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Abstract. The well-known Enestrom-Kakeya theorem states
that polynomial p(z) = >_""_ a,z", where 0 < ag < a; < --- <
an, has all of its (complex) zeros in |z| < 1. Many generalizations
of this result exist in the literature. In this paper, we extend
one such result to the quaternionic setting and state one of the
possible corollaries.
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Introduction

The classical Enestrom-Kakeya theorem concerns the location of the complex
zeros of a real polynomial with nonnegative monotone coefficients. It was
independently proved by Gustav Enestrom in 1893 [3] and Soichi Kakeya in
1912 [g].

Theorem 1 Enestrom-Kakeya Theorem. If p(z) = Y I a,z" is a
polynomial of degree n (where z is a complex variable) with real coefficients
satisfying 0 < ag < a3 < -+ < a,, then all the zeros of p lie in |z| < 1.

A huge number of generalizations of the Enestrom-Kakeya theorem exist.
Most of them involve weakening the condition on the coefficients. For a
survey of such results up to 2014, see [5]. For example, Gardner and Govil
[4], inspired by a result of Aziz and Mohammad [I] for power series, presented
the following statement [4, Theorem §|.

n

Theorem 2 Let p(z) = Z a,z” be a polynomial of degree n. If Rea, = o,
v=0
and Ima, = B, forv=0,1,2,...,n,a, # 0 and for some {;m and t > 0,

ap <tay < Pag < - <ty >t oy > > Ry,
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Bo <thy <Py <o <HMBy >t B > > 1By,

then p(2) has all its zeros in Ry < |z| < Ry, where
Ry = min{t|ao|/(2(t v + t"Bn) — (o + Bo) — t"( + Bn — |anl)), t}

and

1
Ry = max {— (|a0|t”+1 — 1" Y ap + Bo) — t(an + Bn)

|an|
+(E+ D) g+t B)

/-1 m—1
+(t* —1) (Zt"—j—laj + Z t”—m—lﬁm>
P 1

j=0+1 j=m+1

The quaternions, denoted H in honor of Rowan William Hamilton who
introduced them in 1843, are defined as H = {a+fBi+~j+dk | a, B,7,0 € R}
where i = j> = k» = ijk = —1. They are the standard example of a
noncommutative division ring. The conjugate of quaternion ¢ = o + [i +
vj + 0k is § = a — i — vj — dk and the modulus of ¢ is || = /qq =
Var+ B2 +42+ 82 Notice that C = {a + Bi | a, 8 € R,i> = —1} is
a sub-division ring of H. Since H lacks commutivity, the factor theorem
does not hold. This leads to a somewhat complicated behavior of the zeros
of a polynomial of a quaternionic variable. For example, the polynomial
¢*> + 1 has uncountably many zeros, namely, every q = (i + vj + dk with
B2 +~2 4 6% = 1. Thus by giving results on the location of the quaternionic
zeros of a polynomial, we include all (finitely many) complex zeros and
potentially infinitely many more quaternionic zeros.

The Enestrom-Kakeya theorem has recently been extended to polynomi-
als of a quaternionic variable as follows [2].

Theorem 3 If p(q) = Zq”au is a polynomial of degree n (where q is a
v=0
quaternionic variable) with real coefficients satisfying 0 < ag < a3 < -++ <

ayn, then all the zeros of p lie in |q| < 1.

Since the complex numbers are a subset of the quaternions, this result
implies Theorem [I] The purpose of this paper is to extend Theorem [2] to
the quaternionic setting.
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1 Some Preliminary Results Concerning Func-
tions of a Quaternionic Variable

An analytic theory of functions of a quaternionic variable has recently been
developed [6] [7]. In particular, Gentilli and Struppa [7] introduced a maxi-
mum modulus theorem for regular functions, a class that includes convergent
power series and polynomials (see their Remark 1.3 for a more precise defi-
nition of “regular”). They proved the following.

Theorem 4 Let B = B(0,r) be an open ball in H with center 0 and radius
r >0, and let f: B — H be a reqular function. If |f| has a mazimum at a
point a € B, then f is constant on B.

We can now use Theorem {4 to extend Schwarz’s lemma from the complex
setting (see [10]) to the quaternionic setting.

Lemma 1 Let f(q) = Zq”ay for |q| < R, where the coefficients a,, 0 <
v=0
v < 00, and variable q are quaternions. Suppose f(0) = ag = 0. Then

Mlq
|f(q)] < —]_.L | for any |q| < R,

where M = maxq-r |f(q)].
Proof. Define

9(q) = i o, = 10 @O =2, forg 20,
v ay, for q= 0.

v=1

Let R > 0 and M = maxjy=r|f(q)|.- Then

flg| M
q R
By Theorem [4] applied to g, [g(q)| < M/R for |q| = r < R. Hence |g(q)| =

a7 f(@)] < M/R for 0 < gl =7 < R, or |f(q)] < Mlq|/R for 0 < |q| =7 <
R. Since f(0) = 0, the result also holds for ¢ = 0. O

Let f(q) = Yioq'ai and g(q) = X" ¢’b; be two polynomials. The
regular product of f and g is the polynomial (f * g)(q) = > ;" ¢"ck, where
Cp = Zf:o q‘a;by_; for all k [7]. The absence of commutivity in the quater-
nions has some unexpected implications (for example, the factor theorem
does not hold as mentioned above). In particular, we have the next result

concerning the zeros of the regular product of two polynomials [9].

max = Imax
max lg(q)| max

Theorem 5 Let f and g be quaternionic polynomials. Then (f * g)(qo) = 0
if and only if f(q0) =0 or (f(qo) # O implies g(f(q0) " q0f(q0)) = 0).
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2 Statement and Proof of the Main Result

Our main result is the following:

Theorem 6 Let p(q) =Y _,q"a, be a polynomial of degree n with quater-
nionic coefficients a, = o, + i+ j+ 0k, v=0,1,2,....,n. Ifa, # 0 and
for some £, m, r, s and t > 0, it holds

ap <ty < Pag < - <ty >t oy > > Ry,

Bo <thr <Py < oo <t By > " Brgy > -0 > "By,

Yo Stn S < STy 2y > >

o St <20 < -or U960, >t G > o0 > 176,

then p(q) has all its zeroes in Ry < |q| < Ry, where

Ry = min{t|agl/(2(t aq + t™ By + 7y, + 1°8,) — (a0 + By + Yo + Go)
—t"(an + B+ Yn + 00— |an|)), t}

and

1
R2 = max {m (’&0’tn+1 — tnil(Oéo + BO + Yo + 50) - t(an + Bn + Tn + 571)

+(t2 + 1)(tn—€—1a€ + tn—m—lﬁm + tn—r—l,yr + tn—s—lés)

+(t? — 1) (Zt" =y + Z "B+ Zt”*jflyj

Proof. Define P(q) by the equation

P(g) = plg)*(t—q)
= tag + (tay — ag)q + (tag — ay)g® + - - - + (tay, — an_1)q" — anq" ™

= tag+ Z(taj —a;1)¢ — a,g"t!
=1

= ta() + Gl(q),

where Gy (q) = Y7 (taj—a; 1)@/ —a,q"*". By Theorem, p(q)*(t—q) = 0if
and only if either p(q) = 0, or (p(q) # 0 implies p(q) *qp(q) —t = 0). Notice
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that p(q)~'qp(q) — ¢t = 0 is equivalent to p(q) *qp(q) = t and if p(q) # 0,
this implies that ¢ = ¢. Thus the only zeros of p(q) * (t — q) are ¢ = t and
the zeroes of p. For |q| = t, we have

n
Gi(g)] < ) lta; — a; [t + |ay [t
j=1

Z lta; — oy [t? + Z 16, — Bl
j=1 j=1

n n
+ Z |t’yj — ’)/jflltj + Z ’téj — 6],71“]' + |0Jn|tn+1

IN

i=1 i=1
¢ n
= Z(taj — ozj,l)tj + Z (Oéjfl - t()éj>tj
j=1 jff—&-l
+ ) (18— Bim)t + Z (Bj-1 = 16;)¢
Jj=1 j=m+1

<

+ ) (ty =)t + Z (Y1 = ty)¥?
j=1 j—r+1

+ (5 _5] 1t]+ Z 1—t5 t +‘Cln‘tn+1
J=1 Jj=s+1
= —tlao+ Bo+ 0+ o) + 2(t£+1ae PG Ly g

_thrl(Oén + 571 + 771 + 5n - ’an’) = M

Applying Lemma |1 to G1(q), we get

|G| < —— |Q| for |q| <t,
which implies
[P(g)] = [ —tao+ Gi(q)]
> tlaol — |G (q)]
> tlag| — Milal for |q| < t.

Therefore, if |¢| < Ry = min{(t*|ag|/M,),t}, then P(q) # 0 and hence
p(q) # 0. Next we want to show that p(q) # 0 if |¢| > Ry. For this, we
consider once again

P(q) = plg)*(t—q) =tag+ > (ta; — a;_1)¢ — ang™"
j=1
= —anan + GQ(Q)7
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where Gy(q) = tag + 3.7, (ta; — a;j_1)¢’. Then

1
()
q

and for |¢q| = ¢, we have

1 - 4
qnGQ (5) ' S |a0|t”+1 + Z |taj — aj_l\t"_J

tagq™ + Z(taj —a;_1)¢"|,
j=1

j=1

n n
lag|t" T + Z lta; — a1 [t + Z t8; — Bj_1]t"

j=1 j=1

+ ) [ty =l Y [t — Gt

j=1 j=1
= Jao|t"™ —t" a0 + Bo + 70 + o) =t + Bn + Yn + 6n)
+(t2 + 1)(tnf€floée + tnfmflﬁm + tnfrflfyr + tnfsflés)

/—1 m—1
He =) e+ e,
i=1 j=1
r—1 s—1
+Y Ty + Zt”—j—15j>
Jj=1 J=1

n—1

n—1
+(1 —t2)( STt Y il

j=0+1 j=m+1

n—1 n—1
Y Ty Y t”—j—léj)
j=r+1 Jj=s+1

= M.

IN

By Theorem [4 it follows that

1

q"Gs (—)‘ < My for |q| <t
q

which implies, by replacing ¢ with 1/q, that

|G2(q)| < Mslg™  for |q] >

| =

Hence,

[P()| = | = ang""" + Ga(q)| > |an]lq|™*" — Molq|"
for |q| > 1/t. Thus |P(q)| > |q|*(|an|lq] — M2). Therefore, if |q| > Ry =
max{Ms/|a,|, 1/t}, then P(q) # 0 and therefore p(q) # 0. The theorem is
proved. [
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Since the quaternionic zeros include all of the complex zeros, Theorem
[6] generalizes Theorem [2 By adjusting the values of ¢, m, r, s, and t we
can extract a number of corollaries. For example, with { =m =r =s=n
and t = 1 (that is, imposing a condition of monotonicity on the parts of the
coefficients) we get the next corollary.

Corollary 1 Let p(z) = zn:al,q”,an # 0 and a, = «a, + B,i+ V) + 0.k,
v =0,1,2,... 0. If =

ag<ap <<y, o <P < < B,

Yo <7 < <, and dg <01 <o <y,

then p(z) has all its zeros in

|aol
|an| — (o + Bo + Yo + 00) + (o + B + Y + 0n)

< |2|

<|an|_(a0+60+70+50)+(an+ﬁn+7n+6n)
B ||
Corollary (1] is related to Theorem 9 of [2]; the outer radius of these two

results are the same but Corollary [1| also gives an inner radius of the zero
containing region.
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