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Abstract. In this paper, we find the annular region containing
all the zeros of lacunary-type polynomials, whose coefficients are
subjected to certain restrictions.

Key Words: Lacunary-type polynomial, Enestrom—Kakeya theorem
Mathematics Subject Classification 2010: 30A01, 30C10, 30C15

Introduction

Let P(z) =377, a;zl, a, # 0 be a polynomial of degree n. Then, according
to the well-known result of Cauchy [2], all the zeros of polynomial P(z) lie
in the disk

a;

2| <1+ max
Qn

0<j<n—1

Locating zeros of polynomials with specific conditions on the coefficients,
in general, and, in particular, finding the number of zeros of complex poly-
nomials in a disk when their coefficients are restricted to certain conditions
has applications in many areas of applied mathematics, including linear con-
trol systems, electrical networks, root approximation and signal processing.
For this reason, there is always a need for better estimates for the region
containing some or all the zeros of a polynomial.

A review on the location of zeros of polynomials can be found in [4}9}[13]
16]. One of the most elegant results on the bounds of zeros of a polynomial
with restrictions on its coefficients, known as Enestrom—Kakeya theorem (for

reference see section 8.3 of [18]), states that if P(z) = Zajzj is a polynomial
=0

of degree n with real coefficients, such that a, > an_Jl > ...>a > ag >0,

then P(z) has all its zeros in |z| < 1. In the literature, there exist various

extensions and generalizations of Enestrom—Kakeya theorem [3-18]. In 1996,

Aziz and Zargar [1] proved the following results for the regions containing

the zeros of the lacunary-type polynomials.
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Theorem 1 If P(z) = ap2" + ap2? + ...+ a1z +ap, 0 < p < n—1is
a polynomial of degree n and M = max|a;/a,|, j = 0,1,...,p, then all
the zeros of P(z) lie in |z| < K, where K is a unique positive root of the

trinomial equation
g"P — " P M= 0.

Theorem 2 If P(z) = a,2" + apz + ...+ a1z + a9, 0 <p<n-—1isa
polynomial of degree n and A = max|a;|, j = 0,1,...,p, then all the zeros
of P(z) lie in the ring shaped region

|ao|
21+ A" {1+ (p+1)

<zl < 1+ apA,
A}_H 0

where oy s a unique positive root of the equation

1

r=1-—
(14 Az)"*!

in the interval (0,1).

1 Main Results

In this paper, we obtain the annular region containing the zeros of the poly-
nomials, whose coefficients are subjected to Enestrom—Kakeya type restric-
tions. In fact, we prove the following result:

Theorem 3 Let P(z) = ag + Zajzj, 1 <u<n, agp # 0 be a polynomial
J=p
of degree n, where for some t > 0 and some up < k < n,
tla, > o > a1 | > Flag| < tTHap | < < a1 | < ay|

and |arg a; — | < a < 7w/2 for p < j <n and some real o and B. Then all
the zeros of P(z) lie in the region defined by the following inequalities

min(ry, t) < |z| < max (rl,t’l) ,

where

2M?
T = s
t2ta, — an1|(lan| — M) + (t*ftan — an_1[*(lan| — M)* + 4|an’t2M3)1/2

1
C2M?

1/2

T2 (t*|ag| — My)t?|ao| + ([(t*ag| — My)t?|ao|]® + 4M7 |aolt) 7],
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M = "1+ %) (|ao|t" — |ar| cos @) + " #|a,|(t* + cos a + sin )

k—1
+ t?|a,|(cos a + sin @) + (1 — t?) cos Z |a;|t" 7
J=p+l
n—1 n—1
+ (#* — 1) cosa Z |la;[t" ™ + (1 + ) sina Z |a;[t" ™,
j=k+1 Jj=p+1

My = |ag|t + (1 4 sina + cos @) (Ja [t + |a, [t"T") — 2 cos a|ag|t*
n—1
+ 2sina Z |a; [t
J=ptl

For the proof of the theorem, we need the following lemmas:

Lemma 1 Let P(z) = Zajzj be a polynomial of degree n with complex
=0

coefficients such that for some real o and B, |arg a;j — ] < a < 7/2,

0<j<nand|aj| > |aj-1|, 0 < j<n. Then

|a; — aj1| < (lag| = aj-1]) cos a + (laj| + |aj1]) sina
The above lemma is due to Govil and Rahman [9].
Lemma 2 If P(z) is analytic in |z| < R, P(0) = 0, P'(0) = b, then for
2| < R,
M|z|(M|z| + R?|b])
1P(2)] < —=; :
R2(M + |z[[0])

where M = ‘Hllgﬁ |P(2)].

The above lemma can be deduced from the result due to Govil et al. [§].

Proof of Theorem [3l. Consider the polynomial
F(z) = (t—2)P(z)
= qao(t — 2) +ta,2" + Z (ta; — aj_1)2" — a,2"*". (1)
J=pt1
Let us also consider another polynomial defined by

G(z) = 2" F(1/2)
= apte" —ap2" +ta 2" Y 7 (g — )2 —ay
Jj=p+1
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such that
|G(2)] > |an| — [H(2)], (2)
where

n
H(z) = agtz""" — ag2"™ + ta,z" "' + E (ta; —aj_y)2" 711,
Jj=p+1

For |z| = t, we have

n
|H(2)] = |agtz""! — ap2" +ta, 2" # T+ > (ta; — ajy) 2"
J=ptl
k
< ’ao|tn+2 + ‘ao‘tn + ‘au|tn7u+2 + Z ]taj _ aj,lytnfjJrl
Jj=ptl

n
+ Z ]taj - aj,1|t"’j+1.
j=k+1

Further, using Lemma [T} we obtain
() < laolt™? + faolt® + Ja |#+2

k
+ 2 [ajal = tas]) cos @+ (tag| + |aja]) sin aJe™—7!

J=ptl
+ [(tla;] — |aj_1]) cos a + (t|a;| + |aj_1|) sin a]t" 7
j=k+1
= t""F(1 + *)[|ao|t" — |ax| cos a] + t"*|a,|(t* + cos a + sin )
k-1
+ t2|a,|(cos a + sin @) + (1 — %) cos Z |a;[t"
J=p+1
n—1 n—1
+ (#* — 1) cos a Z |a;[t" 7 + (1 + ) sina Z a7
Jj=k+1 J=p+1

= M.

Clearly, H(0) =0, H'(0) = tap—a,—1 and |H(z)| < M for |z| = t. Therefore,
it follows by Lemma [2| that for |z| < ¢,

M|z| M|z| + t*|ta, — an_1]|
2 M+ |ta, — an_1]lz|

|H(2)] <
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Using this in ([2]), we obtain for |z| <,

M|z| M|z| + t3|tay, — ap_1|

G Z|an| —
|G (2)] >|an] 2 M+ |ta, — an_1]|7|

=Mz 4 P tan, — an—1|(|an] — M)|z| + |an|t* M
t2(M + |ta, — an—1]|2]) '

From the equality G(z) = 0, we find

2 = Eltan = anal(fan] = M) & (Fftan — ana(an| — M)" + 4M%a,|t2)?
Z| = .
2M2

That is, G(z) > 0 if

t?|tan — ana|(Jan| — M) — (t4|tan — an1*(Jan] — M) + 4M3|an|t2)1/2
2M?
t|ta, — an_1|(|lan] — M) + (t*|ta, — an_1*(|an| — M)? + 4M3|a,|t?)
= e

< 2]

1/2

In the obtained inequality, the left-hand term is clearly negative, and thus,
G(z) > 0if

12| < Cltan = ansl(lanl = M) + (t*ltan = an-a*(fan] = M) + AMP|a,[t2)"?
z
2M?
= rfl.

This shows that all the zeros of F'(2) lie in the region defined by

2| < max (rq,t7"). (3)
From , we have

[F'(2)] = laolt = T(2) (4)
where

T(’Z) = —agz + tCL#Z‘u =+ Z (taj _ @j—1)2j _ CLnZn—H,
J=p+1



6 A. KUMAR, Z. MANZOOR AND B. A. ZARGAR
Now, for |z| = t, we can write

IT(2)] < Jaolt + lau|t" ™ + ) [ta; — aj-a]t? + |ant™

J=p+1
k n
= ’CLO|t + |aﬂ|t“+1 + Z |t(lj — aj,1|tj + Z |t(lj — aj,1|tj + |an]t"+1
J=p+1 j=k+1
k
= laolt + |a, [t + > ((Jaj-1| — tlaj]) cos o+ (t|aj] + |a;-1]) sina) #
J=p+1

+ 3 ((tagl = laj1]) cos o+ (tlag| + |a;_1]) sina) £ + |a, [¢"
Jj=k+1
= laglt + (1 + sina + cos @) (Ja,[t*T + |a,[t" ™) — 2 cos a|a [tF
n—1
+ 2sina Z |a; [t/
J=p+1

- Ml-

Clearly T'(0) = 0, T'(0) = —ay, and T'(z) < M, for |z| = t. Therefore, it
follows by Lemma [2]

M|2|(Mi 2] + t]ao)

T(z)] <
| ( )| o t2(M1+t’CL0HZD

Using this in (4], we get

M| z| (M) 2] + 2|ag))
t2(My + tlaol|z])

(M |2]* = (£|ao| — My)t|aol|z| — Mi|aolt®) .

[F'(2)] = Jaolt —

—1
(M + tla|z])

Since F'(z) = 0 for

(Jaolt> — My)e[ao| % ((Jaolt® — My)2t*ac|? + 4|ao| MFE3)'/?
2 !

2| =
we conclude that F'(z) > 0 if
(laolt> — M)t|ao| — ((Jaolt® — My)2t*ao|? + 4|ao| MFE3)"/?
2M?

< (Jao|t? — My)t2|ao| + ((|aolt? — My)?t*|ag|® + 4|ag| MPt3)'/?
NG :

< 2]
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or, equivalently, if

(lao|t* = My)#*|ao| + {(Jaot* — My)*t*|ag|* + 4|a| M{t*}'/?
IE:

2| <

= T9.

This shows that all the zeros of F'(z), and hence, of the polynomial P(z) lie
in the region defined by
|z| > min(ry, t). (5)

Combining and , the desired result follows. [J
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