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Weighted integral representations of
harmonic functions in the unit disc by means
of Mittag-LefHler type kernels
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Abstract. For weighted LP-classes of functions harmonic in the
unit disc, we obtain a family of weighted integral representations
with weight function of the type |w|** - (1 — |w|??)?.
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1 Introduction

It is well-known that the Cauchy integral formula has numerous applications
in complex analysis. This formula makes it possible to reproduce values of
holomorphic functions inside of a domain by integration of function along
the boundary of the domain. First results are contained in [I, 2], where
the values of holomorphic functions inside of a domain were obtained by
integration of functions over the whole domain. In [3], 4] for the weighted
spaces HP(a) (1 < p < oo, > —1) of functions f holomorphic in the unit
disc D and satisfying the condition

/wﬂOVﬂ—KVVWMv<+%% ¢ =u+iv,
D

the following result was established:

Theorem 1. Each function f € HP(«) has the integral representation

_atl (OO, L

_ / g dudv €D, (1)
o a1 [ RO [
f(0) = - /D (1 0y dudv, z e D. (2)
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These representations had numerous applications in the theory of fac-
torization of meromorphic functions in the unit disc (see [3| 4] as well as
[5]).

Assume that 0 < p < +00,p > 0, > —1,v > —1. Denote by LQM(]D))
the set of all complex-valued measurable functions f(¢),( € D, for which

ap'y / |f |p |C|2p)a|§|2ﬂ{dm<<) < +00.

Also we will use the following notations:

H?, (D) = {f € H(D): M2, (f) < +0},

apv ,pyy

B2 py(D) = {f € h(D) : M2, (f) < +o0},

a,p, 7 0,7
where H (D) and h(ID) are the sets of all holomorphic and harmonic functions
in D, respectively.

The spaces above were introduced in [6]. Moreover, for these spaces an
analogue of representations and were written out by means of special
reproducing kernels adapted to new weight functions (see [6] and [7]):

1
Let p > 0, Reff > —1,Rep > —1 and u = ﬂ Then put
0

< T(u+ ,8 Fl4k)
Sops(21C) = G o) gt 3)

k:0 )

where z € D and ¢ € D.

The main properties of the kernel Sz, (2, () can be summarized in the
following theorem (see [6], [7]).

Theorem 2. 1. For all z € D and ¢ € D, the series Sg,,(2,() is abso-
lutely convergent.

2. ForallzeD and ¢ €D,

const(f, p, ¢)

|Sﬂ,p,¢(2,f)\ < (1— ’Z|)2+Reﬁ'

3. 8 pp(2,C) can be majorated by a positive convergent series uniformly
mz € K CD and ( € D, where K is a compact set.

4. For a fized ¢ € D, S is holomorphic in z € D. For a fized z €D, S is

antiholomorphic in ¢ € D and continuous in ¢ € D.
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5. ForallzeD and ¢ €D,

(e o]

S.pe(2,C) = 5 .y / ‘tt“wE tﬂZC; u) dt,
0
where E,( - ; p) is the well-known Mittag-Leffler type entire function.
Moreover, the function under the sign of the integral is majorated by a
positive integrable function uniformly in z € K C D and ¢ € D, where
K 1is a compact set.

The corresponding generalization of and is formulated as follows
(see [6], [7]):

Theorem 3. Assume that 1 < p < +o00,p > 0,a > —1,v > —1, complex
numbers 5 and p are satisfying the conditions

Ref > a, Rep > 7,
when p =1 and the conditions

a+1 v+1

Ref > —1, Rep>-———1,
p

when p > 1, and put p = (¢ +1)/p. Then each function f € D) has

the followmg representation.:

— [[ HOSspslz. O = [PV Podm(). 2 €D,

apw(

and

= [[T@8a002.0 (1= 1) Poam(c), =€

In the present paper, we prove an analogous result of the theorem above
for harmonic functions from the corresponding weighted LP-spaces in the
unit disc D.

2 Necessary Estimates
First of all, we intend to strengthen some assertions of the Theorem

1 _
Y .eD,ceD

Theorem 4. Assume p > 0, Refs > —1, Rep > —1, u =
and the kernel Sg, ,(2,() is defined by . If

—1<a; < Ref < ap < 400, |[ImpB| < A < 400,
—1 < b < Rep < by < +00, [Imp| < B < 400
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and ¢ € D, |z| < X\ < 1, then the expression of Sgpe can be uniformly
majorated by the convergent series

const(ay, az, A, by, ba, B, p) Z (k+ 1))k, (4)
k=0
Moreover,
const(ay, ag, A,b1, by, B,p) _ const(ay,aq, A, by, ba, B, p)
S < < .
S OLS T R ST (@

(5)

Proof. According to Stirling formula (see, for example, [8], pp. 158-159)
there exist numbers a, b, 0 < a < b < +00, such that

T(s+ R)
— RR@;H—R—l/Q . B_R S b (6)

uniformly in p € K € {g € C: Repr > 0} and 0 < § < R < +o0o. Hence, in

view of @,

p IN(u+ 5 +1)

S
[Ss.00(2, )l = \r(ﬁ+ 1)||T ()]
IT°( u—i—ﬂ—i- + )‘
W|F6+1|Z ] 24T

< const(ay, az, A, by, by, B, p)
k) Reu—i—Reﬁ-ﬁ-H—%—% k

+ const(ay, az, A, by, be, B, p Z ( ReptE_1
k=1 <_> L
p

+ const(ay, az, A, by, be, B, p) Z RO 2[RI
k=1
< const(ay, az, A, by, be, B, p)

= const(ay,as, A, by, be, B, p)

+ const(ay, ag, A, by, be, B, p) Z A P Te L
k=1

From here follows. As to , it directly follows from the estimation

JReBHL ['(k + Ref + 2)
['(ReB +2)T(k+1)
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and binomial expansion

1 = T
er(k—+s)-x’“-

[]

Corollary. For a fized z € D and ( € D, the kernel S5 pp(2,C) is holomor-
phic in B and ¢ with Ref > —1 and Rep > —1.

Theorem 5. Assume that 1 < p < o0, p > 0, a > —1,v > —1 and

fel?, (D). Then there exists a positive function d(¢) € L*(D) such that

[FOQ =) Ic**Sppe(2, O < (), CED,

uniformly in z € K € D and in B and ¢ satisfying the conditions

a=a < Reff <ap, |[ImB| < A,

v=0b < Rep < by, [Imp|<B,

when p =1 and the conditions

1
ot —1< a3 <Reff <ay, |ImB|<A,
p
1
Y i <b < Rep<by |Imy|<B
p

when p > 1.

Proof. Note that under the assumptions of the theorem, [Sg,,(z,¢)| <
const(ay, ag, A, by, by, B, p, K) < 400, ¢ € D (see (5))). If p =1, then

[F(Q) - (1= [C[*)% - ¢ - S (2, Q)] < comst-| F(O)]- (1= || [2Res
< const - |f(O] - (1= [¢P¥)* - [¢* = &(C) € L} (D),
while for p > 1 we can write
[F(C) - (L= 1CP?)7 - 1P - S pe(2,€)
< const - | F(O)] - (1= [¢) 7 - [P
< const - |F(Q)] - (1 = [¢[*)™ - ¢
= const - [[(O)] - (1= [C*)% - [¢[ 7 - (1= [¢[*)" 5 - [P 7 = @(Q).

It remains to show that ¢(¢) € L'(D). We have
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1/p

[ #0m(c) < const- / FQOPQ = [CP2)¢>dm(C)

D
1/q

( Jfa- <2p>q<“13><2q@13>dm<<>) ,

and the convergence of the second integral follows from the conditions of the
theorem. O]

3 Weighted integral representations for the
main classes of holomorphic and harmonic
functions

Theorem 6. Assumel < p <oo,p>0,a>—1,v> —1, compler numbers
B and ¢ are satisfying the conditions

Reﬁ > a, Regp > Y, (7)
when p =1 and the conditions

! !
O 4 Reps1to_ g (8)
P

Ref3 >

1
when p > 1, and put p = & Let f =u+ive HY , .

Then the following

integral representations hold: for all z € D

f(z) =iv(0)+

pT(u+pB8+1) 2 2
[ (28000(2:0) ~ £ty ) (L= Y IPdm(@) )

and

u(z) =

S0 (Snle:60 4 Sa0l6.2) = EEEEETI) (i I Pam©)

(10)
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Proof. First of all, note that

pL(p+B+1)
T8+ 1 (p)’

Further, due to Corollary 1, the expressions under the signs of the inte-
grals are holomorphic in g and ¢, Ref > —1, Rep > —1 for fixed z and
¢. Hence, according to Theorem [5] for a fixed z € D, the right-hand side of
@D and are also holomorphic in § and ¢ when (or , depending
on p) is satisfied. Thus, in view of the uniqueness theorem for holomorphic
functions in two complex variables, we can additionally suppose (without
loss of generality) that § and ¢ are real. According to [7, Theorem 4.2],

S8,00(0,C) = Sppp(2,0) = zeD, ¢eD. (11

:/]f«wmwuxxr—m%wMWmmo> ceD,  (12)

and

— [[TOSp0el:0) (L= 1¢) (CPoam(@), zeD. (13

Summation of and yields

70 = [ [ 2000850l O = [P PlePoamc). (1)

According to and ,

//f gilﬁJr( ))5(1_ <) |¢[*dm(¢), =€ D.

Hence,

// G B PP ieam(), zeD. (1)

Combination of and immediately gives @
Further, taking the real parts in we get

/V ) Sir(2:6) + S, 2)) (1 = [EPPIGdm(c) = (0).

(16)
The formulas and together establish . O]
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Theorem 7. Assumel < p<oo,p>0,a>—1,v> —1, compler numbers
B and ¢ are satisfying the conditions

Reff > a, Rep > 7,
when p =1 and the conditions

a+1 v+1

Ref > —1, Rep>-———1,
p

when p > 1, and put p= (p +1)/p. For each u € h?
tion holds.

(D), the representa-

a,pyy

Proof. Repeating the argument from the proof of Theorem [f], we can assume
additionally, that g € R, € R and 3 > 0.

Since v is a harmonic function, there exists a holomorphic function f in D
such that u = Ref in . Fix an arbitrary zy € D and denote f,.(¢) = f(r().
Obviously, f. € H? (D). As u(r¢) = Ref(r(), from ((10) we obtain

a,pyy

u(rzg) = 4/ u(rq) (Sﬁmm(zib C) + 5p.p0(C 20) = g%)

(1= [¢*)?[¢[*dm (<)
= [0 (8500 (20) 8000 (39) = S )

I¢l<r
(1_|d%)ﬂKP¢mn@>

r2p r2e r2

Zéyu@MAO<&mwG%C>+&Mw(i%> L

(1_|d%)ﬁmvwmn@>:1%

r2p r2e r2

where x,(¢) is the characteristic function of the disc {¢ : |(| < r} and I,
stands for the right-most integral in the expression above. Assume also that
0 <rg <r <1 for some ryg. We intend to let » 1 1 in the both sides of

u(r - zo) = 1. (17)

As a result, at the left-hand side of we will obtain wu(zg), while the right
hand-side of will coincide with the one in for z = zg.

Hence, it remains to show that such passage of the limit is legitimate.
To do so, we will use the Lebesgue dominated convergence theorem. Using
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and the assumption 8 > 0, for the expression under the sign of integral
I,., we obtain

u(O)x () (sﬁ,p,w ( g) + S50 (Q) -7 % )

AN GRS
r2p r2e 2
u(C)| 5 const pT(n+5+1)
< —r295+2¢+2‘XT(<>’(r2p —|¢P")P|¢* ((1 P ;F(ﬁ + 1)1“(”))

const

< WIU(OM = [CI*)7IC* = constu(Q)I(1 — [¢]*)°I¢]** = v(C).

We want to show that ¢(¢) € L'(D), which is equivalent to show that
lu(O)|(1 = [¢]**)P|¢|* € LY(D). For p =1, we have

(O = [¢*)7IC12 < Jul(QI(L = [¢*)[¢ " € LH(D).
If p > 1, using Holder inequality, we get

J 1@ = ey icpsantc)

D
= [ W01 = 1gPy 3 6o 1 = o) ¢ F im0
D

1/p

< / / Q)P (L — [C) ¢ dm(C)

1/q

/ / (1 — [¢e)e5=5) ¢ 2o dm(0)

The convergence of the last integral follows from the conditions of the the-
oremnl. 0

Remark. In [9/-[13], one can find various interesting results relating to the
weighted integral representations of harmonic functions.
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