.16). By similar discussion as in the proof of Theorem[1.1|(I), the rescaled evolving
hypersurfaces M; tends to a sphere as ¢ — co. This finishes the proof of Theorem

(I1I).
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