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Abstract. In this paper, we study the implicit and inertial-type
viscosity approximation method for approximating a solution to
the hierarchical variational inequality problem. Under some mild
conditions on the parameters, we prove that the sequence gener-
ated by the proposed methods converges strongly to a solution
of the above-mentioned problem in g-uniformly smooth Banach
spaces. The results obtained in this paper generalize and improve
many recent results in this direction.
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1 Introduction

Let E be a real Banach space and K be a nonempty, closed and convex
subset of E. We denote by J,,1 < ¢ < oo the generalized duality mapping
from E to 2" (E* is the dual space of E) defined by

Jo=A{f" € Bz, f7) = Il lf*l| = [2l|""'}, = € B,

where (., .) denotes the duality pairing between element of E and that of E*.
If ¢ = 2, J5 simply denoted by J, is called the normal duality mapping. The
space E is said to have weakly (sequentially) continuous duality map if J, is
singled valued and (sequentially) continuous. It is known (see, for example,
132]) that J,(z) = ||z||*2J(z) if x # 0, and if E* is strictly convex then .J,
is single valued. Also all ¢, spaces, (1 < p < oco) have weakly sequentially
continuous duality mappings.

Let T : D(T) C E — FE be a nonlinear mapping, where D(7") denotes
the domain of T. A point z € D(T) is called a fixed point of T"if Tz = x.
The set of fixed points of T" is denoted by F(T') := {x € E : Tz = x}. The
mapping 7' is said to be
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(i) accretive if for all x,y € D(T'), there exists j, (v —y) € Jy(x —y) such
that

(Tx — Ty, jy(x —y)) >0; (1)

(ii) n-strongly accretive if for all z,y € D(T'), there exists
Jo(x —y) € J(x —y) and n € (0,1) such that

(T =Ty, jo(x —y)) = nllz — yl|% (2)
(iii) w-Lipschitzian, if for some k > 0,
[Tz = Ty|| < kllz —yll, 2,y € D).

If kK € (0,1), then T is a contraction mapping, while 7" is called non-
expansive if kK = 1.

In a Hilbert space H, accretive mapping is called monotone mapping,
while inequalities and holds by replacing j, with identity map on H.

Let A : K — E be a nonlinear mapping. The variational inequality
problem defined on K and A is the following problem:

Find u € K such that (Au, j,(v —u)) > 0 for any v € K. (3)

We denote the solution set of variational inequality problem by VI(K, A).
The variational inequality problem (VIP) (3)) was first introduced by Stam-
pacchia [24] and have been used as a strong methodology in studying broad
range of problems in both science and applied science (see, for example,
[4, [0 10, 13, 17, 23, 29 B34, 35, B36] and references therein). In particu-
lar, viscosity approximation techniques have shown to be an efficient and
implementable iterative method to an find approximate solution to VIPs.

In 2006, Marino and Xu [I8] used concept of viscosity method intro-
duced by Moudafi [I9] to study the following general iterative method for
approximating fixed points of nonexpansive mapping in a real Hilbert space:

Tny1 = anyf(zn) + (1 — an,A)T2,, n >0, (4)

where A is a strongly positive mapping, f is contraction on nonempty closed
and convex subset C' of a Hilbert space H and T is a nonexpansive mapping.
Under some appropriate conditions on {a,}, they proved that the sequence
{z,} generated by converges strongly to a unique solution z* € F(T') of
the variational inequality

<<A—’7f)£17*,$—$*> >0, xe F(T)7

which is optimality condition for the minimization problem

1
Iznelél §<AZL‘, I’> - h(m))

where h is a potential function for ~f.
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On the other hand, Yamada [33] introduced the following hybrid iteration
process for approximating solutions of the variational inequality:

o1 = Txy, — pur,G(Txy,), n >0, (5)

where G is k-Lipschitzian and n-strongly monotone operator with x > 0, n >
0, 0 < o < 2n/k%. Under some appropriate conditions on {\,}, the sequence
{z,} generated by converges strongly to a unique solution z* € F(T') of
the variational inequality

(Ga*,x —x*) >0, z € F(T).

By combining and , Tian [20] introduced the following general
viscosity method for approximating fixed point of nonexpansive mapping in
real Hilbert spaces:

Tny1 = Y f(2n) + (1 — po,G) T, n >0, (6)

where G is a k-Lipschitzian and n-strongly monotone operator, f is a con-
traction on C' and T is a nonexpansive mapping. He proved that @ con-
verges strongly to a unique solution z* € F(T') of the variational inequality

<(MG—’7f)ZE*,JI—ZE*> ZO, .TGF(T),

in the frame work of a real Hilbert space.

On the other hand, Moudafi and Mainge [20] introduced the following
hirarchical fixed point problem (HFPP) for a nonexpansive mapping 7" with
respect to a nonexpansive mapping S on C":

Find z € F(T') such that (z — Sz,z —y) < 0 for any y € F(T).

In 2011, Ceng et al. [3] generalized the iterative method (6]) of Tian [20]
by replacing the contraction mapping f with Lipschitzian mapping U. They
studied the following iterative method:

Tpt1 = PologpyU(zy,) + (I — apuG)Tx,), n >0, (7)

where Pg is a metric projection onto C' and T is a nonexpansive mapping,
and proved that the sequence {x,} generated by converges strongly to a
unique solution of the variational inequality

Wang and Xu [2§] introduced the following iterative method to solve

HFPP
Tn1 = PolagpyU(z,) + (I — appuG)Ty,], n €N,
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where S and T are nonexpansive mappings on C, while U and G are L;-
Lipschitzian and Ls—Lipschitzian, n—strongly monotone mappings, respec-
tively. Under some assumptions on the parameters, they proved that the
sequence {x,} generated by @D converges strongly to the hierarchical fixed
point of T" with respect to the mapping S which is a unique solution to the
variational inequality .

In 2017, supposing that the operator GG is n—inverse strongly monotone,
Tian and Jiang [27] studied zero points of inverse strongly monotone map-
ping and fixed points of nonexpansive mapping in Hilbert space using the
following method:

T = (1 — pG)((1 — o)y + o Txy,), n >0, (10)

where T is a nonexpansive mapping. Under some conditions on the param-
eters {u\,}, {an}, they proved that the sequence {z,} generated by
converges weakly to a point w € T' := F(T) N G0, where G710 is zero
point of G and w = lim Prx,, which is also a special point in VI(F(T), Q).

n—oo
Furthermore, to speed up convergence rate of algorithms, Polyak [21]

studied the heavy ball method, an inertial extrapolation process for mini-
mizing a smooth convex function. Since then, many authors have introduced
this technique in different methods for solving variational inequality prob-
lems (see, for example, [1l, 2] B, B, [6] for more details).

Recently, Tan and Li [25] introduced inertial Mann algorithms to find
solutions to HFPP of nonexpansive mappings in a real Hilbert space as

follows:
Wy, = Tp + Op (2 — 20 1),
Yn = BuSwy, + (1 — B)wn, (11)
Topr1 = anf(zn) + (1 — )Ty, n €N,
where S and 7' are nonexpansive mappings on C' and f is a contraction
mapping. Under some assumptions on the parameters, they proved that the
sequence {x,} generated by converges strongly to the hierarchical fixed
point u of T" with respect to nonexpansive mapping S, where v = Pp(p) f(u).

The following question naturally arises: Can the results of Ceng et al.
[8], Wang and Xu [28], Tian and Jiang [27] and Tan and Li [25] be extended
from Hilbert spaces to Banach spaces?

Motivated and inspired by ongoing research in this direction, our purpose
in this study is to provide an affirmative answer to the question mentioned
above by introducing an inertial-type viscosity approximation method for
solving hierarchical variational inequality problem in g—uniformly smooth
Banach spaces. Under suitable conditions on the parameters, we prove a
strong convergence theorem for our proposed methods for solving some vari-
ational inequality problems. Our result extends and generalizes the results
of Ceng et al. [§], Wang and Xu [28], Tian and Jiang [27] and Tan and
Li [25].
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2 Preliminaries

Let K be a nonempty, closed, convex and bounded subset of a Banach space
E and let the diameter of K be defined by d(K) := sup{||x —y|| : z,y € K}.
For each z € K, let r(z,K) := sup{|jlz — y|| : y € K} and let r(K) :=
inf{r(z, K) : x € K} denote the Chebyshev radius of K relative to itself.
The normal structure coefficient N(E) of E (introduced in 1980 by Bynum
[7]; see also Lim [14] and references therein) is defined by

d(K)

r(K)

where infimum is taken over all closed convex and bounded subsets K of
with d(K) > 0. A space E such that N(E) > 1 is said to have uniform
normal structure . It is known that every space with a uniform normal
structure is reflexive, and that all uniformly convex and uniformly smooth
Banach spaces have uniform normal structure (see, e.g., [11} [15]). Let E be

a normed space with dimFE > 2. The modulus of smoothness of E is the
function pg : [0,00) — [0; 00) defined by

N(E) := inf

o+ yll+lle =9l

pitr) i sup { 1L ell = llll =7 .

The space E is called uniformly smooth if and only if lirn+ pe(t)/t = 0.
t—0

For some positive constant ¢ € E, E is called g- uniformly smooth if there
exists a constant ¢ > 0 such that pg(t) < ct9, t > 0. It is well known
that if F is smooth, then the duality mapping is singled-valued, and if F is
uniformly smooth (see, e.g., [L1} [15]), then the duality mapping is norm-to-
norm uniformly continuous on bounded subset of E.

Lemma 1 [T1] Let E be a real normed space. Then
[l +yll* < ll2ll* + 2{y, (= + y))
for all z,y € E and for all j(x +y) € J(z +y).

Lemma 2 (Xu [31]) Let E be a real q-uniformly smooth Banach space for
some q > 1. Then there exists a positive constant d, such that

[z +yll* < [lzl1 + q(y, Jo(@)) + dgllyl|*
for any x,y € E and j, € Jy(x).

Lemma 3 (Xu [30]) Let {a,} be a sequence of nonegative real numbers
satisfying the following relation:

an+1 S (1 - an>an + ApOp _'_ ’Vm n Z 0

where, (i) {a,} C [0,1], > a, = oo; (i) limsupo, < 0; (iii) v, > 0,n >
0, > vn <o0o. Then a, — 0 as n — oo.
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Lemma 4 (Lim and Xu [12]) Suppose E is a Banach space with uniform
normal structure, K is a nonempty bounded subset of E, and T : K — K
is uniformly k— Lipschitzian mapping with k < (E)Y2. Suppose also that
there exists a nonempty bounded closed and convex subset C' of K with the
following property:

z € C implies wy,(x) C C,

where wy,(x) is the w—Ilimit set of T at x, i.e.,

wy(z) ={y € £ :y=weak —imT™x for some n; — oo}.
J

Then T has a fized point in C.

Lemma 5 (Jung [16]) Let K be a nonempty, closed and convex subset of
a reflexive Banach space E which satisfies Opial’s condition, and suppose
T : K — E is nonexpansive. Then I — T 1is demiclosed at zero, i.e., x, —
x, Tn — Tx, — 0 implies that v = T'x.

The following lemma can easily be proven by simplifying the left side of
, and, therefore, we omit the proof.

Lemma 6 Let E be a real Banach space, U : E — E be a vy-Lipschitzian
mapping with constant v > 0 and F : E — FE be k-Lipschitzian and n-
strongly accretive operator with k > 0, n € (0,1). Then (uF — pU) is
strongly accretive with coefficient (un — py). That is, for p € (0, un/v),

(F = pU)x — (uF — pU)y, j(x —y) > (un — py)||lz — yl|*, =,y € E. (12)

Let p be a linear continuous functional on [*° and let @ = (a1, aq,---) €
[*. We will sometimes write p,(a,) in place of the value u(a). A linear
continuous functional p such that ||p|| = 1 = p(1) and p,(an) = pn(ans1)
for every a = (ay,as---) € I is called a Banach limit. 1t is known that if
1 is a Banach limit, then

liminf a, < p(a,) <limsupa,
n—00 n—0o0

for every a = (a1, as,---) € [ (see, for example, [111 [12]).

3 Main Results

We start with the following lemma.
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Lemma 7 Let ¢ > 0 be a fired number and E be real g—uniformly smooth
Banach space with constant d,. Let T, S : E — E be a nonexpansive map-
pings such that F(T) # 0. LetU : E — E be a y— Lipschitzian mapping with
coefficient v > 0 and F : E — E be an n—strongly accretive mapping which

is also k—Lipschizian. Assume p € <0,min{1,(qn)/(dqﬁq)l/(qfl)w and

T = ,u(n— (u(q_l)dqﬁq)/q) foreacht, s € (0,1) with B <t and p € (0,7/7),
and define a map T, : E — F by

Tix = tpU(x) + (1 — tpF)T[BS(x) + (1 — p)z], x € E.
Then for any x,y € E,
| Thr — Thyl| < [1 = t(r = p)]llz = yll,
which means that T} is a contraction mapping.

Proof. Without loss of generality, we may assume that n < 1/q, since
w < (qn/(d,s9))Y@=D. Then 0 < gn — pd=td,x? < 1. Also, since u < 1 and
t € (0,1), we have 0 < tu(qn — pa=td,k) < 1.

For each t € (0,1), define a map K; : E — E by

K= (1 —tuF)Tx, z € E.

Then for any z,y € E, we get

|Kww — Kyyl|* = ||(1 = tpF)Ta — (1 — tuF)Ty|l
= [|[(Tz = Ty) — tp(F(Tx) — F(Ty))||
< Tz = Ty||* — qtu(F(Tx) — F(Ty), jo(Tx — Ty))
1 ptdy|| T — Tyl
< [ = tplan — 77 7 0y ||| — |
i tkid
< [1—qtplqn — T”)] ||z — yl|?
i tkid
< [t =tulgn — ———)]" ||z — yl|

= (A —t7)fz —yl["
Letting V3 := 85 + (1 — ), we obtain

| K (Vax) — Ki(Vay)l| < | Ki[BSz + (1 = B)x] — Ki[BSy + (1 — B)yl|
< (1 —tr)[Bl|Sz — Syl + (1 = B)||z — yl]
<(

L —t7)[|lz = yl|.
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Thus,

|1 Tew — Thy||

[tp(Uz — Uy) + (Ki(Vsz) — Ki(Vsy))||
tol|lUz — Uyl| + || Ky (Vsx) — Ki(Vay)|
tpyllz —yl| + (1 —t7)|]z — yl|

[1—t(r — p)]llz = yll,

IN A

and it follows that T is a contraction mapping with coefficient 1 — ¢(7 — p)
in (0,1). Therefore, by Banach contraction mapping principle, there exists
a unique fixed point x; of T} in £ such that

xy = tpU(xy) + (1 — tuF)T[BS(xy) + (1 — )yl (13)
0J

Theorem 1 Let E,U,T,S and F be defined as in Lemma@ and let {x; }re(0,)
be defined by (L3)). Then {z;} converges strongly to p € F(T) which is a
unique solution of the variational inequality

((uF = pU)p, j(p — x)) <0, xe€ F(T). (14)

Proof. By Lemma |§|, (uF — pU) is strongly accretive, hence variational
inequality has a unique solution in F(T'). For z* € F(T) and § < t, we
have

|ze —2*|| = |[tpU(xe) + (1 = tuF)T[BSx, + (1 = B)z] — 27|
= ||tp[U(z:) = U(x")] + t[pU(z") — pF'(z")]

+(1 = tpuF)T[BSz + (1 = B)y] — (1 — tuF)z™||

toyl|e — (| + t]|pU (27) — pF'(z")|]

+(1 = 7t)[Bl|Sz* — 2*|| + [ — 2*|]

(1 —t(r — py)l|z: — "]

+t[||pU(2") — pF ()| + [|Sz* — z7|]].

IN

IN

Thus,

[l — 27| <

P— [pU (") = uF (@) + [|S2™ — 2*]]].

Therefore, {z;} is bounded, and this implies that {S(z;)}, {T'(x;)}, {F(Tx)}
and {U(z;)} are also bounded. Furthermore, from (13 we get

|0 = T[] < t[|pU () = pFBS(20) + (1 = Bl + Bl Sy — x| = 0(15)

ast— 0, 8 — 0.
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Next, let {t,} be a sequence in (0,1) such that {z;,} satisfies (13)). To
simplify notations, we will write {x,} instead of {z; }. Let ¢ : E — R be a
map defined by

8(z) = palln — 2|12, x € E.
Then ¢(x) — oo as ||z]| — o0, ¢ is continuous and convex. Since F is
reflexive, there exists x* € E such that ¢(z*) = min,cp ¢(u). Hence,

K :={reE:¢x)= gleljglqﬁ(u)} # 0.

Now let x € K* and v := w — lim;T™ x. Note that ¢ is lower semi-
continuous and convex, and lim ||z, —7'z,|| = 0 implies lim ||z, —T"z,|| =
n—oo n—oo

0 for any m > 1. Then by induction we have
¢(v) = liminf ¢(T™ z,,) < limsup ¢(T™x)
J—o0 m—00

= lim sup(pin ||z, — T™2|[*)

m—00

= lim sup(piy| |7, — Tz + T™x,, — T™x||?)

m—r 00

< lim sup(pin ||z, — 2|?) = o(z)

= min ¢(u).

uelr

Thus, v € K*. By Lemma [d T has a fixed point in K*, and, therefore,
K*NF(T)# 0. Let p e K*NF(T), then it follows that ¢(p) < ¢(p—e(pU —
wF)p), and using Lemma , we get

||z —p+e(uF—pU)p||* < l|n—p| P —2¢((uF —pU)p, j(xn—p+e(uF —pU)p))

which implies

pn((PU — pE)p, j(zn — p) + €(uf” — pU)p) < 0.

Moreover,

il (pU — uF)p, j(zn — p))
= pn{(pU — pF)p, j(xp — p) = j(@n — p + e(uF — pU)p))
+un((pU — pF)p, j(xn — p+ e(uF — pU)p))
< pal(pU = uF)p, j(xn — p) = j(xn — p + €(uF — pU)p)).

Since j is norm-to-norm uniformly continuous on bounded subsets of E, we
obtain

i ((pU — pnF)p, j(xn — p)) < 0. (16)
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Also, by , we have

||z — plI?
= (twpU(zn) + (1 = t,uF)T[BS(20) + (1 = Bn)n] — p, j(2n — p))
tn(pU(p) — pF(p), j(@n — p)) + tn{pU(xn) — pU(p), j(2n — p))
(

(L = tapF)T[BnS (wn) + (1 = Bun)] — (1 — tupF)p, j(zn — p))
< to((pU = pF)p, j(2n = p)) + tupy||zn — pl|®

+(1 = 7tn)[[|lzn — pl + Bul|Sp = pl[]||20 — pl|
< ta((pU — pF)p, j(wn —p)) + [1 = tulr — py)]ll2n — pl|?

2 15p — i + [l — )
< tul(pU — pF)p, j(xn — p))

2 1 ;
(1= RO Uy i By — e, = il
and thus,

o[ —pl[2 < Mn(Z((pU—uF)p,j(xn]— p)>>Jr n(ﬁn_HSp—pHHxn —pl\)

2(r —pF) -1 tn  [2(7—py) — 1]
Combining with condition that lim £, /t, = 0, we obtain p,||x, —p|| —
n—oo

0 as n — oo. Thus, there exists a subsequence {z,, } of {x,} which converges
strongly to p € F(T') as k — 0.

Further we show that p € F(T') is a unique solution to the variational
inequality problem ((14). Indeed, for any fixed y € F(T), since {z,} is
bounded, there exists a positive constant ) such that ||z, — y|| < Q. Then

|20 — yl|?

= < nPU (@) + (1 = tapu ) T[B,S(wn) + (1 = Bu)n] — v, j(Tn — )

= to(pU(zn) — pU(p) + pF (p) — pF(Txy), j(x0) — p, 5 (20 — p))
+1,(pU (p) — pF (p), j (20 — y)) + tapl F(T2y) — F(Tyn), j(xn — y))
HTyn — 4, j(Tn — y))

<ty + pe)|lp — wal|l|zn — yl| + ta((pU — pF)p, j (20 — y))
o pbl| T — ynll||2n = Yl + 1Ty — ylll|2n — yl|
< tulpy + pr)llp — xalll|2n — yl| + tal(pU — nF)p, j(xn — y))
B[S — T[T — yl| + Bul|ST0 — ||z — yl| + |2 — yl|*.
Therefore,

(WE = pU)p, j(xn —y)) < (py + pk)||z, — p||Q

Ot 1)~ i (07)
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Since j is norm-to-norm uniformly continuous on bounded subsets of F,
and {z,,} — p as k — oo, taking limit as ny — oo in (17)), we obtain

((uF' = pU)p,j(p—y)) <0, ye F(T).

Hence, p is a unique solution of variational inequality . Now assume that
there exists another subsequence of {z,}, say {z,, }, such that klim Ty, =
—00

p*. Then, using (15), we have p* € F(T). Repeating the above arguments
with p replaced with p*, we can easily obtain that p* also is a solution of
the variational inequality problem ([14). By uniqueness of the solution of
variational inequality problem, we obtain that p = p*, and this completes
the proof. [

Next, we introduce an inertial-type viscosity approximation method for
solving the hierarchical variational inequality problem. We begin with the
following assumptions.

Assumptions 1 Let E be a Banach space. Let sequences {a, }, {8} C (0,1),
{6,} C [0,00), {6,,} C[0,1) be such that

(A1) >0 0, < 00 with §, = o(ay,);

(A2) nh_)rglo a, =0 and ) " |, = 00;

(43) Tim fufan = 0

(A4) Tim (1/a)lanss — aal = 0 and T (1) Buss — Bul = 0.

(A5) Let xg, 1 € E be arbitrary points. For the iterates x,—1 and x,, n > 1,
choose 0,, such that 0 < 6,, < 6,, where

min{0, 6, /||xn — xn_1l|},  if Tp # x0a,
0, otherwise.

Remark 1 From , for all n > 1 with x,, # x,_1, we have

On
O, < —m—.
[0 — Zna
Hence,
On, On
—|zp — || < — =0 as n— 0. (19)
« o'

n n
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Theorem 2 Let E be a real g-uniformly smooth Banach space with weakly
sequentially continuous duality map. Let T,S : E — E be nonexpansive
mappings with F(T) # 0, F be an n—strongly accretive operator which is
also k— Lipschitzian, and U : E — E be v— Lipschitzian mapping with v > 0.
Let p, p and T be as in Lemma [Tl Suppose Assumptions [1] holds, and for
any points xg,x1 € E, define a sequence {x,}>2, in E by

Wy = Ty + en(xn - $n,1);
Tnr1 = appU(x,) + (I — appuF)Ty,, n > 1.

Then {x,}2, converges strongly to x* € F(T) which solves the variational
inequality

((pU — pF)a™, j(y —27)) <0, y € F(T). (21)

Proof. By Theorem , the variational inequality have a unique solution
x* in F(T). Assuming f,, < a,, from (20)), we get

lwp — 2| = ||zn — 2" + Op(2n — Tp1)l|
< lzn = 27| 4 Onllzn — zol|
)
= ||mn_m*||+ana_n||xn_xn—1||7 (22)

n

since the sequence {Qn Jan ||z, — xn_1||} converges (see (19)). Then there

exists a positive constant M such that for all n > 1, we have

0
— |z — 2] < M.
Q

n

It follows from that
[wy, — || < ||z — 27| + @M
and

Banwn - JZ*H + (1 - Bn)Hwn - "E*H

Pl |Swn = S| + Bul[Sz* — 27[[ + (1 = Bu)|lwn — 7]
|lwn — 2%[| + Bnl|Sz™ — 27| (23)
||zn — 2*|| + || Sz — =*|| + a,, M. (24)

||yn_x*||

VAN VAN VAR VAN
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Thus, from and , we obtain

|21 — 2™l = NawpU(zn) + (I — anpF )Ty, — ||
|l (pU (20) — pF2") + (I = cnpuF) Ty — (I — conpuF) 2|

< onlpU(2") = pF (27)]| + ompy|lzn — 27|

+(1 = man)||yn — 27|
< anl|pU (") — pF (27| + anpy|lan — 27|

+(1 = 7om)[on||Sz" — 27| + [[an — 27[| + on M]
< [1—an(r = py)ll|lzn — 27|

pU — puF)z*|| + ||Sa* — a*|| + M
vanr— gy MU= BE) | 18—+ M,
T—py
U— ukF)z* Sx* —x*||+ M
B TR . X S ES A
T =pY

Hence, by induction for all n > 1,

. . U—pF)x*|| +||Sz* —z*||+ M
o — 27| < max {flay — 2 i, 1l = pF)a]l + | I 3
T—py

Therefore, the sequence {z,}> , is bounded and so are {y,}, {w,}, {T'z,},
{Ty.}, {F(Tz,)}, {F(Ty,)} and {U(z,)}. Also, from and , we

have

Hwn - wnle = Hxn — Tp—1+ en(xn - 33”,1) + enfl(xnfl - xn72)H
S ||xn_xn—1||+0n||mn_xn—1||
_'_enfl’lxnfl - xnf2|’- (25)

Thus, by and , we get

|| Bn (Swy, — Swp—1) + (B, — Bn-1)Swn_1

+(Bn-1 — Bn)wn—1|

[lwn = wna]| + 180 = Bua|(I1Swna]| + wn-l])

Hx” - $n—1|’|5n - 6n—1|<||swn_1|| + ||wn_1||)

+0n| [y — Zn || + O || Tn1 — Tna]|. (26)

|y — Yn-1ll

IA A

Letting sup,,>, { M, ||Swn_1|], [|wp—1]|, || F(Tyn-1)||} < M, for some M; > 0,



14

G. C. UGWUNNADI

from and , we obtain

Zn1 — 2al| = [lanp(U(zn) — U(zn-1)) + plan — an1)U(2n-1)

<

(I — anpu )Ty, — (I = anpu B )Ty 1 + p(an — an 1) F(TYn-1)l|
[1 - an<7 - pﬁ)/)]”xn - xnle + Han - anfly + ’Bn - anll]Ml

+0n||$n - xn—l” + 0n—1||xn—1 - xn—?”
[ — an(T = pY)llzn — Znal| + anl(r — p7)
n — “Yn— n — Mn— M
[l el = Bl
Qp Qn (7= pv)

enfl
Oy,

0
(e = zacall + Tl = @),
On

Applying Lemma [3in with (A2), (A4) and (19), we get

lim ||z,41 — 2,|| = 0.
n—o0

Furthermore, since lim o, =0 and lim £, = 0, we obtain
n—roo

||xn

n—o0

— Tal| < |l = sl + [nss — Tl

(27)

= Hxn - xn+1|’ + HO‘n(pan - ,UFTyn> + Ty — Txn”
< |zn = T || + anl[pUxy — pF Ty, || + [Ty, — T,
< Hxn - $n+1|| + O‘n”Pan - ,UFTynH + Hyn - wn”

<|[n = znya|| + anl|pUzn — aFTy,||
+ Bul|Sw, — wy|| = 0 as n — .

(28)

Since {z,} is bounded in E, there exists a subsequence {z,, } of {z, } such
that x,, — z as k — oo for some z € E. Using and the demiclosedness
property of T at zero, we obtain z € F(T). Since j is weakly sequentially
continuous, we obtain

limsup((pU — puF)z*, j(z, — x*)) = ]}LIEO«PU — pF)x", j(n,

n—o0

— "))

= ((pU = pF)a”, j(z = x%)) < 0. (29)

Combining and , we obtain

limsup((pU — pF)a”, j(@nss —a°)) < 0.

n—oo

(30)
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Finally, let us show that x,, — z*. From , and , we obtain

|2ns1 — 277 = (anpU (23) + (I = uptF) Ty, j(Tni1 — 7))
= (({ —anpuF)Tyn — (I — anuF)a", j(zn1 — 2%))
+onp(U(an) — U(z7), j(2n41 — 27))
t+an((pU — pF)z”, j(wn41 — 7))
(L — anpuF)Tyn — (I — cppu )z |||z 1 — 2]
+onp||U(zn) = U (@) |Jzns — 27|
+an((pU — pF)z", j(zni1 — 7))
(1 = anT)llyn — z¢/[|lzns1 — 2™ + anpllzn — 27[|||2n1 — 27|
Fon((pU — pF)x”, j(xn1 — 27))

[1 = an(r = py)llln = 2*||[l2n2 — 27|

IN

IN

IN

+an(l = ann)llans = 2| (Z211S2" =27l + lan — ol

o ((pU — pF )", j(xni1 — 27))
2 _
(1 . an(T p7> )Hmn . LL'*||2
1+ an(7 = py)

IN

200, (T — p) <Bn 0,,
+1+%<7_m>!|x 11— | anH Tt —x H+%H:U T 1]]
. 2au,

1+ an(7 = pY)

Therefore,

((PU = pF)a”, j(@ng1 — a7)).

|znr = 2| < (1 =) [Jzn — 2" + 00, (31)
where ¥, := [2a,(7 — p7)]/[1 + an (T — p7)], and
A (((pU — uB)at, j(en — 7))
T—py
Bn

* * en
M| 2|82 = ||+ e = 2acall]),
Qp Qp

with Ms > sup,,>; ||#n1 — 2*||. Thus, applying Lemma (3|in (31) and using
(A3), and , we obtain z, — x* as n — oo, and this completes the
proof. []

We have the following corollaries.

Corollary 1 Let E=/{, (1 <p < 00), let {x,} be generated by xo, 21 € E,
and

Wy = Ty + en(xn - xn—l);
Yn = ﬁnswn + (1 - 6n)wn;
Tpi1 = appU(zy) + (I — anuF)Ty,, n > 1.
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If Assumptians hold, {x,}> | converges strongly to x* € F(T') which solves
the variational inequality

({((pU — pF)z*,y —2*) <0, ye F(T). (32)

Corollary 2 (Tan and Li [25]) Let E = H be a real Hilbert space and {x,}
be generated by xo,x1 € E and

Wy = Ty + en(xn - xnfl);
Tpa1 = appU(xy,) + (I — auuF)Ty,, n > 1.

If Assumption holds, then {x,}>2 | converges strongly to «* € F(T) which
solves the variational inequality .

Corollary 3 (Wang and Xu [28]) Let E = H be a real Hilbert space, let
{z,} be generated by x1 € E and

Tpi1 = appU(z,) + (I — anuF)Ty,, n > 1.

If Assumptions|[1] hold, then {x,}52, converges strongly to x* € F(T) which
solves the variational inequality .

Corollary 4 (Ceng et al. [8]) Let E = H be a real Hilbert space, let {x,}
be generated by r1 € E and

Tp1 = appU(z,) + (I — apuF)Tx,, n>1.

If Assumptions[1] hold, then {x,}52, converges strongly to x* € F(T) which
solves the variational inequality .
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