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On the Convergence of the Quasi-Periodic
Approximations on a Finite Interval
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Abstract. We investigate the convergence of the quasi-periodic
approximations in different frameworks and reveal exact asymp-
totic estimates of the corresponding errors. The estimates fa-
cilitate a fair comparison of the quasi-periodic approximations
to other classical well-known approaches. We consider a special
realization of the approximations by the inverse of the Vander-
monde matrix, which makes it possible to prove the existence
of the corresponding implementations, derive explicit formulas
and explore convergence properties. We also show the applica-
tion of polynomial corrections for the convergence acceleration
of the quasi-periodic approximations. Numerical experiments re-
veal the auto-correction phenomenon related to the polynomial
corrections so that utilization of approximate derivatives surpris-
ingly results in better convergence compared to the expansions
with the exact ones.
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Introduction

We continue investigations of the reconstruction problem of a smooth but
non-periodic function f on [—1,1] by the finite number of its Fourier coeffi-
cients

1t :
fn = 5/1 f(x)e ™ dx, |n| < N. (1)

It is well known that the solution of the problem by the truncated Fourier
series or trigonometric interpolation via corresponding Fourier coefficients
is ineffective for non-periodic functions due to slow pointwise convergence
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on (—1,1) and the Gibbs phenomenon at the endpoints (see [1-5]). The
degraded convergence may imply an impression that the accurate recon-
struction of f from the knowledge of the coefficients is impossible. However,
many authors proved the opposite by showing that the spectral informa-
tion is sufficient even for non-periodic functions. There is ample literature
devoted to the resolution of the Gibbs phenomenon and convergence ac-
celerations. It is impossible to summarize such a great amount of work.
Individual articles include [6-56]. We will follow only the ideas related to
the current paper.

An efficient approach to convergence acceleration by subtracting a poly-
nomial representing the discontinuities (jumps) in the function and its deriva-
tives was suggested by Krylov [57] (see also [58]). Lanczos [59] independently
developed the same approach by introducing the basic system of 2-periodic
Bernoulli polynomials. We will refer to this approach as the Krylov-Lanczos
method. Jones and Hardy [60] and Lyness [61] considered convergence ac-
celeration of trigonometric interpolations by the polynomial subtraction (see
also [62,63]).

The key problem in the Krylov-Lanczos method is approximation of the
jumps. In the case of interpolations, as the pointwise values of the function
are known, the finite difference formulas can be applied for approximation
of the derivatives in jumps. Approaches resembling this approach have been
attempted in a series of papers [59,61,64-66]. However, the approximation of
jumps via finite differences is not recommended due to numerical instability
(see for example [61]). Even in the case of a uniform grid, finite difference
approximations are notoriously unreliable. Moreover, in many applications,
the pointwise values are not explicitly available.

The first attempt towards a more robust approach was initiated in [67/-
73|. The general approach was established by Eckhoff in a series of pa-
pers [74-{76], showing that coeflicients contain sufficient information to re-
construct the jump-values. We will refer to this approach as the Eckhoff
method, where the fundamental aspect is the approximation of the jumps
by the solution of a linear system of equations. A similar idea was used
in the Richardson extrapolation process |77]. Investigations and generaliza-
tions of the Krylov-Lanczos and the Eckhoff methods see also in [78-89].
Polynomial corrections applied to trigonometric expansions for the approxi-
mation/interpolation of the piecewise-smooth functions completely eliminate
the Gibbs phenomenon and accelerate convergence both away from the sin-
gularities and on the entire interval. The main difficulty of its realization
is the detection of singularities and the approximation of the corresponding
jumps.

Another approach that does not eliminate the Gibbs phenomenon but
mitigates its impacts utilizes expansions with trigonometric functions whose
periods are larger than the lengths of approximation or interpolation in-
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tervals. The idea of such expansions was introduced in [90]. It considered
trigonometric interpolation of a function f on [—1, 1] for the following basis-
functions

2N

ITnoT < N —
o}, Il S N, 0=

—0,1,2, ...,
and for the grid =), € [—1, 1],
k
T — N, ’]{7| S N,

that includes the endpoints of the interval. All basis functions have the
period 2/0, which tends to 2 (the length of the interval of interpolation) as
N tends to infinity.

That is why those expansions were called as quasi-periodic (QP-) inter-
polations. Let us introduce the idea of [90] in more details (see also [91]).
Consider a new function g(t) defined on [—o, o] by the following change of
variable

o) = f (f) — fla), ze[-11], t€[-0,0], t = o

This implies interpolation of g(¢) on the grid

2k

—— k| < N.
2N+m+r|‘—

tk = 0Xf =
Thus, the QP-interpolation actually interpolates ¢(t) on the grid t; and is
exact for e |n| < N. It is important to note that for m > 0, the 2-periodic
extension of the grid t; to the real line is non-uniform. This non-uniformity
should be one of the main reasons of better convergence properties of the
QP-interpolation compared to the classical trigonometric interpolation that
uses uniform grids.

Papers [91-95] investigated the pointwise convergence of the QP-inter-
polation and its convergence in the Lo-norm. The application of polynomial
corrections to the QP-interpolation was considered in [95] for complete elim-
ination of the Gibbs phenomenon and additional convergence acceleration.
Similar ideas were applied to the truncated Fourier series in [96]. The cor-
responding expansions were named as QP-approximations. The main idea
was the extension of a function f from the interval [—1,1] onto the larger
interval [—1/0,1/0] and its approximation via truncated Fourier series with
quasi-periodic basis-functions. The main problem in the realization of the
idea is the determination of the coefficients on the extended interval, where
the function f was unknown. Paper [96] described three algorithms A, B,
and C that differently solved the problem. Moreover, it showed how the
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required coefficients could be approximated via classical Fourier coefficients
known for the interval [—1, 1].

The main goal of the current paper is the investigation of the conver-
gence of Algorithm C. The main benefit of the algorithm is its explicit re-
alization that allows us to perform theoretical investigations regarding the
existence of the solution and convergence properties. Further, we show how
the polynomial correction method can be applied for additional convergence
acceleration.

Approximations with non-periodic basis functions were also considered
in [97199]. However, they were essentially different by using the classical
Fourier coefficients on [—1, 1] rather than the Fourier quasi-periodic coeffi-
cients on the extended interval.

Another approach that utilized non-periodic basis functions was intro-
duced in [100,(101]. Here, the truncated Fourier series by the following
modified trigonometric system was considered

H={cosmnz:n € Z,}U{sinm(n—3)z:neN}, ze|[-1,1].

It was originally proposed by [102] without investigation of its properties.
System # is an orthonormal basis of Ly[—1,1] as it consists of the eigen-
functions of the Sturm-Liouville operator

L =—d/dz? 2)

with Neumann boundary conditions f’(1) = f’(—1) = 0. The corresponding
univariate and multivariate approximations were thoroughly investigated in
a series of papers [103-106]. Some of the basis functions sin(n—3)z are non-
periodic on [—1,1]. The rest of the basis functions cos mnx are 2-periodic.
The non-periodicity implies some slight improvements in convergence com-
pared to the classical Fourier series on [—1, 1]. However, the convergence rate
of the modified Fourier approximation remains relatively slow. If N is the
truncation parameter, the uniform error is O(N ') on [—1,1] and O(N~?)
away from the endpoints. Better convergence results were achieved only
via application of polynomial corrections [107,108] or rational trigonometric
functions |[109-111]. Interpolations by the modified trigonometric system
were considered in [112]. Similarly, the convergence rate compared to the
classical trigonometric interpolation was improved. Overall, without addi-
tional convergence acceleration, the expansions via modified trigonometric
system have worse convergence compared to the QP-approximations and in-
terpolations. One of our future works will be application of the ideas of the
quasi-periodic expansions to the modified trigonometric system.

The idea of non-periodic approximations or interpolations is not new.
Many authors considered similar ideas of approximation on extended do-
mains [—7T,T], T > 1. Thus, they sought an approximation Fy(f) to f
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from the set

1 TN
Gy = span{p, : [n| < N}, ou(z) = \/ﬁe’ﬂ- (3)

Papers [113-115] proposed to compute Fi(f) as the best approximation to
f on [—1,1] in a least squares sense (named as continuous extension):

En(f) = argmingegy || f — o, (4)

where || - || is the standard norm on Ly(—1,1). In [115-117] it was shown
that this approach leads to geometrically fast approximations for analytic
functions. Regarding parameter 7', those papers recommended 7" = 2 as the
best choice, and also

T = % (arctan ((etol)JV))_l (5)

for oscillatory functions, where e;,; << 1. The latest resembles some similar-
ity to our approach as parameter 1/0 = T also tends to 1 as N — oo. How-
ever, the constructions are essentially different from the QP-approximations
by solving different linear systems of equations and utilizing different frame-
works for optimality. One of our future works will be devoted to the con-
vergence analysis of analytical functions and comparison with those known
results. Another important topic should be stability analysis of the QP-
approximations and comparison with the stabilities of known methods.

More general problem was considered in [118|/119] dealing with the recon-
struction of piecewise-smooth functions on a finite interval via Fourier data.
This is the most general approach, where the points of discontinuities with
the corresponding jumps are unknown. Similar problem with combination
of the QP-approximations will be considered elsewhere. In the current pa-
per, we explore the simplest case with a discontinuity point at the endpoints
of the interval (the case of non-periodic function), where the only problem
is the determination of the corresponding jumps according to the ideas of
Eckhoff.

The paper is organized as follows. Section (1| introduces QP-approxi-
mations and specifically Algorithm C. Section [2] proves some preliminary re-
sults. Section |3|explores the pointwise convergence away from the endpoints
and at © = +1. Section [4] deals with Ly-convergence on the entire interval.
In both cases, we derive exact asymptotic estimates for the corresponding er-
rors. Section [5 considers convergence acceleration of the QP-approximations
via polynomial corrections. It also studies the methods of approximation of
function derivatives at the endpoints of the interval. It shows that appli-
cation of approximate derivatives improves the convergence properties com-
pared to the expansions that use the exact values of the derivatives. This
improvement is known as auto-correction phenomenon which was previously
detected and explained for polynomial corrections applied to trigonometric
approximations and interpolations [86},87].
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1 Quasiperiodic Approximations

Let a function f be defined on [—1,1]. The main idea of the QP-approxi-
mations [96] is the extension of f from [—1,1] onto the larger interval
[—1/0,1/0] and the application of the truncated Fourier series with the
quasi-periodic basis functions

N
SN,m(fa :U) = Z Fn,meiﬂnaxa T e [_17 1]7
n=—N

where X
E,m= g /G f*(z)e ™" dx, (6)

’ 2 /) 1
and f* stands for the extension of f. Note that m = —1 corresponds to the

truncated Fourier series of f on the interval [—1, 1]. It is essential to observe
that ¢ in Equation @ depends on N and m. It means that the coefficients
F, . not only depend on m but also on N. For different values of N, the
entire set of coefficients {F), ,,}2__ should be recomputed.

Calculation of the coefficients F,, ,, requires the knowledge of f* outside
of [-1,1]. We put

fleft(x)a VIS [_ia _1) )
f*($): f(l’), x € [_171]7
Frign(), =€ (1,1],

and split the coefficients @ into three terms

o [} . o g :
Fan = 5 [, Jen® 5+ [ ) 7
_1 1

where
o (1 -
fn,m:_/ ft)e ™ot dt.
2/,

We see that the main problem of the realization of the QP-approximations
is the calculation of the first and the third integrals in the right-hand side
of as functions fis; and frign: are unknown.

Paper [96] considered three different approaches (Algorithms A, B and C)
for the extensions. Algorithm A defines fi.;; and fygn: explicitly as a linear
combination of some ”supporting” functions with unknown coefficients and
considers a system of linear equations for their determination. Algorithms B
and C perform implicit extension and approximate the mentioned integrals
in (7)) via some quadrature formulae. The unknown values of the left and
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right extensions on the corresponding grids of the quadratures can be found
as a solution to a system of linear equations. Algorithm B applies Gaussian
quadrature and Algorithm C uses the simplest rectangular quadrature.
Let us explain Algorithm C in more details. Let
=1 J L
CE = +W+4N j=0,...,m

be the grid of the rectangular quadrature on [1,1/0], and

1

—J=0,...
2N7j ) , TN

’LUj:

be the corresponding weights. The application of the rectangular rule to the
first and the third integrals in the right-hand side of implies

ol & o - «
= S anr left wrnaac] + fnm 5 Z Mght —zwnaxj' (8)
22N p= 22 =
Denoting
le * righ a *
¢ ft(f) 9 2Nfleft( ) C; 7 t(f) = Eﬁfright(fﬂj),

we rewrite () as follows

— Z céeft(f)eiwnaw; + fn,m + Z C}‘ight(f)e—iﬁnam;‘ (9)

=0 =0
Paper [96] proposed determination of unknowns {clef ¢ T, and {cmght o
from the following system of linear equations

Fom =0, n|=N—-—m,...,N. (10)

We hoped that would assure a smooth and periodic continuation outside
of [—1, 1] resulting in accelerated convergence of the corresponding truncated
Fourier series on the extended interval.

Throughout the paper, we only consider Algorithm C as it allows us
to solve explicitly the system ([10) through the inverse of a Vandermonde
matrix. Let us derive it (see also [96]). For £ =0, ..., m, we have

im(N—0)(@N+k+3)

im(N—£)(2N+k+3)
E Cl eft, IN+mA1 + E ”ght - INFmA1 = _foZ,m;

in(N—€) (2N +k+ % T(N—0)(2N+k+3)

E Cf:fte T aNtmtl _|_ E mght P E— — _f—N+€,m-
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After changing the summation orders in the first sums, we get

2m§+:1 feft OGN ) Z right PO 0EN )
62m+1 ke T 2N+m+1 —+ IN+m+1 — _fN—E,m,
k=m+1
2Zm+1 et NOCN ) Z right TN OCN kD)
62m+1 k,e 2N+m+1 —+ 2N+m+1 — _f—N—i-é,m-
k=m+1
Denoting
right o  left -
ck=c¢, , k=0,...om, cx =cy 1, k=m+1,....2m+1,

we rewrite the previous system as follows

2m+1 ) 1
_in(N=0Ok in(N-O(2N+3)

E Cpe 2NFm+l = —e~ 2ZN+m+l fN*f,Tﬂ) (=0,....,m

k=0 (11)
2 1

O vene  _mvonened)

E cpe2NTmil = —¢ 2N+m+1 f—N—i—Z,ma (=0,...,m,

k=0

with unknowns {c; }2" " and with the following Vandermonde matrix

in(N—Ok

Vip = e 2N+mit | (=0,....m; k=0,...,2m+ 1,

(12)
im(N—L+m41)k

Vig=e 28tmit — f=m+1,....2m+1;k=0,...,2m+ 1.

The solution of can be derived explicitly through the inverse of the
Vandermonde matrix . Let

_an(N—k) im(N—k)
Qp = e 2N+m+l 3 = e2NFmFlL (13)

The standard technique for the calculation of the inverse (see details in [81]
for a similar problem) implies

4 k i
. (Y
Vk:él - Z]_O & mZ )
§+1H(04e —8) [ [ (e — )
i=0 i=0

i£0

(=0,....m; k=0,...,2m+1,

& .
vl ijo ViBo—m—1
kl4 — m m )
5:111_1 H (Be—m—1 = Bi) | | (Be-m—1 — )
i=0 i=0
i#l—m—1

l=m+1,....2m+1; k=0,...,2m+ 1,
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where 7; are the coefficients of the following polynomial

2m—+2

H T — oy H r—0;) = Z ijj.
i=0 i=0 =0

Now, we get the following explicit form of the coefficients F,, ,, in the terms
of the inverse {V '}

2m—+1

i7rn(2N+k+%)
F ™= fn’m — E e 2N+m+1

k=0
im(N— Z)(2N+ )
E Vk o€ NPT N om

in(N—£)(2N+1)

+ka:ﬁl+m+1ei ANHmA f—N+€,m> : (14)
£=0

Algorithm C has several benefits. First and foremost, it provides the
existence and uniqueness of the solution to the corresponding system of linear
equations (see ) Second, practical solution can be achieved also by using
the well-known Bjork-Pereyra algorithm [120] for the solution to systems
with Vandermonde matrices. This O((2m + 2)?) algorithm has a number of
beneficial properties. In particular, under certain mild hypotheses [121], the
magnitude of the numerical errors depends only on the machine precision
used, and is independent of condition numbers of matrices. However, for the
theoretical purposes, we will use the explicit solution.

2 Preliminaries

We consider some preliminary statements and lemmas for the main theo-
rems.

Consider a sequence of complex numbers {y;}>° ___ and denote
:g = {yS gi—oo'
Let
50(A) = Yns
0h(9) = On i (§) + 28571 (5) + 0,1 (9), p > 1,
and

A?L(Q) = Yn,
AP(§) = AP (G) + AP (5), p > 1.

n
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It is easy to verify that
o) = A (0),
and

Consequently,

Lemma 1 [91] Let

U = {(_1) @21\71157154-1} ’ B cR.

S§=—00

Then, for any n, the following estimate holds as N — oo

R —1)™(7B)* infn _
() = (Q(N +) n(z +)1)2p€”+’”“ +O (N7,

Lemma 2 Let

( ) 62N+m+1 n?é
n)Jtt J=0, feR,

~ (in
By(j) =0,

and
’{}J = {Bn(])}fzo:—oo

Then, the following estimate holds for [n| > N as N — oo

~ (—1)”+p iThn o0 Ws 7t(_z',ﬂ_/@)t o B
on (vj) = —————€2N+m+1 Z 0 P - + O (n 7 2N 2p+1> :

Proof. We have

b (_1)%% " /p (_1)%—%
An(“j)ZWz k) By
k= (1=3)

_ (et rei\_ (g
~ (imn)itt prtz (t—=7)N2N+m+1)"n"

mBn 0 .

(—1) e2N+m+1 (,upt(—zﬂ'ﬁ)t g

= . ’ O (ni"2N—P+1).
(imrn)i+L ; AN +m+ 1) (n )

Relation 02 (9;) = A

mip(0;) completes the proof. [J
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Denote by AC[—1,1] the set of all absolutely continuous functions on
[_17 1]'

Lemma 3 Let f(9%) ¢ AC[—1,1] for some q,v > 0 and
(1) = FO(1) =0, k=0,....q—1

Then, for any N, the following estimate holds as n — oo

q+v
1 n
SPSVERTTEELA N S (S S

where
f(j)(l)em(m—i-l)a: _ f(j)(_l)e—iw(m+1):c

(2imz)it!

pjm(f ) = (16)

Proof. The proof is straightforward by means of integration by parts. [J

The next lemma uses two-point Taylor expansions.

Theorem 1 [122] Let f(z) be an analytic function on an open set Q C
C and z1,z9 € Q with z; # z. Then, f(z) admits the two-point Taylor
eTpansion

f(z) =) lan(z1,22)(2 — 21) + an(22, 21) (2 — 22)] (2 — 21)" (2 — 22)"

+ry(z1, 22;2), (17)

where the coefficients a,(z1, z2) and an(z2,z1) are given by Cauchy integral

_ 1 f(w)dw
an(21,22) = /c (18)

27mi(29 — 21) Jo (w— 21)"(w — 2z9)" 7t

The remainder term ry(z1, z2; 2) is given by the Cauchy integral

1 f(w)dw N N
ry(z1,29;2) = — z—z z—2z2)". (19
N( 1 <2 ) 27TZ/C<W—21)N((JJ—22)N((JJ—Z)( 1) ( ) ( )
The contour of integration C is a simple closed loop which encircles the points
21 and zy (for a,) and z, z; and z3 (for i) in the counterclockwise direction
and is contained in ). The expansion is convergent for z inside the
Cassini oval

OZLZz = {Z S Q’ |(Z - Zl)(z - Z2)| < T}’ (20)

where
r = Infeec\ofl(w — 21)(w — 2)[}. (21)

11
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Representation is inappropriate for numerical computations. A more
practical formula to compute the coefficients of the above two-point Taylor
expansion is given in the following proposition.

Proposition 2 [122] Coefficients a,(z1, z2) in expansion are also given
by the formulas:

z
ao(z1, 22) = zj(—Q,il (22)
and, form=1,2,3,...,
- (k=D D) R (2g) 4 (<1)Fk ()
anl21,22) = Z kl(n — k)! nl(zy — zg)nthtl - (23)
Let
1 v z2m+%
O (z2)=—F— V. (2)=——,7>0.
](Z) z%(lnz)jH’ ](Z) (hlZ)]Jrl’] _0

We denote by ®,, () the (2p — 1)-th order two-point Taylor expansion of
®; (2) at the points z = z; and z = 2,

p—1
(gb( " (21, 2)(z — 21) + gzﬁ (29, 21) (2 — 22)> (z = 21)"(z — 29)",
n=0
where B ()
(0) _ Pil*
ij (21722) - sz_ 2
and
n . k— 1)1 (=1)"nd "™ () 4 (—1)Fk@V M (2
(a1, )=y LR DU, G+ Dk =)
J kl(n — k)! nl(zy — zo)nthtl
k=0

Then, the remainder r,(®;, z) of the corresponding Taylor expansion can be
written as

rp (P, 2) =@ (2) =P, (2) =0 ((z —2)P), 2 = 2, k=1,2. (24)

We use similar notations for ¥; (z) with W, ,, 1 (2), e

i (21, 22) and 1, (W5, 2).

Lemma 4 Let f+vm) ¢ AC[—1,1] for some q,v,m > 0 and

fOE) =M1 =0k=0,...,g- 1
Then, the following estimate holds for In| < N + ¢ (c € N is a constant)

o mlnd) Ty
fnm = —6 SN+tmI1 : :
. Qi+ N+
J=q

< (FOWYa(@)) = fO(=1)Yo(¥))) + o(N~171), N = oo,
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where
) 2m+41 )
Yalps) = @i (770505 ) 4 37 e WEAW(py),
(=0
and

Wiles) =Y Vi rmer (5, 00) + Y VidiomiaTmr (05, 85) -

k=0 k=0

Proof. Equation implies

2m+1 iwn(2N+é+%)
Fm_fn,m:_g e 2NEmFl o
=0

m
-1 2N+ 2N+
X <§ VM > fnekm T+ E €k+m+1ak *foNtkm | -
k=0

According to Lemma [3| we have

qtvtm m+1 m~+1
N+k+1 o f ( ﬁ - f ( Day —g—v—m—1
N—km = Z (im0 (N — k)11 +o (N ),
and
gtvtm gt m+1
J-Ntkm = N+k+1 7 Z f f ( 1By +o0 (N_q_”_m_l) .

—ma(N k))i+t

Taking into account that V, ' = O (N™), we get the following estimate

Fom—fom=L+L+0o(N"), N = oo, (25)
where ( ) ot
o 77;71”” 2N+% qgrvTm (_1)]+1f(j)(1)
I, = 56 INFmFl ‘ Ny Zn(®),
J=q
and e
o _i‘rrn(QN-‘-%) g+v+m (_1)j+1f(j)(_1)
I = —5¢ INFmF1 j;q (2N)i 1 Zn(5),
with
2m+1
Zn(pj) = Z ¢ im (ZVM pj (o) ZVMerH% (ﬁk)> . (26)
=0

This completes the proof in view of the two-point Taylor expansions for
functions ®; and ¥; at the points —2 and . [J
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Lemma 5 Let fa+?m+1) ¢ AC[-1,1] for some q¢,m >0 and
fO(=1) = f®1)y=0, k=0,...,q— 1.
Then, the following estimates hold for p € Z

o

FN+p,m - Na+tm+2 m -+ 1) Cq7m(f> + O(N_q_m_2), N — o0, (27)

and

(_1>N+p+m m+p I
Ffopm = W m+1 Cq,m(f) + O(N ! 2)7 N — 00, (28)

where

Gt} = (—1)‘1\/57;’:1 (m + 1)!

X (fODSI Y (1, =) = FO(=1){" Y (1, =) . (29)
Proof. Lemma (3|, with v = 2m + 1 and Equation , implies

2m+1 'L7T(N+p) N4+

m
_ — = 2 -1y,
FN+p,m— E e NEmil (E Vi hue E Zk+m+1 )
k=0

z7r(N+p)<2N+j)
a %eiwh—p(f) Fo(NTI" ) = T1 + To + o(NT97" %), (30)

where

im(N— k)(2N+ )‘1+2m+1 f(t ( )aI%N _ f(t)(—l) zN
hi(f) = e 2NFmaT Z (iro) (N — k)i

t=q
q+2m—+1 (_1)t+1

Z (2N)t+1 (f(t)(l)q% (k) — f(t)(—l)\llt (ak)) . (31)

t=q
with
LR g]\l%iif%) (@ (ay) — Znsy(®1)),
t=q
and
1, = TSN O () — Zaa().

(2Nt

t=q
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First, we estimate T}

m  2m+1
Dy (a—p) = Znip(P1) = D1 (ap) — Z al VM D, (a)
k=0 (=0
m 2m+1 m
) P (2)
l -1 t
- Z Z Vi kpmt1 P ereaiw ];_ a_,)
k=0 ¢=0 k=0
L3 ey OB ) )
e=prw (2) (2 —ap)  rmamw (2) (2 — ay)
where . .
w(z) :H(z—ak)H(z—ﬁk).
k=0 k=0
Hence,

Py (a—p) = Zn4p(Pe) = L /1“ c:u((ap) 2:(2) dz,

2im 2) (2 —a_p)
where I' contains the points {ay}y-, {Bk}ie and a_,. We have

(Z')m-i-lﬂ.m—i-l m / (I)t (2)

D, (a_,) —Z D) =-— k d
(o) = Dnp(0) = R k:o(p k) (2 )2z — g
+0 (N7"?)
umpmtt i .
= o = [T+ b+ 0 (v,
k=0

which leads to the following estimate for 77 according to the definition of
the binomial coefficients (?) for all p € Z (see [123))

T, = (_1)N+p+q+m \ﬂf(q)< )T m (m+1)! (m —|—p> (bngrl) (2, —2)

+O (N"7™%) . (32)
Similarly,

Ty = —(—1)Ntpratm Vi (=D)amH (m + 1) (m —l—p) wémﬂ) (2, —1)

9q+1 N g+m+2 m+ 1
+O (N~7™3) . (33)
Equations and , along with , yield
Fyip = (SO0 (1. =) = fO(=1)p" ™ (1, —2))

m+1
(_1)N+P+q+m \/Eﬂ- i (m + 1)' (TTI, + p) + O(N—q—m—2)’
2q+1 N g+m+2 m+1

which completes the proof of .
Relation F_n_, = Fx4, completes the proof of . O
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3 The Pointwise Convergence
The main results of this section are Theorems [3] and 4l They explore the
pointwise convergence of the QP-approximations and reveal the exact con-

stants of the corresponding asymptotic errors.
Let

RN,m(fa :L‘) = f(l’) - SN,m(fvm)' (34)

Theorem 3 Let f02m+2) ¢ AC[—1,1] for some ¢,m > 0 and
fB(=1)=f®a)y=0, k=0,...,¢— 1.

Then, the following estimate holds for |x| <1

Dym(f, g
Ba () = (<) Rl o), N o,

where

(_1)k (m—k:-i—l)
k
22k+2 COS2]€+2 %m

1

DN,m(f? LU) = (C'q’m(f)eiﬂ—Nmc —+ mefiTrNaz)

3

; - —1(_q)k(m—k-1
— (Com(Pem o 1 G (e imv o) (D",

22k+4 C082k+4 mox
0 2

£
Il

1
with 1 — [%} and Cy(f) defined by (©9).

Proof. We extend f outside of [—1,1] by f(z) = 0 and consider its repre-
sentation by the Fourier series expansion on [—1/0,1/0] via quasi-periodic
exponential functions. The function f is sufficiently smooth on (—1,1) for
the pointwise convergence of the expansion

F@)= > fame™ x € (~1,1).

We use it in and write the error of the QP-approximation in the form

N

RN,m(f7 ZE) - Z (fn,m - Fn,m) eiwnazv + Z fmmeiwnax’ HANS (_171)

n=-N In|>N
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The application of the Abel transformation leads to the expansion

itNox __ Fy in(N+1)ox

’me

Fnyime

Ry f, ) = “NHLmE .
N, (f .CC) (1 4 e—zﬂ'()’m) (1 + emom)
Ffol me—iTrNUa: _ F,N,me_iﬂ—(NJ'_l)ax

( e~ ’L7I'0'£E> (1 + eimrm)
N

1 IToONT
+ (1 + e—imrz 1 + ezﬂ'az Z {fs m Fszm}) e

n—AN
Z 61 fs m} Mronx.

1
| |>N

+

+ - -
(1 + 6—17raac) (]_ + ezwaac

Reiteration of this transformation up to rm + 1 times implies

RN’m(f, JJ) = Rl - R2 + Rg — R4 + 7,

where ’
Ry = itNox Z 5]]2/—5—1 ({Fs,m})
1= —irox\k+1 inox\k+1’
s (1+e )T (1 + efmor)
Ry — ™V H1os zm: &% ({Fsm})
k:0 1+ e—mraz k+1 (1 + eiwcrx)k-‘rl’
Ry = ¢-iniNos i 0 vy ({Fam})
3¢ —inmoz)kt] irox\k+1’
“ (14 e~imz)" (1 4 eimow)
3 Fom})
R, — ¢ in(N+1oz "~ {Fom |
! % 14+ e wrcr:p k+1 (1 + emaz)’f-i-l
and
1 N
r= > 7 (Sm'H o — FS m eiwan:c
(]_ + e—iTFU.I)m+1 (1 + eiwax)m+1 nz_:N n ({fv ) })

1
(]_ + 6—i7raa:>m+1 (1 + eiﬂax)erl

Z 57T+1 ({fom}) €™, (35)

n|>N
We prove that
r=o(N"9"2) N = o0, |z| <1

The application of similar transformation to leads to the following ex-
pansion
r=7ry+ry+ 13+ Ty,
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where
O (Fam) €N — G ({Fyn}) e
r= / ’ |
1 (1 + e—imfx)m-l-Q (1 + eiwaw)m+2
O ({Fun}) €7V = 875 ({Fyn}) e 0
(1 + e—imfac)m-i-Q (1 + ewraz)m""Q )
1 N
m+2 Mrona:
r3 = Cimom\Tt+2 T2 Z 2 ({fs — Fsm})e
(1+e ) (1 + eimoe) et
and

1
(1 + e—imfx)erz (1 + eimn:)m+2

Y Sy e,

In|>N

Ty =

Equation (|15)) shows that

L 2+ 2
57 () = 3 () P (36)

k=0

In view of the following identity (see [123])
h+2 , .

— k m+1 ’
Equation , and Lemma , we derive

5 ({Fu) = Com(

2rh+2 .
2m+2\/m+m+1—Fk

e () ()
+o (N9 2) =0 (N 7™ %), N — 0.

Similarly,
S ({Fsm}) =0 (N7T97"7?) | N — cc.

It means that
— o (N2

By the same arguments, we get
r9 = 0 (N’q’m’z) .
In view of Lemma [4] (with v = m + 2) and Lemma [l we have

5?+2 ({Fs,m - fs,m}) =0 (N—q—m—3) s N — oo.
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It shows that
r3=o0 (N’q’m’z) .

Lemma [3| (with v = 2m + 2) indicates that

PIIEZ () (1) (1)Lt — fB) (1) (—1)mH e BN tmet

frm = kz:; 20k (imrn ) k+1

+o(n~1723) n — oo.

According to Lemma , we obtain

, it(m+1)n fo%) .
st ({f }) _ f(Q)<1)(_1)n+m+1€2N+m+1 Z w2m+4,t<—2ﬂ')t(m + 1>t
" o (imn)atl , t(2N +m + 1)t
t=2rh+4
im(m+1)n 00

FO1) (=Y itle” vy Z Warp+4, ()" (m + 1)°

* (imm)a+t t!(2N +m +1)!

t=2m+4

+o(n 2NN |n| > N, N = co.

It means that
rg=o0(N"9"7?).

Finally, we conclude that
RN,m(f, l’) = Rl + R2 + R3 + R4 “+ o0 (N_q_m_z) , N — oo.

We continue with estimates of Ry, Ry, R3 and R,.
Let us start with R;. Equation leads to the following equation

2k 9.
5]]%+1 ({Fs,m}> = Z ( s )FN+1+k5,m7

s=0

and, therefore,

Rl _ 6iﬂ'NUJ1 in: 5]k<7+1 ({Fs,m})

(]_ + e—iwaw)k+1 (]_ + eiﬂacc)k+1

k=0

h 2k
— einox 1 Qk FN Lk
§ : 92k+2 oog2k+2 TOT § : s tlt+k—sm

k=0 2 s=0
Then, Lemma [5] implies
(_1)N+m+1 itNox
By = Com()—pgmmra— N

h k
(—1)F c 2K\ (mH1+k—s o
X Z 92k+2 (g2k+2 TOT Z(_l) s m 41 +o(N™1 ).

k=0 2 s=0

19
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The following identity (see [123])
i( 1y 26N (m+1+k—s\ [(m—Fk+1

— 5 m+1 B k

(_1)N+m+1 N
Rl = qum(f)We”r ox

o im— k1 (—1)k g
x ; ( k > 2k+2 cog2k+2 %n: +o(N™1 ).

Now, we estimate R3. We have

2k 2]{} 2k 2]€
5EN_1 ({Fs,m}) = Z ( s )F—N—l-i-k—s,m = Z ( s )F—N—l—k+s,ma

s=0 s=0

deduces

and consequently,

irNox w 55N71 FS,m
RSt ({Fun))

. 1 + e—iwam)k+1 (1 + eiwoz)k+1

h 2k
- e*’iﬂ'NO’.’E § 1 § Qk F
e 22k+2 COS2k+2 ToT s —N—-1—k+sm-
k=0 2 5=0
In view of Lemma 3]
_1\N+m+1
( 1) —imNox

Ry = Com(f)—Ngmmez €

m m_k+1 (_1)k o
" ; ( k ) 22k+2 cog2ht2 TZE +o(N™1 )-

By summarizing, we get

(_1)N+m+1 inNox | v ([ f£\,—inrNoz
Ri+ Rs = T NamE (Cqm(f)e + Cym(f)e >

m—k+1 (—1)k o
" ; ( k ) 2%k+2 cog2h+2 122 +o(N™* )

Similarly,
N +m+1

NQ+m+2 (C

1h—1

m—k—1 (_1)k —q—m—2
x ( o) e o ),
k=0

which completes the proof. [

Ry + Ry = 171' (N+1)ox + C (f)e—iﬂ'(N—i-l)o'x)
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Remark 1 The estimate of Theorem[3 is valid only for a fived x # £1 and
is not a uniform estimate on [—1,1] (see Theorem[{)).

The next theorem reveals the convergence rate of the QP-approximations
exactly at the points x = +1. Preliminary, we need the special case of
Lemma E] with v = 0.

Lemma 6 Let f(9t™ ¢ AC[-1,1] for some q, m > 0 and
fO=1) = fP1)=0,k=0,...,g—1.

Then, the following estimate holds for |n| < N + ¢ (c € N is a constant)

(=1)"o n —q—1
Fn,m_fn,m:W§Vq,m fvm +O(N I )7N_>007 (37)

where

(—1)q+1 in(2m+41)z
Vo f,0) = e 2

X (f(q)(l)q)q,mﬂ (e_mx) - f(q)(_l)qjq,m-&-l (e_im» . (38)
Theorem 4 Let f9™ € AC[—1,1] for some ¢,m >0 and
fP(-1)=fP1)=0, k=0,...,¢— 1L

Then, the following estimate holds as N — oo

+1 1 2
Swm(fy 1) = LED [ et () do

1 )
+t N / TN (f, ) dx + 0 (N79)
|z|>1/2

where g, (f,x) and vy, (f, ) are defined by and (38)), respectively.

Proof. As in the proof of Theorem [3| we extend f outside of [—1,1] by
f(z) = 0 and consider its representation by the Fourier series expansion on
[—1/0,1/0] via quasi-periodic exponential functions. Function f is smooth
on (—1,1) but may have discontinuities at x = £1 if f(£1) # 0. It means
that

+1 > .
f( : ) — E fn,mei“rna
and

N
SN,m(f, j:l) — f(—:tl) — Z (anm _ fn,m) 6:l:iTrncr . Z fn,meiimw-

2
n=—N |n|>N
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In view of Lemmas [3] and [6] we have

o 1 o n irn(m+1)
Z Jnme™™7 = T Nt 9 Z Ham <f’ m) et

[n|>N [n|>N

1 )
+o0 (N—q) - /| " ezFW(mH)x/lq,m (f, :L,) dr + o (N—q) 7

N4

N
1 9 n imn(m+1) B
= g 2 on (f m) eT e o (N7)

n=—

e
= N7 / / eFmmiey, o (f,x)dr + o0 (N79).
~1/2

These conclude the proof. [J

Remark 2 Theorem |4 shows convergence rate O(N~9) as N — oo at x =
+1. It means that the QQP-approrimations do not converge at the endpoints
for ¢ = 0. Accelerated convergence can be achieved by the polynomial cor-
rection approach described in Section [J

Let us compare the behaviors of the quasi-periodic approximations (Algo-
rithm C) and interpolations (see [94,95]). The QP-approximation is written
via Vandermonde matrix of size (2m+2) x (2m +2), where (2m +2) is
the number of points outside of [—1, 1] used for extensions. Recall also that
m = —1 corresponds to the classical truncated Fourier series (without the
extension). Theorem |3 proves the convergence rate O(N~¢"™"2). It means
that for each pair of points participating in a function extension (per point
for the left and right extensions), the QP-approximation gains additional
O(N™1) factor in the convergence rate compared to the Krylov-Lanczos ap-
proach.

The QP-interpolation is realized by the following Vandermonde matrix

{ 2iw(L+N)(s—1) }TI’L
e 2N+m+1

l,s=1
of size m x m, m > 1. It means that m = 1 of the QP-interpolation corre-
sponds to m = 0 of the QP-approximation. The next theorem, proved in [91],

revealed the convergence rate of the QP-interpolation, where iy, (f, z) cor-
responded to the error of the QP-interpolation.
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Theorem 5 [91] Let fl4+2™ ¢ AC[—1,1] for some m > 1, ¢ >0 and
FE(=1) = f®(1)=0, k=0,...,q—1.
Then, the following estimate holds for |x| < 1
inm(fix) =0 (N~ 1) N = cc.

We see that each additional m increases the convergence rate by the
factor O(N~1). In this sense, the QP-interpolation is twice more effective
compared to the QP-approximation.

4 The Convergence in the Ly>-norm

Theorem [ is the main result of this section. It reveals the behavior of the
QP-approximation in the Ly-norm.

Theorem 6 Let 9™ ¢ AC[—1,1] for some ¢,m >0, ¢*> + m? # 0, and
fO) = f®)y=0, k=0,..,q— 1. (39)
Then, the following estimate holds

. 1
Jim N2 | Ry (f, )1 = (£,

1/2
2 () = / Vg (fr2) 2 + / g (> )| d

1/2 |z|>1/2

1 1] e ‘
. % / / Vq,m(f: h)emr(m-i-l)mhdh
-1

—-1/2

2

+ / figm (f, )™ TVTan | dy (40)
|h|>1/2

and functions pgm(f,x) and vy, (f,z) are defined by and (38)), respec-
tively.

Proof. We proceed as in the proof of Theorem |3| and extend f outside of
—1,1] by f(z) =0

N 00

RN,m(f7 ZE) = Z (fn,m - Fn,m) 6mn0w+ Z fmmeiwnaa; — Z cneiwnam’

n=—N [n|>N n=-—oo

23
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where
n — nm_an7 SNa
& f, ) |n| (41)
¢n = fom, In| > N.

Then, we calculate the Ly[—1, 1]-norm of the error:

||RN,m(fam)||%2(_171) :/ |RNm(f l’ | d.T—/ Z CpCs€ 'WI'TL S)O’a:dl,

n,8=—00
1
_ 7 m(n s ozd zﬂ'(n s azd
=/, CnCs€ T — CnCs€ x
~ o n,s=—00 o n,s=—00
/ E CnCs€ ™I — [ — [, — I,
n,s=—00
where
1 ] 9 00
[eg .
I, :/ E CpCo T80T g — 2 E |cn|?
_1 g
o M,s=—00 n=—o0
9 N
n=—N \n|>N
/ § CoEe Mrn S”dx
nCs
o M,s=—00
1 oo
m + ]_ _ . _ m—+1
_ _/ E : (_1)n+scncsez7r(n 5)72N+m+1tdt’
2N 0 ns=—o0
and
1 00
7 ir(n—s)ox
I3 = E CpCs€ dx
I ps=—c0
1 oo
m + 1 . m+1
_ _1\nts,. = —in(n—s) st
=N / E (—1)"" ¢, cse ATt
0 ns=—o0

First, we estimate [;. Lemma [3] and Remark [6] lead to the estimate

n
2N+m—|—1

qu( L)rﬂw—w—l).

2N +m+1

2
I =

N
e X
- S
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By tending N to infinity and replacing the sums by the corresponding inte-
grals, we get

1/2
Jim N = [ (fa)f et [ g (7)o
0 -1/2 |z|>1/2

Second, we estimate I,. We rewrite it as follows

1
_m+ /ys )2 dt,

S(t) _ Z (_1)ncn€m(m+1)tm

n=—oo

N

n=—N
+ z : fnm im(m+1)t 72N+"m+1'

|n|>N
According to Lemma [3] and Remark [6, we obtain

N
1 n
St — m - ”r(m'i'l)tzN m—41
() (2N+m+1)Nqn:ZNVq, (f’2N+m—|—1)e +m+

1 n . n
im(mA1)t ooy -
(2N_|_m+1)Nq||Z: Hq,m (f72—N—{—m—|—1)6 N+ +1+0(N ’1).

By tending N to infinity and replacing the sums by the corresponding inte-
grals, we derive

1/2 '
fim NIS(0) = = [ vy (£ BT
N—o0 ~1/2

. / Mq,m<f7 h)eiﬂ(m+1)thdh.
|h|>1/2

Hence,
1 ] e ‘
lim N20+1[, — ﬂ/ / Vo m(f, h)em 0]
N—oo 2 o [J-12 7

2

+ / qu7m(f’ h)eiw(m—i-l)thdh dt.
|h|>1/2

We similarly estimate I3 and complete the proof. [
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Theorem [0 is not valid for ¢ = m = 0. However, the same estimate can
be proved for ¢ = m = 0 if f € Ly[—1,1]. The proof is identical to the one
of Theorem [6] and is omitted.

We see that the convergence rate of the QP-approximation in the Lo-
norm is identical to the rates of the truncated Fourier series and QP-in-
terpolation (see [93]). The constants of the asymptotic errors are different.
Formally, ¢, —1(f) corresponds to the classical Fourier series. Note that the
last negative term in (40) vanishes for m = —1. When m # —1, the nega-
tive term reduces the Ls-constant corresponding to the QP-approximation
compared to the classical Fourier series.

Unfortunately, the rate of descent depends on the approximated func-
tion. Our experiments also reveal that the constant is decreasing as m is
increasing. However, the proof of this observation is still unspecified. Let us
show it for the following elementary function

flx) = (162—1)qsin(31:—1)7 ¢gq=0,1,2,---

Table [1| presents the corresponding values of ¢, ,,, for comparison.

m=—1 m=0 m=1 m=2 m=3
q=20 0.289 0.109  0.051 0.03 0.021
q=1 0.106 0.109 0.088 0.058 0.035

Table 1: Numerical values of cq ., (f) by the QP-approximation for different ¢ and m.
The value m = —1 corresponds to the truncated Fourier series.

5 Polynomial Corrections

The conditions of Theorems|3], 4] and [6]show the importance of the derivative-
condition

fP(-1) = fP1)=0, k=0,1,2..

for the accelerated convergence of the QP-approximations. If the exact val-
ues of f®)(—1) and f® (1), k =0,1,2,... are known, then the application
of the polynomial correction approach will tremendously improve the con-
vergence.

More specifically, consider the following representation of f (see also [95])
similar to the Lanczos representation

q—1 g—1

fl@) = h(@) + Y AL (F)Prglx) + Y AL (F)Quyl2), (42)

k=0 k=0
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where

A () =) = fB(=1), A =P+ fP(-1),

and Py g, Qrg kK = 0,...,¢ — 1 are 2-periodic polynomials satisfying the
following conditions

PEN(1) = BE(=1) = 84y, PO+ P(=1) =0, k,s=0,...,¢— 1, (43)

q k,q q

and

QM)+ QY (1) = d1sy QL)1) = QPN (~1) =0, ks =0,...,g—1. (44)

Let us show how polynomials Py ,(x) and Q4(x) can be constructed
(see [95]). We put

% (% —1)171 z(x? —1)41

Famrale) = =500y Qo) = Sy
if ¢ is even, and
z(z? — 1)1t a?(a? — 1)
Pq—l,q(x) = Wu Qq—l,q(x) = 24(q — 1)!

if ¢ is odd. Then, the polynomials can be represented by the following
recurrent relations

Phg(@) = Prga(@) = (P + P (1)) Qo).

Qna(®) = Qrg1(@) = (QULAM) = QLA (1) Prory(@)

if ¢ — k is even, and
Pig() = Prga(x) = (PO (1) = P (=1)) Py ()
k,q\ T k,q—1\T kg1 k,q—1 q—1,4\T);

Q) = Qugr(@) = (LM + QA1) Qy14(a)

if ¢ — k is odd.
Conditions and assure that the function h in satisfies the

required derivative-conditions
A1) =h® (1) =0, k=0,...,q— 1.
Then, the approximation of A by the QP-approximation leads to the follow-

ing quasi-periodic-polynomial (QPP-) approximation

q—1
SN,m,q(fax) :SN,m(hax)+ZA qu +ZA+ qu
k=0
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with the error
RN,m,q(.fa ZL‘) = f(l’) - SN,m,q(fa {23')

The Fourier quasi-periodic coefficients of h can be expressed by means of
the corresponding coefficients of the functions f, Py, and Q.

Theorems [3] [4 and [6] can be reformulated for the QPP-approximations
by omitting the corresponding derivative-conditions. Let us consider only
the analog of Theorem [3| for the QPP-approximations.

Theorem 7 Let fl4+?+2) ¢ AC[-1,1] for some ¢,m > 0. Then, the fol-
lowing estimate holds for |z| <1

DN,m(h, .%)

RN,m,q(f> '1:) = (_1)N+m+1 Nq+m+2

+o(N=T7™2) N — oo,

where Dy (f, ) is defined in Theorem [3,

6 Implementation Notes

Practical realization of the QPP-approximations is feasible only by efficient
approximation of derivatives and calculation of Fourier quasi-periodic co-
efficients. In general, derivatives at the endpoints are unknown, especially
assuming that parameter ¢ in the polynomial correction can tend to infinity.
Approximation of the Fourier quasi-periodic coefficients can be performed
either by some quadratures (see [124}125]) if the values of f are known on
a grid or via known classical Fourier coefficients on [—1, 1] (see [96]).

Let us discuss an approach that leads to QPP-approximations with ap-
proximate derivatives with better convergence compared to the ones with the
exact derivatives. Similar phenomenon was observed and reported in [86}[87]
for the Eckhoff method named as auto-correction phenomenon. Let us re-
turn to (9), where unknown coefficients c;eft(f) and cgight(f), j=0,....m
should be found from the system . In particular, the latest is one of the
main reasons of the fast convergence of the QP-approximation compared to
the truncated Fourier series. We will exploit it for approximation of the
derivatives. Let us rewrite for the function A in as follows

m m
Hn,m = Z Céeft<h)€iﬂ-no’x; + hn,m —+ Z c;ight(h)ef’iﬂnam; .
j:() j:()
Taking into account that
q—1 g—1

h(z) = f(@) = Y AL (F)Pra(r) = Y AF(F)Qry(2), (45)
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Hn,m — i Céeft(f) 27rn0'z i 4+ fnm + Z mght fzﬂ’na':):;f

7=0
q—1 m m
_ A;(f) [Z Cé-eft(Pk,q)emnam + (Pk,q) + Z Cglght(Pk7q)€_i7mUx;]
k=0 j=0 =0
q—1 m m
_ AZ(f) [Z Cé'eft<Qk,q) imnoz} (Qk,q) + chlght(th)e—wrnal‘;‘] :
k=0 j=0 iz0
(46)
where
g 1 .
(Pk7q>n,m = 5/ Pk,q(t)efmnotdt, (qu / th fzﬂ'natdt
-1
czeft(Pk»Q) = 4NPk q( 1‘ + 2) Mght(Pk,q) 4NPk q(m — 2)

Cz'eft(Qk,q) = WQIM( i + 2), ”ght(’/k,q) = ﬁQk,q(a’; - 2),

and, we used 2-periodicity of polynomials P, and ) ,. Now, following the
idea behind , we consider the following system

Hym=0,|n|=N-m-—gq,...,N (47)

for determination of unknowns A; (f), A7 (f), k=0,...,¢—1 and clef ‘),
c;flght(f), j=0,...,m

One of our future works will be the investigation of the system for
its effective solutions. Now, let us numerically investigate its impact on the
QPP-approximations for a specific simple function. Let

f(z) =sin(x — 1) (48)

which does not accomplish the required derivative-conditions. Figure 1
shows the absolute values of the errors of the QPP-approximations with
the exact values of the derivatives. The left figures correspond to the inter-
val [—0.8,0.8] and the right ones correspond to the entire interval [—1,1].
Naturally, the accuracy increases with the values of parameter ¢. Figure 2
corresponds to the QPP-approximations with approximate derivatives from
the system (47). The comparison of the figures reveals the essence of the
auto-correction phenomenon. Inside the interval of approximation, QPP-
approximations with approximate jumps have better accuracies compared
to the QPP-approximations with the exact jumps. For m = 2 and ¢ = 1,
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the maximum of the absolute error is 3,5 - 10~7 versus 1,4 - 1075, For
m = 2 and ¢ = 4, the maximum of the absolute error is 2 - 107'2 versus
1,5-107% As larger is the value of ¢ as bigger is the difference between
approximations via exact and numeric derivatives. It is important, that the
QPP-approximations with approximate derivatives have improved accuracy
on the entire interval as well. For example, we see 6 - 10~7 versus 1,2 - 1076
for m = 2 and ¢ = 4. We did not observe it in the case of the Eckhoff
method. There, the improvements were observed only away from the singu-
larities x = £1. However, it is easy to explain for the QPP-approximations
as interval [—1,1] is an inside interval for the extended [—1/0,1/0] interval
where the approximations are applied. One of our future works should be
theoretical investigation of the auto-correction phenomenon for the QPP-
approximations.

7 Conclusion

The paper continued investigations of the quasi-periodic (QP-) approxima-
tions initiated in [96]. The main goal was a detailed investigation of Al-
gorithm C proposed in [96], which led to the explicit realization of the ap-
proximations through the inverse of a Vandermonde matrix. We explored
the convergence of the approximations in different frameworks and derived
exact constants for the corresponding asymptotic errors.

The main results were revealed in Theorems [3| 4 and [6l The estimates
of those theorems showed that the convergence rates of the approximations
depended on the following derivative-conditions at the endpoints of [—1, 1]

FO1) = fW(—1) =0, k=0,...,q— L.

Those requirements were stricter compared to the classical requirements for
the Fourier expansions (actually meaning periodic and smooth continuation
of the function f from [—1, 1] onto the real line R)

f®1) = f®(=1), k=0,...,q— 1.

Theorem 3| revealed the pointwise behavior of the approximations away
from the endpoints. It showed convergence rate O(N"97"72) as N — o0,
while for the truncated Fourier series (see |86], Theorem 2.4), the conver-
gence rate was O(N~971) which formally corresponded to the estimate of
Theorem [3| with m = —1. We observed improvement in the convergence
rate by factor O(N™1), although with different smoothness requirements
and derivative-conditions.

Theorem [4| estimated the convergence rate of the QP-approximations at
x = +1. Tt showed O(N~%) as N — oo. Hence, the QP-approximations
diverged for ¢ =0 at x = £1.
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N=32, m=2,q=1 N=32, m=2,q=1
1.4x10°8}
1.2x1076} 0.0020f
1.x1078
8.x10-"F 0.0015}
6.x1077 0.0010}
4.x1077}
2107 0.0005} J
. X r
-0.8 0.8 -1 1
N=32, m=2,q=2 N=32, m=2,q=2
1.5x10-7 | 0.00030
0.00025F
1.x1077 - 0.00020 -
0.00015}
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2.x1077}
0.8 -1 1

Figure 1: QPP-approximations with the exact values of the endpoint derivatives.

Theorem [6] explored the convergence in the framework of Ly[—1, 1]-norm.
It showed identical convergence rate O(N "1’%) as for the truncated Fourier
series. The benefit of the QP-approximation compared to the truncated
Fourier series was in smaller constant ¢, ,,(f), m > 0 compared to ¢, _1(f)
which was based on experimental evidence without the theoretical proof.
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Figure 2: QPP-approximations with the approximated values of the endpoint deriva-

tives.

Additional convergence acceleration was achieved via application of the
well-known polynomial correction method (QPP-approximations). We showed
the system of linear equations (see ) for approximation of the coefficients
czef "(f) and c?ght( f)in as well as for determination of derivatives A; (f)
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and A} (f) in . The approach led to the improved convergence of the
QPP-approximations with approximated derivatives compared to the ones
that exploited the exact derivatives. Similar improvement was detected for
the Eckhoff method and was named as auto-correction phenomenon. In case
of the QPP-approximations, the improvement was noticed both on the entire
interval and much severe away from the endpoint-singularities.
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