ARMENIAN JOURNAL OF MATHEMATICS
Volume 2, Number 1, 2009,

On normal solvability of a Dirichlet’s type problem for

improperly elliptic equation third order

H. M. Hayrapetyan* and P. E. Meliksetyan**

* State Engineering University of Armenia,
Yerevan, Teryan st. 105, Armenia

hhairapet@seua.am

** State Engineering University of Armenia,
Yerevan, Teryan st. 105, Armenia

m.pavo@Qyahoo.com
Abstract

We consider Dirichlet type problem in upper half-plane for improperly elliptic equation
u,z2 = 0, with boundary functions from the class L'(p) (p = (1 + |z])~*,a > 0). The solu-

tions of the problem are obtained in explicit form.
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1. Introduction

Note that two of three roots of the characteristic equation, corresponding to u.s> = 0 belong
to the upper half-plane and one to the lower. In this case the equation is called improperly
elliptic. The boundary value problems for improperly elliptic equations in Holder classes
in bounded domains were studied in ([I] - [4]). In [5] in Holder classes in half-plane the
boundary-value problems for homogeneous equation with constant coefficients were studied.
It should be noted that in these investigations the fact, that Cauchy type integral is a
bounded operator in these spaces is essential. It is well known that Cauchy type integral is
not bounded operator in L! and moreover in L!(p). In cases, when the boundary functions
belong to L! class, the boundary condition should be interpreted in L!'-convergence sense
(6]-91)-

Some results of this paper when « is noninteger where announced in [I0]. In this paper
the solutions of the Dirichlet type problem are obtained in explicit form. We will see, that

the formula for the solution essentially depends on the fact that o integer or not.
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2. Problem statement and preliminary lemmas

Let B; be the class of the continuously differentiable functions in the upper half-plane IIT =
{z : Imz > 0} of the complex plane, satisfying the conditions

oPtiy,

02P0z4

where A is a constant depending on yq, and N is the natural number depending on wu,

< AN, Imz>yy >0, p>0,¢>0, p+q<2

ox 8y

In the II™ the following boundary value problem is considered: find the solution u € B; of

the equation

P
i 1
02072 0 (1)
which satisfies conditions
Jim, Ju(z,y) = f (@)l 1,y =0 (2)
Ou(x y)
Jim [ - @ =0, (3)

where p(z) = (1 + |z|)~*, a >0, fo(z), fo(x), fi(x) € L'(p); L'(p) is the functional class

with the following norm

TP —/_ (@) |p(x)dz < oo.

oo

To study the problem — the following lemmas are needed

Lemma 1 Let 6 € (0,1) and

I(x,y):(:c+i)5/_oo (t—i—i)‘;(zd—tx—iy)’y>0 (4)

then there exists a constant C', independent from x and vy, such that
[(z,y)] <C. (5)

P’I"OOf. Let I((L’,y) = Il<m7y) + IQ(xvy) + ]3($,y), where

e dt

Il(:c,y)z(x+’)§/1 -
e dt

L) =G+ | sy

o dt
Ii(z,y) = (v +i)° /_1 (t+ i)é(i — e —iy)
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Replacing t by t~! we get

W) =G+ [

ydt
14 i)t =9(1 — (z — iy)t)

_ (z+a) /1 ydt
Coa—iy Jo (L4t — L)

T—1iy
Using Muskhelishvili’s inquality ([11], p. 93) we get
ydt - 11-6
| sy | < Ao
T—1y
Therefore, for |z| > 27!
T+ |0
L@yl < || <c.
T —1iy
If |z| < 271, then |t — 2 —dy| > 27t and
o dt
I < —_—
| 1(1’,y)| /1 |t+i|1+6

In the same way it may be proved, that |Ir(x,y)| < C. When |z| < 2 we get

! ydt
1 |t—x—2’y|'

Lyl <3 [

Therefore |I3(z,y)| < C. Taking into account that the function

1 dt
k(=) = / a2

is holomorphic in the infinity and K (co) = 0, then representing it by the Laurent series, we

get
A A 1 A
K()=—""— 4 "2t .. =—— <A1+ 2 +)
r—1y (xr—iy) T — 1y T — 1y
and
K —w)| < ——, |z]| > 2,
(o= i) < 2 Lo

where A is some constant. For || > 2 we have

I3(2,y))| < |z +1d]° — <
|z — iy

The lemma is proved. [

Lemma 2 Let f € L'(p), a be a noninteger, n = [a] and

() [ f(t)dt
2= /—oo (t+i)2(t —2)’ R
then
Jim Yl @(f,z +iy)la) = 0. (7)
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Proof. Let f € C°(—o00, 00),8 > 0 be a finite function with support in [—A, A]. Out of
segment [—A, A] the function ®(f, z) is holomorphic and |®(f, z)| = O(|z|*"!) in infinity.

y/ |D(f, x + iy)|p(x)dx < Aoy/ |z + iy|”_1p(x)dx <
|z|>2A

|z[>2A

dxz
< A _
o A|>2A |z + i)

The last integral converges ({a} > 0) and

lim y |(f, 2 + iy)|p(x)dz = 0.

y—+0 |z|>2A

Taking into account that z € [—A, A] the function ®(f, z) is uniformly bounded [11] we get

lim y/ |D(f, x + iy)|p(x)dz = 0.
|z|<2A

y—+0

Thus, when f € C°(—o0, c0), the finite function has been proved. To prove the

lemma we need the following inequality

ylle(f, 2+ )z < Clf - (8)

In fact

. [T @ tay)r [ f(t)dt dx
00+ il = [ [T [ ] i <

1 [ t o d
L e,
21 J_oo [t ol Jo |+ it — 2 — iy

According to lemma

o d
|t—i—i|{"‘}/ U — <
oo [T At — 2 — iy

so the validity of estimation follows. Let now f € L'(p) and € > 0 be arbitrary number,
and a finite function f; € C%(—o0, 0o) satisfy inequality || f — fi|| < €. Then

ylIR(f,z + i)l < ylIR(f = froz + i)l + yllR(f 2+ iy)llLi) <

< Ce+y||@(f, 2 +iy)|lr1(p),
and so as
i yl|e(f,z +iy)l|g) =0

and € > 0 is an arbitrary number, the lemma is proved. [J
Lemma 3 Let f € L'(p). Then

iy, ) 12 =0, )
where ®(f, x + 1y) is the function defined by @
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Proof. Let/s begin with the proof of inequality
supy|[¥'(f, 2 +iy)llzi) < Cllf o) (10)
y>

Note that ®'(f,z) = I(f,z) + I2(f, z), where

ozt f(t)dt
() [ f(t)dt

From we have
y/ | (f, z +iy)|p(x)dx =

—00

[ g [T
o | @i+ /_Oo(tJri)”t—x—iy\erﬂa =

SCny/ &ﬁ—i-’i’{a}/ dz

dt.
o |t Fi|™ o |t =z —iy||x + | e}
Taking into consideration, that

. o ydx
t {a} <
£+ (/mw—x—wmu+uww}—

* ydx * ydx
<o _
- /oo [t — iy a T /_oo t—a—iyP

* ydx ) (/OO ydx /°° ydx )
<2C _—— < Oy,
+/_oo wrip) SN el TP i

we get finally

ML (fyz + iyl < ClFlle). (13)

Estimating we get
v [ Bt ilpta)ds -

—00

oy [T , o [ f(@) dt dx
=5 ) Jerwro [ e

=t S d
S/ L.)Itﬂ'ﬁa}/ T
S R eIy

_ o ydx o ydx
¢ {o} < g
RN = e e e

o ydx
C dt <
* 1/_00 =g W@ E =T

> ydx < ydx
C( _—— — ) < C,
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then
Yl L2(f, z + iyl < Cllfllrep)- (14)

From and follows . Let now g(x) € C'° be a finite function, the support
of which is in the interval [—A, A]. In this case the function ®(g, z) from ({§]) is analytic if
|z| > A and has the pole of order n—2 at infinity. Therefore |I;(g,2)| < C|z["2, |Ix(g,2)] <

C|z|"72, |z| > 2A. From these estimates follows

. dx
y/ 11(g, x + iy)|p(x)dx < Cy/ =1,2.
lz|>2A

@
wjs2a (1 [z])2Hed

From this inequality it may be deduced that

lim y/ |®' (g, x + iy)|p(z)dx = 0.

y—+0 00

Recalling one more time inequality we achieve the proof of lemma. [

Lemma 4 Let f € L'(p) and

ozt [ f(t)dt
Sz =55 /_Oo(t+i)”(t—z)2

Then
yinioyllq%(f, z+ 1Y)l =0,

Proof. Taking into account and , we get

yll1(f, 2 +iy)llry < Cllflle-

Now similar to the proof of lemma [3] we prove lemma {4l O

3 Investigation of a homogeneous problem

The general solution of the equation (1)) may be represented in the form ([10])

u(z) = @(2) + yP(z) + w(z), wli) = wr(i) =0 (15)

where @, 1), w are analytic in II™ functions, uniquely defined by u. Substituting u into
conditions , we get the following boundary conditions

Jim (2 + iy) + yib(z +iy) +w(z +iy) — follzr) =0, (16)

Jim [1R(ip(a +iy) + (@ +iy) + iy’ (z + i) — iwlz +ay) = fi)lle) =0, (17)

for definition of functions ¢, 1,w. The problems — and — are equivalent. For
investigation of the problem ([I))-(3]) we formulate the following theorem (see [10]):
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Theorem A. Let the function u be the solution of the problem —. Then it can be
represented in the form ([15]), where

o) = EE " ROE s p (1)

o) = EE [T A R (19

(20 [ At
Vi) =5 /oo(t+i)"(t—z)+

(z—0)" [ fi(t)dt o .
T o /_oo G—irt—z) ¢ (2) —iw'(2) + Pi(2) (20)

Here the polynomials Py and P, are uniquely determined by w and coefficients of P, are

purely imaginary numbers.

3.1 At first, we consider the case of noninteger a.

Theorem 1 If « is a noninteger number, then the homogeneous problem - has 3n,n =
[ linearly independent solutions over the field of real numbers. These solutions can be

represented in the following form

up(z) =28 =7, k=23,...,n,

up(2) = i((2F —2°) —k(z —2)2"), k=2,3,...n+1,
ve(2) = (2 —=2)2" k=0,1,,...,n—1,
Upp1(z) = 2" =2 — (n+1)(z — 2)2" (21)
If a < 1 the homogeneous problem has only a trivial solution.

Proof. Recalling theorem A from and (L8)-(20) we get (fo = f1 =0)

/

u(z) = Po(2) = Ro(Z) + y(Pi(2) — i(Fy(2) — Py(2))), (22)

where Py, P; are some polynomials, and coefficients P; are purely imaginary. Denoting the
coefficients of the polynomial Py by a = aj, + ia}, k = 0,1,...,mg, and the coefficients of

the polynomial P, by 2ib,, k= 0,1,...,my, we represent u in the following form
mo mo mi
u(z) = Z aju(z) +1 Z ayu(z) + Z brvg(2). (23)
k=1 k=1 k=1
The order of function wug(z) for fixed y if |x| — oo is equal k — 1, i.e. |ug(x + iy)| =
yO(|z|*Y). Similarly |vx(x + iy)| = O(Jz|F71). As

~(k) /-
u(x + 1y) = wg(iy) + w(iy)x... + ukk—gw)xk
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and 07 (iy) = @V (iy) = 0, @2 (iy) = 2k(k — 1)y, we get [ix(z + iy)| = y2O(|z|2).
The function u from belongs to the class L!(p) if and only if the order doesn’t exceed
n — 1, and this corresponds to £k =2,3,...,n+ 1. It should be noted that the order of
this function u(z) to doesn’t exceed m, where m = max {mo — 1,m;}. Hence, in order the
function u(z) satisfy the homogeneous problem , , it is necessary that m <n — 1, i.e.
mo < n and m; < n — 1. For arbitrary k& > 0 we have 2! — 2¢1 = 2iy(k + 1)z% + ..,

(z — 2)2F = 2iyz* + . ... Therefore for arbitrary real number a}, , and by = —(k + 1)a},, we
have |ajupy1(2) — brop(2)| = 2y0(|2|"). Tt follows from this that T, (z) = 2"t — 20! —
(n+1)(z — 2)z" in infinity has the order of n — 1. It also should be noted that u;(z) = vo(2),
u1(z) = 0.

Let’s prove that every function from satisfies the conditions , . It is sufficient to
consider the functions u,(z), U,11(z), Un_1(z) and ¥,,1(2). Since |u,(x+1iy)| = 2yO(|z|"1),
[on-1(z + iy) = 290(|z[*™), [tns1 (2 + iy)| = y?O(|x|"™") and [Un4a(z +iy)| = y*O(|2["")
with fixed y > 0, thus

Tim ()2 = Jim, o (o,9) L) =

= B i (2, )l = B {1Tne (@, y)llee) = 0.

Further 5
uggz) =ni(z" 14 2",
(9un5;(z) = —m+1D)(Z"+2") +2(n+1)2" + 2i(n + Dnyz""",
—(%na_:;(z) =2iz"' —2y(n —1)2"2,

8%5;(2) =—(n+1)i(z"+ 2") + 2i(n + 1)2" — 2(n + Vnyz""1,

and therefore
avnfl(z) o n—2 aﬁnJrl (2> o n—1
RS = 0ol ), [Re ) = y0 e ),

so the functions v,_1(2), Uns1(2) also satisfies the condition (3).

To complete the proof of the theorem we must prove that the system of functions is
linearly independent over the field of the real numbers. Let’s prove the linearly independence
of the system ug(2), k =2,3,...,n, ur(z), k=2,3,...,n+ 1. In fact, assume for some real

numbers Ay, By,
n+1

k=2 k=2

It follows from this identity that

n

> (Ap+iB)2" + By 2 = Qu(2) + 2Qa(2),
k=2
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where Q1(z), Q2(z) are some polynomials. We get

&’ [ . .

@ <Z(Ak + ’LBk)Zk + ZBn+1Zn+1> =0.
k=2

It is possible only if A, =0, k=2,3,....,n, By =0,k =2,3,...,n+ 1. Similar argumenta-

tions confirm that the system ([21)) is linearly independent. [

3.2. The case when « is integer.

Theorem 2 The following statements are true.
a) Let a« = 0, 1. In this case the homogeneous problem - has only trivial solution.
b) Let « =n =2,3,..... Then the homogeneous problem - has 3n — 4, linearly

independent solutions over the field of real numbers. These solutions can be represented as
up(2) =28 -7, k=23,..,n—1,
up(2) =i((F = 2°) —k(z —2)2"Y), £=2,3,..,n,
w(2) = (2 —2)2", k=0,1,,...,n—2. (24)
Proof. For the function u(x+iy) € L*(p), if a = 0, 1, it is necessary that |u(z+1y)| = o(1)
for |z| — oo. It is possible only if in mo = 1, my = 0. Therefore in this case
u(x + iy) = 2a}iy. But this function doesn’t satisfy the condition (2), so a) is proved. By

the same way we have |u,(x + iy)| = yO|z|" ™", un(z + iy) ¢ L'(p). Therefore u,(z + iy)
doesn’t satisfy the homogeneous conditions , . The proof of therem is completed. [J

4 Investigation of a non homogeneous problem.
4.1. The case of noninteger a.

Theorem 3 The problem - has a solution for any functions fo(x), fi(z) € L'(p),

fi(x) € LY(p). General solution can be represented as
u(z) = uo(2) + u(2), (25)
where ug(2) is the general solution of the homogeneous problem, and uy(z) = ¢1(2)+y1(z)+
(z+4)" /°° fo(t)dt
pu— 2
P =50 | G o= (26)

)
(
(z =)™ [ fo_(t)dt
/ ( 27)

omi ) o (t—i)(t— 2)

wi(z), where

wi(z) =

G [ A
nl2) =0 /_m(t+i)"(t—z)+

n (z—1i)" /°° fi(t)dt

211
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Proof. We must prove that the function from is a solution of the problem —.
Taking into account theorem [2] it is sufficient to show that the function u;(z) satisfies the
statement. For this purpose let’s consider the boundary-value problem in class of analytic

functions in the upper half-plane.

Jim o +iy) + w(z +iy) = fo(@)lloie) =0, (29)
Jim | Re(i' (@ +1y) + (@ + i) + w'(z + ) = fil@) ) = 0. (30)

Let w™(2) = —w(Z). From (29) we have
Jn flo(z +iy) — w™(@ —iy) = fo(@)llzrp) = 0.

This problem by [8] has a solution for any function fy(z) € L'(p), and the solution is

represented in the form

(z 40" /Oo folt)dt + Py(2), (31)

omi oo (L+0)"(t — 2)

w(z) = (= 9" /OO folt)dt Py(2), (32)

2t J_o (t =) (t — 2)
where Py(z) is a purely imaginary polynomial of order n. Denoting U (z) = i¢'(2) +(z) +

iw'(2),z € IT, U~ (2) = —=¥(2),z € IT", we get from

Jim [z +iy) =¥ (2 —iy) = 2f1(2)] 1) = 0.
Using again the results of paper [§] we get

(z+0)™ [ fi(t)dt
V) =5 /OO (t+i)(t — 2)

=i [ Ad
* 271 /oo(t—i)”(t—z)+P1( ), (33)

where the coefficients of the polynomial P;(z) are purely imaginary numbers. The functions

©(z), w(z), from (32), and the function

(z+0)™ [ fi(t)dt
W) = =5 /OO ESIES

(z—0)" [*  fu(t)dt - .
+ ) /_OO (t_i)n(t—z) — 1 (Z>—Zw (Z)+P1<Z)

are the solution of the problem , . By lemmas |3 and

Jim gl (@ + iyl =0, (34)
Jim yllv'(z + i)l = 0, (35)

the functions (31), (32)), and are the solution of the problem (€], (17), implying that
u1(z) satisfies conditions (2)), (3)). The theorem is proved. O
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4.2. The case, if « is integer.

Lemma 5 Let o = n be a natural number, fi(x) be a finite function, then u(z) = ¢1(z) +
y%(z) + wi(2) + ug(2) is the solution of the problem (I)-@). Here ug(z) is the solution of
the homogeneous problem, ©1(z), wi(z) are determined by formulas (26), (27), and E(z) =
U1(2) + Ag(z — 2)2"71, where 11 (z2) is determined by formula (28), and

1 & 1 1
Av=g | h0) ( R i)n> dt. (36)

Proof. Assume that Ay = 0. We prove that in this case the function u; (2) = ¢1(2)+yi1(2)+

wi(z), where ¢1(2), wi(z), ¥1(2) are determined by formulas (26]), (27), (28), satisfies
and . Since
Jin o +iy) + w(z +iy) = fol@)llr) =0,

it is sufficient to prove that
ylir-rrloyuwl (@ +iy)llrp) = 0. (37)
Taking into account equalities
Jim yllés (@ + )l = lim ylloy( + )l =0,

we prove
Jim gl (2 + i)l =0, (38)

where

(2 + i) /°° Ayt (=) /“’ Hit)dt (39)

va(z) =50 o (D)t — 2) omi ) o (t— ) (t—2)
If f1(x) is a finite function, then the function ¢9(2) is analytic out of segment [—A; A], A > 0

and the Laurent series of this function in the vicinity of an infinity has the form
Yo(x +iy) = Ap2" 1+ ...,
where A is determined by formula . The assumption Ay = 0 implies
Uo(x +iy) = Ar(z +iy)" 2 + Ag(z +iy)" 3 + ...,

and [ty (z + 1y)| < Colx|" 2, y € [0; 1], |x| > 2A, for some constant Cy > 0. Therefore

lim y |tha( + iy)|p(z)dz = 0.
y—+0 lz|>2A

Taking into account equality

lim y |tha( + iy)|p(z)dz = 0,
y—+0 lz|<2A
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we get (if Ag = 0). Now let Ay # 0. Let’s prove that the solution of problem (I)-(3) is

the function .
AO’L

ui(2) = 1(2) +yi(2) +wi(z) + 7%—1(2)7 (40)

where v, _1(z) = (2 — 2)2""!. As

pa(2) + B 0 (2) = y (9a(2) — o),

and in the vicinity of a infinity |¢2(2) — Agz"| = O (|2|"7?), now in a similar way

‘ o Agi .
Jm llyeo( +iy) + ==vna (@ + )l =0

The lemma is proved. [
Theorem 4 Let o be a natural number that is more than 1. In this case the problem -

has a solution for any functions fo(x), fi(z) € L'(p), fi(x) € L'(p). The general solution

may be represented in the form

u(2) = @1(2) + Y (2) + wi(2) + uo(2)

Here ug(z) is the general solution of the homogeneous problem, v1(z), w(z) are determined

by formulas (26), [27), and {/}\I(Z) = U1(2) + Ao(z — 2)2"71, where ¥y(2) is determined by
formula (28), and Ay by formula (36)).

Proof. Let Ay = 0. Let’s prove that function

ur(2) = p1(2) + yi(2) + wi(2),

where ¢1(2), wi(z), ¥1(z) are determined by formulas (26), (27), (28), satisfies conditions
and (3). We have

Jin ez +iy) + w(z +1y) = fol@)llr) =0,
therefore it is sufficient to prove that
Jim yllvn (@ + i)l = 0. (41)
Taking into account
Tim (@ + i)l = lim el e+ i) gy = O

can be replaced with
Jim yllva(z + i)l =0, (42)
where

Pa(z) = Ua(f1: 2) =
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B (z+9)" [ fi(t)dt (z =) [ fi(t)dt
- / ( " / (

271 o (t+ ) (t — 2) 271 o t—z')"(t—z)'
Now

\Ilg(fl . Z) = ]1(f1 . Z) —|— Ig(fl . Z),

L(fy:2) = (z+z) (z—z) /"O( fi(t)dt

t—i)"(t—z)’

(z 40" 1 dt
I( = .
2 270 / Lt <t+2 (t—i)”)t—z

Let’s estimate the norm ||1y(f1 : 2)| 11y

where

y/_oo L (f1 @ +iy)|p(z)de <

> 1
< C _
y/oolm+z'|

> ydx
C/ |t+z|"/ =z — iyl o < ClMille- (43)

de <

/OO (fl(ft) dt

t—i)it—ax — iy

Integrating by parts we get

]2(f1 : Z) = <fz2j;ll)n /_Z J?l(t) (t _dtz)m

0= [ 10 (a7 )

The function fi(t) € Li(p) if n =2,3,... and by lemma

where

ylig_loyH[2<f1 cx 4+ 1y) || = 0. (44)
Now let fi.(x) € C°(—o0; +00) be a finite function, such that

[f1e(2) = fi(@)l[2r) <& (45)

/ fuelt (t—l—z (t—lz')n>dtzo'

Denoting ( ) fie(t)
z4)" [ 1:(t)dt
oo (fie 2 2) = 21 /oo (t+ )" (t — Z)+
(z—=9)" [ fie(t)dt
o /Oo (t—i)"(t—z)
we get

[Wa(fr 2+ iyl < yllWalfir v +dy) — Voo(fic 2 @ +iy) ||+
Yl Wae (fie : 2 +3y) 1) S YL (fi = fie 1 2+ iy) ||l L)+
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+yllla(fi — fic 2 v +iy)l i) + yIVae(fic : @ +iy)llLip) <
< Olfr = fiellry + ylll2(fr = fre t @+ iyl + Yl Woe (fie 1 2+ iy)|[21(p)-

Since

yligloyHIZ(fl — fie cx+ )l = 0,

and from lemma [

yl_i)rfl_loyH\I}?E(fle tx A+ Z'y)HLl(p) =0,
and taking into account and , we get . Now let Ay # 0. Let’s prove that the

function

w(z) = @1(2) + ya(2) + o) + o),

where v,_1(2) = (z — 2)z""! is the solution of the problem (I])-(3). For this purpose let’s
choose the finite function fi.(x) so that the following equality holds
1 o0

1 1
o |00 - 5) (e + ) =0 (46)

If fi(z) substituted by fi(z) — fic(z) in statement (3)), the problem (I))-(3) will have the

solution u1(2) = ¢1(2) +yt1(2) +wi(z), where ¢1(z), wi(z) are determined by formulas (26)),

and (7)), and ¢1(2) = ¢1(f1 — fic : 2). For the function fi.(x) the problem (1))-(3), according
to lemma , has a solution, hence the problem — has a solution for the function f;(z),
and this solution may be represented in the from mentioned in the theorem. The theorem

is proved. [J

Theorem 5 Let a =0, 1. If the function fi(x) is such that fi(z) € L*(p), then the problem
- is uniquely solvable. The solution can be represented by , where Py(z) = Pi(z) =
0.

Proof. Using notation of Theorem th4 and taking into account that f(t) € L!(p) we get

ylililoylllz(fl 2zt iyl =0

and therefore

T yl|a(fr 2 2+ )2 = 0.

The theorem is proved. [
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