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Abstract. In the present study, we find several connections
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Introduction

The connection between various classical orthogonal polynomials play an
important role in many problems of pure and applied mathematics. The
study of the problems connecting number and polynomial sequences with
different orthogonal polynomials is of old and recent interest for many num-
ber theorists (see, e.g., [6, 11–14, 16]). For instance, Abd-Elhameed and
Youssri [1] and Abd-Elhameed et al. [2] studied the connection formulas be-
tween Fibonacci and Lucas polynomials and Chebychev polynomials of the
first and second kinds in terms of hypergeometric functions of the type 2F1.
The hypergeometric function 2F1(a, b; c; z) is a solution to a second-order
linear ordinary differential equation and is defined by

2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)nn!

zn,
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where (a)n, (b)n and (c)n are Pochhammer symbols, defined by

(d)n =

{
1, n = 0;

d(d+ 1) · · · (d+ n− 1), n > 0.

Behera and Panda [4] introduced the concept of balancing numbers,
which are the solutions of the simple Diophantine equation 1 + 2 + · · · +
(n − 1) = (n + 1) + (n + 2) + · · · + (n + r), where r is called as balancer
corresponding to the balancing number n. Balancing numbers are generated
by the recurrence relation

Bn+1 = 6Bn −Bn−1, n ≥ 1 (1)

with initial terms B0 = 0 and B1 = 1. Equivalently, the nth balancing
numbers can also be obtained by using Binet’s formula

Bn =
λn1 − λn2
λ1 − λ2

,

where λ1 = 3 +
√

8 and λ2 = 3−
√

8 are roots of the characteristic equation
λ2− 6λ+ 1 = 0. To know more about this number sequence, the reader can
refer to [7, 8].

Balancing polynomials are one of the generalizations of balancing num-
bers which are generated by using the recurrence relation

Bn+1(x) = 6xBn(x)−Bn−1(x), n ≥ 1 (2)

with initial terms Bo(x) = 0 and B1(x) = 1, see [15]. Frontczak [9] showed
the relationships between balancing and Lucas-balancing polynomials and
Chebyshev polynomials of the first and second kinds as Bn(x) = Un−1(3x)
and Cn(x) = Tn(3x). One can give the expression of balancing polynomials
in hypergeometric function as Bn+1(x) = (n + 1)2F1

(
− n, n + 2, 3/2; (1 −

3x)/2
)
, using the result (3.5) of [5]. Supposedly, till now, the hypergeometric

connection formulas between balancing polynomials and various orthogonal
polynomials are traceless in literature. This gives us the inspiration to ex-
plore such problems.

The aim of this work is to find some hypergeometric connection formulas
between balancing polynomials and the Chebyshev polynomials of the first
and second kinds. The complete study is motivated by the works of Abd-
Elhameed and Youssri [1].

1 Preliminaries

In this section, we discuss some results relating to balancing polynomials,
Chebyshev polynomials of the first kind and Chebyshev polynomials of the
second kind.
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The recurrence relation of balancing polynomials in (2) can be written
in the following combinatorial form (see [15]):

Bj(x) =

b j−1
2
c∑

m=0

(−1)m
(
j −m− 1

m

)
(6x)j−2m−1, j ≥ 1.

We recall that the Binet’s formula of balancing numbers can be written as

Bj =
(3 +

√
8)j − (3−

√
8)j

2
√

8
=

3j

2
√

8

{(
1 +

√
8

3

)j
−
(

1−
√

8

3

)j}
,

which concedes the identity

2F1

(
a, 1

2
+ a

3
2

; z2
)

=
1

2
z−1(1− 2a)−1

[
(1 + z)1−2a − (1− z)1−2a

]
(see (15.1.10), [3]). Assuming a = (1− j)/2 and z =

√
8/3, we get

Bj = j · 3j−12F1

(
1−j
2
, 2−j

2
3
2

;
8

9

)
. (3)

The linear transformation formula of hypergeometric function is

2F1

(
a, b
c

; z

)
=

Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)2

F1

(
a, b

a+ b− c+ 1
; 1− z

)
(4)

+ (1− z)c−a−b
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
2F1

(
c− a, c− b
c− a− b+ 1

; 1− z
)
.

(see [3], p. 559). Since in (3), we have a+ b− c = −j (where a = (1− j)/2,
b = (2 − j)/2 and c = 3/2), it is seen that one of the gamma terms in the
numerator of (4) is not defined. Thus, we use formula (15.3.11) in [3], p.
559 to get the following identity

2F1

(
a, b

a+ b+m
; z

)
=

Γ(m)Γ(a+ b+m)

Γ(a+m)Γ(b+m)
2F1

(
a, b

1−m; 1− z
)
,

which is indeed a special case of (15.3.11) where a or b is a negative integer
and m ∈ Z+ ∪ {0}. Now, we have

2F1

(
1−j
2
, 2−j

2
3
2

;
8

9

)
=

Γ(j)Γ
(

3
2

)
Γ
(

1+j
2

)
Γ
(

2+j
2

)2F1

(
1−j
2
, 2−j

2

1− j ;
1

9

)
.

Using the duplication formula (see, e.g., [3], p. 256) for Γ(z), we obtain

2F1

(
1−j
2
, 2−j

2
3
2

;
8

9

)
=

1√
2π
· 2j− 1

2 · Γ
(
j
2

)
· Γ
(
j+1
2

)
· 1
2
·
√
π

Γ
(
j+1
2

)
· j
2
· Γ
(
j
2

) 2F1

(
1−j
2
, 2−j

2

1− j ;
1

9

)

=
2j−1

j
2F1

(
1−j
2
, 2−j

2

1− j ;
1

9

)
.
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Putting the above value in (3), we get the following useful formula for bal-
ancing numbers

Bj = 6j−12F1

(
1−j
2
, 2−j

2

1− j ;
1

9

)
, j ≥ 1. (5)

The Chebyshev polynomials of the first kind {Tj(x)}j∈N and the second
kind {Uj(x)}j∈N are generated by means of the recurrence relations Tj(x) =
2xTj−1(x) − Tj−2(x), j > 1 with initialization T0(x) = 1 and T1(x) = x
and Uj(x) = 2xUj−1(x) − Uj−2(x), j > 1 with initialization U0(x) = 1 and
U1(x) = 2x, respectively. The Chebyshev polynomials of the first and second
kinds have the following explicit formulas

Tj(x) =
j

2

b j
2
c∑

m=0

(−1)m

j −m

(
j −m
m

)
(2x)j−2m, j ≥ 1, (6)

Uj(x) =

b j
2
c∑

m=0

(−1)m
(
j −m
m

)
(2x)j−2m, j ≥ 0. (7)

The following identities hold by putting x = 1 and x = cos θ in (6) and (7),
respectively,

Tj(x) = 1, Uj(x) = j + 1,

Tj(x) = cos(jθ), Uj(x) =
sin(j + 1)θ

sin θ
. (8)

The q-th derivative, q ≥ 1 of Tj(x) and Uj(x) at x = 1 are defined as

DqTj(x)|x=1 =

q−1∏
m=0

(j −m)(j +m)

2m+ 1
=

j(j + q − 1)!
√
π

(j − q)!2qΓ
(
q + 1

2

) (9)

and

DqUj(x)|x=1 = (j + 1)

q−1∏
m=0

(j −m)(j +m+ 2)

2m+ 3
=

(j + q + 1)!
√
π

(j − q)!2q+1Γ
(
q + 3

2

) .
(10)

The following two results are found in [10].
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Lemma 1 Let j, r be non-negative integers, and let εj = 2− δj,0. Then we
have the following representations:∑

i1+i2+···+ir+1=j

Bi1+1(x)Bi2+1(x) . . . Bir+1+1(x)

=
1

r!

b j
2
c∑

m=0

εj−2m

(
r +m

r

)
(j −m+ r)rTj−2m(3x) (11)

=
1

r!

b j
2
c∑

m=0

(j − 2m+ 1)

(
r +m− 1

r

)
(j −m+ r)r−1Bj−2m+1(x). (12)

Lemma 2 Let j, r be non-negative integers. Then we have the following
expressions:∑

i1+i2+···+ir+1=j

Bi1+1(x)Bi2+1(x) . . . Bir+1+1(x)

=
3j(j + r)

r!

b j
2
c∑

m=0

εj−2m
m!(j −m)!

2F1

(
−m, m− j
−j − r ;

1

9

)
Tj−2m(x) (13)

=
3j(j + r)

r!

b j
2
c∑

m=0

(j − 2m+ 1)

m!(j −m+ 1)!
2F1

(
−m, m− j − 1
−j − r ;

1

9

)
Uj−2m(x). (14)

2 Connection formulas between balancing poly-

nomials and Chebyshev polynomials of the

first and second kinds

In this section, we give some useful results that are used subsequently in
order to prove our main results Theorems 1–4. Basically, the results in
Theorems 3 and 4 are an inversion of the results in Theorems 1 and 2.

Lemma 3 For any two positive integers j and m, if we assume Aj,m =

2F1

(
−m, j −m
j − 2m+ 2

;
1

9

)
, then the following recurrence relation holds:

(
j −m+ 1

m

)
Aj,m = −1

9

(
j −m+ 1

m− 1

)
Aj−1,m−1

+

(
j −m
m− 1

)
Aj−2,m−1 +

(
j −m
m

)
Aj−1,m.
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Proof. In order to prove the relation, we proceed as follows

−1

9

(
j −m+ 1

m− 1

)m−1∑
k=0

(j −m)k(−m+ 1)k
(j − 2m+ 3)kk!

(1

9

)k
+

(
j −m
m− 1

)m−1∑
k=0

(j −m− 1)k(−m+ 1)k
(j − 2m+ 2)kk!

(1

9

)k
+

(
j −m
m

) m∑
k=0

(j −m− 1)k(−m)k
(j − 2m+ 1)kk!

(1

9

)k
= −1

9

(j −m+ 1)!

(m− 1)!(j − 2m+ 2)!

×
m−1∑
k=0

(j −m+ k − 1)!(−m+ k)!(j − 2m+ 2)!

(j −m− 1)!(−m)!(j − 2m+ k + 2)!k!

(1

9

)k
+

(j −m)!

(m− 1)!(j − 2m+ 1)!

×
m−1∑
k=0

(j −m+ k − 2)!(−m+ k)!(j − 2m+ 1)!

(j −m− 2)!(−m)!(j − 2m+ k + 1)!k!

(1

9

)k
+

(j −m)!

m!(j − 2m)!

m∑
k=0

(j −m+ k − 2)!(−m+ k − 1)!(j − 2m)!

(j −m− 2)!(−m− 1)!(j − 2m+ k)!k!

(1

9

)k
= −1

9

(j −m+ 1)(j −m)

(m− 1)!(−m)!

m−1∑
k=0

(j −m+ k − 1)!(m− k)!

(j − 2m+ k + 2)!k!

(1

9

)k
+

(j −m)(j −m− 1)

(m− 1)!(−m)!

m−1∑
k=0

(j −m+ k − 2)!(−m+ k)!

(j − 2m+ k + 1)!k!

(1

9

)k
+

(j −m)(j −m− 1)

m!(−m− 1)!

m∑
k=0

(j −m+ k − 2)!(−m+ k − 1)!

(j − 2m+ k)!k!

(1

9

)k
.

The common denominator gives the following simplification:

(j −m+ 1)(j −m)

(m− 1)!(−m)!

m−1∑
k=0

(j −m+ k − 1)!(m− k)!

(j − 2m+ k + 2)!k!

(1

9

)k
,

which proves the result. �

The following results can be obtained in the same way as Lemma 3, and
thus, their proofs will be omitted.
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Lemma 4 For any two positive integers j and m, if we assume Nj,m =

2F1

(
−m, j −m− 1
j − 2m+ 1

;
1

9

)
, then the following recurrence relation holds:

(
j −m+ 1

m

)
Nj+1,m = −1

9

(
j −m+ 1

m− 1

)
Nj,m−1

+

(
j −m
m− 1

)
Nj−1,m−1 +

(
j −m
m

)
Nj,m.

Lemma 5 For any two positive integers j and m, if we assume Cj,m =

2F1

(
−m, − j +m− 1

−j ; 9

)
, then the following recurrence relation holds:

(
j

m

)
(j−m)(j−2m+1)Cj,m = −9

(
j − 2

m− 1

)
(j−2m+1)(j−m+1)Cj−2,m−1

+

(
j − 1

m− 1

)
(j−2m+2)(j−m)Cj−1,m−1+

(
j − 1

m

)
(j−2m)(j−m+1)Cj−1,m.

Lemma 6 For any two positive integers j and m, if we assume Dj,m =

2F1

(
−m, − j +m
−j + 1

; 9

)
, then the following recurrence relation holds:

(
j

m

)
(j −m)(j − 2m+ 1)Dj+1,m =

(
j − 1

m− 1

)
(j − 2m+ 2)(j −m)Dj,m−1

+

(
j − 1

m

)
(j−2m)(j−m+1)Dj,m−9

(
j − 2

m− 1

)
(j−2m+1)(j−m+1)Dj−1,m−1.

Lemma 7 For any two positive integers j and m, if we assume Ej,m =

2F1

(
−m, j −m
j − 2m

; 9

)
, then the following recurrence relation holds:

(
j −m+ 1

m

)
Ej+2,m = −9

(
j −m+ 1

m− 1

)
Ej+1,m−1

+

(
j −m
m− 1

)
Ej,m−1 +

(
j −m
m

)
Ej+1,m.

Lemma 8 For any two positive integers j and m, if we assume Fj,m =

2F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
, then the following recurrence relation holds:

(
j −m+ 1

m

)
Fj+3,m = −9

(
j −m+ 1

m− 1

)
Fj+2,m−1

+

(
j −m
m− 1

)
Fj+1,m−1 +

(
j −m
m

)
Fj+2,m.
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Lemma 9 For any two positive integers j and m, if we assume Gj,m =

2F1

(
−m, − j +m
−j + 1

;
1

9

)
, then the following recurrence relation holds:

(
j

m

)
(j −m)(j − 2m+ 1)Gj+1,m =

(
j − 1

m− 1

)
(j − 2m+ 2)(j −m)Gj,m−1

+

(
j − 1

m

)
(j−2m)(j−m+1)Gj,m−

1

9

(
j − 2

m− 1

)
(j−2m+1)(j−m+1)Gj−1,m−1.

Lemma 10 For any two positive integers j and m, if we assume Hj,m =

2F1

(
−m, − j +m+ 1

−j + 2
;
1

9

)
, then the following recurrence relation holds:

(
j

m

)
(j−m)(j− 2m+ 1)Hj+2,m =

(
j − 1

m− 1

)
(j− 2m+ 2)(j−m)Hj+1,m−1

+

(
j − 1

m

)
(j−2m)(j−m+1)Hj+1,m−

1

9

(
j − 2

m− 1

)
(j−2m+1)(j−m+1)Hj,m−1.

Theorem 1 For every non-negative integer j, the recurrence relation for the
Chebyshev polynomials of the first kind can be written in terms of balancing
polynomials by

Tj+1(x) =x

b j
2
c∑

m=0

(−1)m32m−jj

(
j −m
m

)
1

j −m2F1

(
−m, j −m
j − 2m+ 2

;
1

9

)
Bj−2m+1(x)

+
1

2

b j−1
2
c∑

m=0

(−1)m+132m−j+1(j − 1)

(
j −m− 1

m

)
1

j −m− 1

× 2F1

(
−m, j −m− 1
j − 2m+ 1

;
1

9

)
Bj−2m(x). (15)

Proof. The proof of this result is based on induction on j. Clearly, the
result is true for j = 1; assume that (15) holds for n < j. We need to show
that

Tj+1(x) =

b j
2
c∑

m=0

gj,mBj−2m+1(x) +

b j−1
2
c∑

m=0

hj,mBj−2m(x),

where

gj,m = x(−1)m32m−jj

(
j −m
m

)
1

j −m2F1

(
−m, j −m
j − 2m+ 2

;
1

9

)
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and

hj,m =
1

2
(−1)m+132m−j+1(j − 1)

(
j −m− 1

m

)
1

j −m− 1

× 2F1

(
−m, j −m− 1
j − 2m+ 1

;
1

9

)
.

Using the Chebyshev polynomials of the first kind followed by induction
hypothesis, we get

Tj+1(x) =2x
{ b j−1

2
c∑

m=0

gj−1,mBj−2m(x) +

b j
2
−1c∑

m=0

hj−1,mBj−2m−1(x)
}

−
{ b j2−1c∑

m=0

gj−2,mBj−2m−1(x) +

b j−3
2
c∑

m=0

hj−2,mBj−2m−2(x)
}
.

Using (2) in the above expression, we obtain

Tj+1(x) =
1

3

b j−1
2
c∑

m=0

gj−1,mBj−2m−1(x) +
1

3

b j−1
2
c∑

m=0

gj−1,mBj−2m+1(x)

−
b j
2
−1c∑

m=0

gj−2,mBj−2m−1(x) +
1

3

b j
2
−1c∑

m=0

hj−1,mBj−2m−2(x)

+
1

3

b j
2
−1c∑

m=0

hj−1,mBj−2m(x)−
b j−3

2
c∑

m=0

hj−2,mBj−2m−2(x).

For convenience, we write Tj+1(x) =
∑

1 +
∑

2. These two sums can alter-
natively be written as

∑
1

=

b j−1
2
c∑

m=0

(1

3
gj−1,m−1 +

1

3
gj−1,m − gj−2,m−1

)
Bj−2m+1(x) (16)

+
1

3
gj−1,b j−1

2
cBj−2b j−1

2
c−1(x)− gj−2,b j

2
−1cBj−2b j

2
−1c−1(x)ψj

and

∑
2

=

b j
2
−1c∑

m=0

(1

3
hj−1,m−1 +

1

3
hj−1,m − hj−2,m−1

)
Bj−2m(x) (17)

+
1

3
hj−1,b j

2
−1cBj−2b j

2
c(x)− hj−2,b j−3

2
cBj−2b j−1

2
c(x)ψj+1,
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where

ψj =

{
1, if j is even;

0, if j is odd.

Using Lemmas 3 and 4, we obtain

1

3
gj−1,m−1 +

1

3
gj−1,m − gj−2,m−1 = gj,m (18)

and
1

3
hj−1,m−1 +

1

3
hj−1,m − hj−2,m−1 = hj,m. (19)

Applying (18) and (19) in (16) and (17) followed by some algebraic manip-
ulations, we get

∑
1

=

b j
2
c∑

m=0

gj,mBj−2m+1(x) and
∑
2

=

b j−1
2
c∑

m=0

hj,mBj−2m(x).

This completes the proof. �

The proof of the following result is similar to the proof of Theorem 1
using Lemmas 5 and 6.

Theorem 2 For any non-negative integer j, the recurrence relation for the
Chebyshev polynomials of the second kind can be written in terms of balanc-
ing polynomials by

Uj+1(x) =
2

3j
x

b j
2
c∑

m=0

(−1)2m+1

(
j

m

)
−j + 2m− 1

j −m+ 1
2F1

(
−m, − j +m− 1

−j ; 9

)

×Bj−2m+1(x) +
1

3j−1

b j−1
2
c∑

m=0

(−1)2m+2

(
j − 1

m

)
−j + 2m

j −m

× 2F1

(
−m, − j +m
−j + 1

; 9

)
Bj−2m(x).

Theorem 3 For every non-negative integer j, the recurrence relation for
balancing polynomials can be written in terms of the Chebyshev polynomials
of the first kind by

Bj+1(x) =4x

b j−1
2
c∑

m=0

(−1)m
1

φj−2m−1

(
j −m− 1

m

)
3j−2m2F1

(
−m, j −m
j − 2m

; 9

)

× Tj−2m−1(x) + 2

b j−2
2
c∑

m=0

(−1)m+1 1

φj−2m−2

(
j −m− 2

m

)
3j−2m−2

× 2F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
Tj−2m−2(x) (20)
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where

φj =

{
2, if j = 0;

1, if j > 0.

Proof. We will proceed by induction to prove this theorem. The result is
true for j = 1; assume that (20) holds for n < j. We have to show that

Bj+1(x) =

b j−1
2
c∑

m=0

ej,mTj−2m−1(x) +

b j−2
2
c∑

m=0

fj,mTj−2m−2(x),

where

ej,m = 4x(−1)m
1

φj−2m−1

(
j −m− 1

m

)
3j−2m2F1

(
−m, j −m
j − 2m

; 9

)
and

fj,m = 2(−1)m+1 1

φj−2m−2

(
j −m− 2

m

)
3j−2m−22F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
.

Using the balancing polynomials followed by induction hypothesis, we get

Bj+1(x) =6x
{ b j2−1c∑

m=0

ej−1,mTj−2m−2(x) +

b j−3
2
c∑

m=0

fj−1,mTj−2m−3(x)
}

−
{ b j−3

2
c∑

m=0

ej−2,mTj−2m−3(x) +

b j
2
−2c∑

m=0

fj−2,mTj−2m−4(x)
}
. (21)

Substituting Tj(x) = 2xTj−1(x)− Tj−2(x), j > 1 in (21), we obtain

Bj+1(x) =3

b j
2
−1c∑

m=0

ej−1,mTj−2m−1(x) + 3

b j
2
−1c∑

m=0

ej−1,mTj−2m−3(x)

−
b j−3

2
c∑

m=0

ej−2,mTj−2m−3(x) + 3

b j−3
2
c∑

m=0

fj−1,mTj−2m−2(x)

+ 3

b j−3
2
c∑

m=0

fj−1,mTj−2m−4(x)−
b j
2
−2c∑

m=0

fj−2,mTj−2m−4(x).

For convenience, we write Bj+1(x) =
∑

1 +
∑

2. These two sums can be
written in the following alternative forms

∑
1

=

b j
2
−1c∑

m=0

(3ej−1,m + 3ej−1,m−1 − ej−2,m−1)Tj−2m−1(x)

+ 3ej−1,b j
2
−1cTj−2b j

2
−1c−3(x)− ej−2,b j−3

2
cTj−2b j−3

2
c−3(x)ηj (22)
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and

∑
2

=

b j−3
2
c∑

m=0

(3fj−1,m + 3fj−1,m−1 − fj−2,m−1)Tj−2m−2(x)

+ 3fj−1,b j−3
2
cTj−2b j−3

2
c−4(x)− fj−2,b j

2
−2cTj−2b j

2
−2c−4(x)ζj, (23)

where

ηj =

{
1, if j is odd;

0, if j is even;
and ζj =

{
1, if j is even;

0, if j is odd.

Using Lemmas 7 and 8, we have

3ej−1,m + 3ej−1,m−1 − ej−2,m−1 = ej,m (24)

and
3fj−1,m + 3fj−1,m−1 − fj−2,m−1 = fj,m. (25)

Applying (24) and (25) in (22) and (23) followed by some algebraic manip-
ulations, we get

∑
1

=

b j−1
2
c∑

m=0

ej,mTj−2m−1(x) and
∑
2

=

b j−2
2
c∑

m=0

fj,mTj−2m−2(x),

which completes the proof. �

The proof of the following result is similar to the proof of Theorem 3
using Lemmas 9 and 10.

Theorem 4 For any non-negative integer j, the recurrence relation for bal-
ancing polynomials can be written in terms of the Chebyshev polynomials of
the second kind by

Bj+1(x) =2x · 3j
b j−1

2
c∑

m=0

(−1)2m
(
j − 1

m

)
j − 2m

j −m 2F1

(
−m, − j +m
−j + 1

;
1

9

)

× Uj−2m−1(x) + 3j−2
b j−2

2
c∑

m=0

(−1)2m+1

(
j − 2

m

)
j − 2m− 1

j −m− 1

× 2F1

(
−m, − j +m+ 1

−j + 2
;
1

9

)
Uj−2m−2(x).

Theorems 3 and 4 are nothing but the inversion relations of Theorems 1
and 2, respectively.

The following results are direct consequences of Theorems 1–4.
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Corollary 1 For every non-negative integer j, the following two recurrence
identities hold:

b j
2
c∑

m=0

(−1)m32m−jj

(
j −m
m

)
1

j −m2F1

(
−m, j −m
j − 2m+ 2

;
1

9

)
Bj−2m+1

+
1

2

b j−1
2
c∑

m=0

(−1)m+132m−j+1(j − 1)

(
j −m− 1

m

)
1

j −m− 1

× 2F1

(
−m, j −m− 1
j − 2m+ 1

;
1

9

)
Bj−2m = 1

and

2

3j

b j
2
c∑

m=0

(−1)2m+1

(
j

m

)
−j + 2m− 1

j −m+ 1
2F1

(
−m, − j +m− 1

−j ; 9

)
Bj−2m+1

+
1

3j−1

b j−1
2
c∑

m=0

(−1)2m+2

(
j − 1

m

)
−j + 2m

j −m

× 2F1

(
−m, − j +m
−j + 1

; 9

)
Bj−2m = j + 1.

Corollary 2 For every non-negative integer j, the following results for bal-
ancing numbers in terms of hypergeometric connections are valid:

Bj+1 = 4

b j−1
2
c∑

m=0

(−1)m
1

φj−2m−1

(
j −m− 1

m

)
3j−2m2F1

(
−m, j −m
j − 2m

; 9

)

+2

b j−2
2
c∑

m=0

(−1)m+1 1

φj−2m−2

(
j −m− 2

m

)
3j−2m−22F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
and

Bj+1 = 2 · 3j
b j−1

2
c∑

m=0

(−1)2m
(
j − 1

m

)
(j − 2m)2

j −m 2F1

(
−m, − j +m
−j + 1

;
1

9

)

+3j−2
b j−2

2
c∑

m=0

(−1)2m+1

(
j − 2

m

)
(j − 2m− 1)2

j −m− 1
2F1

(
−m, − j +m+ 1

−j + 2
;
1

9

)
.

It is instructive to note that when we compare the results in Corollary 2
with (1), we find

Bj = 2

b j−1
2
c∑

m=0

(−1)m
1

φj−2m−1

(
j −m− 1

m

)
3j−2m−12F1

(
−m, j −m
j − 2m

; 9

)
(26)
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and

Bj = 3j−1
b j−1

2
c∑

m=0

(−1)2m
(
j − 1

m

)
(j − 2m)2

j −m 2F1

(
−m, − j +m
−j + 1

;
1

9

)
. (27)

The following linear transformation formulas are given in [3], p. 559:

2F1

(
a, b
c

; z

)
=(1− z)c−a−b2F1

(
c− a, c− b

c
; z

)
,

2F1

(
a, b
c

; z

)
=(1− z)−a2F1

(
a, c− b

c
;

z

z − 1

)
,

2F1

(
a, b
c

; z

)
=(1− z)−b2F1

(
a, c− a

c
;

z

z − 1

)
.

These three formulas, together with (5), when applied to (26) and (27), yield
several identities.

Using (8) in Theorems 3 and 4, we get the following results.

Corollary 3 For every non-negative integer j, the following two recurrence
identities hold:

Bj+1(cos θ) =4 cos θ

b j−1
2
c∑

m=0

(−1)m
1

φj−2m−1

(
j −m− 1

m

)
3j−2m

× 2F1

(
−m, j −m
j − 2m

; 9

)
cos(j − 2m− 1)θ

+ 2

b j−2
2
c∑

m=0

(−1)m+1 1

φj−2m−2

(
j −m− 2

m

)
3j−2m−2

× 2F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
cos(j − 2m− 2)θ

and

Bj+1(cos θ) =2 cos θ · 3j
b j−1

2
c∑

m=0

(−1)2m
(
j − 1

m

)
j − 2m

j −m

× 2F1

(
−m, − j +m
−j + 1

;
1

9

)
sin(j − 2m)θ

sin θ

+ 3j−2
b j−2

2
c∑

m=0

(−1)2m+1

(
j − 2

m

)
j − 2m− 1

j −m− 1

× 2F1

(
−m, − j +m+ 1

−j + 2
;
1

9

)
sin(j − 2m− 1)θ

sin θ
.
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It is observed that Tj

(
(x + x−1)/2

)
= (xn + x−n)/2, which yields the

following result:

Bj+1

(x+ x−1

2

)
=2

b j−1
2
c∑

m=0

(−1)m
1

φj−2m−1

(
j −m− 1

m

)
3j−2m

× 2F1

(
−m, j −m
j − 2m

; 9

)
(xj−2m + x−j+2m+2)

+

b j−2
2
c∑

m=0

(−1)m+1 1

φj−2m−2

(
j −m− 2

m

)
3j−2m−2

× 2F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
(xj−2m−2 + x−j+2m+2).

The following result holds true by using (9) in Theorems 1 and 2.

Corollary 4 For every q ≥ 0, the qth derivative of the sum of two balancing
polynomials gives the following values:

b j
2
c∑

m=0

(−1)m32m−jj

(
j −m
m

)
1

j −m2F1

(
−m, j −m
j − 2m+ 2

;
1

9

)
Bq
j−2m+1

+
1

2

b j−1
2
c∑

m=0

(−1)m+132m−j+1(j − 1)

(
j −m− 1

m

)
1

j −m− 1

× 2F1

(
−m, j −m− 1
j − 2m+ 1

;
1

9

)
Bq
j−2m =

(j + 1)(j + q)!
√
π

(j − q + 1)!2qΓ
(
q + 1

2

)
and

2

3j

b j
2
c∑

m=0

(−1)2m+1

(
j

m

)
−j + 2m− 1

j −m+ 1
2F1

(
−m, − j +m− 1

−j ; 9

)
Bq
j−2m+1

+
1

3j−1

b j−1
2
c∑

m=0

(−1)2m+2

(
j − 1

m

)
−j + 2m

j −m 2F1

(
−m, − j +m
−j + 1

; 9

)
Bq
j−2m

=
(j + q + 2)!

√
π

(j − q + 1)!2q+1Γ
(
q + 3

2

) .
Using (10) in Theorems 3 and 4, we get the following statements.
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Corollary 5 For every q ≥ 0, the qth derivative of balancing polynomials
gives the following results:

Bq
j+1 =

(j − 2m− 1)(j − 2m+ q − 2)!
√
π

(j − 2m− q − 1)!2q−2Γ
(
q + 1

2

) b j−1
2
c∑

m=0

(−1)m
1

φj−2m−1

(
j −m− 1

m

)

× 3j−2m2F1

(
−m, j −m
j − 2m

; 9

)
+

(j − 2m− 2)(j − 2m+ q − 3)!
√
π

(j − 2m− q − 2)!2q−1Γ
(
q + 1

2

)
×
b j−2

2
c∑

m=0

(−1)m+1 1

φj−2m−2

(
j −m− 2

m

)
3j−2m−22F1

(
−m, j −m− 1
j − 2m− 1

; 9

)

and

Bq
j+1 =

3j(j − 2m+ q)!
√
π

(j − 2m− q − 1)!2qΓ
(
q + 3

2

) b j−1
2
c∑

m=0

(−1)2m
(
j − 1

m

)
j − 2m

j −m

× 2F1

(
−m, − j +m
−j + 1

;
1

9

)
+

3j−2(j − 2m+ q − 1)!
√
π

(j − 2m− q − 2)!2q+1Γ
(
q + 3

2

)
×
b j−2

2
c∑

m=0

(−1)2m+1

(
j − 2

m

)
j − 2m− 1

j −m− 1
2F1

(
−m, − j +m+ 1

−j + 2
;
1

9

)
.

Corollary 6 Let j and r be non-negative integers. Then

Tj+1(x) =r!x
∑

i1+i2+···+ir+1=j

b j
2
c∑

m=0

Bi1+1(x)Bi2+1(x) · · ·Bir+1+1(x)

×
(−1)m32m−jj

(
j−m
m

)
1

j−m2F1

(
−m, j −m
j − 2m+ 2

;
1

9

)
(j − 2m+ 1)

(
r+m−1
r−1

)
(j −m+ r)r−1

+
1

2
r!

∑
i1+i2+···+ir+1=j−1

b j−1
2
c∑

m=0

Bi1+1(x)Bi2+1(x) · · ·Bir+1+1(x)

×
(−1)m+132m−j+1(j − 1)

(
j−m−1
m

)
1

j−m−12F1

(
−m, j −m− 1
j − 2m+ 1

;
1

9

)
(j − 2m)

(
r+m−1
r−1

)
(j −m+ r − 1)r−1
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and

Uj+1(x) =
2

3j
xr!

∑
i1+i2+···+ir+1=j

b j
2
c∑

m=0

Bi1+1(x)Bi2+1(x) · · ·Bir+1+1(x)

×
(−1)2m+1

(
j
m

)−j+2m−1
j−m+1 2F1

(
−m, − j +m− 1

−j ; 9

)
(j − 2m+ 1)

(
r+m−1
r−1

)
(j −m+ r)r−1

+
1

3j−1
r!

∑
i1+i2+···+ir+1=j−1

b j−1
2
c∑

m=0

Bi1+1(x)Bi2+1(x) · · ·Bir+1+1(x)

×
(−1)2m+2

(
j−1
m

)−j+2m
j−m 2F1

(
−m, − j +m
−j + 1

; 9

)
(j − 2m)

(
r+m−1
r−1

)
(j −m+ r − 1)r−1

.

Proof. The proof of the statement is arising from Theorems 1 and 2 using
the expression (12). �

Using the expressions (11) and (13) in Theorem 3, we get the following
result.

Corollary 7 Let j and r be non-negative integers, and let εj = 2 − δj,0.
Then the following relations hold true:

Bj+1(x) =4r!x
∑

i1+···+ir+1=j−1

b j−1
2
c∑

m=0

Bi1+1

(x
3

)
· · ·Bir+1+1

(x
3

)

×
(−1)m3j−2m 1

φj−2m−1

(
j−m−1
m

)
2F1

(
−m, j −m
j − 2m

; 9

)
εj−2m−1

(
r+m
r

)
(j −m+ r − 1)r

+ 2r!
∑

i1+···+ir+1=j−2

b j−2
2
c∑

m=0

Bi1+1

(x
3

)
· · ·Bir+1+1

(x
3

)

×
(−1)m+13j−2m−2 1

φj−2m−2

(
j−m−2
m

)
2F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
εj−2m−2

(
r+m
r

)
(j −m+ r − 2)r
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and

Bj+1(x) =
4xr!

3j−1(j + r − 1)!

∑
i1+···+ir+1=j−1

b j−1
2
c∑

m=0

Bi1+1(x) · · ·Bir+1+1(x)

×
(−1)m 1

φj−2m−1

(
j−m−1
m

)
3j−2m2F1

(
−m, j −m
j − 2m

; 9

)
εj−2m−1

(j−m−1)!m! 2
F1

(
−m, − j +m+ 1
−j − r + 1

;
1

9

)

+
2r!

3j−2(j + r − 2)!

∑
i1+···+ir+1=j−2

b j−2
2
c∑

m=0

Bi1+1(x) · · ·Bir+1+1(x)

×
(−1)m+1 1

φj−2m−2

(
j−m−2
m

)
3j−2m−2

εj−2m−2

(j−m−2)!m! 2
F1

(
−m, − j +m+ 2
−j − r + 2

;
1

9

)2F1

(
−m, j −m− 1
j − 2m− 1

; 9

)
.

The next result is obtained by using expression (14) in Theorem 4.

Corollary 8 Let j and r be non-negative integers. Then the following result
holds true:

Bj+1(x) =
6xr!

(j + r − 1)!

∑
i1+i2+···+ir+1=j−1

b j−1
2
c∑

m=0

Bi1+1(x)Bi2+1(x) · · ·Bir+1+1(x)

×
(−1)2m

(
j−1
m

)
j−2m
j−m 2F1

(
−m, − j +m
−j + 1

;
1

9

)
j−2m

(j−m)!m! 2
F1

(
−m, − j +m
−j − r + 1

;
1

9

)

+
r!

(j + r − 2)!

∑
i1+i2+···+ir+1=j−2

b j−2
2
c∑

m=0

Bi1+1(x)Bi2+1(x) · · ·Bir+1+1(x)

×
(−1)2m+1

(
j−2
m

)
j−2m−1
j−m−1 2F1

(
−m, − j +m+ 1

−j + 2
;
1

9

)
j−2m−1

(j−m−1)!m! 2
F1

(
−m, − j +m+ 1
−j − r + 2

;
1

9

) .
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