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Abstract. This paper is concerned with the boundedness prop-
erties of singular integral operators on variable weak Herz spaces
and variable weak Herz-type Hardy spaces. Allowing our pa-
rameters to vary from point to point will raise extra difficulties,
which, in general, are overcome by imposing regularity assump-
tions on these exponents, either at the origin or at infinity. Our
results cover the classical results on weak Herz-type Hardy spaces
with fixed exponents.
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1 Introduction

It is well known that Herz spaces play an important role in Harmonic Anal-
ysis. Since they were introduced in [9], the theory of these spaces has had a
remarkable development in part due to their usefulness in applications. For
instance, they appear in the characterization of multipliers on Hardy spaces
[3], in the summability of Fourier transforms [§] and in regularity theory for
elliptic equations in divergence form [22].

In recent years, there was growing interest in generalizing classical spaces
such as Lebesgue, Herz spaces and Sobolev spaces to the case with either
variable integrability or variable smoothness. The motivation for the in-
creasing interest in such spaces comes not only from theoretical purposes
but also from applications to fluid dynamics [23], image restoration [4] and
PDE with non-standard growth conditions.

Herz spaces K7, (R") and Kg‘(,)’ . (R") with variable exponent p but
fixed @ and g were recently studied by Izuki [10, IT]. These spaces with
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variable exponents a(-) and p(-) were studied in [2], where the boundedness
results for a wide class of classical operators on these function spaces were
given. The spaces K;((f)),q(‘) (R") and K;“((,'))’q(,) (R") first were introduced by
Izuki and Noi in [12].

Rafeiro and Samko [21] introduced generalized local and global Herz
spaces, all of whose characteristics are variable. They have proved that vari-
able Morrey-type spaces and complementary variable Morrey-type spaces
are included into the scale of these generalized variable Herz spaces. Also,
boundedness of a class of sublinear operators in generalized variable Herz
spaces was given. In [20], an embeddings results for Herz spaces into weighted
Lebesgue spaces are established. The boundedness of singular integral oper-
ators on variable function spaces were widely studied by many authors (see,
for example, [2 [11, 17, 18] and references therein).

The variable weak Herz spaces WK 20, q(R") and variable weak Herz-type

Hardy spaces W HIK o().q(R") were introduced earlier in [27] with variable p

but fixed o and ¢. In the same paper, the boundedness of a class of singular
integral operators on such spaces was proved. For fixed exponents, this
problem was provided in [16].

Based on the approach of [I] and [I2], we introduce the variable weak
)

7q
WH K;((.'))q(.)(R”) including the inhomogeneous version, and we prove the
boundedness properties of singular integral operators on such spaces. To

do these, first we present an equivalent quasi-norm of WK;‘((.’))q(.)(R") and

Herz spaces WK;‘(() (.)(R”) and the variable weak Herz-type Hardy spaces

WH K;((.'){q(.)(R”) spaces. Based on these equivalent quasi-norms and the
results of [7] and [16], we obtain our results. Allowing o and ¢ to vary from
point to point will raise extra difficulties, which, in general, are overcome by
imposing regularity assumptions on this exponent, either at the origin or at
infinity.

2 Preliminaries

As usual, we denote by R" the n-dimensional real Euclidean space, N is the
collection of all natural numbers and Ny = NU {0}. The letter Z stands for
the set of all integer numbers. The expression f < ¢g means that f < cg
for some independent constant ¢ (and non-negative functions f and g), and
f~gmeans f < g < f. For any € R, |x] stands for the largest integer
smaller than or equal to z.

For z € R™ and r > 0, we denote by B(z,r) the open ball in R™ with
center at x and radius r. By supp f we denote the support of the function
f, i.e., the closure of its non-zero set. If £ C R™ is a measurable set, then
|E| stands for the (Lebesgue) measure of E and xg denotes its characteristic
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function.

The symbol S(R") is used in place of the set of all Schwartz functions on
R™, and we denote by &’(R™) the dual space of all tempered distributions
on R", namely, the set of all continuous linear functionals on S(R™).

The variable exponents that we consider are always measurable functions
on R™ with range in [¢, 00| for some ¢ > 0. We denote the set of such func-
tions by Po(R™). The subset of variable exponents with range [1, 00) is de-
noted by P(R"). For p € Po(R"), we use the notations p* = esssup,cgn p()
and p~ = essinf,ern p(z). Everywhere below, we shall consider bounded
exponents.

Let p € Po(R™). The variable exponent Lebesque space LPO)(R™) is the
class of all measurable functions f on R™ such that

Qp(.)(f) = /n f(x)

for some A\ > 0. This is a quasi-Banach function space equipped with the
norm

p(z)
dr < oo

1]l = inf {1 >0 @p(.)(%f) <1},

If p(x) = p is constant, then LPO)(R") = LP(R™) is the classical Lebesgue
space.

A useful property is that g,y(f) < 1 if and only if Hpr(.) < 1 (unit ball
property). This property is clear for constant exponents due to the obvious
relation between the norm and the modular in that case.

We say that a function g : R® — R is locally log-Holder continuous if
there exists a constant ¢jog > 0 such that

Clog
— <
9(x) — g(y)| < (e +1/[z = 9]
for all z,y € R™. If
Clog
—g(0) < — 8
() = 9(0)] <

for all z € R", then we say that g is log-Hdélder continuous at the origin (or
has a log decay at the origin). If for some g € R and cjog > 0, there holds

Clog

|9(7) = goo| < w

for all z € R", then we say that g is log-Hdlder continuous at infinity (or
has a log decay at infinity).

By P& (R") and P2 (R") we denote the class of all exponents p € P(R")
which have a log decay at the origin and at infinity, respectively.
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The notation P™(R") is used for all those exponents p € P(R") which are
locally log-Holder continuous and have a log decay at infinity, with p., =
limy| 00 p(z). Obviously, we have P™(R™) C Pg*(R™) N P2(R™). Note that
p € P™(R") if and only if p’ € P™(R"), and since (p')os = (Poo)’, We write
only pl_ for any of these quantities. Here p’ denotes the conjugate exponent
of p given by 1/p(-) + 1/p'(-) = 1.

Let p,g € Po(R™). The mixed Lebesgue-sequence space E‘I(')(LP(')) is
defined on sequences of LPO)-functions by the modular

Qﬁq(-)(m<<>)((fv)v) = Zinf {)\v >0: Qp(-)(%) < 1}.

v

The (quasi)-norm is defined from this as usual:

. 1
| CFedu s oy = inf {1 > 02 0oy (3 (F0o) <1} (1)
Since g7 < oo, we can replace by the simpler expression

000 (oo (fo)o) = ) H|fv|q(')H%-

Furthermore, if p and ¢ are constants, then ¢2)(LP()) = ¢4(LP). It is known,
cf. [1] and [I3], that ¢9)(LPO)) is a norm if g(-) > 1 is constant almost
everywhere (a.e.) on R™ and p(-) > 1, or if 1/p(z) + 1/q(z) <1 a.e. on R,
orif 1 <g¢(z) < p(z) < oo a.e. on R

Very often we have to deal with the norm of characteristic functions on
balls (or cubes) when studying the behavior of various operators in har-
monic analysis. In classical LP spaces, the norm of such functions is easily
calculated, but this is not the case when we consider variable exponents.
Nevertheless, it is known that for p € P8, we have

x5l Ixall,, = 1Bl (2)
Also,
sl , ~ 1B, se B ®
for small balls B C R™ (|B| < 2"), and
sl ., = |BIe o

for large balls (|B| > 1), with constants only depending on the log-Holder
constant of p (see, for example, [0, Section 4.5]).
We refer the reader to the recent monograph [0, Section 4.5] for further
details, historical remarks and more references on variable exponent spaces.
We end this section by technical lemmas which will be used throughout
this paper. The next lemma is a Hardy-type inequality which is easy to
prove.
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Lemma 1 Let 0 < a <1 and 0 < q¢ < oo. Let {ex},cy be a sequence of
positive real numbers, such that

[{er}eez Il = T < o0
Then the sequences
O : O = k=j } { TS ik }
{ k Ok Za €j vz and 4 Mk Nk Za €j re
Jj<k i>k

belong to (7, and

H {5k}k€Z Héq + H {nk}kez Heq < CI,

with ¢ > 0 only depending on a and q.

The proof of the following results are given in [2], where the second
lemma is a generalization of , and to the case of dyadic annuli.

Lemma 2 Let o € L>®(R"™) and ry > 0. If « is log-Hélder continuous both
at the origin and at infinity, then

(r/ra)*" if 0<rp <12,
ro@) < po) o 1 if /2 <re < 2r,
(ri/ro)™ if ro > 211

for any x € B(0,r1) \ B(0,71/2) and y € B(0,73) \ B(0,72/2), with the
implicit constant not depending on x,y,ry and rs.

Lemma 3 Let p € P2(R") and let R = B(0,r)\ B(0,r/2). If |R| > 27",
then
HXRHp(~) R |R|1/p(:c) ~ |R|1/poo

with the implicit constants independent of r and x € R. The left-hand
side equivalence remains true for every |R| > 0 if we assume, additionally,

p € PP(R™) N PR(R™).

3 Sublinear operators on variable weak Herz
spaces

For convenience, we set
By =B(0,2"), Ry=DBy\By1 and x,=xgr, keZ

The definition of Herz spaces of variable smoothness and integrability were
introduced and investigated in [7].
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Definition 1 Let p,q € Po(R") and o : R" — R with « € L*(R"). The
inhomogeneous Herz space K;Y((f))’q(.)(R") consists of all f € L ()(R”) such

that o
”f”K;((f)),q(.) - HfXBOHp(') * ” (Qka(-)ka)kzl Heq(~)(Lp<~)) < 0.

Stmilarly, the homogeneous Herz space K;((.'))q(.)(R”) 15 defined as the set of
all f € LPY)(R™\ {0}) such that

loc

Hf”K“(()) o H (Qka(')fX’f)kez Heq<->(Lp(-)) < oo.

a(-) ny __ « n ()
If o and p, q are constant, then Kp(.)’q(_) (R") = K, (R") and Kp(_%q(_)

ngq(R") are the classical Herz spaces.
Let us denote

(R") =

= 1/q
H{gk}llég(LP(‘)) - <kz: Hglin(.))
=0
and

[HonHlex (1000, ( Z el )

for sequences {gi }rez of measurable functions (with the usual modification
when ¢ = 00).
The following proposition plays a fundamental role in this paper.

Proposition 1 Let a € L*(R") and p,q € Po(R"). If o and q are log-
Holder continuous at infinity, then

o) mom o
Ko (R?) = K5

Additionally, if a and q have a log decay at the origin, then

I£1listy,, = 2P Pt oo, + 252 ey

(R™).

For the proof see [T, Proposition 1]. We refer the reader to the paper
[24], where the continuous variable Herz spaces are studied.
Let k € Zand A > 0. We set Ax(A, f) = {z € Ry : |f(z)] > A} and
Ao(A, f) = {x € B(0,1) : | f(x)[ > A}.

Now we will give the definition of the weak Herz space.

Definition 2 Let p,q € Po(R") and a : R" — R with a € L*(R™). The

inhomogeneous weak Herz space WK ))q()(R”) consists of all measurable

functions f such that

HfHWKO‘(()) o ilip)‘H ( XAk(Af )k>0 ”zq() (Lr)) < OO
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where AO 15 replaced by Ay. Similarly, the homogeneous weak Herz space
WK )(R”) 1s defined as the set of all measurable functions f such that

||f||WKa(()> o S;iloﬁ\” (2" Oxa00) ez HZQ(~)(LP(~)) < 0.

() — «a o) ny _—
'If «, p and g are constant, then WKp(_m(.) = WK, and WKp(%q(.)(]R ) =
WKZ (R") are the classical weak Herz spaces. Now we recall the variable

weak LPC)(R™) spaces.

Definition 3 Let p € Po(R"). The weak Lebesgue space LP()>°(R™) with
variable exponent consists of all Lebesque measurable function f satisfying

171l 000 = sup Alxtoerrasianon [, < oo

It is obvious that if p is constant, then
-0 ny __ 0 ny __ ,00 (T
WK, ,(R") =WK, (R") = LP>(R").
The following proposition is one of the main tools of this paper.

Proposition 2 Let a € L*(R") and p,q € Po(R"). If o and q are log-
Hoélder continuous at infinity, then

a() ny __ Qoo n
WK (a0) RY) = WES . (RY).
Additionally, if a and q have a log decay at the origin, then
I llwsesor
~ sup (A2 a0 Hlgo ooy, + M2 Xaw0un Hlgse (1)) (5)
A>0 < >

Proof. Our arguments are based on [7, Proposition 1]. We will do the proof

in four steps.
Step 1. We will prove that

WK

n CY(') n
e RY) = WE S (R™).

We need to show that

HfHWKg((_'))’q(_) ~ ||fHWKa(°§’

for any f € WK%"q

to consider the case HfHWK%O = 1 and show that
P(+),q00

> H A2 Oy 0™
k=0

(R™). By the scaling argument, we see that it suffices

o <1 (6)
a()
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for any A > 0 and some constant ¢ > 0 independent of A. Since a has
logarithmic decay at infinity, for £ € N and x € Ry, we have

k

Flo(z) — an] § ————
a(r) ~ 0l S oo

Therefore, 2k*(*) ~ 2k 5 ¢ R, with constants independent of k& and z,
and hence,

> |

In addition, ||)\X‘A0(}‘7f)||p(~) < 1 for any A > 0, which yields by the unit ball
property that

|C/\2 XAk )\f ‘ ()

|ex2" a0

dRS>

()
a(-)

N N

1A 4000 1% |20y <1

a()
for any A > 0. Observe that @ clearly follows if we prove the estimate

N S IRl +27F =0 keN. (7)

a(:

H |25\ a4, 01|

N N

This claim can be reformulated as showing that

o S b

q(-)

H5—1 |C>\2kaoo X ‘q(~)

which, by the unit ball property, is equivalent to

HCM_ﬁzkamXAk(A,f)H s 1
(")

Since ¢ has logarithmic decay at infinity, for £ € N and x € Ry, we have

kla(r) — goo| _ Kla(®) — gl k <1
0oq(®) T geq” "~ ln(e+|z|) ™

Therefore, 9"z~ @) ~ 1 with constants independent of £ and z. Also,
since 1 < 2F§ < 2F+1,

(2¢6)me a0 < (25 las ! S 1.

Using the fact that

57T = (20)e a2 w5 and A2 00, < 95,

with an appropriate choice of ¢ > 0, we obtain
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Step 2. In this step, we prove that

a() n aoo
WE, () (R") = WK

(+):g00

(R™),
which is equivalent to

I llwreoss S 1l g

p(),q ()()

")

for any [ € WKQ('))q( )( ™). Again, by the scaling argument, we see that it

suffices to consider the case H f HW getr =1 and show that
p().a()

Goo

p()

C/\2 XAk Af)

o
k=
for some constant ¢ > 0. As before, for k£ € N, we have

[A2% = xacon i S X2 Oxavan o

Now, our estimate , clearly follows from the inequality

'S

lex2 O anll’s < 12 Oxa,on]" |

Q
—~
2

This claim can be reformulated as showing that

Hc)\é‘l/%o2ka(')XAk(Nf) HP( ) =1

() + 2_k - 5

(8)

(9)

From above, §~1/9%c < §=1/4(*) then, with an appropriate choice of ¢ > 0,

lexd™/ =25 a0 [y < [MTH7O2 O p
The left-hand side is less than or equal to 1 if and only if

||‘)\5_1/q(.)2ka(')XAk(/\,f)’(Z(.)Hp(» <1

We see that the right-hand side can be rewritten as

P2 O g <1

Q

which follows immediately from the definition of 4.
Step 3. Let us prove that

H{/\Q XA }He‘“O)(Lp() +[[{A 2" X000 }Hf‘“" Lr()) ~ HfHWK

() ()
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for any A > 0. We suppose that HfHWKO‘((‘)) . < 1. If, in addition, « has

a log decay at the origin, then we also have 2k*(®) ~ 2k2(0) for < 0 and
x € Ry. Thus,

[[{A2+© XAk(/\vf)}Hf(i(O)(LP(‘)) ~ {20 s )}Hfi(“)(m(‘))'

As in Step 2, we can prove that

k
p(-) +2

“)

. q(0) . )
H0>\2ka()XAk(A,f)Hp(.) < H |/\2ka()XAk()‘vf)’q

Q

for any £ < 0 and for some constant ¢ > 0. Then
A2 Ox 4,00 o0 10y S 1

Using estimate @D, we obtain
H{)‘Qk%XAk(A,f)}Hggoo(me) S L

Therefore,
A2 a0 H 0 100y + A2 X000l e g0y S 1

The desired estimate can be obtained by the scaling argument.
Step 4. Let

H{)\Q XAk Af)}qu(O) (LP(O) <1

and
A 2k0‘°°XAk(A,f)}Hzgoo(LP<'>) =1

Similarly, to Steps 1 and 3, for any £ < 0 and for some constant ¢ > 0, we

have
q(0) &
0 +2

1€ ) o
H \c)\2k ()XAk(A,f)}q oy = HAQ’“ XA\ f)
at)

and using , we obtain

Z HW Naonn "

Therefore, H f Hwka<.> < 1. The desired estimate follows by the scaling

[

p(),q(+)

p(-) 1

€

Q

argument. [J

Consider sublinear operators satisfying the size condition

Tfa)| < / 7y >,’ndy, v & supp /. (10)

n |z —
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for integrable and compactly supported functions f. Condition first
appeared in [25], and it is satisfied by several classical operators in har-
monic analysis such as Calderén-Zygmund operators, the Carleson maximal
operator and the Hardy-Littlewood maximal operator (see [25] [15]).

We have the following results:

Theorem 1 Let o : R — R and q € Po(R") be log-Hélder continuous at
infinity, p € PR(R"),0< ¢~ <q" <1land1<p <pt < oo with

—n/Poo < Qoo < 11— 1/ps). (11)
Suppose that T is a sublinear operator satisfying estimate (10). If T is

bounded from LPC)(R™) to LPO)>°(R™), then T is bounded from K;((,'))q(.)(Rn)
a() n
to W) o) (R")-

For homogeneous spaces we have the following statement:

Theorem 2 Let q € Po(R"), p € PI(R")NPE(R™) with 1 < p~ < pt < 00
and 0 < ¢~ < gt < co. Let a« € L®(R™) and q be log-Hélder continuous
both at the origin and at infinity and such that

—n/pt <o  <at<n(l-1/p). (12)

Then every sublinear operator T’ satisfying which is bounded from LP (')(R”)
to LPU)>°(R™) is also bounded from K;l((..){q(.)(Rn) to WK;((_'))H(_)(R”).

Since the proofs are similar, we will prove only Theorem [2]
Proof of Theorem [2. We will partially use some decomposition techniques
already used in [16], where the constant exponent case was studied. In view

of Proposition [2, we use the equivalent quasi-norm . Split the operator
T into

ITfl < |T(fxB,,)|+ |T(fX§k)‘ + |T(fxrr\By )|
with &k € Z, where Ry := {z € R": 22 < [z < 22},
Estimate of T(fxp,_,). Let A >0,
ko
I = )‘”{2 (O)XAk()\vT(fXBk,Q))}Hg‘go)(LP(J)

and
]2 = AH{2kOZOOXAk(,\,T(fXBk72))}H€q>oo (Lr()y"

Given k£ < —1 and x € Ry, we can write

()@l S [ le=i Wl = 3 [ lo—ul Il

j=—o00
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Since |z — y| > 2¥72 for x € Ry, and y € R;, by Holder’s inequality,

()’

T (fxm) (@) < 27 Z/ @y s 2 S 1561, s

]_—OO j_—OO

Observe that 279%) ~ 2140 € R; which yields that

k—2
PO (s )] $27 3 24000l ol

j=—o00

Therefore,
A2 O o

can be estimated by

k—2
co—hn Z 2(k—j)cx(0)||2j&(')fXij(')||Xj p,(.)HX,ng(,)
Jj=—00
Sz—anjn/p )okn/p(z) Z 9(k—j)a H2ja fXJ” (13)

j=—00

where we used Lemma [3, and the positive constant ¢ is independent of k,
x € R, and y € R;. Since p has a log decay at the origin, we also have

2In/P' W) g QIn/V'(O) - gkn/p(e) oy okn/2O0) 3 € By y € Ry,

Hence, we can estimate by
c Z 2k J)( —n+ 5y 0) sza fXjH
j=—00

Since a(0) — n +n/p(0) < 0, applying Lemma [I] and Proposition [I we get

<
S ey

Now we estimate I,. In view of the estimation of Iy,

A28 XA T (s, ) Hp( )

can be estimated by

Z o(k—j)(at—n) HQJa )fX ” 9—in/p(y)okn/p(x ), k € Ny.

]7—00
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If 0 <j<k—2, by Lemma [3 we get

9—in/p(y)gkn/p(z) ~, 9=in/Pecgkn/peo oy 9(k=j)n/Poc < 9(k—j)n/p~

In the case 7 < 0 < k — 2, we obtain

9—in/ply)okn/p(z) < 9=in/p~ gkn/p™ < o(k=jn/p~

Finally, for j < k — 2 < 0, we have

o=in/p(w)gkn/p(x) A, o(k—i)n/p(y)ok(n/p(x)—n/p(y)) < olk—i)n/p~
Indeed, since 2871 < |z] < 2% |y| < 29 < 272 we make use of local log-
Holder continuity of p at the origin to get for £ <0,

1 1 —k
) 70 S eIy 5

(~kn)

with ¢ > 0 independent of k, 7, x,y. Therefore,

A28 ap oty o)l

can be estimated by

k—2
¢ Y gl

j=—o0

‘Qja(-)ij”p(.)’ k> 0.

Since a™ —n+n/p~ < 0, applying Lemma 1| and Proposition |1} we get

I, < oy
2 ”f”Kp((»)),q(»)

Estimate of T(fxg,)- Let A >0,

Vi = A2 om0 Hl o oo,
and
Vo= )‘H{ZkanAk(AyT(fx,%))}Hggoo(Lp(J)'

We estimate only Vi. Since T is bounded from LPC)(R™) to LPO)>°(R™), it
follows that

AHXA;C(A,T(fxEk))Hp(.) S HfXE;ch(.y

where the implicit constant is independent of A\ and k. Consequently,

< H{Qka(o)fxf”zk}Hggm(m)) S HfHK;‘((j))ﬂqw’
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where we used Proposition [I} Similarly,
Va S (142 Fxi e gy S 1 £l im0

Estimate of T(fxrn\B,,,). Let A >0,

() ()

Ji = A2 Ox a0 xsm ) Hl 0 100y
and
kaoso
= A[{2 XAk(A,T(fon\BM))}Hegoo(Lm)-

We estimate only .J;, the estimation for J, can be obtained in the similar
way. Given k < —1 and z € Ry, we can write

T(txm @IS [yl

> [t sl

j=k-+3

Noting that |z —y| > 27 for € Ry, and y € R;, we use successively Holder’s
inequality to obtain the estimate

Qka(o)}T(fXR”\BHz Z gl H2ja fXJH HXj
j=k+3

()

Therefore,
A2k (0) HXAk(AvT(fXBkJrZ)) HP(')

can be estimated by

. Z Q_an(k—j)of“Qja<')ij||p(_)}|xg‘ pf(.)HX’“Hp(J
Jj=k+3

S i grimg DT 200 fxy || 277 2P, (14)
j=k+3

again, by Lemma[3] where the positive constant ¢ is independent of k, x € R,
and y € R;. Due to Lemma , we can estimate by

¢ 2 2P0

j=k+3

Since a~ +n/pT > 0, applying Lemma [I| and Proposition |1, we get

The proof is complete. [
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Remark 1 Theorems (1| and @ are proved in [27] for the case of constant
a > 0. In [27], the author has assumed the boundedness of the mazimal
operator M on LPU)(R™) both in the homogeneous and in the inhomogeneous
case. Although we assume the slightly stronger assumption p € Pl(R™) N
PI(R™) in the homogeneous case, we stress that only the log-decay of p
18 assumed when we deal with inhomogeneous spaces. In the classical Herz
spaces, Theorems[1 and[d can be found in [16]. We refer the reader to [19] for
the boundedness of Riesz potential operator in continual variable exponents
Herz spaces.

Since the Hardy-Littlewood maximal operator M is sublinear, satisfies
the size condition and is bounded from LPO)(R") to LPM)°(R™) if p €
P(R") and 1 < p~ < pT < oo (see [6, Theorem 4.3.8]), from Theorems
and [2| we immediately arrive at the following result.

Corollary 1 Let p € P(R") with 1 < p~ < p* < 0o, and a € L>®(R").

(i) Let ¢ € PY(R™) NPR(R") with 0 < ¢~ < ¢* < oo. If holds and
Q@ s(a)tisﬁes the log—H?l)der decay condition, then M is bounded from
Koaty (R?) 1o WE() o) (R?).

(i) Let ¢ € PR(R™) NPER™) with 0 < ¢~ < q¢" < oo. If holds and
« has alog decay both at the origin and at infinity, then M is bounded
from K5 ) (R") to WEGE, () (RY).

Remark 2 The boundedness of the maximal operator in variable exponent
Lebesgue spaces was first proved by Diening [5]. Further details and ref-
erences on subsequent contributions, can be found in [6, Chapter 4. We
refer the reader to the paper [T]|] for more results about the boundedness of
sublinear operators on Herz spaces of fixed exponents.

4 Variable Herz-type Hardy space

The main goal of this section is to recall an atomic decomposition result for
variable Herz-type Hardy space. First we introduce the basic notations. Let
Gn f be the grand maximal function of f defined by

G f(z) = sup oy (f)(z)],

pEAN

where Ay = {p € S(R") : sup a5y [1°0%p(x)] < 1} and gy (f)(x) =
Supyso e % ()] with @ = 1" (/).
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Definition 4 Let p,q € Po(R™) and a : R" — R with o € L*(R™) and

N > n + 1. The inhomogeneous Herz-type Hardy space H K§(<5)7q(.) (R™)

consists of all f € S'(R™) such that Gy f € Ka() y (R"), and we define

ey = Gn Sy

Similarly, the homogeneous Herz-type Hardy space H K;((f))q(.) (R™) is defined

as the set of all f € S'(R™) such that Gy f € [.(;Y((f))’q(,) (R™), and

o = |G o)
I lligeeer =Gl

Note that G satisfies the size condition . Let ¢ € Po(R"), p €
P1(R") with 1 < p~ < p™ < o0, and let o and ¢ be log-Holder continuous
at infinity, with o € L*(R") and —n/ps < es < (1 —1/ps). Then

R N LY (R™) = K29 ) (RY).

a()
HE, loc p().a(")

p().q(")

Let ¢ € Po(R"), p € P®(R") with 1 < p~ < p™ < oo, and let o and ¢
be log-Holder continuous both at the origin and at infinity and such that
a € L®R"), —n/pT <a” <at <n(l—1/p”). Then

5 (RN L) R\ {0}) = Ky ) (R™).

To prove our results, we use the atomic decomposition of Herz-type
Hardy space.

Definition 5 Let « € L>*(R"), p € P(R"), ¢ € Po(R") and s € Ny. A
function a is said to be a central (a(-), p(+))-atom if

(i) suppa C B(0,7) ={x € R" : |z| <r}, r>0;

(17) Ha” < |B(0, 7))~/ 0 <r<1;

(131) H H < |B(0,r)|7o=/" r > 1;

(1) Jon xﬁa(x)dx =0, |8] < s.

A function a on R" is said to be a central («(-), p(+))-atom of restricted
type if it satisfies conditions (7i7), (iv) above and suppa C B(0,r),r > 1.
Now we come to the atomic decomposition theorems.

Theorem 3 Let o and q be log-Holder continuous at infinity and p €

PR with 1 < p~ < pt <oo. Forany f € HK (())q() (R™), we have

f= Z Ak, (15)
k=0
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where the series converges in the sense of distributions, A\, > 0, each ay, is a
central (a(-),p(+) )-atom of restricted type with suppa C By, and

52 ul=) " < el e
— g - HER)

Conversely, if doo > n(1 — 1/pso), 8§ > (oo +1(1/po — 1)] and holds,

a(:) n
then f € HK iy ) (R") and

oo 1/goc
sy, = m{ (=)

) =0

where the infimum is taken over all decompositions of f as above.

Theorem 4 Let o« and q be log-Holder continuous both at the origin and
at infinity, and p € PR(R") with 1 < p~ < p* < oo. For any f €

HK;‘(A'))H(A) (R™), we have

f: Z )\kak, (16)

k=—oc0

where the series converges in the sense of distributions, A\, > 0, each ay, is a
central (a(-), p(+))-atom with suppa C By, and

1 oo
(3 )™ (o)™ < el
k

R = P()a()

Conversely, if a(-) >n(1—1/p7), s > [a" +n(1/p~ —1)] and holds,

then f € HK;“((.’){(](.) (R™) and

- e & 1o
ey, it {30 Il®) 7+ (30 =) ),
k=0

k=—o00

where the infimum is taken over all decompositions of f as above.
For the proof, see [7], Theorem 4.

Remark 3 In the necessity part of Theorems[3{4, the atoms in the decom-
positions (|15) and can be taken to be supported in dyadic annuli.

Remark 4 In comparison with the results of Liu and Wang [26], the above
described method requires the log-Hélder continuity at two points only (zero
and infinity).
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Next, we will give the definition of the weak Herz-type Hardy space with
variable exponents.

Definition 6 Let p,q € Po(R™) and o : R” — R with o € L*(R™) and N >
n + 1. The inhomogeneous weak Herz-type Hardy space W H K;((.'))q(.) (R™)
consists of all f € S'(R™) such that Gy f € WK;((.'))’q(.) (R™), and we define

HfHWHKg(f‘){q(_) - HGNfHWK?(Siq(»Y

Similarly, the homogeneous weak Herz-type Hardy space WHK O‘((.'))q(.) (R™)

p
is defined as the set of all f € S'(R™) such that Gy f € WK;‘((_'))H(_ (R™), and
we define

)

HfHWHK;“(_‘){q(_) - HGNfHWK?((-S),q(-).

5 Boundedness of some singular integral op-
erators

Let K be a measurable function defined on R"™ x R™\{x = y} that satisfies
the size condition

)
|y

’K(QI?y)—K(I,O)lS ‘n—l—é

(17)

|z
if 2|y| < |z| for some 6 € (0,1]. Let T': S(R") — S'(R"™) be a linear
operator such that for any f € L?(R") with compact support and almost all
x € supp f,

Tf(x)= | K(x,y)f(y)dy, (18)

Rn
which is more general than the standard Calderén-Zygmund operator.
This section is devoted to the study of the behavior of T" on variable
Herz-type Hardy space.

Theorem 5 Let a and q be log-Hélder continuous at infinity, and p €
PR with 1 < p~ <pt < oo and 0 < ¢~ < q* < oo be such that

1 1
n(l——) gaoo<n(1——> + 0.
Poo Poo

Then every linear operator T satisfying which is bounded on LPC)(R™)
is also bounded from HK®) (R") to K2 .\ (R™).
p()4() p()4()

The counterpart for homogeneous Herz spaces runs as follows:



SINGULAR INTEGRAL OPERATORS ON WK=() (&™) AND wHE:() (®")

Theorem 6 Let o and q be log-Holder continuous both at the origin and at
infinity, and p € PP(R") with 1 < p~ < p* < oo and 0 < ¢~ < ¢t < oo be
such that

al) > n(l— i_), a(0) < n(l —

p

1 1
—> +0 and ax < n(l——) +0.
p(0) Peo
Then every linear opemtor T satisfying (L8} . which is bounded on LPC)(R™)
is also bounded from HK®' (), ()(]R”) to K ((‘)) (o (R™).
Since the proofs are similar, we will prove only Theorem [6]

Proof of Theorem [6l Let f € HI'(;((.'))’(](.). Then

f: Z )\k(lk7 (19)

k=—o00

where the series converges in the sense of distributions, Ay > 0, each a; is a
central (a(-),p(+))-atom with supp a;, C Ry and

-1 o0
(S |)\k|q(0)>l/qm)+(Z|)\k|%o> Tl - (20)
k=—00 k=0

p(-),q(-)

We will prove that

75 gatr < el

Decompose f into two parts:

j—4 oo
[ = Z Ak + Z Avag, J € Z. (21)
k=—o00 k=j—3
Define
_ ja (0
" {2 kZooAkak } 40 (Lr0)’
j—4
_ J Qoo .
e {2 T(kz_oo )\kak)XjH 0902 (Lp()]
— Jjeu(0)
[3 {2 T( Z )\k’a'k')xj} fi(())(LP())
k=j5—3
and .
— J Qoo
Iy = H{2 T( Z /\kak)X]} 020 (L))
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We will estimate each term separately.
Estimate of I. Let © € R;,k+4 < j < —1. From and Holder’s
inequality, we obtain

Tan(o)] < [ [kte,) = bla. 0] Jan(o)| dy

ly|°
< / L o)l dy
Ry, |:L’|

< (QkO=i(n+5) Hak H

where the positive constant c is independent of z, k and j. Hence, we obtain

H(Tak)Xj”p( S2Mitntd) Ha’pr()l
52(19 j)0—jn—ka(0 H

HXj||p(~)

p/(-)”Xij(-)'

Observe that

—jinokn/p’ in/p(x
p’(-)HXij(~) 5 9—inokn/p'(y)9in/p( )7 = Rj,y € Ry,
where the positive constant c is independent of k, x € R; and y € R;. Since
p has a log decay at the origin, we have

okn/P/ ) s ohn/r(0)  9in/p@) x 9in/PO) p e Ry € Ry

Using the fact that «(0) < n(1 —1/p(0)) + 6, we obtain by Lemma |1| that

—! j—4 . " 0
HOS 3 (X e

j=—00 k=—0oc0

-1
< Z ‘)\k’q(o)

k=—o00
qO)
Sz

Estimate of Is. Decompose the sum Zk_foo Arag into two parts

Z ApQy + Z ALQp, j € Np.

k=—o00

Put Zf;ﬁ Aearp = 01if 5 =0,1,2,3. Let k£ < —1. From the estimation of I,
we get

1(Tar)xs ) S25 7RO x|y Il
<9 (6+n—m—@(0))2—j(5+n_%)7
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where we have used Lemma |3] Therefore,

o0

—1
Zzﬂ'awq“( > Mk|||(Tak)Xij<->>qw

7=0 k=—o00

0o -1
< Z (54— r00)doc ( Z 2k(6+n—ﬁ—a(0))|)\k|>qm
j=0

k=—o00

S sup [Ag]®
k<-1

~||f| HES)

Now let £ > 0. Again, from the estimation of I, we get

[T ey 24
52k(5+n—i—aw)2—j(6+n—i) .

Consequently,
. | j—4 Qoo 1/QOO
<22jawqw<z|)\k|||(Tak)Xij(~)> )
i=0 w0
[e%s) Jj—4 . n e 1/q°o
(5 (o))
=0 k=0
S(X )"
k=0
NHfHHK"”

p(-)s ()

where the second inequality follows from Lemma Hence, I < H f H HE () o

Estimate of I3 and I,. Using the boundedness of 7" on LPO)(R™), we obtain

10 < 3 i) ( Z lll(Ta)x ), )

j=—00 k=j5-3
—1
< 3 200 Y )
j=—o00 k=j—3

Further,

[e's) —1 00
Z |)"I“IHCL"“||1@(~): Z |/\k‘Haka(-)+Z|>‘kmak”p(-)‘
k=0

k=j—3 k=j—3
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If k < —1, then ||aka( 2-ka(0) "and Lemmalylelds that

o -1 q(0)
Z 2](1(0)04(0)( Z |>‘k|Haka(')>

j:—oo k’:j—3

is bounded by

-1
A q(0) < Q(O.)a ' )
¢ Z AT S ”f”HKp((‘){q(‘)

k=—o00

Now if k£ > 0, then Hak”p(.) < 27Fa= and

-1 o) —1

> 200 (3 ullenl, )" S s ep® 3 20n
j=—00 k=0 keNo j=—00
0)/qc0
S(L )™
<HfHHK°‘(

() ()

Finally, for estimate I, we easily obtain

19 <Z2]qz>oaoo Z Q—kqooaoop\ |90

k=j5-3
S I+ Z Al
=—3

NHf‘ HESS)

This completes the proof. [J

Theorem 7 Let o and q be log-Holder continuous at infinity, and p €
PR with1 < p~ <pt <ooand 0 < q~ < q" <1 be such that

Aoy = n(l - ]%) 46, (22)

Then every linear operator T satisfying (18§ . which is bounded on LPC)(R™)

( n ()
is also bounded from HK ) (R") to WK 0.0 &)

For homogeneous spaces, we have the following statement:
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Theorem 8 Let o and q be log-Holder continuous both at the origin and at
infinity, and p € PP(R™) with 1 <p~ < pt <ocoand 0 < ¢ < q" <1 be
such that
1 1 1
a-) > n(l— —_),a(O) = n(l—m> +9 and oy = n(l — —> +4. (23)
p

p Poo
Then every linear opemtor T satisfying (L8} . whzch is bounded on LPC)(R")
is also bounded from HK ) (R?) to WKp()q( y(R™).
Since the proofs are similar, we will prove only Theorem [8
Proof of Theorem [l Our arguments are based on [16], where the con-

stant exponent case was studled Let f E H K a() . DuetoT heorem . we
have decomposition ({19 and estimate We Wlll show that

HTfHWKag; s ufHHK "

forany f € H K;((f))yq(_). Decompose f as in . We will use the equivalent
quasi-norm . Let A > 0,

H 02 (Lp())

o j(0)
E3 =\ {23 XA; (330 AT ak)}

_ jau(0)
E1 —)\ {2 X (Q’Zk*—oo

(Tay) )
k) €q<(0>(l p(-))
k(Tag))

Ey =)\ {QjaooXAj(%Vzg;‘*_

010 (Lp())

and

_ jaoo

Estimate of Ey. Let x € Rj and k < j —4, 5 < —1. By and , we
have the estimate

)
Yy
Tay(a)] < / " lax(y)| dy.

akd
Using Holder’s inequality, we estimate the last integral by

2k:§ j(n+96) HakH §2k5—j(n+5)—ka(0)

<2k(n—ﬁ+5—a(0)) 9—i(n+9)
<2—j(n+5)’

where the implicit constant is independent of j and k. Therefore,

|Tag(z)] < €277 +9) (24)

23
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for any x € R; and any k < j — 4,7 < —1, where the positive constant
C is independent of j, k and x. Observe that is true even for j € Nj.
Consequently,

Jj—4 Jj—
> AT(aw) (@) <ITa@)] > I
k=—00 k=—00
-1
<C27 1D (N7 oy )w( |
k=—0o0

<C27 ) HfHHK“(()) .

where we used the embedding €q<(0) < (L. Assume that

kioo AT ay (x) ‘ > g}‘ # 0.

HxERj:

Then

A< 202770 fl]pay o j <~
p(-),q(-)

For any fixed A > 0, put

10g2 (201~ 1HfHHKa(<)> ())J-

= | 1
A= n+o

The advantage of this choice consists in the fact that

{eR;: kji NTa ()| > %} _

if =1 > 5 > 7\ + 1. Hence, we obtain

( (0) 1/4(0)
Ey <C>\< Z 274(0)e HX{meR ‘Z] 4 (Tak)(z)‘>§}||z(')>

j=—00
Ja

<oA(| 3 200y, 1)

j==o0

n 1/4(0
<C)\( Z 994(0) p«»)) o

j=—00

<C)\2jx(n+5)

NH HHK ()) o
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Estimate of E5. Observe that Zk oMl S ||f||HKa(A> , which yields that
p()a()

] ¥ Wit @)l <RI e,

k=—o00 k=—00

where we used estimate . Further,

o o\ Vaee
E SCAQ;QW I fuen, \zi400Ak<Tak><m>\>é}”§<>>
J:

Ja

) 1/q00
<on( Do 2y = )

Jj=0
<C\ ( ji 2quo(aoo+£)) 1/qs0
<llf HHKao

Pty
Estimate of Es. From the boundedness of 7' on LP¢)(R"), we obtain

Z |>‘k|H Tay, X;H )N Z |>‘k|H Tay) XJH;;()""Z”‘“H Tay XJH ()

k=j—3 kj3

S Z |>‘k|Haka(.) - Z ‘A’“|“&’f”p(-)

k=j—3
-1

<N g2l +Z|/\ |27,

k=j7—3
Hence,
" 0e000) (3 10)
Z 2 < Z |)\k|H(Tak)Xij(.)>
j=—00 k=j—3
can be estimated by

-1 -1 L
. Z 2jq(0)a(0)( Z |>\k|2—ka(0)>Q(0) < Z ])\k|Q(0) < Hijf((I);“f')) .
p(-)q(-

j=—o00 k=j—3 k=—o00

due to Lemma [I Now

Z (0 ““”(ZMH Ta)yl,,)" Z a0 a“”(ZM 2k )"
j=—o00 J==o0
< sup ‘)‘k|q
keNy

<l

() ()
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Estimate of E4. By Lemmal[I] we obtain

E, N<Z2quam Z 9~ kqooaoop\ |qoo> 1/dc

k=j—3

§<Z|Aqu"°)l S SN

k=-3

NHfHHKO‘(()) o

This completes the proof. [

Remark 5 Statements similar to Theorems[7 and[§, with «, p and q con-
stants, can be found in [16], while with o and q constants, Theorems @ and
@ are proved in [27/ under the assumption that the mazimal operator M is
bounded on LPY)(R™) (both in the homogeneous and the inhomogeneous sit-
uation). Here we are requiring the log-Hdélder continuity at two points only
(zero and infinity). We also note that our conditions and are more
explicit than those used in [27], hence allowing better comparison with the
already known constant exponent setting.

If the operator T" in Theorems [7] and |8 is of convolution type, we can
obtain the following results:

Theorem 9 Let o and q be log-Holder continuous at infinity, and let p €
PR with 1 <p~ <pt <ooand 0 < q~ < q" <1 be such that

1
oo :n<1—]z> + 0.
Let T be defined by
Tf(z) = lim K(x —y)f (y) dy,

e20 Jjg—y|>e

where the kernel K satisfies

K (o —y) <>|_|'T’J+5

if 2|y| < |z| for some § € (0,1]. Assume that T is bounded on LPU)(R™).

Then T is also bounded from HK ())q( y(R™) to WHKP()q()(]R")

The counterpart for homogeneous Herz spaces runs as follows:
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Theorem 10 Let o and q be log-Holder continuous, both at the origin and
at infinity, and let p € PR(R™) with1 <p~ <pT <o and0 < ¢~ < ¢t <1
be such that

a(-)2n<1—pi>, a(O)zn(l—z%(D)—l—(S, and aoo:n<1—2%>—l—5.

Let T be as in Theorem @ Assume that T is bounded on LP*)(R™). Then T
is also bounded from HK;:((.’))CI(.)(R”) to WHK]?((.'))CI(.)(R”).

Since the proofs are similar, we will prove only Theorem [10]

Proof of Theorem [10L Let f e HK (() o)~ Then we have decompos,1-

tion and estimate As before, we decompose f as in Let
A > 0

Fl :)\

a(0)

{2 XA( Zk—foo )‘kGN(Ta‘k))} £‘1<(0)(LP(A))7
_ J oo

=) {2 Xa A;(2 ZkOOAkGN(Tak))}‘Zq;o(Lp('))a

- joe(0)
F3 _A {2] XAJ'(%VZEO:]',L; )\kGN(Tak))}

g‘i(o)(Lp('))

and

Estimates of F3 and F,. The boundedness of G and T on LP()(R™) yields
that

-1

B<( Y 2000 S Gy (Tayl, )" )

j:foo k=j—3
1/4(0)
<( Z 279(0) Z O (Tar) x5 )
j=—00 k=j7—3
( Z 974(0) Z Ak 1€ ‘aqu(O)> e (25)
j=—o00 k=j—3

Decompose the second sum in into two parts

-1

S IO + 37 e e |4 = Py + Py
k=0

k=j—3
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If k < —1, then ||aka( < 27ke(0) and Lemmalylelds

-1

—1 —1
§ 2000 py ;< 7 90§ |y ja(0)g—ka(0)a(©

j=—00 j=—00 k=j—-3

1
S Y

k=—o00

(0)
,§Hf| 22{01()) o

Now if k£ > 0, then Haka(J < 27kace and

Z 974(0)ex(0) P < Z QJQ(O)a(O)Z|)\ |q(0)2 koo gq(0

j——OO j——OO

< sup A1 Z 9ia(0)a(0)

k€Np j=—o0

<
HfHHKO‘() )

By Lemma [I], we easily obtain that

o0

F, S<Z2jqwao® i Q—kqooaoo|)\k|qoo>1/%o

j=0 k=j-3
o q I/QOO —1
5(Z|Ak| )Y
k=-3

NHfHHKO‘(()) o

Estimate of F1. Let v € R;, k< j—4, |rt —y| <t and ¢ € Ay. We have

n

—tn /n Tak(z)(@(y — Z) - Sp(g))dz

t t
=P3(y) + Pu(y) + Ps(y),

since [p, Tay(z)dz = 0, where

(Tar,  00)(y) = / Tan(2) (euly — 2) — ouly))dz

Pl =" /|<2k+1 Tai(2yily, 2)dz

Puy) =t / Tap(=Wu(y, 2)dz
2k <Jz| < /2
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and
Pyly) =t / Tap(=)vn(y, 2)dz,
|z|>]x|/2

with ¥4 (y,2) = o((y — 2)/t) — p(y/t),|x —y| < t,z € R™. Let us estimate
each term separately. By the mean value theorem,

_ Y z
[y, )| <tz sup [0%p(Y — 67))
18]=1 t t
Szt ly —0z) 7, 0<f <1 (26)
Observe that
1
tly =02 > |z =yl + |y — 02 > | = 02 > Sal, 2 € Brya.

This together with the boundedness of 7" on LPC)(R") yields that

’P3(y)‘ SCt_nHTaka()Hwt(ya ')XB;Hl

<C

<Crrllacllye .,

(")

P'()
2k(1—a(0)+n—ﬁ0>)

<C

|$|n+1

< C
Tl

where the positive constant C' is independent of x. Further,

Pyy)=t" /2k+1< 3 |/2/R ar(h)(K(z — h) — K(z))dhiy(y, 2)dz

and
|h|5 2k5
k(M| K (2 = h) = K (2)|dh < [ |ap(h)|dh—— 1 < ——||a]],.
Therefore, due to ,
. 1
|Py(y)| <C27° |||, —re 14
|zl<lal/2 | 2|

1
SCQkém—mH@ka(.)HXBk
< C

e

(")
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where the positive constant C' is independent of x. By the vanishing condi-
tion of a;, we have

" / / an()(K (2 — h) = K (2))dhipn(y, 2)dz
|z[>]z|/2 v Ry

Observe that

/ |Z|_"_(S wt(y,z)‘dz
|z[>]z]/2

<[ e [ R e
|z[>[x]/2 |2|2[xl/2
Cht"

s Y
<ot [l el
[0 S a2 t

Cyt7 o »
<ot [ e ) s
|z|™ |2]>|%|/2

Cytm o
<fops + Cat'lal” / 127" da
|z[>]z|/2
-
—‘x’nJrS

since t + |y| > |x — y| + |y| > |x|. Hence, |Ps(y)| < C/|z|"*°, where the
positive constant C' is independent of x. Therefore, we obtain

Jj—4 Jj—
Z MG (Tar)(x Z ‘n+5 < A27Im0) ||fHHK&<(>) o’ T € Ry
k=—00 k=—o00

The desired estimate follows by the same arguments as in Theorem [8]
The estimate of Fj is similar to the estimate of F;. This completes the
proof. [J

Remark 6 Under the assumption that the maximal operator M is bounded
on LPO)(R™) spaces both in the homogeneous and the inhomogeneous situa-
tion, Theorems |9 and [1(] with o and q constants are given in [27]. For the
classical Herz-type Hardy spaces, see [10].
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