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Saturation of finitely-generated submodules
of free modules over Priifer domains
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Abstract. We propose to give an algorithm for computing the
R-saturation of a finitely-generated submodule of a free module
E over a Priifer domain R. To do this, we start with the local
case, that is, the case where R is a valuation domain. After
that, we consider the global case (R is a Priifer domain) using
the dynamical method. The proposed algorithm is based on
an algorithm given by Ducos, Monceur and Yengui in the case
E = R[X]|™ which is reformulated here in a more general setting
in order to reach a wider audience. The last section is devoted
to the case where R is a Bézout domain. Particular attention is
paid to the case where R is a principal ideal domain (Z as the
main example).
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Introduction

We propose an algorithm for computing the R-saturation of a finitely-
generated submodule of a free module E over a Priifer domain R. To do
this, we start with the local case, that is, the case where R is a valuation
domain. The proposed algorithm is based on an algorithm given in [3] with
E = R[X]|™ which is reformulated here in a more general setting in order to
reach a wider audience (i.e., not only those interested in polynomials over a
Priifer domain). We also give a “compact” formula expressing a necessary
and sufficient condition for a finitely-generated submodule of a free module
over a valuation domain V to be V-saturated in terms of its dimensions as
a vector space over the quotient and residue fields of V. After that, we con-
sider the global case (R is a Priifer domain) using the dynamical method [1]
and being inspired by the notion of dynamical Grébner bases [4, [7]. The
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last section is devoted to the case where R is a Bézout domain. Particular
attention is paid to the case where R is a principal ideal domain (supposed
to be Z in order to lighten the notation). Our approach is based on the
solution of the problem over QQ and also over a finite number of localizations
Zypz, p being an “essential prime number” of considered module.

1 V-saturation with V being a valuation do-
main

Everywhere in this section we suppose V to be a valuation domain. Recall
that a valuation domain is an integral ring V equipped with a divisibility
test in which every two elements are comparable under division, i.e., given
a,b € V, a | borb | a In particular, a valuation ring V is local with
maximal ideal Rad(V). A valuation domain does not need to be a principal
ideal domain (PID).

Let E be a free V-module with a countable basis (ej, e, ...). A vector
u =) ,ue; € E is said to be primitive if it has an invertible coefficient
w;. Let u = ) u;e; be a primitive vector in E. The greatest i such that
u; € V> will be called the index of v and will be denoted by index(u). We
also denote by primc(u) = Uindex(u) (the primitive coefficient of w). For
example, if V. = Zyz = {a/b € Q| (a,b) € Z x Z and bis odd} and u =
—4ey + 2ey + 2e3 + 3ey + 4es, we have index(u) = 4, and prime(u) = 3.

For u = ) . ue; € E'\ {0}, denote by u;, the right-most coefficient of
u dividing all the others. The primitive vector u/u;, is called the primitive
version of u and denoted by Prim(u).

Let u = > . we; and v = ) . v;e; be two primitive vectors in E. By
the result of the reduction of v by u we mean the vector w = v + au =
> ;wie; € E where a € V is chosen such that Windex(u) = 0, that is, a =
—prime(u)  Mingex(w). For example, if u = —4ey + 2e5 + 2e3 + 3eq + 4e; and
v = 4ey + bey + e5 then the term 5ey in v disappears with @« = —5/3 as
follows

v+ v—(5/3)u = (32/3)e; — (10/3)es — (10/3)es — (17/3)es.
By an operation of type 1, we mean the operation of type
v o= v — primC(U)ilvindex(u) u,

where u,v € E and wu is primitive. By an operation of type 2, we mean the
operation of type
v <« Prim(v),

for some v € E'\ {0}.
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Let L := [Li, Ly, ...] be a list of vectors in £ where L; = > . L; ;e;,
L;; € V. We say that L is primitive triangular if all the L;’s are primitive
and for each 1 < j < /£, we have Ly jndex(z;) = 0. We say that L is in an
echelon form if all the L;’s are primitive and the index(L;)’s are pairwise
different. It is not difficult to see that if L is primitive triangular then it is
in an echelon form.

Let R be a domain with quotient field K, and consider a family (s;);>1
of vectors in a free R-module E. By the R-saturation of M := 37" Rs; in
E we mean

Sat(M):={se€ F| as€ E forsomea € R\{0}} =(E®rK)NE.

If Sat(M) = M, we say that M is R-saturated in E, or, if there is no
ambiguity, that M is saturated.

The following three lemmas are cornerstones in the saturation algorithm
we will give.

Lemma 1 Let E be a free V-module with a countable basis (eq, ez, ...). For
any two primitive vectors u = Y. ue; and v = Y .vie; € E such that
index(u) # index(v), the result w = ) w;e; of the reduction of v by u is
primitive and index(w) = index(v).

Proof. In order to lighten the notation, let us consider the following two
cases.
If index(u) = 2 and index(v) = 1, then

w= (v +auy)e; + (v3+ aug)es + (v4 + @ uy)eg + - - -

for some a € Rad(V). Thus, wy; € V* and w; € Rad(V) for i > 2.
If index(u) = 1 and index(v) = 2, then

w = (vy + Bug)es + (vs + Buz)es + - -

for some § € V. Hence, w; =0, wy € VX, and w; € Rad(V) for i > 3.
In general cases, the proof can be done analogously. [J

Lemma 2 Let E be a free V-module with a countable basis (e, e, ...). If
S = [s1, Sa,...] is a primitive triangular list of vectors in E, then ijl Vs;
1s 'V -saturated.

Proof. Denote by K the quotient field of V, M := ijlej, and let
s € Sat(M). Then there exist a; ..., a, € K such that

S=ai81 + -+ a.s,.
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For each 1 < j <, by identifying the coefficient in index(s;) and denot-
ing ¢; = prime(s;), we obtain:

cia1 €V,
byia; + caa2 €'V,

br,lal + br,2a2 +-F br,r—lar—l +crap € V,

with b;; € V. Since ¢y,...,¢, € V*, this triangular system yields that
ai,...,a, € V, as desired. [J

Lemma 3 Let E be a free V-module with a countable basis (ey,ea,...) and
S = [s1, Sa,...] be a list of primitive vectors in E which is in an echelon form.
Then we can transform S into a primitive triangular list S" = [s}, s, ...] of
vectors in E only by means of operations of type 1.

Proof. As in the gaussian algorithm, this can be done with operations of
type 1 and 2. But Lemma [l| guaranties that all vectors computed when
reducing S to S’ are primitive, and thus, there is no need of operations of
type 2. UJ

Let E be a V-module, K be the quotient field of V, and k = V/Rad(V)
be the residue field of V. For a list S = [sq,...,s,] of vectors in E, denote
by (S)v the V-module generated by sy, ...,s,. We denote by (S)k (respec-
tively, (S)x) the K-vector space (respectively, the k-vector space) generated
by s1,...,8, in E ®y K (respectively, by §,...,5, in F ®vy k, where for
u=Yue €F, u:=7Y ue; u; denoting the class of u; modulo Rad(V)),

dimg S := dimk (S)k, and dimy S := dimy (S).

Now we reach the main result the proposed saturation algorithm will be
based on.

Proposition 1 Let E be a free V-module with a countable basis (eq,ea, .. .),
and let S = [sq1, Sa,...] be a list of primitive vectors in E. If S is in an
echelon form, then Zj’;l Vs, is V-saturated.

Proof. By virtue of Lemma [3| we can transform the list S into a primitive
triangular list S" = [s], s}, ...] only with the help of operations of type 1,
and, thus, > 72, Vs; = > 72 'Vsi. On the other hand, using Lemma [2, we
infer that > ">, Vs is V-saturated. O

Example 1 Let E be a free V-module with a countable basis (eq, es, .. .),
and consider a primitive vector u = ) .., w;e; in E. Then, obviously, the
list [u©@ = w,u® =5 wiei, ..., uD) = 3. wiei .. ] is in an echelon
form, and, thus, Z]ﬁo Vu is V-saturated.
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The following algorithm will be the cornerstone of our saturation algo-
rithm.

Algorithm 1 (Algorithm for reduction modulo a list in an echelon form)
Input: A free V-module E with a countable basis (e, es,...), a nonzero

vector u € E, and a finite list S = [s1,...,s,] of vectors in E in an echelon
form.

Output: A reduction v = PrimRed(u; S) = PrimRed(u; s4, ..., s,) of u mod-
ulo S such that [S, v] becomes in an echelon form and Sat((sy, ..., sy, u)v) =

Sat((s1,...,5n,V)v).

v := Prim(u)
FOR j FROM 1 TO n DO
v := Prim(v — primc(sj)*lvindex(sj)sj)
(reduction of v by s; such that vingex(s,) becomes zero)

Now we give the following saturation algorithm for finitely-generated
sub-V-modules of a free V-module with a countable basis.

Algorithm 2 (Saturation Algorithm for a finitely-generated sub-V-module
of a free V-module with a countable basis)

Input: A free V-module E with a countable basis (e, es,...), a finite list
S = [s1,...,8,] of nonzero vectors in E.

Output: A generating list V' = [vy,...,v,] = Echel(S) for Sat(Vs; +--- +
Vs,).

vy := Prim(s;)
I[F n > 2 THEN FOR i from 2 to n DO
v; := PrimRed(Prim(s;);v1,...,v;-1)  (use Algorithm [I} disregard
zero vectors)

Example 2 Consider the list [s; = 8e; +2e5+8e3+8ey, S2 = €9+ 2e3— 2e4]
of vectors in a free Zgz-module FE with basis (eq,...,eq,...). Executing
Algorithm [2| we obtain

Sat(Zaz 81+ Zaz s2) = (Q 81+ Q s2) N E = Zoz vy + Loz va,
with
vy = Prim(s;) = %sl = 4dey + ey + 4deg + dey, index(vy) = 2;
vg := PrimRed(Prim(sy);v;) = PrimRed(sq; v1) = Prim(sy — vy)

2 1
= Prim(—4el - 263 - 664) = 561 + 563 + ey4.
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Remark 1 In fact, Algorithm [2| works in any free V-module (not necessary
with a countable basis). As a matter of fact, for any finite list S = [s1, ..., s,
of vectors in a free V-module with basis (e;);er, the s;’s depend only on a
finite number of the e;’s.

Algorithm [2] allows us to give a new proof of the following classical result.

Theorem 1 A finitely-generated submodule of a free module over a valua-
tion domain V 1is V-saturated if and only if it is a direct summand.

Proof. The sufficiency is obvious. Let us prove the necessity. Let S =
[$1,...,8,] be a finite list of vectors in a free V-module E with basis (e;);cy,
and suppose that M := (sq,...,S,)v is V-saturated. First note that the
s;’s depend only on a finite number of the e;’s, say, €;,,...,¢;,. Set J :=
{i1,...,4;} € I, and let F' be the free sub-V-module of E with basis (€;);c;.
Using Algorithm [2| we can compute a generating list [v1, ..., v,] = Echel(S)
for the V-saturation M’ of M in F. But since F'is V-saturated in £ and M
is V-saturated in F, we have M = M’ = (vq,...,v,)v. It remains to note
that vy, ..., v, can be completed into a free basis of E' by adding all the e;’s
with ¢ € '\ {index(vy),...,index(v,)}. O

The proof of Theorem [I| implies the following algorithm that, for a
finitely-generated submodule M of a free module E over a valuation do-
main V, computes a submodule N of E such that Sat(M) & N = E.

Algorithm 3 (V-saturated finitely-generated submodule of a free module
as a direct summand)

Input: A free V-module E with basis (e;)es, a finite list S = [sq,..., s,] of
nonzero vectors in E.

Output: A submodule N of E such that Sat(Vs; +---+ Vs,)® N = E.

Let e;,,...,e;, be the elements of the basis (e;)ie; on which the s;’s
depend, and set F' := Ve;, + --- + Ve,;,. Using Algorithm [2 compute a
generating list V' = [vy,...,v,] = Echel(S) for the V-saturation of Vs; +
-+ Vs, in F.

Return N := Zie[\{index(vl),A..,index(v,«)} Ve;.

Example 3 For the case considered in Example [2] we have:

Sat(ZQZ S1 + ZQZ 82) D (Zgzel + Zgzeg + Z Zgzei) = E

i>5

The characterization of saturated finitely generated sub-V-module of a
free module E over a valuation domain V given in Theorem [I| is “quite
satisfactory”, but not enough, because it is not easy to test whether a sub-
module of F is a direct summand. Our goal now is to give a “compact”
formula characterizing such submodules.
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Lemma 4 Let E be a V-module, where V is a valuation domain of quotient
field K and residue field k. If S is a finite list of vectors in E, then dimg S >
dimk S

Proof. Let S = [s1,...,S,], d = dimy L, and suppose that sy,...,5, are
k-linearly independent. Then, necessarily, s, ..., sq are K-linearly indepen-
dent. To see this, let aq,...,aq € V be such that a;s; + -+ + agsq = 0.
Since V is a valuation domain, there exists ip, 1 < ig < d, such that «;, di-
vides all the «;’s. Note, that if ;, # 0, then 5;, € Zlgigd; it ks; and, thus,
ay = -+ = ag = 0. Therefore, a;, = 0, and hence, dimg L > d = dimy L. UJ

Now we give a necessary and sufficient condition for a finitely-generated
submodule of a free V-module to be V-saturated using its corresponding
dimensions as K-vector space and k-vector space.

Theorem 2 Let S be a finite list of vectors in free V-module E, where V
is a valuation domain of quotient field K and residue field k. Then (S)v is
V -saturated if and only if dimg S = dimy S.

Proof. Let S = [s1,...,s,] and let (e;);cr be a basis of E as a V-module.
Since the s;’s depend only on a finite number of the e;’s, we can suppose
that E has a finite rank.

To prove sufficiency, we proceed by induction on r. For » = 1, two cases
may arise. In the case dimk S = dimy S = 0, we have S = [0] and, of course,
{0} is V-saturated as V is a domain. If dimkx S = dimy S = 1, then s; is
necessarily primitive and, thus, Vs; is V-saturated.

Suppose now that r > 1.

Case 1: s; is not primitive. Denote S = [so, ..., s,]. Necessarily, s; € (S )k,
because otherwise we would have

Since dimgk S = dimg S/, dimy S = dimy S’, and dimg S = dimy S, we
infer that dimgk S” = dimy S’. The V-module (S’)y is V-saturated by the
induction hypothesis. Now, since s; € (5')k, there exist §; € V \ {0} and
Po, ..., B € V such that f1s1 = fBasy+ -+ - + B,-5,, and hence, s; € (S")v. It
follows that (S)v = (S')v, and, thus, (S)v is V-saturated as desired.
Case 2: s; is primitive. For 2 < j <r, we set v; 1= s; + a; 5 = ZZ Vi€,
where a; € V is such that vjudex(s;) = 0. Denoting by L := [v, ..., v,], we
have (S)v = Vs; @ (L)vy, dimkg S = dimk L + 1, and dimy S = dimy L + 1.
Since dimg S = dimy S, we have dimkg L = dimy L. Since (L)y is V-
saturated (by the induction hypothesis), Vs, is saturated as well (by virtue
of the case r = 1).

Let us prove the necessity. We can put S in an echelon form by means
of operations of type 1 and 2. It is clear that an operation of type 1 does
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not affect the V-module generated by the current list. Also, so does an
operation of type 2 since (S)v is V-saturated. Denoting by U the new list
obtained after putting S in an echelon form, we get dimg S = dimg U =

Example 4 Let E be a free Zsz-module with basis (eq,...,es,...). Con-
sider the list [s; = e1+2e5+2e5, So = e1+2e3+2ey4] of vectors in E. Clearly,
we have

dimgp(Q s; + Q s2) = 2 > dimp, (Fy 51 + Fo 55) = 1.

Thus, by Theorem , the Zoz-module Zsy 81 + Zoyz So 1s not Zyz-saturated.
From here it follows that {s;, s2} is not a generating set for Sat(Zaz s1 +
Zs7, $2). Executing Algorithm , we find

Sat(Zag, $1 + Loz $2) = Loz v1 + Loz, va,
with
vy := Prim(sy) = s1, vy := Prim(sy—s1) = —(1/2)(s2—81) = ea—e3—ey+es.
Finally, dimg(Qu; + Qus) = 2 = dimp, (Fy 01 + Fy 02).

Theorem [2] implies an algorithm which, for a finitely-generated submod-
ule M of a free V-module F over a valuation domain V of quotient field K
and residue field k such that dimg M > dimy M, exhibits a vector u € F
witnessing that M is not saturated, i.e., u € Sat(M) \ M.

Algorithm 4 (Saturation test over a valuation domain and a witness for
nonsaturation if so)

Input: A nonempty finite list S of nonzero vectors in a free V-module F
with basis (e;)ier-

Output: An answer to the question whether (S)y is saturated or not, and,
in the case of negative answer, a vector u € Sat({S)v) \ (S)v.

Since the S[j]’s [[] depend only on a finite number of the e,’s, we can
suppose that E has a finite rank.

WHILE one of the entries of S is primitive and £(S) > 1 DO

Consider a primitive element S[jo] in S. Using Algorithm , for each j,
1 <j <4(S) and j # jo, compute v; := PrimRed(S[j]; S[jo]), and replace S
with the list formed by the nonzero vectors among vy, ..., vj,—1, Vjo+1 - - -, Vy(s)-

1. If none of the S[j]’s is primitive, then (S)v is not saturated and
Prim(S[1]) € Sat((S)v) \ (S)v.

2. If 4(S) =1 and SJ1] is primitive, then (S)v is saturated.

1 S[j] denotes the ;" entry of S; S = [S[1],..., S[H(S)]].
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Example 5 Denoting M := Zay s1 + Zoz so in Example [4 we have
vg € Sat(M)\ M.

Our goal now is, given a list [u, s1,. .., s,| of vectors in a free V-module
E, to present an algorithm to test whether u € Sat({sy, ..., s,)) or not, and,
in the case of positive answer, to express u as a linear combination of the
generators of Sat((sy,...,s,)) computed with Algorithm

Algorithm 5 (Saturation membership test over a valuation domain)
Input: A finite list [u, s1,. .., s,] of vectors in a free V-module E with basis
(€;)ier, where V is a valuation domain of quotient field K.

Output: An answer to the question whether u is in Sat({s1,...,$,)) or not;
and, in the case of positive answer, a finite list [vq,...,v,] of vectors in E
generating Sat((sy, ..., s,)) as a V-module and a list [ay, . .., a;] of elements
in V such that v = ajvy + - - - + o,0,.

Since the s;’s depend only on a finite number of the e;’s, we can suppose
that F has a finite rank.

1. Test if u € Ks; + ...+ Ks,. If the answer is NO, then return NO.
Else, continue.

2. Write v as a K-linear combination of the s;’s.

3. Use Algorithm [2 to compute a finite list [vy,...,v,] of vectors in E
generating Sat((sy,...,s,)) as a V-module.

4. Write each s;’s (1 < j < n) as a K-linear combination of the v;’s
(1 <t <r) by tracing the computations done with Algorithm [2|

5. Write u as a K-linear combination v = oyvy + -+ + a,v, of the
v’s (using 2. and 4.). Note that, by virtue of the proof of Lemma [2
the obtained K-linear combination is a V-linear combination if and only if
u € Sat({s1,...,8,)). Thus, oy € V for 1 <t <r.

2 R-saturation with R being a Priifer do-
main

We need first to recall the notion of comaximal monoids and Priifer domains.

We say that S is a multiplicative subset (or a monoid) of aring Rif 1 € S
and for any a,b € S, ab € S. For example, for a € R, a" := {a"; n € N} is
a monoid of R. The localization of R at S will be denoted by S~'R or Rg.
If S is generated by a € R, we denote Rg by R, or R[1/a]. Note here that
R, is isomorphic to the ring R[T]/(aT — 1). We keep the same notation for
the localization of an R-module.

We say that elements ay, . .., a; of aring R are comazimalif (ay, ..., ax) =
R. For example, for any a € R, a and 1 — a are comaximal. We say that
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monoids Sq,...,S5, of R are comaximal if any ideal of R meeting all the
S;’s contains 1. In other words, if for any a; € Sy,...,a, € S, there exist
bi,...,b, € R such that > "  ba; = 1, that is, ai,...,a, are comaximal
elements in R. For example, if aq,...,a,, are comaximal elements in R,
then the monoids al, ..., a) are comaximal.

A ring R is Bézout if each finitely-generated ideal is principal. A ring R
is arithmetical if for any z,y € R, there exist s,t,a,b € R such that

sr = avy,
br = ty, (1)
s+t = 1.

See [2] for detailed explanations about this characterization. Property
amounts to saying that each finitely-generated ideal becomes principal after
localization at a finite family of comaximal monoids.

An integral domain is called a Prifer domain if it is arithmetical. A
Noetherian Priifer domain is called a Dedekind domain.

Let E be a free R-module over a Priifer domain R, and consider a finite
list S = [s1,...,8,] of nonzero vectors in E. In this section, we give an
algorithm computing a generating list for Sat(Rs; + - -+ + Rsy,).

As for dynamical Grobner bases [4}, (7], one can obtain a dynamical version
of Algorithm [2| for Priifer domains. This algorithm works like Algorithm
for valuation domains. The only difference is when it has to handle two
incomparable (under division) elements a,b in R. In this situation, one
should first compute «a, 8,7 € R such that

ab = pPa,
vb = (1 — «)a.

Now, the computations are pursued in R,, (in which, a | b) and in Ry,
(in which, b | a). At the end of the dynamical computations with Algo-
rithm [2] we obtain a finite binary tree whose leaves are comaximal localiza-
tions S;'R,..., S, 'R of R. Over each localization S;lR, 1 <7<k, we
obtain a generating set H; = {h;1,...,h;,, } for Sat((s,.. '7SH>S;1R)‘ For
each 1 <4 < pj, there exists d;; € S; such that d;;h;; € E. Under these
hypotheses, we have:

Theorem 3 (Saturation over a Priifer domain) For any R-module,
Sat((sl, ey 5n>R) = <d171h171, e 7d1,p1h1,p17 e ,dk71hk71, Ce 7dk’,pkhk’,pk>R'
Proof. 1t is clear that

<d171h1’1, e 7d17p1h17p1, Ce ,dk71hk71, e 7dk,pkhk,pk> Q Sat(<81, e 73n>R)~
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To prove the converse, let h € Sat((si,...,sp)r). It is also in
Sat((sq,. .. >5n>S]._1R) for each 1 < j < k. Hence, for some d; € S5, d;h €
(djihja, ..., djp hjp )R- On the other hand, since Si,...,Sy are comax-
imal multiplicative subsets of R, there exist ai,...,a; € R such that

Z?:l ajd; = 1. From the fact that h = Z?:l ajdjh, we infer that
h e <d171h1,1, .. ,d17p1 thl, - ,dk71hk71, - adk‘,pkhk‘,pk>R'
U

Example 6 Let § = /-5 and E be a free Z[#]-module with basis (e1, e, . . .).

Consider the list [s; = 3e; + (4 + 20)es, so = Oe; + 3es] of vectors in E.

Suppose that we want to compute a generating set for Sat((s1, s2)zjg])-
Note that the ring Z[f] is a Dedekind domain which is not a Bézout

domain (and, thus, nor principal). Since a := 3 and b := 4 + 260 are not
comparable under division in Z[f], we have to find «, 3, € Z[f] such that
ab = fPa,
vb = (1 — a)a.

Further, since the ring Z[0] has a Z-basis (it is a rank 2 free Z-module),
a, 3,7 can be computed by solving an underdetermined linear system over
the integers. A solution is given by a = 5+ 26, § = 66, v = —3. Then we
can open two branches:

Z[0]
v N\
Z[0)ar20  Z[0]5420

Over Z[0]5420°

srsal = |3 (e + =2 ber + 3es| = oy 4 07 0 .4
S1. S = e & (& & (& e (& (&
1592 1 5+292 9 1 3 1 5+29 2a5+292 3

(the list is in an echelon form without additional branching).

Over Z[@] (4426)"

3 3
[81782] = l(4+29) (4—}-2861 + 62> 7‘961 +3€3:| — |:4+ 2061 +€2,961 +3€3:|

Since 6 and 3 are not comparable under division in Z[0]29), we have to
consider two comaximal localizations. We find a = 3(=3+6), 8 = —5 — 36,
v = —3(3 + 20) as solutions to the following system over the integers:

af = 30,
70 = 3(1 — ).
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We then split the ring Z[0] 4420y as follows:
Z(0] 420
v N\
Z10)(a120)(~9+30)  Z[0](a+20)(10-30)

Over Z[0](4+20)(—9+30)

3, 5430
4420 930

e + e, 661 + 363:| — |: e + 63:|

{4+29

(the latter list is in an echelon).

Over Z[0](4+20)(10—30):

Le—l—e feq + 3e3| — 3 6+66—|—_9—+396
4420 0 T BT 4420 TP T 10300

(the latter list is in an echelon).
Finally, over Z[6]:

Sat(<81, SQ)Z[Q]) = <<5 + 26)61 + 6062, 1062 + (5 + 26)63, 361 + (4 + 29)627
(5+30)er + (9 — 30)es, (10 — 30)er + (—9 + 30)es).

The dynamical evaluation of the problem of computing a generating set
for Sat((s1, s2)zg) produced the following binary tree:
Z[6)
N\
Z[0)5420 Z[0) 4120

v N\
Z[0] (a+20)(—9+30)  Z[0)(a120)(10-30)

3 Z-saturation with Z being a Bézout domain

In this section we consider a Bézout domain Z. Let E be a free Z-module
with a countable basis (ey, ez,...). For u =) ue; € E'\ {0}, we denote by
ged(u) the greatest common divisor of all the nonzero w;’s and Prim(u) :=
(1/ged(u)) u (we convene that Prim(0) = 0). To explain the dynamical
version of Algorithm [2]over Bézout domains, it suffices to give the dynamical
versions of type 1 and type 2 operations. This can be done as follows.

By a (dynamical) operation of type 2, we mean the operation of type

u <« Prim(u), ue E\{0}.
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Denoting by dy,...,ds the nonzero coefficients of Prim(u), we have
ged(dy,...,ds) = 1. Note that Prim(u) is a primitive vector (i.e., with
one invertible coefficient) over each localization E[1/d;] := E ®z Z[1/d;].
A Bézout identity between the d;’s guarantees that the monoids dY, ..., dY
are comaximal. Such a vector will be simply called a primitive vector (a
vector whose coeflicients generate the whole ring).

Let w = ) . uje;, v =), v;e; € E and suppose that u is primitive. To
avoid redundancies, since the ged of the elements of the set H formed by
nonzero coefficients of w is 1, one can consider a minimal (for inclusion) sub-
set {wy, ..., u; } of Hwith iy < iy < --+ <1, such that ged(u;, ..., u;) = 1.
It is worth mentioning that the LLL method [6] provides an effective algo-
rithm for finding a short basis of a given lattice and can be used for finding
Uiyy -y Uy, 5]

By an operations of type 1, we mean the operation of type

v [u v — v, w0 — v .

At each localization Z[1/u,,], the vector

Ui]-
UiV —UV;. U =Uj. | UV — —U
J J J
ui].

is, up to a unit, equal to the reduction o = ), 0;e; € E of v by u such that
0;; = 0. Contrary to the local case (i.e., the case where the base ring is a
valuation domain), a type 1 reduction may produce more than one vector if
one wants to do all the reductions at once (i.e., globally over Z) instead of
doing them at each localization Z[1/u;,] separately.

In the particular case of two vectors, we infer the following result.

Proposition 2 Let E be a free Z-module with basis (e;)icr. Let S = [u =
Yo uiei, v =Y. ve;| be a list formed by two vectors in E with w # 0. Then
Satz((u,v)z) = (Prim(u), Prim(u;, v — v, u), ..., Prim(u; v — v;, u))z,

where w;,, ..., u;. are nonzero coefficients of u.

Proof. Let us put “dynamically” the list [u, v] in an echelon form by execut-
ing the dynamical version of Algorithm [2] explained above. One has first to
replace u by its primitive version @ = Prim(u) = (1/¢)u, where ¢ = ged(u).
The obtained new list is then

[@, Prim((u;, /c)v — vy, @), ..., Prim((u;, /c)v — v;, 1))
with
. Ui, - . 1
Prim (—Jv — viju) = Prim (—(uijv - viju)>

c c

1 ( )) = Prim( )

= —(u;;v —v;u) | = Prim(u; v — v;u).

ged (ug,v — v, u) \ ¢ ’ ! ’

13
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Example 7 Consider the list
S = [u = 6e; + 6e3 + 4deq, v = 4ey + 3ey + 3eg]
of vectors in a free Z-module Ze; + - - - + Zey. By Proposition [2, we obtain
Satz((u,v)z) = (Prim(u), Prim(6v — 4u), Prim(4v — Ou))z
= (Prim(6e; + 6e3 + 4ey), Prim(9ey — 3es — 8eyq), Prim(4e; + 3es + 3e3))7
= (3e1 + 3es + 2ey, 9es — 3e3 — 8ey, 4eq + 3es + 3es)y.

Let A be aring, a € A, and M be a submodule of a free A-module E.
Denote by
(M:a)={ueE|aue M}

a submodule of E containing M.

Proposition 3 Let R be a domain with quotient field K, and consider a
finite list S = [s1, ..., sp] of nonzero vectors in a free R-module E with basis
(€i)ier- Let Echel(S) = [vq,...,v] (r = dimg(Ks; + -+ Ks,) < n) be
the list obtained after transforming S into a primitive triangular list over
the quotient field K with Algorithm[9 (E being replaced with the finite-rank
free R-module generated by the e;’s on which the s;’s depend). Then

Sat(Rs1+---+Rs,) = (Rwi+---+Rw,) : §")

(Rwi+---+Rw,) : 0"),
where u; = (1/0;)w;, w; € E, 6; € R\{0}, and 6 =lem(dy,...,0,) =[[i_; &

Proof. Let ue (Ksy+---+Ks,) NE=(Kuv, +---+Kwv,)NE. There
exist a; ..., a, € K such that

U= a1V + -+ a,U,.
For each 1 < i < r, by identifying the index(v;)*® coefficient of u, we
obtain
a) € R,,
bg,lal + a9 € R,
bnlal + br’gag + -+ bm,_lar_l +a, € R,

with b; ; € (1/0)R. It follows that a; € R, as € (1/0)R, a3 € (1/6*)R, ..., a, €
(1/6" YR, and, thus,

uwe (1/0"H(Rv +---+Ruv,) C(1/)(Rw;y + -+ Rw,).
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Hence, Sat(Rs; +---+Rs,) = (Rw; +--- + Rw,) : §"). It remains to
note that

Sat(Rs;+---+Rs,) = (Rwy +---+Rw,) : d")
C(Rwy+---+Rw,): ") CSat(Rs; +---+Rs,).

O

In the remainder of the paper, the ring Z can be replaced by any principal
ideal domain. The following result is a global version of Theorem 2]

Theorem 4 Let S = [s1,...,S,] be a finite list of nonzero vectors in a
free Z-module E with basis (e;)icr and let Echel(S) = [vy,...,v] (r =
dimg(Qs1 + -+ +Qs,) < n) be the list obtained after transforming S into
a primitive triangular list over Q with Algorithm @ (E being replaced with
the finite-rank free Z-module generated by the e;’s on which the s;’s depend).
Further, let u; = (1/;)w;, where w; € E, 6; € Z\ {0}, 6 = lem(dy,...,6,),
and let {p1,...,pi} be the set of the prime numbers dividing 6. Then

(1) SatZ(Zsl + - —f-ZSn) = SatZ(Zwl + - —i—ZwT)
=((Zuwi+--+Zw,):0")=((Zuwr+---+Zw,) : ").

(2) The following assertions are equivalent:

(i) Zwy + -+ + Zw, is Z-saturated.

(ii) Foralll <i<t, Zpzwi+ -+ Lpzw, is Lyz-saturated.
)

(iii) dimg W = dimp, W =--. =dimg,, W,
where W = [wy,...,w,], dimg W denotes the dimension of Qu; +
-+ Qu, as Q-vector space, and dimy, W denotes the dimension of
Fp,wi+---+Fp,w, as Fp,-vector space, w; denoting w; seen in EQzIF,,.

(3) If for 1 <i <t, {(1/a;1)€i1,...,(1/a;s )€} is a generating set for
SatzpiZ(ZpiZ S1+ -+ Zypyz Sn) with €;,; € E and a;j € Z \ p;Z, then

SatZ(Zsl —+ . +ZSn) = <wla---ywrael,la---;61,517---76t,1;'-->€t,€t>-

Proof. (1) This is Proposition [3 The fact that Satz(Zs; + -+ + Zs,) =
Satz(Zwy + - -+ + Z w,) is clear.

(2) The equivalence of (ii) and (iii) follows from Theorem [2|

Let us show that (ii) follows from (i). Let v = (1/a)u, a € Z \ p;,Z and
u € E be such that av € Zy,z wy + - - - + Zyp,z w, for some o € Z,,7 \ {0}. It
follows that there exists b € Z \ {0} such that bu € Zw; + -+ - + Z w,. But,
since Zwy + - - - + Zw, is Z-saturated, we infer that v € Zw; + -+ - + Z w,,
and, thus, v € Z,,z w1 + -+ - + Zp,z w,.

15
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Now, let us show that (i) follows from (ii). Let v € Satyz(Z wi+- - -+Zwy,).
By virtue of (1),

veZw + -+ Zw,. (0)

Further, for all 1 < i < ¢, since Zy,z w1 + -+ + Zp,z w, is Zy,z-saturated,
there exists «; € Z \ p;Z such that

;v € Zwy + - - + Zw,. (1)

Since ged (9", aq, ..., aq) = 1, there exist 3, 5y,...,5; € Z such that 56" +
prag + -+ -+ By = 1 (Z being a Bézout domain), and, thus, combining (0),
(1),...,(t), one gets v € Zwy + - - - + Z w,, as desired.

(3) We have Sata(A sy + - -+ As,) = Sata(Aw; + -+ + Aw,) with
A =7 or Zy,z. It is clear that

Satz(Zsy + -+ +7Z8p) D (Wiyeo s Wy €105 ey €1ay5 s €1,y €p) = M.
Conversely, let v € Satz(Z sy +--- + Zs,). By virtue of (1), we have
6'v € (wy, ..., w,). (0)
Besides, for all 1 < ¢ <, there exists o; € Z \ p;Z such that
Qv € (€1, ..., €ip;)- (1)

Since ged(6”, aq, ..., ay) = 1, there exist 8, f1,...,5; € Z such that S0" +
fraq + - -+ + Bray = 1, and, thus, combining (0), (1),...,(t), one gets v € M,
as desired. [

Theorem [4]implies the following algorithm for computing the Z-saturation
of a finitely-generated submodule of a free Z-module via prime factorization.

Algorithm 6

Input: A finite list S = [s1,...,s,] of nonzero vectors in a free Z-module E
with basis (e;)ier-

Output: A finite generating set H C F of Satz(Z sy + -+ Z sy,).

1. Compute a finite list Echel(S) = [vy,...,v,] by transforming S into a
primitive triangular list over Q with Algorithm 2| (E being replaced
with the finite-rank free Z-module generated by the e;’s on which the
s;’s depend). Denote by v; = (1/6;)w;, where w; € E, §; € Z\ {0},
take 6 = lem(dy, ..., d,), and compute the set {py,...,p;} of the prime
numbers dividing 9.
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2. For 1 < <'t, using Algorithm [2, compute a finite generating set

1 1
€1,y €0
A1 Qg 0,

for Satz, ,(Zpz s1+ -+ + Zpz sn), with €;,; € E and a; ; € Z \ piZ.

3. Hi=Awy, ..., W, €11, €101, € 15, €0}

Example 8 (Example [7] revisited) Keeping the notation of Algorithm [6]
consider the list

S = [s1 = 6ey + be3 + 4dey, so = dey + 3ea + 3es]

of vectors in a free Z-module Ze; + - - - +Zey. Since applying Algorithm 2| we
use different rings, we write Echelg (U) when we consider the vectors in the
list U as elements of £ ®z; R. The first call of Algorithm [2is with R = Q.
We obtain

1 1 3 3 4
EchelQ(S) = |:181, 582:| = |:§€1 + 563 -+ €4, 561 + e + 63:|

1 1
= |:§(361 + 363 + 264), 5(461 + 362 + 363):| s

0= lcm(él,ég) =2V3= 6, W = [wl,wz} = [361 +363+264, 461 +3€2+363],

1
Echely,, (W) = [—w1,w2 - w1‘| ;

3

and, hence

Saty,, (Zog w1 + Loz, we) = Loz, w1 + Loz, wa,
and

Echely,, (W) = [lwl, 1wg] ,
2 4

and, hence,

Satz,, (Zsg w1 + Lsg wa) = Lz wy + Lsz ws.
Therefore,

Satz(Z vy + Zwvy) = Zwy + Zwy = Z(3e1 + 3es + 2e4) + Z (4ey + 3ex + 3e3).

The following algorithm is a global version of Algorithm [5] Our goal now
is, given a list [u, s1,...,s,] of vectors in a free Z-module E, to present an
algorithm to test whether u is in Sat((sy,...,s,)) or not, and, in the case
of positive answer, to express u as a linear combination of the generators of
Sat((s1,...,s,)) computed using Algorithm [6]

17
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Algorithm 7 (Saturation membership test over the integers)

Input: A finite list [u, $1, ..., s,] of vectors in a free Z-module E with basis
(Q)ie[-

Output: An answer to the question whether u € Sat({sy,...,s,)) or not,
and, in the case of positive answer, a finite list [vy, ..., v,] of vectors in £
generating Sat((si,...,s,)) as a Z-module and a list [cy, ..., ¢;] of elements
in Z such that u = cjv1 + -+ - + ¢ U,

Since the s;’s depend only on a finite number of the e;’s, we can suppose
that E has a finite rank.

1. Compute a finite list Echel(S) = [v1,...,v,] by transforming S into
a primitive triangular list over Q using Algorithm [2] Denote by v; =
(1/6;)w;, where w; € E, §; € Z \ {0}, take § = lem(dy,...,d,). Test
if u € Quw; + ...+ Quw,. If the answer is NO, then return NO. Else,
continue. By clearing the denominators, find ag € Z \ {0} such that

agu € Zwy + . .. + Zw, (0).

Compute the set {p1,...,p;} of the prime numbers dividing § which is
also the set of the prime numbers dividing «y.

2. For 1 < <'t, using Algorithm [2] compute a finite generating set

1 1
€ily- -, €i0;
(78] Qg 0;

for Satz, ,(Zpz s1+ -+ Zpz sy), with €;; € E and a;; € Z \ piZ.

3. For 1 < i < t, using Algorithm , compute «; € Z \ p;Z such that
o U € Zei,l + -+ Zéi,gi (1)

4. Since ged(a, aq, ..., ;) = 1, use a Bézout identity between ay, g, . . .,
oy to transform expressions (0), (1), ..., (t) into an expression asserting
that

u &€ <’LU1, ey Wy €11y €141y €Ty 7€t,€t>Z = Sat(<81, . ,Sn>).

Now we give a global version of Theorem [2] The set of prime numbers
will be denoted by P. If S is a list of vectors in a Z-module and p € P, we
denote by dimg, S the dimension of (S)z ®z F, as F,-vector space.

Theorem 5 Let S be a finite list of vectors in free Z-module E with basis
(€i)icr. Let U := Echel(S) = [uy,...,u,] (r = dimg S) be the list obtained
after transforming S into a primitive triangular list over Q using Algorithm/[J
(as the s;’s depend only on a finite number of the e;’s, we can suppose that
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E has a finite rank). Further, let u; = (1/6;)w;, where w; € E, 6; € Z\ {0},
§ = lem(dy,...,9d,), and let {p1,...,p:} be the set of the prime numbers
dividing 6 (we call them the essential prime numbers of S or of (S)z). Then
the following assertions are equivalent:

(i) (S)z is Z-saturated.
(ii) dimg S = dimp, S =--- = dimg,, S.

(iii) The map rtk(S) : P — N defined by rk(S)(q) = dimg, S, is constant
equal to dimg S.

(iv) The map rk(S) : P — N defined by rk(S)(q) = dimg, S, is constant.

Proof. The equivalence of (i) and (ii) is given by Theorem [l It is clear
that (ii) follows from (iii) and (ii) follows from (iv). To see that (ii) implies
(iii), note that if p is a prime number which does not divide § then we have
dimg, S = dimg S. Finally, to see that (iv) implies (iii), it suffices to consider
a prime number which does not divide §. [

Next we give a global version of Algorithm [4]

Algorithm 8 (Saturation test over Z and a witness for nonsaturation if so)

Input: A nonempty finite list S = [sy, ..., s,] of nonzero vectors in a free
Z-module E.

Output: An answer to the question whether (S)z is saturated or not, and,
in the case of negative answer, a vector v € Sat((5)z) \ (S)z.

1. Let (e;)ies be a basis for E. Using Algorithm |2l over Q (as the entries
of S depend only on a finite number of the e;’s, we can suppose that
E has a finite rank), compute the essential prime numbers py, ..., p;

of S.

2. For 1 < ¢ <{, use Algorithm dl with V = Z,,7 to test whether (S)z, ,
is saturated.

3. If for some 1 < ¢ < 1, (S)z, , is not saturated with u = (1/a)v €
Sat((S)z,,5) \ (9)z,,, as witness (a € Z\ pyZ and v € E), then (S)z is
not saturated, and v € Sat((S)z) \ (S)z.

4. Ifforall 1 < /¢ <t, (S)ZMZ is Z,,z-saturated, then (S)z is Z-saturated.

19
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Example 9 Consider the list

S = [51 = 361 + 363 + 264, SS9 = 461 + 362 + 363]
of vectors in a free Z-module E = Ze+- - -+Zey. The first call of Algorithm 2]
is with R = Q. We obtain

1 1
EchelQ(S) = [551, —82:| 5

3
1
EChGlZ2Z(S) = [581, So — 81:| y SatZzZ (ZQZ S1 + ZQZ 82) = ZQZ S1 -+ ZQZ S,
and
1 1
EChGlZSZ<S) = 581, 182 s SatZSZ(Z:),Z S1 + ZgZ 82) = Zgz S1 + Zgz S9.

Therefore, (S)z is Z-saturated (dimg S = dimp, S = dimg, S = 2).
Example 10 Consider the abelian group
G = {(a,b, c,d) with ab*d® = e, a®c* = d, a*bc = e.

We want to answer the question whether G is torsion-free or not, and, in
the case of negative answer, to give a torsion-element in G (# ¢). In terms
of Z-modules, considering the list

S =[s1=e1 4 2ex+ 3eq, so = 3e1 +4deg — ey, 53 =2e1 + €3 + €3]

of vectors in a free Z-module £ = Ze, + --- + Ze,, we want to answer
the question whether (S)z is saturated or not, and, in the case of negative
answer, to give a vector v € Sat((S)z) \ (S)z.

Executing Algorithm 2] with V = Q, we obtain

3 6 6

and, thus, 2, 3,5 are the essential prime numbers of S and dimg S = 3.
Executing Algorithm [ with V' = Zgz, the list S progresses as follows:

1 2 5 1 7
Echelg(5) = {561 + sex +eq, —e1 + —ex +es, e + 62} ,

[e1 + 2e9 + 3ey, 3e1 + des — ey, 2€1 + €5 + €3]

10 2
— 361 + §62 + 463, 261 + e + €3

14 10 2
— |:—§€1 — 562:| = |:—§(7€1 + 562):| .

It follows that (S)z,, is not Zyz-saturated (dimg, S = 2) with —(1/3)(7e; +
bey) € Sat((S)z,,) \ (S)z,, as witness, and, thus, (S)z is not saturated and
761 + 562 € Sat(<S>Z) \ <S>Z

Therefore, G is not torsion-free with o = a’b°

# e as a torsion-element.
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