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Abstract

If .# is a non-empty Fitting class, 7 = 7(.#) and G a group such that every chief fac-
tor of G/G# is an C?-group. Then G has at least one .# -injector. This result is used to
resolve an open problem and generalize some known results.
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1 Introduction

All groups in this paper are finite. Fischer, Gaschiitz, and Hartley [1] proved that for
any Fitting class .# and any finite solvable group G there exist .# -injectors and any two
of them are conjugate in G. A class .# of groups is a Fitting class if (i) G € .#, N < G
implies that N € % and (ii) Ny, N» < G, Ny, N, € % implies that N; N, € .#. Fitting
classes were introduced by Fischer, Gaschiitz, and Hartley [1]. If .# is a Fitting class,
each group G possesses a unique maximal normal .% -subgroup called the .# -radical of
G and denoted by G », which contains each subnormal .% -subgroup of G. Furthermore
if N is subnormal in GG, then N> = N N G . A subgroup V of G is called an .% -injector
of Gif VN N is .#-maximal in N for each subnormal subgroup N of G. In particular,
an .# -injector V' of G lies in .% and contains G». Tomkinson in [2] proved that let .
be a Fitting class, then the G-group G possesses .# -injectors, where G is the class of
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periodic locally soluble FC-groups. Flavell in [3] proved that if GG is a group whose local
subgroups are ./ -constrained, then all nilpotent injectors of GG are conjugate. Guo, and
Vorob’ev [4] described the .7#-injectors associated with a Hartley class /. And some
good results are given by some authors (see [5, 6} 7, 8]).

In this note, we give the following notations (see [9, p386-387]):
7. any set of primes.
E.: G has at least one Hall 7-subgroup;
Cr: G satisfies E; and any two Hall 7-subgroups of GG are conjugate in G.
E™: G has a nilpotent Hall 7-subgroup.
C2: G satisfies C;; and its Hall 7-subgroup are soluble.

Guo, and Li [10] gave that, let.# be a non-empty Fitting class, 7 = 7(G) and G a group
such that every chief factor of G/G » is an E'-group, then G has at most one .# -injector
and any two .7 -injectors are conjugate in G.

Concerning Fitting classes and .# -injectors, the following problem arose:

Problem (see [11]). Let .# is a local Fitting class. Could we describe the .% -injectors
of a group?

In this note, we will partially deal with the problem and prove the following main
theorem.

Theorem 1.1. Let .7 be a non-empty Fitting class, 1 = n(%) and G a group such that
every chief factor of G / Gz isan C:-group. Then

(1) G has at least one .7 -injector.

(2) Any two Z -injector are exactly all the % -maximal subgroups which contain the .% -
radical G z.

(3) In any G there exist .# -injectors and any two of them are conjugate in G.

For some notion and notations, the reader is referred to Ballester-Bolinches and Ez-
querro [12], and Doerk and Hawkes [13].

2 Preliminaries

Definition 2.1 ([1]). A class % of groups is a Fitting class if
(i)G € #, N < G implies that N € .7 and
(ii) N1, N2 < G, Ny, Ny € .% implies that N1 N, € %

Definition 2.2 (see [12] or [13]). A subgroupV of G is called an .% -injector of G if V. N N
is 7 -maximal in N for each subnormal subgroup N of G.

Lemma 2.1 ([1]). Let % be a Fitting class. Then a soluble group G has at most one .% -
injector and any two .7 -injectors of G are conjugate in G.

15



16 SHITIAN LIU AND RUNSHI ZHANG

Lemma 2.2 ([10]). Let.# be a Fitting class, and H an .% -injector of G. Then the following
statements hold:

(1) H is an % -maximal subgroup of G;

@) Gy < H;

(3) For everyx € H, H” is also an % -injector of G;

(4) If K is subnormal subgroup of G, then H N K is an .% -injector of K.

Lemma 2.3 ([1]). IfV is an .% -injector of G andV < H < G, thenV is an ¥ -injector of
H.

Lemma 2.4 ([1]). Let N < G with G/N nilpotent. IfV; and V; are % -maximal in G and
Vin N=V,N N is.%-maximalin N, thenV, and V, are conjugate in G.

Lemma 2.5 ([15, p334], or [14} Corollary 7.3.12]). Let.# be a Fitting class, if H is subnor-
mal subgroup of G, then Hy = HN G 5.

Lemma 2.6 ([13, IX-Lemma 1.6]). Let.# be a Fitting class, and let G be a finite soluble
group. Let N < G, and let L be a subgroup of G such that L N N is an .F -injector of N.
Assume that either

(1) G/N is nilpotent, and L is .7 -maximal in G, or

@)L € .% and LN = Q.

Then L is an .7 -injector of G.

Lemma 2.7 ([9, Theorem C1]). IfG has a series in which every factor is a C? -group, then
G isa C?-group and every Hall w-subgroup of G is solvable.

Lemma 2.8. Let .7 be a Fitting class and G a group. Suppose that G /G is soluble and
G/N is soluble. IfV is an % -maximal subgroup of G andV N N is an ¥ -injector of N,
thenV is an ¥ -injector of G

Proof. Assume that the Lemma is not true and G is a minimal-order-counter-example.
By [12, Theorem 2.4.27], GG has a unique conjugate class of .#-injectors. Let V; be a .% -
injector of G, then, by Lemma 2.2(1), 1; is a maximal .# -subgroup of G.

Cases1. NV < G.

Since G/N is soluble, VN/N is soluble. Obviously V' is also a maximal .% -subgroup of
VN.ByLemma?2.5, (VN)z = NV N G<. Hence the quotient NV/(NV)z = NV/(NV N
Gz) 2 NVG#/Gz < G/Gz is soluble. Thus, the minimal choice of G implies that V'
is an .7 -injector of G. By [12, Theorem 2.4.27], G has a unique conjugate class of .% -
injectors, there exist an element z € NV such that (1, N NV)* = V,andso V < Vj.
Since an .# -maximal subgroup of G, V = V{J, and so V is an .Z -injector of G by virtue of
Lemma 2.2(3), a contradiction.

Cases2. NV = G.

16



ON INJECTORS OF FINITE GROUPS

Let M be a maximal normal subgroup of G containing N. Since G/N is soluble, M /N
is soluble. It is easy to see that VN M < V. Let V; be an maximal .# -subgroup of M with
VAN<V..SinceVN N=(VnNnMNN<VinNnNandVinNn N=(Vin N)Nn (NV) =
(VAN)NWiNN)<VnN,Vin N=Vn N isan .Z-injector of N by hypotheses,
and, by Lemma 2.5, the quotient M/Mz = M/(M N Gz) = MGz/Gz < G/Gz is
soluble. The minimal choice of G implies that V; is an .# -injector of M. Since M =
(NV)NM =N{VnM)< NV, < G,NV; =Gor M. If the former, then, G/N = NV/N =
V/Vn N= VN/N = V;/V;n N. Comparing the order, we have V; = V* for some
r € G. By Lemma 2.2(3), V; is an .# -injector of G, a contradiction. So have M = NV,
and |[N(V N M)| = |[NVy| = |M]|. This shows |N||V N M|/|V N N| = |N||V4|/|N n V;] and
hence (VN M)* =V, for some x € G. By Lemma 2.2(3), V N M is an .%# -injector of M.
On the other hand, by Lemma 2.2(4), V, N M is an .Z -injector of M. By [12, Theorem
2.4.27], there exists an z € M suchthatVyn M = (V. N M)* = V* N M. Moreover, by
Lemma 2.2(1), Vj, V* are .# -maximal subgroup of M and Gz < V N V;. By [16, Lemma
2.3], V., V| are conjugate in GG, and so V' is an .# -injector of G, a contradiction.

This completes the proof. [J

Lemma 2.9. Let .# be non-empty Fitting class and G a group. If every chief factor of
G/Gg isan C:-group and N < G, then every chief factor of N/Nz is also an C? -group.

Proof. By hypotheses, there exists a series
Go<G <Gy <--- <G, =G

Such that every chief factor are C?-group. Since N = N N Gz by Lemma 2.5, N/Ng =
N/(NN Gz) =2 NGz/Gsz < G/Gz. It follows that, intersection of N and the above
series is the series such that every chief factor of N/N4 is also an C?-group.

This completes the proof. [J

3 Some results

In this section, we will give the proof of the main theorem 1.1 and some applications.

The proof of Theorem 1.1

Proof. Our proof proceeds via a number of steps.

Step 1. G is a C-group and if H is a Hall 7-subgroup of GG, then H/H  is soluble.

By Lemma 2.7, we have G is a C,-group and, since G» < Hy < H, H/H is soluble.

Step 2. If G has an .# -injector, then an .# -injector of G is also an .7 -injector of some
Hall 7-subgroup of G.

Let V be an .7 -injector of G. Assume that V' is a w-group of G. Without loss of gener-
ality, assume that V' < H. Now prove that V' is also an .# -injector of H.
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Denote N = G . Then set
F*={M/N : M € .#,N < M} is aFitting set of the soluble group G/N.
Moreover, by [13, VIII-2.17(a)], have that

Fo={S< G:SN/N € Z*and S is subnormal in SN}

is a Fitting set of G. Observe that .%;, C % and, for any subnormal subgroup S of G,
Sz, = Sz. By hypotheses of the theorem, G has a subnormal series

I< N=Gz=G <G <Gy <--- <G, =G

such that G;/G;_, is a G-chief factor and is an E?-group. By [13, VIII-2.17(b)], if V/N
is an .7 *-injector of H/N, then V is an .%;-injector of H. Since G» < H, H has the
subnormal series

1<Gg=HNG <G NHLGNH---<G,.1NHLG,NH=H.

such that G; N H/G;_1 N H is an E2-group by Lemma 2.6. And also V' is an .% -injector
of H. To see that, we prove that, for any subnormal subgroup H; = G; N H of H, the
subgroup V' N H; is .#-maximal in H;. Suppose that there exists W € .# such that V' N
H; < W < H;. Then (VN H)N/N = (V/N)n (SN/N) < WN/N < H;N/N. Since
Hizo = Hiz < VN H; € Inj,,(H,;), then H,, < W. ByLemma 2.5 NN H, = H,5.
Therefore W(N N H;) = WH,;z = W, W is subnormal in WN, and so WN € .%#. Thus,
WN/N € Z*. Since (V/N)N (H;N/N)is .#*-maximal in H;N/N, (VN H;)N = W N, This
means that VN H;, = (VN H) (NN H)=WNnN H;,=W,and V N H; is .%-maximal in
H;. Therefore, have that V' € Inj(G).

Step 3. If G have .7 -injectors, then any two .# -injectors are conjugate in G.

By [13, VIII-2.15], if V' € Inj(G), then V/N is an .%#*-injector of the soluble group
G/N. By Lemma 2.1, the .#*-injectors of G/N are conjugate in G/N. And so any two
Z -injectors are conjugate in G.

Step 4. G has an .# -injector.

Let H be a Hall 7-subgroup of GG, Then H/H # is soluble by step 1, and hence H has
an .# -injector by [12, Theorem 2.4.27]. In order to prove that G has an .% -injector, only
needs to prove an arbitrary .# -injector of H is an .# -injector of G.

Let V be an .# -injector of H. Let K be an subnormal subgroup of G. Then V' N K is
a subnormal subgroup of H. By Lemma 2.2(4), the subgroupV N K = (VN H)N K =
VN (HN K)isan .#-injector of H N K. Since |K : HN K| = |KH : H|is an’-number,
H N K is a Hall 7-subgroup of K. So we need to deal with the following cases: K = G or
K <.

Case 1: K < @. Then by induction, V' N K is an .#-injector of K, and V' N K is an
Z -maximal subgroup of K. Since K is arbitrary, V' is also an .% -injector of G.

Case 2: K = (5. Let W be an maximal .% -subgroup of G with V' < W < G. Since for
every subnormal subgroup M of G, W N M =V N M is an .# -maximal subgroup of M/
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by case 1. And so W is an .Z -injector of G. Since G € C?, there exists an elementz € G
such that V < W < H”. But, by Lemma 2.2(3), VV* is also an .# -injector of H*. By step
2, W is also an .# -injector of H. Since H/H  is soluble, by [12, Theorem 2.4.27], W and
V are conjugate in G, andsoV = W.

This completes the proof. [J

Remark 3.1. This Theorem 1.1 is comparing the Theorem 2.4.27 of [12].

Corollary 3.1. Let.# be a non-empty Fitting class and = = 7r( ).If every chief factor for
every maximal subgroup of G is an C:-group, then G has an .% -injector.

Proof. 1. Let M, M, be maximal subgroups of G such that M;, M, are not conjugate
in G. Then G = M; M,. By Theorem 3.1, M;, M, have .% -injectors V1, V5.

If My N My =1, then G = M; x M,, and, by [17, Lemma 1], G contains .% -injectors
which are the product of the .# -injectors of the factors, M;, M.

If MiN My # 1, so there exists a prime p dividing the order of M;N M;. And so assume
that |G : M;| = p or ¢, where p # q.

Case 1: If |G : M;| = ¢, then M; < G, and V;, which is an .7 -injector of M, is also
an .7 -injector of GG. To see this. Only needs to prove every subnormal subgroup K of G,
Vi N K is an .# -injector of K. By Lemma 2.5, M, = Gz N M;. By hypotheses, there
exists a series

1< Wo=Mgzg=GzN M <W <Wo <. < Wpy=M<W,=C

such that every chief factor of G is E?-group, then by Theorem 1.1, V; is an .# -injector
of G.

Case 2: If |G : M;| = p, then, for a Sylow p-subgroup P, of M;, there exists a p-
subgroup P, such that P = P, P, is a Sylow p-subgroup of G and |P : P| = p. If p & n(F),
by case 1, V; is an .# -injector of G. If p € 7(.%#), then there exists a Hall subgroup H such
that H/H 7 is soluble. So by Theorem 1.1, G has an .% -injector.

2. Let My, M, be maximal subgroups of G such that M;, M, are conjugate in G. Then
MMy = M§My = My < @G, for some g € G. Then, if M, < G, by case 2, (G also has an
Z -injector. If M, = G, by Lemma 2.6, and Theorem 1.1, G has an .% -injector.

This completes the proof. [J

Remark 3.2. If the condition of Corollary 3.1 is that, every chief factor is an E”, we also
can get the same result .

Corollary 3.2. Let .# be a non-empty Fitting class. If every chief factor of G is an E? -
group. then A is an .7 -injector of G if and only if A is a maximal .% -subgroup of G con-
taining G 7.
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