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Integral Representation of One Class of

Entire Functions

R. V. Khats’

Abstract. In this paper, we study an integral representation of
one class of entire functions. Conditions for the existence of this
representation in terms of certain solutions of some differential
equations are found. We obtain asymptotic estimates of entire
functions from the considered class of functions. We also give
examples of entire functions from this class.
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Introduction

Let Lp(X) be the space of all measurable functions f : X → C on a mea-
surable set X ⊆ R with the norm

‖f‖pLp(X) :=

∫
X

|f(x)|p dx, 1 ≤ p < +∞.

An entire function G is said to be of exponential type σ ∈ [0; +∞)
( [3, p. 4], [14, p. 12]) if for any ε > 0, there exists a constant c(ε) such that

|G(z)| ≤ c(ε) exp((σ + ε)|z|)

for all z ∈ C.
Denote by PW 2

σ the set of all entire functions of exponential type σ whose
narrowing on R belongs to the space L2(R), and by PW 2

σ,+ denote the class
of even entire functions from PW 2

σ . According to the Paley-Wiener theorem
(see, for example, [3, p. 69], [5, p. 4263], [14, p. 13]), the class PW 2

σ coincides
with the class of functions G admitting the representation

G(z) =

∫ σ

−σ
eitzg(t) dt, g ∈ L2(−σ;σ),
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and the class PW 2
σ,+ consists of the functions G representable in the form

G(z) =

∫ σ

0

cos(tz)g(t) dt, g ∈ L2(0;σ).

Moreover, ‖g‖L2(0;σ) =
√

2/π‖G‖L2(0;+∞) and

g(t) =
2

π

∫ +∞

0

G(z) cos(tz) dz.

The problem of integral representations of various classes of entire func-
tions has been studied in many papers (see, for instance, [1, 3–12, 14]). In

particular, in [7] (see also [8–12]), it was described the class Ê of entire
functions G which can be presented in the form

G(z) =

∫ 1

0

(cos(tz) + tz sin(tz))g(t) dt, g ∈ L2(0; 1).

Denote by E the class of even entire functions of exponential type σ ≤ 1

for which w−2(G(w)−G(0)) belongs to L1(R), z
+∞∫
z

w−2G(w) dw belongs to

L2(0; +∞), and
+∞∫
−∞

w−2(G(w)−G(0)) dw = 0.

Theorem A. ( [7, p. 11]) The following conditions are equivalent:

1) G ∈ Ê;
2) G ∈ E;
3) on (0; +∞), the equation f(z)− zf ′(z) = G(z) has a solution f = F

belonging to PW 2
1,+;

4) G is an even entire function, and G̃(z) := G(z) − z
z∫
0

w−1G′(w) dw

belongs to the space PW 2
1,+;

5) G is an even entire function of exponential type σ ≤ 1, w−2(G(w) −

G(0)) belongs to L1(R), z
+∞∫
z

w−2G(w) dw belongs to L2(0; +∞), and G(z) =

G1(z) +G1(−z), where G1 is an entire function satisfying |G1(z)| ≤ c1(1 +
|z|)/
√

1 + Im z, c1 > 0, Im z ≥ 0.

The aim of the present paper is to give a description of the class Ẽ of
entire functions Q which can be presented in the form

Q(z) =

∫ 1

0

(−z2t2 cos(tz)+3tz sin(tz)+3 cos(tz))g(t) dt, g ∈ L2(0; 1). (1)

Such a class Ẽ arises in the investigation of some boundary-value problems
( [11], [12]), whose singularity lies in the fact that the set of their canonical
eigenfunctions can be overflowed. We obtain an analog of Theorem A for
this class of functions. This result is contained in Theorems 1–3. Close
assertions can be found in [4], [6].
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1 Main results

Our principal results are the following statements.

Theorem 1 An entire function Q has the representation (1) if and only if
the differential equation

− zf ′(z) + 3f(z) = Q(z) (2)

has a solution f = G belonging to E.

Proof. Necessity. Let Q have the representation (1) and

G(z) =

∫ 1

0

(cos(tz) + tz sin(tz))g(t) dt, g ∈ L2(0; 1).

By Theorem A, we have G ∈ E and

−zG′(z)+3G(z) =

∫ 1

0

(−z2t2 cos(tz)+3tz sin(tz)+3 cos(tz))g(t) dt = Q(z).

Therefore, the necessity has been proved.
Sufficiency. If f = G is the indicated solution to the differential equation

(2), then according to Theorem A, we have

f(z) =

∫ 1

0

(cos(tz) + tz sin(tz))g(t) dt, g ∈ L2(0; 1).

Hence,

Q(z) = −zf ′(z) + 3f(z) =

∫ 1

0

(−z2t2 cos(tz) + 3tz sin(tz) + 3 cos(tz))g(t) dt.

Theorem 1 is proved. �

Remark 1 Let

Jν(z) =
∞∑
k=0

(−1)k(z/2)ν+2k

k!Γ(ν + k + 1)

be a Bessel function of the first kind of index ν ∈ R, where Γ is the gamma
function. Since (see [13, p. 55])

z2
√
tzJ−5/2(tz) =

√
2

π

−z2t2 cos(tz) + 3tz sin(tz) + 3 cos(tz)

t2
,

we obtain that the function Q ∈ Ẽ can be represented in the form

Q(z) =

√
π

2

∫ 1

0

z2t2
√
tzJ−5/2(tz)g(t) dt, g ∈ L2(0; 1).
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Example 1 Let α := 4(−π + 2)/π3. The function

Q(z) =z
(1− α(z2 − π2/4))(z2 − π2/4) sin z + 2z cos z

(z2 − π2/4)2

+3
cos z

z2 − π2/4
(1− α(z2 − π2/4))

belongs to Ẽ with

g(t) =
1

t2π3

(
8− 8 cos

(π
2
t
)
− 4πt sin

(π
2
t
))

.

Indeed, the function

f(z) =
cos z

z2 − π2/4
(1− α(z2 − π2/4))

belongs to Ê (see [7, Example 2, p. 13]) and is a solution to the equation
(2), because

f ′(z) =
−(z2 − π2/4)(1− α(z2 − π2/4)) sin z − 2z cos z

(z2 − π2/4)2
.

Therefore, according to Theorems A and 1, the function Q admits represen-
tation (1).

Theorem 2 An entire function Q has the representation (1) if and only if
the differential equation

z2f ′′(z)− 3zf ′(z) + 3f(z) = Q(z) (3)

has a solution f = F belonging to PW 2
1,+. In this case, the function

z−1(z−1Q′(z))′ also belongs to the space PW 2
1,+ and g can be found by one

of the following formulas

g(t) =
2

π

∫ +∞

0

F (z) cos(tz) dz, (4)

g(t) =
2

πt4

∫ +∞

0

1

z

(
Q′(z)

z

)′
cos(tz) dz. (5)

Proof. Necessity. Let the function Q can be presented in the form (1) and

F (z) =

∫ 1

0

cos(tz)g(t) dt, g ∈ L2(0; 1). (6)

Then

Q′(z) =

∫ 1

0

(z2t3 sin(tz) + t2z cos(tz))g(t) dt, g ∈ L2(0; 1), Q′(0) = 0,
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Q′(z)

z
=

∫ 1

0

(zt3 sin(tz) + t2 cos(tz))g(t) dt,

1

z

(
Q′(z)

z

)′
=

∫ 1

0

t4 cos(tz)g(t) dt. (7)

Due to the Paley-Wiener theorem, the functions F (z) and z−1(z−1Q′(z))′

belong to PW 2
1,+. Moreover,

F ′(z) = −
∫ 1

0

t sin(tz)g(t) dt, F ′′(z) = −
∫ 1

0

t2 cos(tz)g(t) dt,

and

z2F ′′(z)− 3zF ′(z) + 3F (z)

=

∫ 1

0

(−z2t2 cos(tz) + 3tz sin(tz) + 3 cos(tz))g(t) dt = Q(z).

Therefore, the necessity has been proved.
Sufficiency. Let the equation (3) has a solution f = F belonging to

PW 2
1,+. Then in accordance with the Paley-Wiener theorem,

f(z) =

∫ 1

0

cos(tz)g(t) dt, g ∈ L2(0; 1).

Hence,

Q(z) = z2f ′′(z)− 3zf ′(z) + 3f(z)

=

∫ 1

0

(−z2t2 cos(tz) + 3tz sin(tz) + 3 cos(tz))g(t) dt,

and we obtain representation (1). Formulas (4) and (5) follow from the equal-
ities (6) and (7) and the formula for the inverse Fourier cosine-transformation.
Theorem 2 is proved. �

Example 2 The function Q(z) = 2z4 cos z does not belong to Ẽ. In fact,
for this function Q the differential equation (3) has a solution F (z) = C1z+
C2z

3 − 2z2 cos z + 2z sin z. But there are no constants C1 and C2 for which
the function F belongs to PW 2

1,+. Indeed, F is an even entire function only
if C1 = C2 = 0, and in this case, the function G(z) = −2z2 cos z + 2z sin z
does not belong to W 2

1,+ since G /∈ L2(R). Hence, the equation (3) with
Q(z) = 2z4 cos z has no solution belonging to PW 2

1,+. Thus, according to
Theorem 2, the function Q cannot be represented in the form (1).

Remark 2 Theorems 1 and 2 give a description of functions Q, for which
differential equations (2) and (3) have solutions in the corresponding spaces.
Similar problems are considered in many investigations (see, for example, [2]).
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Theorem 3 Let an entire function Q ∈ Ẽ be defined by the formula (1).
Then

|Q(z)| ≤ c3
e| Im z|√

1 + | Im z|
(1 + |z|)2, z ∈ C, c3 > 0,

and Q is an even entire function of exponential type σ ≤ 1. Moreover,
w−4Q(w) belongs to L1(1; +∞), and Q(z) = Q1(z) + Q1(−z) where Q1 is
an entire function satisfying

|Q1(z)| ≤ c4
(1 + |z|)2√

1 + Im z
, Im z ≥ 0, c4 > 0.

Proof. Indeed, let Q ∈ Ẽ and Q(z) := F1(z) + F2(z) + F3(z) where

F1(z) = −z2
∫ 1

0

t2 cos(tz)g(t) dt, F2(z) = 3z

∫ 1

0

t sin(tz)g(t) dt,

F3(z) = 3

∫ 1

0

cos(tz)g(t) dt, g ∈ L2(0; 1).

Due to the Paley-Wiener theorem, the functions F1(z)/z2, F2(z)/z and F3(z)
belong to the space PW 2

1 , and

F3(z) = 3

∫ 1

0

eitz

2
g(t) dt+ 3

∫ 1

0

e−itz

2
g(t) dt, g ∈ L2(0; 1).

A simple estimate with the use of the Schwarz inequality shows that

|Q(z)| ≤ c3
e| Im z|√

1 + | Im z|
(1 + |z|)2, z ∈ C, c3 > 0.

Hence, Q is an even entire function of exponential type σ ≤ 1. Further,∫ +∞

x

∣∣∣∣Q(w)

w2

∣∣∣∣2 dw
≤ 3

∫ +∞

x

(∣∣∣∣F1(w)

w2

∣∣∣∣2 +

∣∣∣∣F2(w)

w2

∣∣∣∣2 +

∣∣∣∣F3(w)

w2

∣∣∣∣2) dw < +∞,

and from the Schwarz inequality we obtain∣∣∣∣∫ +∞

x

Q(w)

w4
dw

∣∣∣∣ ≤ 1

x
√

3x

(∫ +∞

x

∣∣∣∣Q(w)

w2

∣∣∣∣2 dw
)1/2

< +∞, x ∈ (0; +∞).

Therefore, w−4Q(w) belongs to L1(1; +∞). Furthermore, Q(z) = Q1(z) +
Q2(z), where

Q1(z) :=

∫ 1

0

(
−z2t2 e

itz

2
+ 3zt

eitz

2i
+ 3

eitz

2

)
g(t) dt,
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Q2(z) :=

∫ 1

0

(
−z2t2 e

−itz

2
− 3zt

e−itz

2i
+ 3

e−itz

2

)
g(t) dt.

Here Q2(z) = Q1(−z), and using Schwarz inequality, we get

|Q1(z)| ≤3

2
(1 + |z|)2‖g‖L2(0;1)

(∫ 1

0

e−2ty dt

)1/2

=
3

2
(1 + |z|)2‖g‖L2(0;1)

(
1− e−2y

2y

)1/2

≤ c4
(1 + |z|)2√

1 + Im z

for z = x+ iy and y ≥ 0, where c4 > 0. Theorem 3 is proved. �

Corollary 1 If a function Q belongs to Ẽ, then∫ +∞

x

∣∣∣∣Q(w)

w2

∣∣∣∣2 dw < +∞,
∫ +∞

x

|Q(w)|
w4

dw < +∞

for each x ∈ (0; +∞), and∣∣∣∣∫ +∞

x

Q(w)

w4
dw

∣∣∣∣ = o

(
1

x
√
x

)
as x→ +∞.

2 Conclusions

The paper is devoted to the study of an integral representation of the class
Ẽ of entire functions. The conditions for this representation in terms of the
existence of certain solutions of some differential equations are found (see

Theorems 1 and 2). Asymptotic estimates of entire functions Q ∈ Ẽ are
obtained (see Theorem 3). The corresponding examples are given. Those
results can be used for the investigation of completeness and minimality of
the trigonometric system {−t2ρ2k cos(tρk)+3tρk sin(tρk)+3 cos(tρk) : k ∈ N}
in the space L2(0; 1), where (ρk)k∈N is a sequence of distinct nonzero complex
numbers.
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