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Dual finite frames for vector spaces over an
arbitrary field with applications
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Abstract. In the present paper, we study frames for finite-
dimensional vector spaces over an arbitrary field. We develop a
theory of dual frames in order to obtain and study the different
representations of the elements of the vector space provided by a
frame. We relate the introduced theory with the classical one of
dual frames for Hilbert spaces and apply it to study dual frames
for three types of vector spaces: for vector spaces over conju-
gate closed subfields of the complex numbers (in particular, for
cyclotomic fields), for metric vector spaces, and for ultramet-
ric normed vector spaces over complete non-archimedean valued
fields. Finally, we consider the matrix representation of operators
using dual frames and its application to the solution of operators
equations in a Petrov-Galerkin scheme.
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Introduction

Frames were introduced by Duffin and Schaeffer in 1952 for some Hilbert
function spaces [20]. Their importance in data processing was established
by Daubechies, Grossman and Meyer in [18] (see also [19]). Since then, the
theory and applications of frames have been developed considerably. Today,
the theory of frames in Hilbert spaces is well established. Some extensions to
other vector spaces, such as Banach spaces, are also considered. Frames have
various advantages over bases, which have made them very useful in several
areas of sciences and engineering. Applications of frames include, e.g., signal
and image processing, communication theory, coding theory, information
theory and sampling theory, among others. For more details we refer the
reader to [9, [I1, 14 28], B1] and references therein.
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The applications principally require a finite-dimensional setting. There-
fore, to avoid the approximation problems related to the truncation needed
in the infinite-dimensional case, it is important to work directly with finite
frames. In this case, a frame is simply a spanning set. With a frame, each
vector in the space has infinitely many representations. This redundancy is
the key to their advantages over bases in applications. For example, when
the independence requirement is removed, we have more flexibility to con-
struct a frame suitable for the particular problem at hand. Moreover, frames
provided resilience to, e.g., losses, additive noises and quantization errors.

The classical theory of finite frames had developed in finite-dimensional
vector spaces V over the fields R and C (see [11], 28] 31 B35]). The vector
spaces, mainly considered in the literature, are R? and C?. Other considered
vector spaces are: the complex vector space C% of complex finite sequences
over the field Z,, of the integers modulo p [22], the complex vector space (0
of complex finite sequences over a finite cyclic group G [24] and the complex
vector space CY of complex finite sequences over a finite field F [23].

In this paper, we consider frames for finite-dimensional vector spaces
V over an arbitrary field F. In order to study the representations of the
elements in V provided by a frame, we introduce a concept of dual frame
and analyze its properties. These dual frames are families of elements in
a dual vector space S’, where § is a vector space that contains V. If F is
a basis, there is a unique dual of F, which coincide with the classical dual
basis.

The definition of dual frame introduced in the present paper can be
viewed as an extension of one the presented in [36] (see also [13] 35]), where
S =V and only such fields F that F C C and F = F are considered. With
these restrictions on F, an inner product on V and a canonical dual can be
defined. This canonical dual is the object of study in these works. In our
case, the field F is arbitrary, we do not deal with any inner product in V),
and we consider all possible duals of F. Moreover, in our case S O V), and it
results that oblique dual frames [15, 21] in Hilbert spaces are in the setting
of our dual frames.

Working in a vector space over an arbitrary field provides a context of
great generality. On the one hand, the theory of dual frames developed here
gives the possibility to apply the representations provided by frames even
in those areas where there is no other structure defined on the vector space.
On the other hand, it allows considering dual frames for different vector
spaces with additional structures. Here, we apply this theory to study dual
frames for three particular vector spaces. We first look at the vector spaces
considered in [I3] 36, B5]. In particular, we analyze the existence of dual
frames for cyclotomic fields with some of the properties of the canonical dual.
These properties are useful for computational purposes. Then we analyze
dual frames for metric vector spaces, which are a natural generalization of
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real inner product spaces. We apply our results to have a theory of dual
frames for these vector spaces and compare it with the classical theory in
Hilbert spaces. Note that frames and Parseval frames for the metric vector
space Z4 were considered first in [7] and studied later in, e.g., [8, 27, 29].
Other related articles are [26, 25], where frames over finite fields in unitary
and orthogonal geometries are considered. Finally, we study frames and
dual frames for ultrametric normed vector spaces focusing principally on
perturbations results. As another application of the developed theory, the
frame representation of operators and the solution of operator equations in
a Petrov-Galerkin scheme are considered. These operator equations can be
of different types, such as differential equations or integral equations.

The organization of the paper is as follows. In Section 1, we introduce
some notations. In section 2, we discuss the concept of frame for finite-
dimensional vector spaces over an arbitrary field. We also consider frames
for dual spaces. Some fundamental properties are established. In section 3,
we introduce and study the concept of dual frame. We give several char-
acterizations. Section 4 is devoted to the construction of all dual frames
of a given frame, whereas Section 5 deals with the construction of specific
dual frames. In these sections, the general theory is related to the classical
theory of dual frames for Hilbert spaces. In Section 6, the obtained results
are used to investigate the dual frames of perturbed frames in the classical
setting. Different types of perturbations are considered: close frames, near
frames and Paley-Wiener perturbations. In Section 7, we apply the devel-
oped theory to analyze frames and dual frames for three particular vector
spaces: vector spaces over F where F C C and F = F, metric vector spaces
and ultrametric normed vector spaces over complete non-archimedean valued
fields. We also consider the representation of operators using dual frames
and their application to the solution of operator equations.

1 Preliminares

In this paper, we will use well-known notions from advanced linear algebra.
We refer the reader to, e.g., [33] for more details.

Let F be an arbitrary field. Let R and S be vector spaces over F, VW be
a finite-dimensional subspace of R and V be a finite-dimensional subspace
of S.

We denote the space of linear transformations from R to S by L(R,S).
We write L(S) for L(S,S). Given T' € L(R,S), we write im(7") and ker(7")
to denote the image and the null space of T', respectively.

Given any (algebraic) complement V¢ of V in S, we denote the (oblique)
projection onto V along V¢ with Py .. Recall that a linear operator T" € L(S)
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is idempotent, i.e., T? = T, if and only if
S=im(T) Dker(T) and T = Pur)ker(1)-

Let T € L(R,S) with im(7) = V and ker(T) = W. Let W° be any
complement of VW in R and V¢ be any complement of V in §. We denote
the oblique pseudoinverse of T on W€ along V¢ by T¢ cye- Recall that

Tﬁvc,yc € L(S,R) is given by
(T = (Thwe) ™" and  ker(Thye ) = V-

The oblique pseudoinverse T cye 18 characterized by the following condi-
tions:

TiyeyeT = Pyeyy,  TTiyeye = Puye  and  im(Th. ) = WE

The (algebraic) dual space of S will be denoted by S’. For f € V, fey
is given by f((b) = ¢(f) for each ¢ € V'. Recall that V =~ V".

Let I and J be any finite sets. The standard basis of F! will be denoteb
by {8;}ics. If @ € FI, x(k) denotes its k-th component. For each i € I,
we denote the i-th canonical functional on F! by p;, ie., px = (i) for

each = € F'.

2 Frames for finite-dimensional vector spaces

In what follows, we assume that S is a vector space over F and that V is
a subspace of S of finite dimension. Let F = {fi}ie; € V. The synthesis
operator of F is

Tr:F' =V,  Trr=) z(i)f

iel
Recall the definition of frame in a finite-dimensional vector space:

Definition 1 Let F = {fi}ie;r C V. We say that F is a frame for V if
spanF = V.

Observe that F C V is a frame for V if and only if im(7%) = V. Frames
have some advantages over bases. Since we are not considering, as for bases,
the linear independence condition, we have more freedom to design frames
to fit the requirements of an application at hand. Moreover, a basis ceases to
be a basis if one element is added or removed, but a frame remains a frame
if some elements are added and can still be a frame if some elements are
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removed. Another advantage is the following. Assume that f = >"._, c(i)f;
and that the coefficients are perturbed by w € F! in such a way that we get

Z(c(z’) +w()fy = f+ Z w(i) fi.

If the perturbation contribution )., w(i)f; is zero we can even recover f.
Now, if { fi}icr is overcomplete, we can obtain f = ., (c(i) + w(i)) f; if w
falls into the nontrivial kernel of the synthesis operator T'=. If {f;};cr is a
basis, this never happen.

Now we consider frames for dual spaces. Let ® = {¢;};e; € S’. The
analysis operator of ® is

Ty: 8 —F, Tof = (0;(f))jes

We denote {(¢;)v}jes by ®p. The next theorem characterizes frames for
dual spaces.

Theorem 1 Let ® = {¢;};c; CS'. Then @)y is a frame for V' if and only
if VN ker(Tg) = {0} or, equivalently, T3, is injective.

Proof. Suppose that ®|y is a frame for V' and f € V is such that T (f) = 0,
ie.,

¢j(f) =0 foreachje J
Since {(¢;)v}jes spans V',
A(f)=0 for each A € V"

Then f = 0. This shows that V Nker(T3) = {0}.
Conversely, assume that V Nker(T3) = {0} or, equivalently, T. o, 18 in-
jective. Let A be a linear left inverse of Tq’ilv. If f €V, we have

f=ATs(f) =D bi(HAG).
jed
Therefore, if A € V', then
A= MAG))(65)y-
jed

This proves that {(¢;)|v};es spans V', i.e., @y is a frame for V'. O
Example 1 Let S be a finite-dimensional real or complex inner product
vector space. Let F = {f;}se; C S. Then F is a frame for V if and only if

the frame operator
S]: = T]:T;—
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is invertible. Here T% : § — F/ given by

T7f = ({f, fi))ier for each f € S,

is the adjoint of T, where T is considered as an element of L(F!,S).

If S is a finite-dimensional real or complex inner product vector space,
then each ¢ € &’ has a Riesz representation ¢(f) = (f, g) for some g € S.
Let @ = {¢;};e; C &' and let g; € S correspond to ¢; € S’ for each j € J.
Let

W = span{g; }e,.
By Theorem (I ®, is a frame for V' if and only if V N W+ = {0}.
|

For F = {fi}icr €V, we define the linear transformations

T 5V, Tr= Y x0)f

iel
and R
T::V —F, T2A = (fi(\))ier = (A(fi))ier-

Proposition 1 Let F = {fi}iec; C V. The following assertions are equiva-
lent:

(i) F is a frame for V.
(ii) F is a frame for V.
(iii) Tz is onto.
(iv) T% is injective.
Proof. (i) = (ii). Suppose that F is a frame for V. Let A € V" and f € V

be such that A = f. Since F is a frame for V, there exists € F! such that
f=>c;x(i)f;. For each ¢ € V', we have

Mo) = F(@) = () =D _z()o(fi) = > =(i)fi(e).

icl icl
This shows that F is a frame for V".

(ii) = (i). Suppose that F is a frame for V. Let f € V. Then there
exists € F' such that f =), ; () f;. Thus,

M) =D x(i)M(f;) forallxe V.

iel
Then f =), ; (i) fi. From this, F is a frame for V.
(i) < (iii). It is immediate.
(ii) < (iv). It is similar to the proof of Theorem [1} O
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For future references, we enunciate the following basic lemma.

Lemma 1 Let F = {fi}ie1 €V and & = {¢;}jes € S'. The following

assertions hold:
(1) If im(Tx) =V, then im(T3Tr) = im(Tq’ilv).

(ii) If T3, is injective, then ker(T3T%) = ker(Tx).

2.1 Linear dependencies

Given F = {fi}iecr €V we call ker(Tx) the set of linear dependencies of F
and we denote it with dep(F). This nomenclature is used in the particular
context of [36].

Proposition 2 Let F = {fi}ic; C V. Then dep(F) = dep(]?).

Proof. Let ¢ € F!. Then

Tre = Zc(z)fl =0
iel
if and only if
ST e@)fi(\) =D cl)A(fi) =0 forall \e V.
iel icl
This last condition is equivalent to
Tec = Z c(z)ﬁ = 0.
iel
Hence, dep(F) = dep(F). O

Now we consider the concept of similarity for frames.

Definition 2 Let F = {fi}ie1 €V, G = {gi}iexr € W and dim(V) =
dim(W). We say that F and G are similar if there exists an invertible
transformation Q € L(V, W) such that Qf; = g; for each i € 1.

Example 2 Let S be a finite-dimensional real or complex inner product
vector space. Let F = {f;}ier and G = {g;}ics be frames for V. Then F
and G are similar if and only if T#T} is invertible. See [35, Proposition 3.2]
for other conditions equivalent to similarity in this context.

The following lemma relates similarity with linear dependencies.
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Lemma 2 Let F = {f;}icr be a frame for V, G = {g;}icr be a frame for W
and dim(V) = dim(W). Then the following are equivalent:

(i) F and G are similar.
(11) dep(F) = dep(G).

(iii) There is a common complement C of dep(F) and dep(G) in F! such
that Fe,dep(r) = Fedep(9)-

Proof. (i) = (ii). Suppose that F and G are similar, i.e., there exists an
invertible linear transformation @) : ¥V — W such that

Qfi=g¢9; foreachiel.

Then Tg = QTF and dep(G) = dep(F).
(ii) = (i). Suppose now that dep(F) = dep(G). Let C be a complement
of dep(F) = dep(G) in FL. Since Tx|c : C — V and Tglc = Tgle : C — W
are bijections,
Q = Tg(T]:lc)_l V=W

is an invertible linear transformation. For each ¢ € I we have

Qfi = Tg(Trle) ' fi = Tg(Trle) ' TFPeaepr)0: = TgPe,aep(a)di = Tgdi = gi-

This shows that F and G are similar.
(ii) < (iii). It is immediate. O

Remark 1 (i) Let F = {f;}icr be a frame for V. Let R be a vector space
over F and L € L(V,R). Then dep(F) = dep(LF) if and only if L is
injective.

(ii) Let F = {fitier € V and G = {g;}iecs € V. Let A and B be
complements of dep(F) and dep(G) in F’, respectively. Then dep(F) C
dep(G) if and only if Pg dep(g) Pacp(F),4 = 0. This last equality is equivalent
t0 Pg,dep(g) Paden(F) = PB,dep(0)-

By a proof similar to that of Lemmal[2] we can see that dep(F) C dep(G)
if and only if there exists a surjective transformation @ € L(V, W) such
that Qf; = g;, for each ¢ € I. In this case, for the “only if” part we consider
Q = T5(Tr|aep(r)e) "+ where dep(F)© is any complement of dep(F).

(iii) f F C C, F = F and C = dep(F)*, then Lemma [2| reduced to [36,
Lemma 3.3].

Remark 2 Let dep(F)¢ be a subspace of F/ such that F/ = dep(F) @
dep(F)¢. Then

{ Pacp(F)e dep(7)0i Yiel
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is a frame for dep(F)® with synthesis operator Paep(r)edep(r). As a conse-
quence of Lemma [2] this frame is similar to F. If F is a basis for V, then
dep(F) = {0}, dep(F)¢ = F! and Paep(F)e dep(r)0; = 0; for each i € I.

If we consider any two complements C; and Cy of dep(F) in F/, then the
frames { FPe, dep(7)0i ficr and { FPe, dep(r)di ficr are similar and we can take any
of them as a representative in the class of frames similar to F.

Example 3 Let S be a finite-dimensional real or complex inner product
vector space. Let F = {fi}icr be a frame for V. Then Py, r)L depr) =
T:S7'Tx [35, Example 4.3] and {T5S7'Tx0;yier = {((SF' fi, £;))jet Vier =
{((S}lmfi,S;l/2fj>)jel}@-€1 is the canonical representative in the class of
frames similar to F.

3 Dual frames

In this section, we introduce the concept of dual frame which allows us to
obtain representations of the elements of a vector space given by a frame.
This concept enables the study and the application of these representations.

Definition 3 Let F = {fi}ic; CV and ® = {¢;}ier € S'. We say that F
and ® are dual in V if f =TFT5f forall f €V.

In the above definition, the family ® gives the coefficients needed to
represent each element in V using the frame F (see also Theorem [2[(ii) below).
In what follows, we analyze different properties of these families in order to
study and apply the representations provided by a frame.

Example 4 Let S be a finite-dimensional real or complex inner product
vector space. Using the identification of S’ with S, Definition 3| becomes:
Let F = {fi}ier CV and G = {g;}ie; C S. We say that F and G are dual
in V if
f=TFT5f = (f,9:)fi for each f € V.
iel

Here T} : S — F’ given by
Tgf = (<f7 g’i>)i€1 for each f € 87
is the adjoint of T, where T is considered as an element of L(F!,S).
The following theorem characterizes dual frames.

Theorem 2 Let F = {f;}iecr CV and ® = {¢;}ic; CS'. Then the following

statements are equivalent:
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(i) F and ® are dual in V.

(1) =211 @il f)fi for all f €V.
(iii) ® and F are dual in V', e, A= TeT2A forall X e V.
(iv) X =73 .c; M fi)oi for all X € V.

~ o~

(0) FO) = o, M) F(65) for all f €V and all X € V.
(vi) im(Tr) =V, Tg , is injective and (TiTr)? = TiTr.
(vii) im(Tx) =V and Tr(T3TF) = Tr.
(viii) T3, is injective and (TCI’QT]:)T;;‘v =13,
(iz) im(TF) =V, Fl = im(TqﬁW) @ dep(F) and T3TF = Pim(Tgw)’dep(;).

(x) im(Tx) =V, Tg,, is injective and the matriz (0;([fi))jier has eigen-
vector (¢;(fi))jer with eigenvalue 1 for all i € I such that f; # 0.

Proof. The equivalence of (i)-(v) is immediate.
(i) = (vi),(vii),(viil). Suppose that (i) holds. If f € V, then

f = TT3f.
Thus, im(Tx) = V. If f € VNker(T3), then
f=TsTLf = 0.
Hence, T‘;\v is injective. Now let x € F! and f € V. We have
(TiTr)’x = Ty(TrTe)Trx = TiTrx,

Tr(TsTr)ze = (I51T5)Trr = Trx

and
(TeTF)Tsf =Te(TF1g) f =15 f.

Thus, (vi),(vii) and (viii) are satisfied.
(vi) = (i). Suppose that (vi) holds. Let f € V. Since im(7x) = V, there
exists z € F! such that f = T=z. Thus,

Tqutf = T]:T(;;T]:ZL’

From here,

Since Ty | is injective, T¥Tg f = f. This shows that (i) holds.
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(vii) = (i). Let f € V. If (vii) holds, there exists x € F! such that
f = T]:Z‘ = T]:(T&';T]:){E = (TfT(;)T]:SL’ = T]:thf

Thus, (i) holds.
(viii) = (i). Let f € V. If (viii) holds, then

(T6TF)Tef = Ts f,

and the injectivity of Tgw assure that

TrTef = f,

and (i) holds.
(vi) = (ix). If (vi) is satisfied, then im(7) =V and, by Lemma

F! = im(Tq’;W) @ dep(F) and TeTr = Ptz ).dep(F)-

@)y
This shows (ix).

(ix) = (vii) is immediate.

(vi) & (x). The matrices of T3Tx and (T3T#)? in the standard basis

of F! have entry (j,7) equal to ¢;(f;) and >, ; &;(fe)dr(/fi), respectively.
From here, the equivalence of (vi) and (x) follows. [J

Remark 3 Definition |3 is a generalization of the one considered in [36]
where V =S, FCC,F=F, F ={fi}ics is a frame for S and ® = {¢; };c; is
a frame for §’. Some of the items of Theorem [2| generalize [30], Proposition
2.2].

As a consequence of Theorem [2] and Theorem [I, we obtain:

Corollary 1 If F = {fi}ie1 CV and ® = {¢;}ic; C S’ are dual frames in
V, then:

(i) F is a frame for V and @, is a frame for V'

(i) V Nker(Ty) = {0}.
(111) (T;)hm(T&;‘ ) im(TqﬁW) —=VandTg V= im(Tq’;W) are bijective and

v
-1 __ *
(TF)imnry )™ = Ta, -

Example 5 Let S be a finite-dimensional real or complex inner product
vector space. Continuing Example[d] let F = {f;};e; C V and G = {g; }ies C
S. Let W :=span{g; }je;. From Example [I| and Corollary , it follows that

if 7 and G are duals in V, then VNW+ = {0}, whereas if G and F are duals
in W, then WnNV+ = {0}.

11
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The condition VNW+ = WnNV+ = {0} is equivalent to S = V& W+ =
W @ V1, and in this case dim(W) = dim(V) [35].

Suppose that S = VW = W@V and consider the oblique projections
Pyyy1 and Py yi. By Theorem [} F and G are duals in V if and only if
Py = TFIT;, whereas G and F are duals in W if and only if Py 1 =
1gT%. Since Py, = Pyy., F and G are duals in V if and only if G and
F are duals in W. We see that in this case our definition of dual frames
coincide with the concept of oblique dual frames (see [15] for the definition
of oblique dual frame).

By Corollary [l] if F = {f;}ies €V and ® = {¢;};e; C S are dual frames
in V, then V @ ker(T3) C S. In Remark [5, we will see that there exist pairs
of dual frames such that S # V @ ker(7y).

Theorem 3 Let F = {fitic; CV and ® = {¢;}ics C S IfS =V D
ker(Ty), then the following conditions are equivalent:

(i) F and ® are dual in V.
(ZZ) Zm(T]:) = V, ]FI = HII(T;,) ) dep(F) CI,TLd T&’;T]: = Pim(Tq’;),dep(]-')'
(i11) TFT§ = Py ker(ry)-

Proof. 1f § =V @ ker(T5), then im(Tg ) = im(75). Thus, the equivalence
of (i) and (ii) follows from Theorem
(ii) = (iii). Suppose that (ii) holds. Then im(7Tx7;) = V. If f €
ker(T#T%), then
Ty f € dep(F) Nim(Ty)

and, consequently, T f = 0. Hence, ker(T#T3) = ker(T3). Now
(TrT3)? = TETaT Ty = Tr Panirs aenr) Ty = Tr T

Therefore, T¥Ty = Py ker(Ty)-
(iii) = (i). It is straightforward. O

Let F and G be finite subset of vectors in V such that dep(F) = dep(G).
Clearly, if (T7)jaepr): = (Tg)jdep(F)e, Where dep(F)° is a complement of
dep(F), then F = G. Thus, by Theorem [3| we have:

Corollary 2 Let F = {f;}icr and G = {gi}icr be frames for V. If S =
V @ ker(T§) and there exists ® = {¢;}ier C S such that ® is a dual of F
and G in'V, then F = G.

As another consequence of Theorem [2] we obtain:
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Corollary 3 Let F = {fi}tie1 CV and ® = {¢;}icr C S'. Then the follow-
ing statements are equivalent:

(i) F and ® are dual in V.

(it) im(Te) = V', (T3)pr is injective and (T Tp)? =T3Ts.
(iti) im(Te) = V" and To(T:Te) = Ts.
(i0) () is injective and (TATa)(TDw = (T2

(v) im(Tp) = V', F! = im((T3) ) &ker(To) and T3 To = Pun((r2),,) ker(Ts) -

(vi) im(Te) = V', (T5)pr 1s injective and the matriz (¢;(f:))jer has eigen-
vector (¢;(fi))ier with eigenvalue 1 for each j € I such that ¢; # 0.

Remark 4 The matrix of T:Ts with respect to the standard basis of F!

is (¢;(fi))ierjer, the transpose of the matrix (¢;(f;));erer corresponding to
TiTx.

The following theorem characterizes dual frames in terms of dual inde-
pendent sets. It can be viewed as analogous to [I4, Theorems 8.3.2 and
8.3.3] about R-duals in Hilbert spaces.

Theorem 4 Let {v;}¢_, be a basis for V and {v}}{_, be the basis for V'
dual to {vp}¢_,. Let R be any vector space over F such that dim(R) >
|I|. Let {e;}icr € R be linearly independent and {€,}ic; € R’ be such that
ei(ej) = 0i. Let F = {fitier ©V, ® = {di}ic1 € &', wp = Xicrvi(fi)es
and vy = Y .c; Oi(vp)e; for each k=1,...,d. Then:

(i) F is a frame for V if and only if {wy}¢_, is linearly independent.
(i) (@) is a frame for V' if and only if {vx}{_, is linearly independent.

(i1i)) F and © are dual frames in V if and only if y(wi) = dx,; for each
kl=1,....d

Proof. (i). Let c € F?. We have

Since {e; }ier is linearly independent, ZZ:1 c(k)wy = 0 if and only if

d
Zc Jup(fi) =0 for each i € I.

k=1
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If F is a frame for V, this implies that S¢_, ¢(k)v, = 0. Now using that
{v},}4_, is linearly independent, we obtain

c(k)=0 foreach k=1,...,d.

This shows that {w;}¢_, is linearly independent.
Conversely, assume that {wy,}¢_, is linearly independent. Let A € V' and
suppose that
filA\) =0 foreachie I.
Since {v},}¢_, is a basis for V', there exists ¢ € F¢ such that A = 32¢_ ¢(k)uj,.
Then
d
Zc(k)v;(fi) =0 foreachiel,
k=1
and, by ,
d
Z c(k)wr = 0.
k=1
Since {wg}¢_, is linearly independent, c(k) = 0 for each k = 1,...,d.
Therefore, A = 0. This shows that T% is injective. By Proposition (1|, F is a
frame for V.

(ii). The proof is analogous to the proof of (i).
(iii). If F and ® are dual in V, then

lwr) =D v(f)ei(v) = v div) f;) = vi(w) = Gk

el iel

for each k,l = 1,...,d. Conversely, suppose that 7, (wy) = Ji,; for each
k,l=1,...,d. Then

U;(Z oi(v) fi) = n(wk) = v(v) for each k,l=1,...,d.

el
3 rd ; 3 /
Since {v}, }¢_; is a basis for V',

Zgbz—(vl)fi =y foreachl=1,...,d.

el

Now using that {v;}{_, is a basis for V, we obtain

Z¢i(f)fi = f for each f € V.

iel

Therefore, F and ® are dual in V. [
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In the following proposition, we present the conditions under which the
application of a linear transformation to a pair of dual frames results in a
pair of dual frames.

Proposition 3 Let R be a vector space over F, W be a subspace of R,
Ae L(V,W) and B € L(R,S) with BOW) CV. Let F = {fi}iecx CV and
O = {pitier € S’ be dual frames in V. Then AF = {Afi}ie;r €W and
OB = {¢;B}icr € R’ are dual frames in W if and only if ABpy = Iy.

Proof. It is sufficient to note that TwzT5z = ATFT3B. U

The next two results show that if we apply a linear transformation B €
L(S,S) with B(V) CV to a dual frame, we always obtain the same dual.

Proposition 4 Let B € L(S,S) with B(V) C V. Let ®,& C S be dual
frames of F CV in V. Then ® = ®B if and only if Byy = Iy.

Proof. Suppose that ® = ®B. Then
(TrTg)y = Iv = (TrTg)y = (T B))v.
Since B(V) C V, it results that B, = I,. [
The following proposition can be obtained with a similar proof:

Proposition 5 Let B € L(S,NS) with B(V) C V. Let .7-",]? C V be dual
frames of ® € S" in V. Then F = BF if and only if By = Iy.

Next we show that every pair of families in V and &’ can be extended to
a pair of dual frames using an existing pair of dual frames. Concretely, in
our settings, we have the following version of [14, Theorem 6.4.1.]:

Theorem 5 Let F = {fitic; €V and ® = {¢;}ic; € 8. If {fi}jes CV
and {¢;}ier C 8" is any pair of dual frames in V, then {fi}ier U{fi}jes CV
and {¢iticr U{d; — > ic; @i (fi)ditjes © S are dual frames in V.

Proof. The composition of the synthesis operator of { f;}ier U {fi}je J with
the analysis operator of

{bi}ier U{0; — Z i (f)bities
icl
at f € Vis
TrTe f + TETE(hy — TFTg) f = [

From here, the conclusion follows. []

We note that a result analogous to the previous theorem can be obtained
for any pair of families in V' and S”.
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4 The construction of all dual frames of a
given frame

In this section, we prove that any frame has duals. Moreover, we show how
we can obtain all duals of a given frame.

Theorem 6 Let F = {f;}ics be a frame for V. The duals ® = {¢;}icr C S’
of F in'V are the families ® = {p;B}icr where B € L(S,F') and By is a
right inverse of Tr. In this case, B = T§.

Proof. Let B € L(S,F!) be any extension of a linear right inverse of T%.
Set ¢; :=p;B € S’ for each i € I and ® = {¢;},c;. Then Tj = B is injective
and @)y is a frame for V. Since

TFTgf =TxBf = f foreach f eV,

F and ® are dual frames in V.
Conversely, let ® = {¢;}ic;r C S’ be a dual of F. Then T3, is a linear
right inverse of T and ¢; = p; T3 for each v € I. [J

Remark 5 In the previous theorem, T is any extension of a linear right
inverse of Tx; therefore we can have Ty such that S #V @ ker(T3).

Example 6 We continue Example. The frame operator of F = {fi}ier CV
is

Sr = TfT;' S L(S)
If F is a frame for V, the family

(SF)Q),VL]: = {(Sf)ﬁ,,vi fi}ie[

is called the canonical dual frame of F in V. If f; = (S;)ﬁj v fi for each
1 € I, then

Ty =(Sr)opTr  and  TFT:=Pyy..

Thus, T% € L(S, F7) is such that (T%)pv is a right inverse of T. In this case
ker(T%) = V.

The following two corollaries give explicit expressions of all duals of a
given frame starting from a given dual.

Corollary 4 Let F = {fi}ier be a frame for V and ® = {¢;}ie; C S be
a dual of F in V. Then the duals of F in V are the families {¢; — N\; +

Zje[ ®i(f;)AjYier where {\;}ier € S
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Proof. Let B = Ty € L(S,F"). Then By is a right inverse of T# and
¢; = p;B for each i € I. Any B € L(S,F’) such that By is a right inverse

of T'r is of the form B
B =B+ (BTr — Ipr)A

where A € L(S,F!). Then

{piBYier = {¢i — A + > dilf)AiYier,

jeI

where \; = p;A € 8’ for each i € I. Now the conclusion follows from
Theorem [6l O

Corollary 5 Let F = {fi}ier be a frame forV and ® = {¢;}ie; C S’ be a
dual of F in' V. Then the duals of F in'V are the families {¢; + \; }icr where
{Nitier € 8" is such that Y, ; Ni(fj)fi = 0 for each j € I.

Proof. Let B be as in the previous proof. Any B € L(S,F!) such that §|v
is a right inverse of Tz is of the form

B=DB+A,

where A € L(S,F’) is such that T’=A;y = 0. Applying Theorem @, we obtain
the conclusion. [

Taking into account the proof of Corollary [5| we conclude that if V =S
and dim(V) = d, then the affine space of the duals of a frame F for V has
dimension

d(|I| — d) = dim(L(V, dep(F))).

This affine space reduces to a single point if and only if || = d.

Example 7 We continue Example 6l Let F = {f;}ier be a frame for V and
let F = {fi}icr be the canonical dual frame of F in V. By Corollary , any
dual frame of F in V is of the form

{fi = b+ i Fo)hitier

jel

where {h;}ie; € S. From Corollary [5] any dual frame of F in V is of the
form

{.]?; + hitier,
where {h;}ie;r C S is such that ) ., (f;, hi)fi = 0 for each j € I. Thus,

we recover well known expressions for the duals in classical frame theory for
Hilbert spaces.

17
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In the rest of this section, we consider similar results for the duals F =
{fi}iel CVol®= {¢i}iel CSin V.

Theorem 7 Let & = {¢;i}icr C S be such that @ is a frame for V'.
The duals of ® in V are precisely the families F = {Ad;}ier €V, where
A€ L(FLV) is a left inverse of (T). In this case, A= Tr.

Proof. Let A € L(F',V) be a left inverse of (T )y. Set f; := Ad; for each
i € I and F = {fi}ies- Then T = A is surjective, consequently, { fi}ics is a
frame for V. Since
Tr(Tg)y = ATy = Iy,
F and ® are dual frames in V.
Conversely, let F = {fi}ier be a dual of ® in V. Then Tx € L(F!,V) is
a left inverse of (T)y and f; = Txd; for each i € 1. O

If A e L(F',V) is a left inverse of (T4)y, then any left inverse A e
L(F', V) of (T4)v is of the form

A=A+ AIp — TLA)

where A € L(FL,V), or N
A=A+A,
A € L(F',V) is such that A(Ty4)y = 0. Thus, analogous to Corollary

and Corollary B, we obtain the following corollaries as a consequence of
Theorem [7t

Corollary 6 Let ® = {¢;}ic; € S’ be such that O, is a frame for V', and
F =A{fi}ier €V be a dual of ® in V. Then the duals of ® in V are the
families { fi + hi — 32 ic; @i (fi)hjtier ©V, where {hi}icr C V.

Corollary 7 Let ® = {¢;}ic1 C S’ be such that @)y is a frame for V', and
F ={fitier €V be a dual of ® in V. Then the duals of ® in )V are the
families { f; + hi}icr €V, where {hi}icr €V is such that Y, ; ¢i(fj)hi =0
for each j € 1.

5 The construction of specific dual frames

Now we are going to show that if any frame F for V, any complement
dep(F) of dep(F) in F! and any complement V¢ of V in S are given, there
exists a unique dual ® C &’ of F in V such that

ker(Tg) =V and  im(Ty) = dep(F)“.

The construction of this dual depends on a suitable selection of B € L(S,F7)
in Theorem @ such that Bjy is a right inverse of T'r.



DUAL FINITE FRAMES FOR VECTOR SPACES OVER AN ARBITRARY FIELD

Theorem 8 Let F = {f;}icr be a frame for V, dep(F)° be any complement
of dep(F) in FL and V¢ be any complement of V in S. Then there exists a
unique dual @ C S8’ of F in'V such that im(T3) = dep(F)° and ker(T§) = V°.
The dual ® is such that T} = <Tf)§1ep(f)c,vw where Tx is considered as an
element of L(F!,S).

Proof. By definition of ® and (T;)gep( Fye,ves

im(Ty) = dep(F)¢  and  ker(Ty) = V-
Let f € V. Then

This shows that ¢ is a dual of F in V.
By Theorem [3] if ® C &’ is a dual of F such that im(7j) = dep(F)¢ and
ker(T3) = V¢, then

T&;T}- = Pdep(]—')c,dep(]—‘) and T]:T£ = PV,VC-

Therefore, Tj = (T }—)gep(]——)c,vc' This shows the uniqueness of ¢. [J

Example 8 Let S be a finite-dimensional real or complex inner product
vector space. Let F = (f;); be a frame for V. If F is the canonical dual
frame of F in V given by F = {(S]:)gj v fitier, then

T¥T% = Pyy: and ker(1T%) = (%

(see Example [6).
Let z € dep(F)* = im(T%). If y = TiTrx = Trx, then
T]:y = TfT;‘::fo = PVJ;J_T]:QZ = T]:LU.
Thus, x —y € dep(F) Nim(7Ts) = {0}. Therefore,
T:TFx =z, 1217 = Paep(F)* dep(F)
and
dep(F)* C im(7%).
Let « € im(T%). Since F is a frame for V, there exists y € dep(F)* such
that x = Tj*ET;y. But
T}T}—y = Pdep(]—')i,dep(]-')y =Y.
Hence, z = y € dep(F)*. This shows that dep(F)* = im(T%).

From the previous considerations it follows that

* !
Tf - (T}—)dep(]——)L,Vl’

where T’ is considered as an element of L(F!,S). By Theorem , F is the
unique dual of F in V such that im(7T%) = dep(F)* and ker(T%) = Y+

19
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The following theorem gives an expression of the dual frames ® of F in
V such that im(7;) = dep(F)°.

Theorem 9 Let F = {fi}icr be a frame for V and let dep(F)¢ be any
complement of dep(F) in F'. If O = {¢;};e; C & is such that ¥, =
{(Wj)ptjes is a frame for V' and im(T\f,W)c is any complement of im(T\f,W)
in F’, then ® C S’ such that

Ty = (T&;Tf)gep(]-‘)c,im(q“;w Ty (2)
is a dual of F in V with im(T3) = dep(F)¢. Moreover, if &1 C S is any
dual of F in'V such that im(Ty ) = dep(F)°, then (®1)p = P)y.

Proof. From (2)), im(7Ty) C dep(F)°. If c € F/,
T{tT}'C = (T‘ik’Tf)Eiep(f)C,im(T&;lv)CT\;T]‘—C = Pdep(]—')c,dep(]:)c-

In particular, if ¢ € dep(F)¢, then T;Trc = c. This shows that dep(F)® =
im(7%).
Let f € V. Then there exists a € F! such that f = T’za. Therefore,

TFTsf = TF(T\;Tf)gep(f)c,im(T\; TyTra = TrPacpF)eaepr)a@ = Tra = f.

)
This proves that ® is a dual of F in V.
Let ®; € S be any dual of F in V such that im(7Tg, ) = dep(F)°. If
f €V then
[=TFT5f =T5Tg, |-
Since T is injective on dep(F)¢, we get Ty f = Tg, f. Thus, ($1)p = Py,
0J

In view of the proof of Theorem[9] we have the following important result:

Theorem 10 Let F = {f;}icr be a frame for V and let dep(F)¢ be any
complement of dep(F) in FL. If ® C &' is a dual frame of F in V such that
im(Tg) = dep(F)° and f €V, then Tg(f) = Paep(F)e,dep(r) @ where a is any
element in F! such that f = Tra.

Remark 6 Let C; and Cy be two complements of dep(F) in F!. Let &, ¥ C
S’ be dual frames of F in V such that im(7;) = C; and im(7;) = C2. Note
that C; and Cy are isomorphic and

T&; = PCg,dep(]-')Cth .

If F is a basis for V, then F! is the unique complement of dep(F) = {0}.
Thus, there is a unique dual frame of F in V which coincides with the
classical dual basis.
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Example 9 We continue Example [§ By Theorem for f eV,
T%(f) = Pdep(]-—)i-,dep(]:)ch

where Tra = f. Therefore, for each f € V, the coefficients {(f, f;)};c; have
minimal f;-norm among all coefficients {a;}ic; C IF such that Y., a;f; = f
(see also [14, Theorem 1.1.5]).

Remark 7 Using the previous results we can see the relation between duals
of similar frames. Let R be a vector space over F, W be a subspace of R such
that dim(W) = dim(V) and let L € L(V, W) be invertible. Let F = {f; }icr
be a frame for V and let dep(F)¢ be any complement of dep(F) in FL. By
Lemma [2 and Theorem [§ (or Theorem [9)), there exist a dual frame ® C &’
of Fin V and a dual frame ¥ C R/ of LF in W such that

im(Ty) = im(7Ty) = dep(F)°".
As a consequence of Theorem [10]
Ty(Lf) =T5(f) foreach f e V.
Remark 8 We can generalize Remark [7] by considering W as a subspace of
R such that dim(W) < dim(V) and L € L(V, W) surjective. Let F = {f; }icr
be a frame for V. Let dep(F)® be any complement of dep(F) in F/ and
let dep(LF)¢ be any complement of dep(LF) in F/. From Lemma [2 and

Theorem [§ (or Theorem [9), there exist a dual frame ® C &' of F in V and
a dual frame ¥ C R’ of LF in W such that

im(7y) = dep(F)¢ and  im(7y) = dep(LF)°.
By Theorem [I0] and Remark [1]
T&;(Lf) = Pdep(L.F)C,dep(L_F)Tg(f> for each f € V.

We present now analogous to Theorems [§ and [J] results for the duals
F={fitier CVof ®={¢i}ic;s CS" in V.

Theorem 11 Let & = {¢;}ic; C &', ker(T3)¢ be a complement of ker(Ty) in
S and im(T})¢ be a complement of im(Ty)¢ in FL. Then there exists a unique
dual F C S of ® such that im(Tx) = ker(T4)¢ and dep(F) = im(T3)°. The
dual F is given by Tr = (T&;)ier(Tg)c,im(Tg)c'

Theorem 12 Let & = {¢;}ic; € S be such that ®yy is a frame for V' and
im(T$|v)c be a complement of im(T‘Itw) in T If G = (g;}jes is any frame
forV and dep(G)® is any complement of dep(G) inF’, then F = (f;)jcs CV
given by

Ty
T]: = Tg (TCI:'Tg)dep(g)c,im(T&;W)c

is the unique dual of ® such that dep(F) = im(Tg‘v)c.

21
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6 Perturbation and dual frames

The study of perturbation of frames is an important topic in classical frame
theory. In this section, using obtained results, we will investigate the dual
frames of the perturbed frames.

Let S be a finite-dimensional real or complex inner product vector space.
We will consider different types of perturbations: close frames, near frames
and Paley-Wiener perturbations.

6.1 Close and near frames

Let F and G be frames for V. Following [2], we have the next two definitions.
The frame G is close to F if there exists A > 0 such that

[Trc — Tgel| < M|Txc|| for each ¢ € F..

We say that F and G are near if F is close to G and G is close to F.

If G is close to F, then dep(F) C dep(G). Therefore, there exists a
surjective @ € L(V, W) such that Qf; = g; for each i € I (Remark [1). The
relation between the dual frames of F and G is described in Remark [§|

If G is close to F with a constant A < 1, then they have the same linear
dependencies and, consequently, they are similar (Lemma. Finally, frames
F and G are near if and only if they are similar (see [35, Section 3.8] for
more details). In these two cases, the relation between the dual frames of F
and G is given in Remark

6.2 Paley-Wiener perturbations

Now we consider generalizations of Paley-Wiener perturbations. They are
also valid in the case that S is a separable Hilbert space and [ is a countable
set. The following theorem generalizes [14, Theorem 22.1.1].

Theorem 13 Let F = {fi}ies be a frame for S and let F = {f;}icr be a
dual frame of F. Let G = {g: }ier C S, and assume that there ezist constants
A, it > 0 such that A+ p||Tz|| <1 and

[ Trc — Tgel| < M|Tec|| + pllcl| for each c € F'.

Then G is a frame for S with

1 W 2

15517 = (I=A=ul[TEl))* and ||Sg|| < ||T¥[* (1 +A+ —> :
g T2 d |77

Taking into account that ||TF — Tg|| = ||TF — Tg||, from Theorem

with A = 0, we have the following generalization of [14, Corollary 22.1.5]:
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Corollary 8 Let F = {fi}ier be a frame for S and let F = {ﬁ}iel be a dual
frame of F. Let G = {¢;}icr C S, and assume that there exists a constant
p >0 such that p||Tx|| <1 and

ITf = T /11 < ll1] for ach f € &.

Then G is a frame for S with

15HI™ =

1 L\
2 et~ TN and ISgl < 1T (1+—).
_F

|| TF||

Another perturbation result, that generalizes [10, Theorem 2], is the
following;:

Theorem 14 Let F = {f;}ier be a frame for S and let F = {ﬁ}iel be a
dual frame of F. Let G = {g: }ier C S, and assume that there exist constants
A1, A, o> 0 such that max{A; + pu||T%||, A2} <1 and

| Tre = Tgel| < Mil|Trell + Xl Tgell + pllel| for each c € F".

Then G is a frame for S with

1 AL+ A T\ ?
||Sg_1||_12 1— 1+ 2+MH ]-'H
| T%[? 1+ X

and

4N 2
ISell < 1751 <1 P2 ”TF”> -
— A2

The proofs of the previous results use the same arguments that appear
in the proofs of the original ones, where F = Sr-1F = {Sr-1f;}ier is the
canonical dual frame of F. Furthermore, it can be seen that T'z17 is invert-
ible.

We next enunciate [I2, Theorem 2.1.], in which the operator T37} is also
invertible:

Theorem 15 Let F = {f;}ier be a frame for S and let F = {ﬁ}iel be a
dual frame of F. Assume that G = {g;}icr C S satisfies

A=Y |lfi—gillP <00 and  pi="|lfi—allllfill < 1.
icl iel
Then G is a frame for S with
VA

2
(1—p)? and ||Soll <|ITxIP (1+m> .

1
1T

15517 =

23
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In the previous results T=7¢ is invertible. Thus,
TgT}(TgT})‘lf = f foreach f e V.

Consequently, G = {(T(TeT5) ") 0i}ier = {(TTg) " fiYies is a dual frame
of G. We have im(Tg) = im(T%) and dep(G) = dep(F). Therefore, by The-
orem , dep(G) is a complement of im(7%) whereas im(7§) is a complement

of dep(F). We note that if = 0 in Theorem , then dep(F) = dep(G),
and hence F and G are similar, and the relation between their dual frames
is given in Remark [7]

7 Applications

In the previous sections, the developed theory of dual frames was related to
the classical frame theory in Hilbert spaces. Now we apply the general theory
to study some questions about dual frames in different finite-dimensional
vector spaces. We consider dual frames for vector spaces over conjugate
closed subfields of the complex numbers, for metric vector spaces and for
ultrametric normed vector spaces over complete non-archimedean valued
fields. Finally, the representation of operators using dual frames and the
application to the solution of operator equations are considered.

7.1 Thecase FCCand F=TF

In [36], frames for finite-dimensional vector spaces S over fields [ such that
F C C and F = [F were considered. In this case,

V=38 dep(F)®=dep(F)* and im(T})¢ =im(T)",
the operator (147 ;)gep(f)c im(Ts ) is the Moore-Penrose pseudoinverse of
) |V
T3 T, and Theorem [9] coincides with [36, Lemma 4.2].

The matrix Pyep(r)L dep(r) 18 called the canonical Gramian of F. Linear
functionals ® = {¢; }ie; C S’ given by

T5(f) = Pacp(F)* dep(F)a

where Tra = f for each f € V), are called the canonical coordinates for
F (see Theorem . As in Example |§|, for each f € V, the coefficients
T3(f) have minimal ¢y-norm among all coefficients {a;}ic; C F such that
> icr @ifi = f. There is a unique inner product on &, defined by

(f,9) 7 = (T5(f), Ta(9)),
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for which F is a Parseval frame, i.e.,

f= Z(f, fiyzfi foreach f€S.

i€l

See [13], 35 B6] for more details. In particular, these works consider cyclo-
tomic fields.

Let w := e'n be a primitive n-th root of unity. The cyclotomic field
Q(w) is a Q-vector space of dimension d = ¢(n), where ¢ is the Euler phi
(totient) function. A natural frame (spanning sequence) for Q(w) is given
by the n-th roots F = {w*}ez, -

Let Z? be the group of units of Z, (equivalent classes corresponding to
the elements of {0,1,...,n — 1} which are coprime with n). Let

x; = (1L,w!,w¥, ... w™ ) for each j € Z,.

Let p be the Mébius function

1, n=1;
u(n) =< (=1)", nis square free;
0, otherwise.

From [35] (see also [13] 136]),

Piep(F) L dep(r) = Z XiXGs

JEL,
and the canonical dual ® of F satisfies
Ok(w?) = (Pacp(r)-aep(r)) (ks ) = lw(n)u ).
“PF) dep n ged(k — j,n)

Let C be the shift operator on Q" given by (ai,...,a,) — (ag,...,an,a1).
We have that Pyep(r)t qep(ry) 18 circulant, ie.,

CPaep(rr)t dep(F) = Latep(1)+ dep(7) C-

Thus, im(7T3) = dep(F)?* is invariant under the shift operator C'. Therefore,
dep(F) is shift invariant too.

Let now ¥ = {¢y}kez, € Q(w) be any dual of F. By Theorem [2
Q™ = im(Ty) @& dep(Tx). Therefore, since dep(F) is shift invariant, im(73)
is shift invariant. Let im(7y) = dep(F)¢, where dep(T'x)¢ is a complement

of dep(T’r) in Q™. If Pyep(ry)e,dep(r) is circulant, then ¥ as the canonical dual
® satisfies:

e Cyclic shift property: Ty (wf) = CTy(f) for each f € Q(w).
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e Conjugate property: Ty (f) = C"Ty(f) for each f € Q(w).

e Conwolutional property: Ty (fg) = Ty (f) * Ty (g) for each f,g € Q(w),
where [T5(f) * Tg (9)lk = 25— [W(/);[¢(9))k-s for each k € Zy.

Conversely, if ¥ satisfies the cyclic shift property, then Pyep(r)e,dep(F) 18
circulant. These properties are very useful for the computation of W.
By Corollary [3]
Ty =T + T

for some A = {Ag}trez, € Q(w)’ such that im(7%) C dep(F). Note that
U satisfies the cyclic shift property (conjugate property) if and only if A
satisfies the cyclic shift property (conjugate property). We also have that
if A satisfies the cyclic shift property, then ¥ satisfies the convolutional
property. Consider the power integral basis B = {wk}f(:%)fl of Q(w) and the
matrix My € Q™" such that My (k,1) := M\(w'). Then A satisfies the cyclic
shift property if and only if M}, is circulant.

7.2 Metric vector spaces

Let S be a finite-dimensional vector space over F and let (.,.) be a bilinear
form (bilinear functional) on S which is either symmetric, skew-symmetric
(or antisymmetric), or alternate. The pair (S, (.,.)) is called a metric vector
space. If the bilinear form is symmetric, then (S, (., .)) is called an orthogonal
geometry over F, and if the bilinear form is alternate, (S, (.,.)) is called a
symplectic geometry over F. For the theory of metric vector spaces see, e.g.,
133].

We consider in F’ the bilinear form defined by (z,y) := Y_,.; (i)y()
for each z,y € F!. This bilinear form is symmetric but not alternate, and
it is skew-symmetric if and only if char(F) = 2. The pair (F/,(-,-)) is a
non-singular metric vector space.

Assume from now on that S is non-singular. Given ¢ € S’, there exists
a unique g € S such that ¢(f) = (f,g) for each f € S [33, Theorem
11.5]. Thus, we have a theory of dual frames for non-singular metric vector
spaces as it was described in Example [I Example [ and Example [f] for
real or complex inner product vector spaces. We note that in Example
the equivalence between the conditions V N Wt = Wn VL = {0} and
S=V Wt =Wao V! can be proved as in [35] taking into account that
dim(8) = dim(V) + dim(V*) (see [33, Theorem 11.8]).

Now we analyze the existence of the canonical dual defined as in Ex-
ample [0} First we recall some facts. Let V be a subspace of S and F =
{fitier € V. Then

im(Tx) L ker(Tx), dim(ker(Tx)) + dim(im (7)) = ||
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and
F! /ker(Tr) = im(T%).

If im(T%) Nker(Tx) = {0}, then
F /ker(Tr) = im(Tx-) and F! = ker(Tr) @ im(Tx-).

Let F = {f;}icr be a frame for V. The canonical dual of F (defined as
in Example |6)) exists if and only if (Sf)i pL €xists, ie.,

S=Vov im(Sz) =V  and  ker(Sy) = V*.

By [33, Theorem 11.8], S = V @ V= if and only if V is non-singular. Since
im(TF) = V and ker(T3) = V*, we always have im(S7) C V and V* C
ker(Sx).

Theorem 16 Let F = {f;}ier be a frame for V. The canonical dual of F
ezists if and only if V is non-singular and im(T5) Nker(Tx) = {0}.

Proof. 1f im(T5) Nker(Tx) = {0} then
ker(Sz) CV*+ and F! = ker(Tx) @ im(7T%).

Consequently, V C im(S). Thus, if V is non-singular and im(75)Nker(Tx) =
{0}, the canonical dual of F exists.

Suppose now that the canonical dual of F exists. Then V is non-singular,
im(Sz) =V and ker(Sz) = V4. Let ¢ = (¢;)ier € im(Tx) Nker(Tx). Then
there exists f € S such that

¢ = (f,f;) foreachiel

and
Srf =Y (f, fi)fi =0.
el
Therefore,
f € ker(Sz) = V' = ker(T%).

Hence, ¢ = 0. This shows that im(7%) Nker(Tx) = {0}. O

Note that, if the canonical dual exists, the properties described in Ex-
ample [0 Example [§, as well as the description of all duals in Example [7] are
valid in this new context. When the canonical dual does not exist, other
duals are needed.

In the following example the canonical dual does not exist. The frame
F is a basis for V which has a unique dual frame.
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Example 10 Let S = Z3 and F = {(1,0,1),(0,1,0)}. We have
ker(Tr) = {(0,0)},  V =span(F) ={(0,0,0),(1,0,1),(0,1,0), (1,1,1)}

and
vt =1{(0,0,0),(1,0,1)}.

Since V is singular, the canonical dual of F (defined as in Example @ does
not exist. Using Theorem [§ with V¢ = {(0,0,0),(1,0,0)}, we obtain the
dual

G ={(0,0,1),(0,1,0)}
of Fin V. In this case,

ker(Tg-) = V¢  and  im(Tg-) = Z3 = ker(Tx)".
Since F is a basis for V, G is its unique dual frame.

Analogous to the Hilbert space case, we define Parseval frames.

Definition 4 Let F = {f;}icr C V. We say that F is a Parseval frame for
Vif Sef = f for each f € V.

For frames and Parseval frames in the case of the metric vector space Zg,
see, e. g., [7, 8, 27, 29]. Frames over finite fields in unitary and orthogonal
geometries are considered in [20], 25].

The canonical dual frame of a Parseval frame always exists:

Theorem 17 If F = {fi}ier is a Parseval frame for V), then the canonical

dual F of F exists and F = F.

Proof. Let F = {f;}icr be a Parseval frame for V. If f € VNVt =
im(7) Nker(T5), then

This shows that V is non-singular. Also, we have Sy = P, .. Thus, the
canonical dual F = {f;};e; of F exists and

ﬁ‘ = (Sf)§;7vai = Pv,vifz' = fi

foreach i€ I. O
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7.3 Ultrametric normed vector spaces

Let S be a finite-dimensional vector space over a complete non-archimedean
valued field F. Let ||.|| be an wltrametric norm on S. In what follows, we
show some particularities of frames and dual frames in these type of normed
vector spaces. We consider in " the ultrametric norm

)il = s ],

where |.| is the non-archimedean valuation on F. We use the operator norm
for the different operators. For details about ultrametric analysis, we refer
the reader to [32].

We begin with the following result, which is similar to [14, Proposition
1.1.2].

Proposition 6 Let & = {¢p}7_; C S'. Then ® is a frame for S’ if and
only if there exists a real a > 0 such that || f|| < ||T5(f)|| for each f € S.

Proof. Assume that ® is a frame for §’. By Theorem , T3 is injective.
Thus, there exists A € L(F",S) such that ATj = Is. If f € S, then

HANIAN < NTEHI-

We can take o = ||A||7".
If there exists a > 0 such that af|f|| < ||T§(f)|| for each f € S, then T}
is injective. By Theorem 1 ® is a frame for §’. O

The constant «, mentioned in the previous proposition, is called a (lower)
frame bound for ®. As a consequence of Proposition [0 we obtain:

Corollary 9 Let ® = {¢r}}_, be a frame for S’ with frame bound o and
let B < a. Let W = {p}7_; TS be such that ||T5(f) —Ts ()l < Bl f]| for
each f € S. Then V is a frame for 8" with frame bound o — 3.

Another perturbation result is the following:

Corollary 10 Let ® = {¢r}}_, be a frame for 8" with frame bound c. Let
U = {d}p_, © S be such that ||T5(f) — T(F)I| < IT3(F)I| for each f € S.
Then W is a frame for 8" with frame bound c.

Proof. Since ||.|| is an ultrametric norm, for each f € S, if

T3 (f) = Ta (NI < IT5 (NI,

then
T (NI = 11T (I
It remains to apply Proposition [6] [
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Let F = (fitiey € S and @ = {¢y}j_; € S’ We have

—_— * —_—
177l = max |Ifsll  and  ||T5]| = max ||gx]

From these equalities and Theorem [2f we get:

Proposition 7 Let F = {fi}}_; be a frame for S and ® = {¢x}}_, C &'
be a dual frame of F. Then

() WTa (DI = AT for each f € S.

(i) 1 < |IT3Tl| < max |l e [

The following results are about the perturbation of a dual frame.
Theorem 18 Let F = {fi}p_; €S and ® = {¢r}}_, C S be dual frames

1
= {g:}"_, CS. - max ||del| "
and G ={g}7_, CS. If g&xnllgk fell < max I then

(i) G is a frame for S.
(ii) The family ¥ such that Ty = Tp(TgTy) ™t is a dual frame of G.
(iii) im(Ty) = im(7T3) and dep(G) = dep(F).

(i) max [y — ¢l < max ||éwll.

Proof. We have,

_ *|| — * * < _ )
s = T3 = 17T — ToTll < max g — fil| mavx [6e]| < 1

By Neumann’s theorem, 75Ty is invertible and

o0

(ToTy) ™' = (Is — ToTy) .

j=1
Since § is an ultrametric normed vector space, from the last equality we
obtain ||(TgTs)7!|| < 1.
Since
f=(TgT3)(TgTy) ' f foreach f €S,
one has (i) and (ii). Part (iii) is a consequence of (ii) and Theorem[2] Finally,

max [ — ¢l = ||y — Tgll = [T ((TeT5) " — Is)]]

1<k<n

IN

max ||gx|| ||(T6T5) " — Is]]

1<k<n

max ||ow|| |[(ToT5) | [11s — To Ty

1<k<n

1oax [,

IN

A\

which proves (iv). O
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Note that by Theorem [§] (or Theorem @, U in Theorem |18|is the unique
dual of G such that im(7y) = im(77y).
With a similar proof we get:

Theorem 19 Let F = {fi}}_, be a frame for S, ® = {¢p}7_, C S’ be a
dual frame of F and V = {¢y}}_, C S". If ax |k — ol <

then:

(1) ¥ is a frame for S'.

(11) The family G such that Tg = (T#Ty) T is a dual frame of V.
(i1i) dep(G) = dep(F) and im(Ty) = im(T3).

() max |lgx — fill < max ||fill

By Theorem (or Theorem and Theorem 2| G in Theorem [19|is the
unique dual of ¥ such that dep(G) = dep(F).

7.4 Frame representation of operators and the solu-
tion of operator equations

The representation of operators using bases and frames and its application
to the solution of operator equations were considered in, e.g., [II, B, [4, [6]
16l 17, B0]. Here we consider them using the present general theory of dual
frames.

Let R be a vector space over F, W be a finite-dimensional subspace
of R. Let F = {fitier €V, ® = {¢i}ic1 S &, G = {gi}ics S W, and
U= {¢i}tics R

Let Trw € L(L(V, W), L(F!,F’)) be defined by

Trw(L) =Ty LTz for each L € L(V, W),
and let 79® € L(L(F!,F’), L(V,W)) be defined by
T9*(A) = TgA(Ty)y for each A € L(F/ | F/).

Given L € L(V, W), we say that Tz (L) is the linear transformation in
L(F?,F7) representing L with respect to F and W. The matrix of Tz g (L)
with respect to the standard bases of F! and F” is (¢;Lf;) ;.

If A e L(F/ F/), we say that T9®(A) is the linear transformation in
L(V, W) representing A with respect to G and ®.

We have the following result (see also [3], where V =S and W = R are
Hilbert spaces):
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Theorem 20 Assume that F and ® are dual frames in V, while G and ¥
are dual frames in W. Then:

1. T9®Tzw = Iww) and Lf = Zje] > icr @il F)Ui(Lfi)gj for each L €
LY, W) and f € V.

2. T9?® is surjective and Try is injective.
3. Tg’\IJIFJ = IW

4. Let L € LIWW), f €V and g € W. Then Lf = g if and only if
Tru(L)Tgf = Tiy.
5. Trw(L)(im((Tg)v)) € im((Tg)w). If L is surjective, then
Trw(L)(im((Tg)v)) = im((Tg)w)-
If L is injective, then 7}7\1,(L)|im((T$)

v) 1S 1njective.

Given L € L(S,R) and g € R, consider the operator equation
Lf=g. (3)

A solution of (3]) can be obtained using dual frames and the Petrov-Galerkin
method in the finite dimensional subspaces ¥V C § and W C R such that
L(V) C W. For this, we solve the finite matrix equation

Tru(Ly)e =Ty, (4)
where
e F and ® are dual frames in V such that S =V @ ker(7T}),
e G and V are dual frames in W such that R = W & ker(1y),
® § = Pwe(rs)9-

Recall that by Theorem , T¥Ty = Pyxe(ry) and TgTy = Py yer(ry). Also,
by Theorem [2] T3Tr = Pim(T&:lv)’dep(}‘) and T3 TF = Rm(T$|W)7dep(g). Hence,

Tyg = B )den(@) Twg-
Let ¢ € F! be a (possibly approximate) solution of and
c="TgTrc= Pim(T;;W),dep(f)C-

Since dep(F) C ker(Trw(Lpy)), we have

Tru(Ly)e = Tru(Ly)e.
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We take f: Tr¢ = Trc as a solution of . Assume now thaj;v ceFlisa
true solution of , i.e., Trw(Ly)c=Tgg. By Theorem Lf=g.

We can work with different types of operator equations such as differen-

tial equations or integral equations. Depending on the operator equation,
we can use suitable strategies to construct the subspaces )V and W, and the
dual frames F and ®, G and W. For example, if W is such that g € W we
obtain g = g.
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