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Èñïîëüçóåìûå îáîçíà÷åíèÿ

AC[a,b] � ïðîñòðàíñòâî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé íà îòðåçêå [a, b].

Cq
2[a,b] � ïðîñòðàíñòâî q ðàçà íåïðåðûâíî äèôôåðåíöèðóåìûõ âåêòîð-ôóíêöèé ñ äâó-

ìÿ êîìïîíåíòàìè.

AC2[a,b] � ïðîñòðàíñòâî âåêòîð-ôóíêöèé ñ àáñîëþòíî íåïðåðûâíûìè êîìïîíåíòàìè

íà îòðåçêå [a, b]:

AC2[a, b] = AC[a, b]× AC[a, b].

L2[a,b] � ïðîñòðàíñòâî ôóíêöèé íà îòðåçêå [a, b], ñóììèðóåìûõ ñ êâàäðàòîì.

L2[a,b, "] � ïðîñòðàíñòâî ôóíêöèé, äëÿ êîòîðûõ
b∫
a

"(t)∣f(t)∣2dt <∞.

(f, g)" � ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå L2[a, b, "]:

(f, g)" =

∫ b

a

"(x)f(x)g(x)dx.

∥ ⋅ ∥ � íîðìà â ïðîñòðàíñòâå L2[a, b]:

∥f∥ =

( b∫
a

∣f(t)∣2dt

)1/2

.

L2
2[a,b] � ïðîñòðàíñòâî âåêòîð ôóíêöèé ñ äâóìÿ êîìïîíåíòàìè èç L2[a, b]:

L2
2[a, b] = L2[a, b]× L2[a, b].

⟨f ,g⟩ � ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå L2
2[a, b]:

⟨f, g⟩ =

b∫
a

fT (x)g(x)dx.
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∥ ⋅ ∥2 � íîðìà â ïðîñòðàíñòâå L2
2[a, b]:

∥f∥2 =

( b∫
a

(∣f1(t)∣2 + ∣f2(t)∣2)dt

)1/2

, f = (f1, f2)T .

SN(f) � ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f .

RN(f) � îøèáêà ïðè ïðèáëèæåíèè ôóíêöèè f ÷àñòè÷íûì ðÿäîì Ôóðüå.

Sq,N(f) � ïðèáëèæåíèå ôóíêöèè f ìåòîäîì Êðûëîâà-Ëàíöîøà.

Rq,N(f) � îøèáêà ïðèáëèæåíèÿ Sq,N(f).

Sm,q,N(f) � ïðèáëèæåíèå ôóíêöèè f êâàçèïîëèíîìèàëüíûì ìåòîäîì.

Rm,q,N(f) � îøèáêà ïðèáëèæåíèÿ Sm,q,N(f).

S̃q,N(f) � ïðèáëèæåíèå ôóíêöèè f KEG-ìåòîäîì.

R̃q,N(f) � îøèáêà ïðèáëèæåíèÿ S̃q,N(f).

S̃m,q,N(f) � ïðèáëèæåíèå ôóíêöèè f êâàçèïîëèíîìèàëüíûì ìåòîäîì ñ ïðèáëèæåííûì

îïðåäåëåíèåì ñêà÷êîâ.

R̃m,q,N(f) � îøèáêà ïðèáëèæåíèÿ S̃m,q,N(f).
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Ââåäåíèå

0.1 Ðÿäû Ôóðüå: ïðîáëåìà ñõîäèìîñòè

Â 1807 ã. Æàê Ôóðüå âûñêàçàë èäåþ î ðàçëîæåíèè ôóíêöèè â òðèãîíîìåòðè÷åñêèé

ðÿä. Ýòî áûëî îäíèì èç âåëè÷àéøèõ íàó÷íûõ îòêðûòèé, êîòîðîå â äàëüíåéøåì îêàçàëî

âëèÿíèå íà ðàçâèòèå ìíîãèõ âåòâåé åñòåñòâîçíàíèÿ. È, êàê ýòî ÷àñòî áûâàåò, îíî áûëî

íåîäíîçíà÷íî âîñïðèíÿòî â íàó÷íîì ìèðå äàæå ñðåäè ìàòåìàòèêîâ. Â 1824 ã. Æ. Ôó-

ðüå ðàçâåÿë âñå ñîìíåíèÿ îòíîñèòåëüíî ýòîãî ÿâëåíèÿ, ïîêàçàâ (â ðàìêàõ ïðèíÿòîé

òîãäà ñòðîãîñòè), ÷òî "ëþáàÿ" çàäàííàÿ íà êîíå÷íîì îòðåçêå ôóíêöèÿ ðàçëàãàåòñÿ â

òðèãîíîìåòðè÷åñêèé ðÿä, èìåíóåìûé íûíå ðÿäîì Ôóðüå. Â êîìïëåêñíîé çàïèñè, ïðè

ðàçëîæåíèè ôóíêöèè f íà îòðåçêå [−1, 1], ýòîò ðÿä ïðåäñòàâëÿåòñÿ â âèäå

f(x) ∼
∞∑

n=−∞

fn e
i�nx, −1 ≤ x ≤ 1, (0.1)

fn =
1

2

∫ 1

−1

f(t)e−i�ntdt. (0.2)

Äëÿ ëþáîé ôóíêöèè f ∈ L2[−1, 1] îí ñõîäèòñÿ ê f â ìåòðèêå L2[−1, 1]. Èçâåñòíû òàêæå

êðèòåðèè åãî òî÷å÷íîé ñõîäèìîñòè â ðàçíûõ êëàññàõ ôóíêöèé (ñì., íàïðèìåð, [1]).

Õîòÿ ýòîò ìåòîä óæå äâà ñòîëåòèÿ ÿâëÿåòñÿ îäíèì èç èçâåñòíåéøèõ àïïàðàòîâ íàó-

êè, ïðèêëàäíàÿ ýôôåêòèâíîñòü åãî èñïîëüçîâàíèÿ â ïðîøëîì ÷àñòî îêàçûâàëàñü îãðà-

íè÷åííîé. Äåëî â òîì, ÷òî íà ïðàêòèêå ïðèõîäèòñÿ îãðàíè÷èâàòüñÿ êîíå÷íûì ÷èñëîì

êîýôôèöèåíòîâ Ôóðüå è âû÷èñëÿòü çíà÷åíèÿ "óðåçàííîãî" ðÿäà

f(x) ∼ SN(f) = SN(f, x) =
N∑

n=−N

fn e
i�nx. (0.3)

Â ñâÿçè ñ ýòèì åùå â 1848 ã. Ãåíðè Âèáðàõàì (Henry Wilbraham) îïóáëèêîâàë ðà-

áîòó, â êîòîðîé îòìåòèë è ïðîàíàëèçèðîâàë ÿâëåíèå, ñóòü êîòîðîãî äëÿ ïðîñòåéøåé
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ðàçëàãàåìîé ôóíêöèè f(x) = x ïðîèëëþñòðèðóåì íà ðèñ. 1.

-1 -0.5 0.5 1

-1

-0.5

0.5

1

S10HxL

S5HxL

Ðèñ. 1: Ãðàôèê SN (f) äëÿ ôóíêöèè f(x) = x ïðè N = 5 (ñïëîøíàÿ ëèíèÿ), N = 10 (ïóíêòèð) è åãî

"ïðåäåëà" ïðè N →∞ (æèðíàÿ ëèíèÿ)

Â 1898 ã. Àëüáåðò Ìàéêåëüñîí (Albert Michelson) äàæå ñêîíñòðóèðîâàë ìåõàíèçì,

êîòîðûé âîñïðîèçâîäèë ãðàôèê óðåçàííîãî ðÿäà Ôóðüå ôóíêöèè, çàäàííîé â âèäå ïðÿ-

ìîóãîëüíîãî èìïóëüñà. Â òî÷êàõ ðàçðûâà ÿñíî ïðîñìàòðèâàëîñü îïèñàííîå ÿâëåíèå.

Â 1899 ã. Óèëëàðä Ãèááñ (J. Willard Gibbs) îõàðàêòåðèçîâàë ýòî ÿâëåíèå êàê ìà-

òåìàòè÷åñêîå, õàðàêòåðíîå äëÿ âñåõ òî÷åê ñêà÷êîâ ðàçëàãàåìîé â ðÿä Ôóðüå êóñî÷íî-

íåïðåðûâíîé ôóíêöèè.

Íàêîíåö, â 1906 ã. Ìàêñèì Á�å÷åð (Maxime B�ocher) äàë äåòàëüíûé ìàòåìàòè÷åñêèé

àíàëèç ýòîìó ÿâëåíèþ, íàçâàâ åãî ÿâëåíèåì Ãèááñà, ÷òî è óòâåðäèëîñü â íàó÷íîé ëèòå-

ðàòóðå.

Â ñîâðåìåííîé òðàêòîâêå ÿâëåíèå Ãèááñà äëÿ ðÿäà Ôóðüå îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì. Ïðåäïîëîæèì, ÷òî êóñî÷íî-íåïðåðûâíàÿ ñ îãðàíè÷åííûì èçìåíåíèåì ôóíê-

öèÿ f èìååò ðàçðûâ ïåðâîãî ðîäà â òî÷êå x0 ∈ [−1, 1]. Òîãäà ñïðàâåäëèâà ôîðìóëà

lim sup
N→∞,
x→x0±0

∣SN(f, x)− A∣
∣f(x0 ± 0)− A∣

=
2

�

∫ �

0

sin t

t
dt

ãäå A = (f(x0 + 0) + f(x0 − 0)) /2 , à òî÷êè x = ±1 îòîæäåñòâëÿþòñÿ. ×èñëî, ñòîÿùåå

ñïðàâà (âåëè÷èíà ÿâëåíèÿ Ãèááñà), ðàâíî ïðèìåðíî 1.179.

Òàêèì îáðàçîì, îêàçàëîñü, ÷òî àïïðîêñèìàöèÿ ãëàäêîé íà êîíå÷íîì îòðåçêå [−1, 1]
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ôóíêöèè f ÷àñòè÷íûì ðÿäîì Ôóðüå (0.3) ìàëî ýôôåêòèâíà, åñëè ðàçëàãàåìàÿ ôóíêöèÿ,

ïðîäîëæåííàÿ 2-ïåðèîäè÷åñêè íà âñþ ÷èñëîâóþ îñü, íå îáëàäàåò äîñòàòî÷íîé ãëàäêî-

ñòüþ. Ýòî ïðåæäå âñåãî îòíîñèòñÿ ê êóñî÷íî-ãëàäêèì ôóíêöèÿì, ðÿä Ôóðüå êîòîðûõ

(ïðè íàëè÷èè õîòÿ áû îäíîé òî÷êè ðàçðûâà) íå ìîæåò ñõîäèòüñÿ ðàâíîìåðíî â ñèëó

ìàëîé ñêîðîñòè óáûâàíèÿ åãî êîýôôèöèåíòîâ.

Ñàìî ÿâëåíèå Ãèááñà ìîæåò áûòü óñòðàíåíî ïðèìåíåíèåì (âìåñòî fN(x)) òàêèõ ìå-

òîäîâ ñóììèðîâàíèÿ, êàê ìåòîäû Ôåéåðà èëè Ðèññà (ñì. [1]). Ñîâðåìåííûå âåéâëåò-

ïðåîáðàçîâàíèÿ íà îñíîâå áàçèñà Õààðà òàêæå îáëàäàþò òàêèì ñâîéñòâîì (ñì. [2]). Îä-

íàêî, ñ òî÷êè çðåíèÿ ñêîðîñòè âîññòàíîâëåíèÿ ôóíêöèè f(x) íà îñíîâå ïåðâûõ 2N + 1

êîýôôèöèåíòîâ Ôóðüå fn, n = 0,±1, ...,±N , ïðè N → ∞, ýòè ïîäõîäû òàêæå ìàëî

ýôôåêòèâíû.

0.2 Ìåòîä óñêîðåíèÿ ñõîäèìîñòè À. Êðûëîâà

Â 1905 ã. ðóññêèé ìàòåìàòèê è êîðàáëåñòðîèòåëü À. Í. Êðûëîâ [3] ïðåäëîæèë îðè-

ãèíàëüíûé ïîäõîä äëÿ ñóùåñòâåííîãî óñêîðåíèÿ ñõîäèìîñòè ðÿäà Ôóðüå è ñîîòâåòñòâó-

þùåãî óñòðàíåíèÿ ÿâëåíèÿ Ãèááñà äëÿ êóñî÷íî-ãëàäêèõ ôóíêöèé.

Ïðèâåäåì ñõåìó åãî ðàññóæäåíèé, ñîõðàíèâ îáîçíà÷åíèÿ îðèãèíàëà.

Ðàññìàòðèâàåòñÿ ðàçëîæåíèå ôóíêöèè f(x), çàäàííîé îò 0 äî 2�, â ðÿä ýêâèâàëåíò-

íîãî âèäà

f(x) ∼ 1

2
a0 +

∞∑
n=1

(an cosnx+ bn sinnx) ,

ãäå êîýôôèöèåíòû an, bn âûðàæàþòñÿ ôîðìóëàìè

�an =

∫ 2�

0

f(t) cos(nt)dt,

è

�bn =

∫ 2�

0

f(t) sin(nt)dt.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f(x) êîíå÷íà íà ýòîì ïðîìåæóòêå è ÷òî ýòîò ïðîìåæó-
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òîê ìîæåò áûòü ðàçäåëåí íà êîíå÷íîå ÷èñëî p+ 1 ÷àñòíûõ ïðîìåæóòêîâ

[0, 2�] = [0, k1] ∪ [k1, k2] . . . [kp, 2�],

â êàæäîì èç êîòîðûõ ôóíêöèÿ f(x) íåïðåðûâíà ñî ñâîèìè ïðîèçâîäíûìè è èìååò îä-

íîñòîðîííèå ïðîèçâîäíûå â òî÷êàõ 0 ⩽ k1 ⩽ k2 ⋅ ⋅ ⋅ ⩽ kp ⩽ 2�. Èíòåãðèðóÿ ïî ÷àñòÿì,

ëåãêî ïðèäòè ê ôîðìóëàì

�an =
A

n
+
�b′n
n
,

ãäå

A = sinnk1 [f(k1 − 0)− f(k1 + 0)] +

sinnk2 [f(k2 − 0)− f(k2 + 0)] + ⋅ ⋅ ⋅+ sinnkp [f(kp − 0)− f(kp + 0)] .

Àíàëîãè÷íî ïîëó÷èì, ÷òî

�bn =
B

n
+
�a′n
n
,

ãäå

B = f(+0)− cosnk1 [f(k1 − 0)− f(k1 + 0)]−

cosnk2 [f(k2 − 0)− f(k2 + 0)]− ⋅ ⋅ ⋅ − f(2� − 0).

Â âûøåóêàçàííûõ ôîðìóëàõ a′n è b
′
n êîýôôèöèåíòû Ôóðüå ôóíêöèè f ′(x). Ïðîäîëæàÿ

òàêèì æå îáðàçîì áóäåì èìåòü

�a′n =
A′

n
+
�b
′′
n

n
, �b′n =

B′

n
+
�a
′′
n

n
.

Êîíñòàíòû A′, B′ íåòðóäíî âûïèñàòü ÿâíî ÷åðåç ñêà÷êè f ′(x). Òàêèì îáðàçîì, ïîëó÷èì

�an =
A

n
− B′

n2
− �a

′′
n

n2
,

�bn =
B

n
+
A′

n2
− �b

′′
n

n2
,
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ñëåäîâàòåëüíî, ÷òîáû ðÿä Ôóðüå áûë àáñîëþòíî ñõîäÿùèìñÿ, íàäî, ÷òîáû ïðè âñÿêîì

n áûëî A = 0, B = 0.

Ïîëó÷åííûå âûðàæåíèÿ ïîêàçûâàþò, ÷òî êîýôôèöèåíòû ïðè 1
n
çàâèñÿò òîëüêî îò

âåëè÷èíû ñêà÷êîâ ôóíêöèè f(x) è ïîýòîìó, åñëè ôóíêöèþ f(x) ïðåäñòàâèòü â âèäå

f(x) = F (x) + '(x)

è âûáðàòü ôóíêöèþ F (x) òàê, ÷òîáû îíà èìåëà òå æå ñêà÷êè, ÷òî è f(x), òî ðàçíîñòü

'(x) = f(x) − F (x) ïðåäñòàâèòñÿ ðÿäîì Ôóðüå, ïîðÿäîê óáûâàíèÿ êîýôôèöèåíòîâ êî-

òîðîãî áóäóò íå íèæå âòîðîãî.

Îêàçûâàåòñÿ, ÷òî âûáîð ôóíêöèè F (x) âîçìîæíî âñåãäà âûïîëíèòü òàêèì îáðàçîì,

÷òîáû îñòàòîê '(x) ïðåäñòàâèëñÿ ðÿäîì Ôóðüå, êîýôôèöèåíòû êîòîðîãî áóäóò ñêîëü

óãîäíî âûñîêîãî ïîðÿäêà îòíîñèòåëüíî 1
n
ïðè n→∞.

Äåéñòâèòåëüíî, ñîâåðøåííî àíàëîãè÷íî ïðåäûäóùåìó ïðåäñòàâèì '′(x) =  1(x) +

!1(x), òàê ÷òîáû  1(x) èìåëà òå æå ìåñòà ðàçðûâà è òå æå ñàìûå ñêà÷êè. Èìååì

'(x) =

∫
 1(x)dx+

∫
!1(x)dx.

Ïîëîãàÿ F1(x) =
∫
 1(x)dx è '1(x) =

∫
!1(x)dx ïîëó÷èì ðàâåíñòâî

f(x) = F (x) + F1(x) + '1(x),

ðÿä, ïðåäñòàâëÿþùèé ôóíêöèþ '(x), áóäåò èìåòü êîýôôèöèåíòû òðåòüåãî ïîðÿäêà îò-

íîñèòåëüíî 1
n
. Åñëè âûáðàòü ôóíêöèè F è  1 êóñî÷íî-ëèíåéíûìè, òî ðàçðûâíàÿ ôóíê-

öèÿ F (x) + F1(x) áóäåò ñîñòîÿòü èç ïðÿìîëèíåéíûõ îòðåçêîâ è îòðåçêîâ ïàðàáîë.

Ïðîäîëæàÿ òàêèì îáðàçîì, ìîæåì, î÷åâèäíî, äîéòè äî òî÷íîñòè ëþáîãî ïîðÿäêà

n−k, k ≥ 1, n→∞, åñëè òîãî ïîçâîëÿåò ãëàäêîñòü ôóíêöèè f(x) .

Íåòðóäíî óñìîòðåòü, ÷òî çäåñü èçëîæåí òàê íàçûâàåìûé "ìåòîä ïîëèíîìîâ Áåðíóëëè"

(ìåòîä Áåðíóëëè, ïîëèíîìèàëüíûé ìåòîä), ñèñòåìàòè÷åñêîìó èçó÷åíèþ êîòîðîãî, ñïó-

ñòÿ ïî÷òè 60 ëåò, ïîñâÿòèë ñâîè èçâåñòíûå ðàáîòû Ê. Ëàíöîø (ñì. [4, 5, 6], à òàêæå

10



[7, 8, 9]), ïî-âèäèìîìó, íå çíàêîìûé ñ èññëåäîâàíèÿìè À. Êðûëîâà. Ýòîò ïîäõîä áóäåì

íàçûâàòü òàêæå ìåòîäîì Êðûëîâà-Ëàíöîøà.

0.3 Ìåòîä Êðûëîâà-Ýêãîôà-Ãîòòëèáà

Ïðèâåäåì ñõåìó ìåòîäà Áåðíóëëè â ñîâðåìåííîì âèäå. Äëÿ f ∈ Cq[−1, 1] îáîçíà÷èì

Ak(f) = f (k)(1)− f (k)(−1), k = 0, . . . , q.

Åñëè k < 0, òî ïðèìåì Ak(f) = 0.

Ëåãêî óñìîòðåòü, ÷òî

Ëåììà 0.1 Ïóñòü f ∈ Cq−1[−1, 1] è f (q−1) ∈ AC[−1, 1]. Äëÿ n ∕= 0 èìååò ìåñòî

ïðåäñòàâëåíèå

fn =
(−1)n+1

2

q−1∑
k=0

Ak(f)

(i�n)k+1
+

1

2(i�n)q

∫ 1

−1

f (q)(t)e−i�ntdt. (0.4)

Ôîðìóëà (0.1) ïîçâîëÿåò ïðåäñòàâèòü ôóíêöèþ f â âèäå

f(x) =

q−1∑
k=0

AkBk(x) + w(x), (0.5)

ãäå w(x) íåêîòîðàÿ q − 1 ðàçà íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà R è 2-ïåðèîäè÷åñêàÿ

ôóíêöèÿ, à Bk(x)- ïîëèíîìû Áåðíóëëè, êîýôôèöèåíòû Ôóðüå êîòîðûõ èìåþò âèä

Bk,n =

⎧⎨⎩
(−1)n+1

2(i�n)k+1
, n = ±1,±2, . . .

0, n = 0,

k = 0, . . . , q,

à ñàìè îíè îïðåäåëÿþòñÿ ñëåäóþùåé ðåêóððåíòíîé ôîðìóëîé

B0(x) =
x

2
, Bk(x) =

∫
Bk−1(x)dx, x ∈ [−1, 1], k = 1, 2, . . . ,

ãäå êîíñòàíòà èíòåãðèðîâàíèÿ âû÷èñëÿåòñÿ èç óñëîâèÿ

∫ 1

−1

Bk(t)dt = 0, k = 1, 2, . . . .
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Êîýôôèöèåíòû Ôóðüå ôóíêöèè w(x) îïðåäåëÿþòñÿ ïî ôîðìóëàì

wn = fn −
q−1∑
k=0

AkBk,n, n = 0,±1, . . . ,±N. (0.6)

Èç (0.5) ïðèäåì ê ñëåäóþùåé àïïðîêñèìàöèîííîé ôîðìóëå äëÿ f :

Sq,N(f) =
N∑

n=−N

(
fn −

q−1∑
k=0

Ak(f)Bk,n

)
ei�nx +

q−1∑
k=0

Ak(f)Bk(x), (0.7)

êîòîðàÿ èìååò ñêîðîñòü òî÷å÷íîé ñõîäèìîñòè ïîðÿäêà O(N−q) ïðè N →∞.

Â ðàáîòå [10] áûëà ïîëó÷åíà ñëåäóþùàÿ àñèìïòîòè÷åñêàÿ îöåíêà òî÷íîñòè ìåòîäà

Êðûëîâà-Ëàíöîøà.

Òåîðåìà 0.1 Ïóñòü f ∈ Cq[−1, 1] ïðè q ≥ 0 è f (q) ∈ AC[−1, 1]. Òîãäà

lim
N→∞

N q+ 1
2∥f − Sq,N(f)∥ = ∣Aq(f)∣d1(q),

d1(q) =
1

�q+1
√

2q + 1
. (0.8)

Ðàññìîòðèì òåïåðü ñëåäóþùóþ çàäà÷ó. Èçâåñòíî òîëüêî íåñêîëüêî ïåðâûõ êîýô-

ôèöèåíòîâ Ôóðüå fn, n = 0,±1,±2, . . . ,±N , ôóíêöèè f(x). Íóæíî êàê ìîæíî òî÷íåå

âîññòàíîâèòü ôóíêöèþ f(x) è òî÷êè åå ñêà÷êîâ. Êàê ìû óæå âèäåëè, ïðÿìîå ïðåäñòàâ-

ëåíèå SN(f) íåýôôåêòèâíî â ñëó÷àå êîãäà f(x) èìååò òî÷êó ðàçðûâà èëè íå ÿâëÿåòñÿ

2-ïåðèîäè÷åñêîé ôóíêöèé. Ìåòîä Êðûëîâà-Ëàíöîøà, îïèñàííûé âûøå, ýôôåêòèâåí,

îäíàêî ïðåäïîëàãàåò, ÷òî èçâåñòíû çíà÷åíèÿ ñêà÷êîâ Ak(f) èñêîìîé ôóíêöèè f(x).

Ïðàêòè÷åñêèå àëãîðèòìû ðåøåíèÿ ýòîé çàäà÷è áûëè ðàçðàáîòàíû â ïîñëåäíèå 20

ëåò, â îñíîâíîì, â ðàáîòàõ Ê. Ýêãîôà è Ä. Ãîòëèáà ñ ñîàâòîðàìè [11]-[24].

Ñóòü ýòîãî ïîäõîäà ñîñòîèò â ñëåäóþùåì.

Áóäåì ïðåäïîëàãàòü, ÷òî ðàçëàãàåìàÿ ôóíêöèÿ f(x) óç êëàññà Cq[−1, 1], îäíàêî f(x)

íå ïðîäîëæàåòñÿ 2-ïåðèîäè÷åñêè íà âñþ âåùåñòâåííóþ îñü. Èñïîëüçóÿ ïðåäñòàâëåíèå

fn èç ëåììû 0.1, èìååì

fn =
(−1)n+1

2

q−1∑
k=0

Ak(f)

(i�n)k+1
+ Fn.
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Òàê êàê Fn = o(n−q−1) ïðè n→∞, ïðèáëèæåííûå çíà÷åíèÿ Ãk(f) ìîæíî íàéòè, ðåøàÿ

ñëåäóþùóþ ñèñòåìó óðàâíåíèé ïðè äîñòàòî÷íî áîëüøèõ N

fn =

q−1∑
k=0

Ãk(f)
(−1)n+1

2(i�n)k+1
, n = n1, n2, . . . , nq. (0.9)

ãäå {nk} - ðàçëè÷íûå öåëûå ÷èñëà, ∣nk∣ ⩽ N , nk = O(N), N →∞.

Ýòîò ìåòîä íàõîæäåíèÿ ïðèáëèæåííûõ ñêà÷êîâ è ïîñëåäóþùàÿ àïïðîêñèìàöèÿ ôóíê-

öèè f(x) áóäåì íàçûâàòü KEG-ìåòîäîì (ìåòîäîì Êðûëîâà-Ýêãîôà-Ãîòòëèáà).

0.4 Êâàçèïîëèíîìèàëüíûé ìåòîä

Â ðàáîòå À. Íåðñåñÿíà [25] (ñì. òàêæå [10],[26]-[29]) ðàçðàáîòàí äðóãîé ìåòîä óñêî-

ðåíèÿ ñõîäèìîñòè ðàçëîæåíèÿ (0.3), îñíîâàííûé íà ïðèìåíåíèè àïïðîêñèìàíòîâ Ïàäå

[30] ê àñèìòîòè÷åñêîìó ðàçëîæåíèþ êîýôôèöèåíòîâ Ôóðüå (0.4), ñ ïðåäâàðèòåëüíûì

âûøåïðèâåäåííûì ñïîñîáîì ïðèáëèæåííîãî îïðåäåëåíèÿ ñêà÷êîâ. Ðåçóëüòàòîì òàêîãî

ïîäõîäà ÿâèëñÿ êâàçèïîëèíîìèàëüíûé ìåòîä (QP-ìåòîä).

Ïåðåõîäÿ ê åãî êðàòêîìó îïèñàíèþ, ðàññìîòðèì êîíå÷íóþ ïîñëåäîâàòåëüíîñòü êîì-

ïëåêñíûõ ÷èñåë � = {�k}pk=1, p ≥ 1 è îáîçíà÷èì

Δ0
k(�) = Ak, Δs

k = Δs−1
k (�) + �sΔ

s−1
k−1(�), k ≥ 1. (0.10)

Åñëè k < 0, òî ïðèìåì Δs
k(�) = 0. Ñëåäóÿ ðàáîòàì [25, 26], ðàññìîòðèì ñëåäóþùåå

êâàçèïîëèíîìèàëüíîå ïðåäñòàâëåíèå äëÿ f ∈ Cq[−1, 1]

Sm,q,N(f) = Q(x) + SN(P ), (0.11)

ãäå

Q(x) =
∞∑

n=−∞

Qne
i�nx, P (x) =

∞∑
n=−∞

Pne
i�nx, (0.12)

à êîýôôèöèåíòû Ôóðüå îïðåäåëåíû, êàê

Qn =
(−1)n+1(i�n)m

2
∏m

s=1(i�n+ �s)

q−m−1∑
k=0

Δm
k (�)

(i�n)k+1
, (0.13)
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Pn = fn −Qn =
(−1)n+1

2(i�n)q+1

m∑
k=1

�kΔ
k−1
q−1(�)(i�n)k∏k

s=1(i�n+ �s)
+

(−1)n+1(i�n)m

2
∏m

k=1(i�n+ �k)

q−1∑
k=q−m

Δm
k (�)

(i�n)k+1
+

1

2(i�n)q

∫ 1

−1

f (q)(t) e−i�ntdt (0.14)

äëÿ n ∕= 0. ×èñëåííûå çíà÷åíèÿ ïàðàìåòðîâ �k îïðåäåëèì èç ñèñòåìû

Δm
k (�) = 0, k = q −m, . . . , q − 1. (0.15)

Ïóñòü Um
r îáîçíà÷àåò ìàòðèöó (Ak−s+r)

m
k, s=1. Èç ðåçóëüòàòîâ ðàáîòû [26] ìîæíî ïîëó-

÷èòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 0.2 Ïóñòü 0 ⩽ m ⩽ q−1, f ∈ Cq[−1, 1] è f (q) ∈ AC[−1, 1]. Åñëè detUm
q−m−1 ∕= 0,

òî äëÿ ïîñëåäîâàòåëüíîñòè {�}, îïðåäåëåííîé èç ñèñòåìû (0.15), èìååò ìåñòî îöåíêà

lim
N→∞

N q+ 1
2∥f − Sm,q,N(f)∥ = ℎ1,m(q), ℎ1,m(q) =

∣∣∣∣ detUm+1
q−m

detUm
q−m−1

∣∣∣∣ d1(q),

ãäå d1(q) îïðåäåëåíà â (0.8).

Ñðàâíèâ ôîðìóëû Sq,N è Sm,q,N , ìû âèäèì, ÷òî, � ïðè èñïîëüçîâàíèè òåõ æå ñêà÷êîâ

{Ak}qk=1, � ïîðÿäîê ñõîäèìîñòè ê f îäèíàêîâ. Îäíàêî ïðèìåíåíèå ïðåäëàãàåìîé íåëè-

íåéíîé àïïðîêñèìàöèè ïîòåíöèàëüíî ïðåäïî÷òèòåëüíåé ïî òîé ïðîñòîé ïðè÷èíå, ÷òî

îíà òî÷íàÿ (ïðè äîñòàòî÷íî áîëüøèõ m è òî÷íîì îïðåäåëåíèè ñêà÷êîâ) äëÿ êâàçèïîëè-

íîìîâ, â òî âðåìÿ, êàê ìåòîä Áåðíóëëè òî÷åí òîëüêî äëÿ ïîëèíîìîâ. Âàæíî îòìåòèòü,

÷òî â ñëó÷àå �1 = �2 = ⋅ ⋅ ⋅ = �m = 0 (èëè, ôîðìàëüíî, ïðè m = 0) ìåòîä QP ñîâïàäàåò

ñ ïîñëåäíèì.

0.5 Óñêîðåíèå ñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåííûì

ôóíêöèÿì

Îáùåèçâåñòíà òåîðåòè÷åñêàÿ è ïðèêëàäíàÿ ðîëü ðàçëîæåíèé ïî ñîáñòâåííûì ôóíê-

öèÿì ãðàíè÷íûõ çàäà÷ äëÿ îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
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Ñàìà ñèñòåìà Ôóðüå {ei�nx}, n = 0,±1,±2...,−1 ≤ x ≤ 1, òàêæå ìîæåò áûòü òðàêòîâà-

íà, êàê ñèñòåìà ñîáñòâåííûõ ôóíêöèé ñàìîñîïðÿæåííîé çàäà÷è

i y′(x) = � y(x), y(−1) = y(1).

Â îáùåì æå ñëó÷àå, â ïëàíå óñêîðåíèÿ ñõîäèìîñòè, â ðàáîòå [27] ðàññìîòðåíà çàäà÷à íà

ñîáñòâåííûå çíà÷åíèÿ

Ly = � y, L y =
m∑
s=0

ps(x)y(s)(x), m ≥ 1, (0.16)

ñ ðåãóëÿðíûìè íîðìèðîâàííûìè ãðàíè÷íûìè óñëîâèÿìè

U� y =
m−1∑
s=0

(
�s

� y(s)(a) + �s
� y(s)(b)

)
= 0, � = 1, 2, ...,m, (0.17)

ãäå (a, b) � êîíå÷íûé èíòåðâàë, pm(x) ≡ 1, ps(x) ∈ Cs+m(q−1)[a, b] � êîìïëåêñíîçíà÷-

íûå ôóíêöèè è {��s}, {��s } � êîìïëåêñíûå ïîñòîÿííûå (q ≥ 1, s = 0, 1, ..., (m − 1), � =

1, 2, ...,m).

Ñîïðÿæåííàÿ çàäà÷à äëÿ óðàâíåíèÿ

L∗ z =
m∑
s=0

(−1)s (z(x) ps(x) )(s) = �̄ z

èìååò àíàëîãè÷íûé âèä.

Îáîçíà÷èì ÷åðåç {�n} áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé çàäà÷è (0.16)-

(0.17), ïðîíóìåðîâàííûõ â ïîðÿäêå âîçðàñòàíèÿ èõ ìîäóëÿ. Ïðè ÷åòíîì m óäîáíî ñ÷è-

òàòü 1 ≤ n ≤ ∞, a ïðè íå÷åòíîì � −∞ ≤ n ≤ ∞. Ñîîòâåòñòâóþùàÿ íîðìèðîâàííàÿ

ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé

{�n(x),  n(x)}, L �n = �n �n, L
∗ n = �̄n  n, (0.18)

áèîðòîãîíàëüíà è ïîëíà â ïðîñòðàíñòâå L2[a, b].

Â óêàçàííûõ âûøå óñëîâèÿõ ôîðìàëüíûé ðÿä

∑
∀n

fn �n(x), fn =

∫ b

a

f(t) n(t) dt (0.19)
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ñõîäèòñÿ ê êóñî÷íî-ãëàäêîé ôóíêöèè f(x) ñ ñêà÷êàìè â òî÷êàõ {xk} ïîòî÷å÷íî ïðè

x ∈ (a, b), x /∈ {xk} , îäíàêî, âîîáùå ãîâîðÿ, â L2-ìåòðèêå îí ñõîäèòñÿ ìåäëåííî. Êàê

è â ñëó÷àå êëàññè÷åñêîãî ðÿäà Ôóðüå, â îêðåñòíîñòÿõ òî÷åê {xk} íàáëþäàåòñÿ ÿâëåíèå

Ãèááñà.

Êàê ïðàâèëî (ñì., íàïðèìåð, [31]-[35]), îáùèå êðèòåðèè ðàçëîæèìîñòè ôóíêöèé â

ðÿäû ïî ñîáñòâåííûì ôóíêöèÿì òàêèõ çàäà÷ îòíîñÿòñÿ èëè ê óñòàíîâëåíèþ ïîëíîòû

â ñîîòâåòñòâóþùèõ (âîçìîæíî, âåñîâûõ) ïðîñòðàíñòâàõ, èëè ê óòâåðæäåíèÿì î ðàâ-

íîñõîäèìîñòè ñ ðÿäàìè Ôóðüå. Ðàâíîìåðíàÿ æå ñõîäèìîñòü îáû÷íî áûâàåò ñâÿçàíà ñ

ðàçëîæåíèÿìè ôóíêöèé èç îáëàñòè îïðåäåëåíèÿ ñîîòâåòñòâóþùåãî îïåðàòîðà. Îäíàêî,

ñ òî÷êè çðåíèÿ ïðèëîæåíèé, äàæå ðàâíîìåðíàÿ ñõîäèìîñòü ñàìà ïî ñåáå ìàëî ýôôåê-

òèâíà: ðåøàþùóþ ðîëü èãðàåò ñêîðîñòü ñõîäèìîñòè.

Â ðàáîòå [36] ìåòîä Êðûëîâà-Ëàíöîøà, îïèñàííûé â ïðåäûäóùåì ðàçäåëå, ðàñïðî-

ñòðàíåí äëÿ ðàçëîæåíèé ïî ñèñòåìå ñîáñòâåííûõ ôóíêöèé çàäà÷è (0.16)-(0.17) â ñàìî-

ñîïðÿæåííîì ñëó÷àå. Áîëåå îáùèé è ïðàêòè÷åñêè ýôôåêòèâíûé ðåçóëüòàò ïîëó÷åí â

ðàáîòå [27] (ñì. òàêæå [37]), â êîòîðîé îáîáùåí QP-ìåòîä íà îáùóþ çàäà÷ó (0.16)-(0.17).

Ïðèâåäåì êðàòêîå îïèñàíèå ñîîòâåòñòâóþùåãî ïîäõîäà.

Îïåðàòîð Ly − � y, � /∈ {�n}, c óñëîâèÿìè (0.17) îáðàùàåòñÿ ñ ïîìîùüþ ìåðîìîðô-

íîé ïî � ôóíêöèè Ãðèíà G(x, t, �). Äëÿ ïðîñòîòû áóäåì ïðåäïîëàãàòü, ÷òî åå ïîëþñû â

�-ïëîñêîñòè (ñîâïàäàþùèå ñ ñîáñòâåííûìè çíà÷åíèÿìè {�n}) ïðîñòûå. Íå óìàëÿÿ îáù-

íîñòè, ìîæíî ñ÷èòàòü, ÷òî íóëü íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì. Êëþ÷åâóþ ðîëü â

ìåòîäå èãðàåò èçâåñòíàÿ ôîðìóëà

G(x, t, �) =
∑
∀n

�n(x) n(t)

�n − �
, � ∈ ℂ, � /∈ {�n}. (0.20)

Ñ äðóãîé ñòîðîíû, ôóíêöèÿ Ãðèíà G(�, x, z) ìîæåò áûòü ïðåäñòàâëåíà â ÿâíîé ôîð-

ìå ÷åðåç ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ Ly − �y = 0 (ñì.

[31], ãë.1, �3).

Ïóñòü òåïåðü f = f(x) � êóñî÷íî-ãëàäêàÿ íà îòðåçêå [−1, 1] ôóíêöèÿ, ñ òî÷êàìè
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"ñêëåèâàíèÿ" a = x1 < x2 < ⋅ ⋅ ⋅ < xl = b, 2 ≤ l < ∞, è f ∈ Cq m, q ≥ 1, íà êàæäîì èç

îòðåçêîâ [xk, xk+1], k = 1, 2, ⋅ ⋅ ⋅ , l − 1.

Ïðèìåíèì àïïðîêñèìàöèþ Ïàäå ê ñëåäóþùåìó àñèìïòîòè÷åñêîìó ïî ñòåïåíÿì 1/�n

ðÿäó êîýôôèöèåíòà fn ïðè n→∞ (L0-òîæäåñòâåííûé îïåðàòîð):

fn =
l∑

k=1

m−1∑
r=0

 
(r)
n (xk)

q∑
s=0

�−sn Askr +O(�−q−1
n ), Askr = Δk(ℓrL

sf(x)), (0.21)

ãäå {ℓr} � îïðåäåëåííûå äèôôåðåíöèàëüíûå îïåðàòîðû è

Δk(g(x)) =

⎧⎨⎩
g(xk) ïðè k = 1, l;

g(xk − 0)− g(xk + 0) ïðè k ∕= 1, l;

Âåëè÷èíû {Askr} åñòåñòâåííî íàçûâàòü ñêà÷êàìè ôóíêöèè f(x). Â ðàáîòå [27] îíè

ïðèáëèæåííî íàõîäèëèñü èç ëèíåéíîé ñèñòåìû, ïîëó÷àåìîé èç (0.21) îòáðàñûâàíèåì

÷ëåíà O(�−q−1
n ) è ïîäáîðîì ðàçëè÷íûõ çíà÷åíèé {ns}, óäîâëåòâîðÿþùèé íåðàâåíñòâàì

�N ≤ ∣n1∣ ≤ ∣n2∣ < ... ≤ ∣nt∣ ≤ N, 0 < � < 1, t = mq l.

Â ðåçóëüòàòå ïîëó÷èì

q∑
s=0

Askr�
−s
n =

P kr
Q (z)∏M

j=1(z − aj kr)
+O(zq+1) =

�M−Qn Rkr
Q (�n)∏M

j=1(�n − �j kr)
+O(�−q−1

n ), n→∞ (0.22)

ãäå z = �−1
n , P kr

Q (z) è Rkr
Q (�n)-ìíîãî÷ëåíû (îò z è �n ñîîòâåòñòâåííî) ñòåïåíè, íå âûøå Q,

{aj kr} - íóëè çíàìåíàòåëÿ àïïðîêñèìàíòà Ïàäå (äëÿ ïðîñòîòû ïðåäïîëàãàåòñÿ,÷òî îíè

îòëè÷íû îò íóëÿ ), {�j kr} � âîçíèêàþùèå ïðè ýòîì (íåîáÿçàòåëüíî ðàçíûå) ïîñòîÿííûå

(k = 1, ⋅ ⋅ ⋅ , l; r = 0, 1, ⋅ ⋅ ⋅ ,m− 1).

Ðàçëîæèâ ðàöèîíàëüíóþ îòíîñèòåëüíî �n ôóíêöèþ â ïðàâîé ÷àñòè ôîðìóëû (0.22)

íà ïðîñòûå äðîáè, íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ

' q(x) =
∑
∀n

Φq
n �n(x), Φq

n =
l∑

k=1

m−1∑
r=0

 
(r)
n (xk)

�M−Qn Rkr
Q (�n)∏M

j=1(�n − �j kr)

ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé çíà÷åíèé { ∂p+i−1

∂tp ∂�i−1Gsr(x, xk, �j kr)}.

Â ðåçóëüòàòå ïðèäåì ê ñëåäóþùåé ñõåìå óñêîðåíèÿ ñõîäèìîñòè

g̃N(x) = '̃ q(x) +
∑

∣�n∣≤Nm

(fn − Φ̃q
n)�n(x), x ∈ [0, 1].

àíàëîãè÷íîé QP-ìåòîäó â ñëó÷àå ðÿäà Ôóðüå.
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0.6 Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè

Ïðåäñòàâëåííàÿ ðàáîòà ïîñâÿùåíà óòî÷íåíèþ è ðàçâèòèþ íåêîòîðûõ èç âûøåïðè-

âåäåííûõ ðåçóëüòàòîâ. Ïðèâåäåì êðàòêèé îáçîð åå ñîäåðæàíèÿ.

0.6.1. Ïåðâàÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà îöåíêå îøèáêè ïðè ïðèáëèæåííîì îïðå-

äåëåíèè ñêà÷êîâ {Ãk} â ìåòîäàõ KEG è QP. Â ðàáîòàõ Ýêãîôà [11]-[14] äëÿ ýòèõ ñêà÷êîâ

áûëà äàíà (áåç äîêàçàòåëüñòâ) ëèøü àñèìïòîòè÷åñêàÿ îöåíêà âèäà Ãk = Ak+O(Nk−q+1).

Â äàííîé æå ðàáîòå ïîëó÷åíû íå òîëüêî òî÷íûå îöåíêè îøèáîê, íî è âûÿâëåíî

àñèìïòîòè÷åñêîå ïîâåäåíèå îøèáêè ïðèáëèæåíèé ìåòîäàìè KEG è QP â òåðìèíàõ ñêà÷-

êîâ {Ak} (ñì. [38]), â çàâèñèìîñòè îò èíäåêñîâ {nk} â ñèñòåìå (0.9).

Òåîðåìà 1.1 Ïóñòü q ⩾ 1 è èíäåêñû ns = ns(N) âûáðàíû òàê, ÷òî

lim
N→∞

ns
N

= cs ∕= 0, s = 1, . . . , q, (0.23)

è ïóñòü � � íàèáîëüøàÿ êðàòíîñòü ýëåìåíòîâ â ïîñëåäîâàòåëüíîñòè c1, c2, . . . , cq.

Òîãäà, åñëè f ∈ Cq+�−1[−1, 1] è f (q+�−1) ∈ AC[−1, 1], òî èìååò ìåñòî îöåíêà

Ãj(f) = Aj(f)− Aq(f)
�j

(i�N)q−j
+ o(N−q+j), N →∞, j = 0, . . . , q − 1, (0.24)

ãäå êîíñòàíòû �j ñóòü êîýôôèöèåíòû ïîëèíîìà

q∏
s=1

(
x− 1

cs

)
=

q∑
s=0

�sx
s.

Òåîðåìà 1.5 Ïóñòü q ⩾ 1 è èíäåêñû ns = ns(N) â (0.9) âûáðàíû òàê, ÷òî

lim
N→∞

ns
N

= cs ∕= 0, s = 1, . . . , q,

è ïóñòü � � íàèáîëüøàÿ êðàòíîñòü ýëåìåíòîâ â ïîñëåäîâàòåëüíîñòè c1, c2, . . . , cq.

Òîãäà, äëÿ f ∈ Cq+�−1[−1, 1] è f (q+�−1) ∈ AC[−1, 1] èìååò ìåñòî ñëåäóþùàÿ îöåíêà:

lim
N→∞

N q+ 1
2∥R̃q,N(f)∥ = ∣Aq(f)∣d2(q), (0.25)

18



ãäå

d2(q) =
1√

2�q+1

⎛⎝ 1∫
−1

q∏
s=1

(
x− 1

cs

)2

dx

⎞⎠1/2

. (0.26)

Ïóñòü òåïåðü åñëè èíäåêñû ns óäîâëåòâîðÿþò óñëîâèþ

−N ≤ ns ≤ −N + c, s = 1, . . . ,m,

N − c ≤ ns ≤ N, s = m+ 1, . . . , q,

(0.27)

ãäå c � ôèêñèðîâàííàÿ êîíñòàíòà, ïîëó÷èì àñèìïòîòè÷åñêóþ êîíñòàíòó

d5(q) =

⎧⎨⎩
2q q!

�q+1

1√
(2q + 1)!

, q = 2m,

2q q!

�q+1

√
q + 1√

q(2q + 1)!
, q = 2m+ 1.

(0.28)

Âî âòîðîì ðàçäåëå ãëàâû 1 ïîêàçàíî, ÷òî òàêîé âûáîð èíäåêñîâ ns (0.27) îïòèìàëåí

â ñìûñëå L2 - íîðìû.

Òåîðåìà 1.7 Ïðåäïîëîæèì, ÷òî f ∈ C2q−1[−1, 1], f (2q) ∈ AC[−1, 1] äëÿ ôèêñèðî-

âàííîãî q ≥ 1. Ïóñòü âûáîð ns = ns(N) óäîâëåòâîðÿåò óñëîâèÿì

�N ≤ ∣ns∣ ≤ N, s = 1, . . . , q. (0.29)

Òîãäà âåðíà ñëåäóþùàÿ îöåíêà:

∣∣R̃q,N(f)∣∣ = O(N−q−1/2), N →∞. (0.30)

Ñ äðóãîé ñòîðîíû,

lim inf
N→∞

N q+ 1
2∥R̃q,N(f)∥ ≥ ∣Aq(f)∣ d5(q). (0.31)

Â ðÿäå ñëó÷àåâ èññëåäîâàíî àñèìïòîòè÷åñêîå ïîâåäåíèå ìåòîäà QP ñ èñïîëüçîâàíèåì

ïðèáëèæåííûõ çíà÷åíèé {Ãk} ñêà÷êîâ.

Òåîðåìà 1.8 Ïóñòü q ⩾ 1 è èíäåêñû ns = ns(N) âûáðàíû òàê, ÷òî

lim
N→∞

ns
N

= cs ∕= 0, s = 1, . . . , q, (0.32)
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è ïóñòü � - íàèáîëüøàÿ êðàòíîñòü ýëåìåíòîâ â ïîñëåäîâàòåëüíîñòè c1, c2, . . . , cq è

Aq−2(f) ∕= 0. Òîãäà èìååò ìåñòî àñèìïòîòè÷åñêàÿ ôîðìóëà

lim
N→∞

N q+ 1
2∥R̃1,q,N(f)∥ = ℎ2(q), (0.33)

ℎ2(q) =
1√

2�q+1

⎛⎝∫ 1

−1

∣∣∣∣∣Aq(f)

q∏
s=1

(
x− 1

cs

)
− Aq−1(f)2

Aq−2(f)
xq

∣∣∣∣∣
2

dx

⎞⎠1/2

. (0.34)

0.6.2. Âòîðàÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà ðàçðàáîòêå êîíñòðóêòèâíûõ ìåòîäîâ

óñêîðåíèÿ ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì íåêîòîðûõ ãðàíè÷íûõ çàäà÷.

Â ïåðâîì ðàçäåëå ãëàâû 2 ðàññìîòðåíà ìîäåëüíàÿ êðàåâàÿ çàäà÷à ñ ðàçðûâíûì êî-

ýôôèöèåíòîì (ñì. [39, 40]). Ýòîò ïðèìåð ïðèçâàí ïîêàçàòü, ÷òî ìåòîäû KEG è QP

ðàáîòàþò è â ñëó÷àå êóñî÷íî-ãëàäêèõ êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî îïåðàòîðà

èëè (â çàâèñèìîñòè îò òðàêòîâêè) â âåñîâûõ ïðîñòðàíñòâàõ ñ êóñî÷íî-ãëàäêèì âåñîì.

Âòîðîé ðàçäåë ãëàâû 2 çàíèìàåò öåíòðàëüíîå ìåñòî â äèññåðòàöèè. Çäåñü ðàññìîò-

ðåíà ñëåäóþùàÿ êðàåâàÿ çàäà÷à äëÿ îäíîìåðíîé ñèñòåìû Äèðàêà (ñì. [41, 42]):⎛⎜⎝ 0 1

−1 0

⎞⎟⎠ dy

dx
+

⎛⎜⎝p11(x) p12(x)

p21(x) p22(x)

⎞⎟⎠ y = � y, (0.35)

y1(−1) sin� + y2(−1) cos� = 0, (0.36)

y1(1) sin � + y2(1) cos � = 0, (0.37)

ãäå pij � âåùåñòâåííûå ôóíêöèè, îïðåäåëåííûå è èìåþùèå íåïðåðûâíóþ ïðîèçâîäíóþ

íà îòðåçêå [−1, 1], p12 = p21, y(x) = (y1(x), y2(x))T , �, � ∈ [0, �].

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé Äèðàêà èìååò âàæíóþ òåîðåòè÷åñêóþ è

ïðèêëàäíóþ öåííîñòü. ×àñòî, â òåîðåòè÷åñêîé ôèçèêå îíà ÷àñòî ôèãóðèðóåò, êîãäà íàäî

ðàçëàãàòü çàäàííóþ ôóíêöèþ ïî ñîáñòâåííûì ôóíêöèÿì ðàçíûõ êðàåâûõ çàäà÷. Ñâîé-

ñòâà ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì ýòîé çàäà÷è èññëåäîâàíû ðÿäîì ôèçèêîâ è

ìàòåìàòèêîâ (ñì. [43]-[49] ñ öèòèðîâàííîé ëèòåðàòóðîé). Ïðîáëåìû òàêîãî ðîäà ïðåä-

ñòàâëÿþò íå òîëüêî àêàäåìè÷åñêèé èíòåðåñ, íî è âñòðå÷àþòñÿ â òàêèõ ïðèëîæåíèÿõ,
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êàê êâàíòîâàÿ ìåõàíèêà, â òåîðèè R-ìàòðèö äëÿ ÷àñòèö Äèðàêà, ïðè ìàòåìàòè÷åñêîì

ìîäåëèðîâàíèè îäíîìåðíûõ ìàãíèòîãèäðîäèíàìè÷åñêèõ ÿâëåíèé [50]-[55].

Îäíàêî, íàñêîëüêî íàì èçâåñòíî, âîïðîñû óñêîðåíèÿ ðàçëîæåíèé ïî ñîîòâåòñòâó-

þùèì ñîáñòâåííûì ôóíêöèÿì íèãäå íå èññëåäîâàëèñü. Ðåøåíèå æå ýòîé ïðîáëåìû íå

ñëåäóåò èç ðåçóëüòàòîâ ðàçäåëà 0.5, ïîñêîëüêó, âî ïåðâûõ, ñèñòåìà Äèðàêà íå ñâîäèòñÿ ê

îäíîìó óðàâíåíèþ âûñîêîãî ïîðÿäêà è, âî âòîðûõ, çäåñü ôóíêöèÿ Ãðèíà ÿâëÿåòñÿ ìàò-

ðèöåé - ôóíêöèåé. Õîòÿ è çäåñü ðåàëèçóþòñÿ èäåè ðàçäåëà 0.5, ïðèâåäåííûå è äðóãèå

îáñòîÿòåëüñòâà òðåáóþò ñïåöèàëüíîãî ïîäõîäà ê èññëåäóåìîé ïðîáëåìå, îñíîâàííîãî íà

ðåçóëüòàòàõ ñïåêòðàëüíîé òåîðèè îäíîìåðíîãî óðàâíåíèÿ Äèðàêà, êîòîðàÿ ïîñòðîåíà,

â îñíîâíîì, ïîñëå 1950ã. â ðàáîòàõ [56, 57].

Íå óìàëÿÿ îáùíîñòè, ðàññìîòðèì êàíîíè÷åñêèé âèä óðàâíåíèÿ Äèðàêà⎛⎜⎝ 0 1

−1 0

⎞⎟⎠ dy

dx
−

⎛⎜⎝ p(x) 0

0 r(x)

⎞⎟⎠ y = �y, x ∈ [−1, 1] (0.38)

ñ êðàåâûìè óñëîâèÿìè (0.36)-(0.37). Ïóñòü {�n}∞n=−∞ ñîáñòâåííûå çíà÷åíèÿ, à {vn}∞n=−∞

íîðìèðîâàííûå ñîáñòâåííûå âåêòîð-ôóíêöèè ýòîé çàäà÷è.

Ââåäåì îáîçíà÷åíèÿ

DN(f) =
N∑

n=−N

cnvn(x), cn =

1∫
−1

vTn (x)f(x)dx,

DRN(f) = f(x)−DN(f),

Lf =

⎛⎜⎝ 0 1

−1 0

⎞⎟⎠ df

dx
−

⎛⎜⎝ p(x) 0

0 r(x)

⎞⎟⎠ f,

Bf = B

⎛⎜⎝ f1(x)

f2(x)

⎞⎟⎠ =

⎛⎜⎝ −f2(x)

f1(x)

⎞⎟⎠ ,

f̃k(x) = BLkf(x), k ⩾ 0.

Ëåììà 2.4 Ïóñòü q ⩾ 1 è f ∈ Cq
2 [−1, 1]. Òîãäà äëÿ êîýôôèöèåíòîâ cn èìååò ìåñòî

ñëåäóþùåå ïðåäñòàâëåíèå:

cn = Pn + Fn, (0.39)
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ãäå

Pn = vTn (1)

q−1∑
k=0

�−k−1
n f̃k(1)− vTn (−1)

q−1∑
k=0

�−k−1
n f̃k(−1) (0.40)

Fn = �−qn

1∫
−1

vTn (x)Lq(f(x))dx. (0.41)

Êðîìå ýòîãî

Fn = o(n−q), n→∞. (0.42)

Èñïîëüçóÿ Ëåììó 2.4, ïðåäñòàâèì f ôóíêöèþ â âèäå

f(x) = F (x) + P (x),

ãäå F (x) =
∞∑

n=−∞
Fnvn(x), P (x) =

∞∑
n=−∞

Pnvn(x). Îòñþäà ïîëó÷èì ñëåäóþùóþ ôîðìóëó

óñêîðåíèÿ ñõîäèìîñòè (ìåòîä KEG-Ä)

Dq,N(f) = DN(F ) +

q−1∑
k=0

(
Gk(x, 1, 0)f̃k(1)−Gk(x,−1, 0)f̃k(−1)

)
, (0.43)

ãäå

Gk(x, �, �) =
1

k!

dkG(x, �, �)

d�k
, k ≥ 0, (0.44)

à G(x, �, �) � ìàòðèöà-ôóíêöèÿ Ãðèíà.

Îáîçíà÷èì òåïåðü DRq,N(f) = f(x)−Dq,N(f).

Òåîðåìà 2.3 Ïóñòü q ⩾ 1, p, r ∈ Cq−1[−1, 1], p(q−1), r(q−1) ∈ AC[−1, 1], f ∈ Cq
2 [−1, 1]

è f (q) ∈ AC2[−1, 1]. Òîãäà

DRq,N(f) = o(N−q), N →∞ (0.45)

ðàâíîìåðíî íà [−1, 1].

Òåîðåìà 2.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3. Òîãäà

lim
N→∞

N q+1/2 ∥DRq,N(f)∥2 =

(
2

�

)q+1
√
C2

1 + C2
2

2q + 1
, (0.46)

ãäå

C1 = f̃q,1(1) cos � − f̃q,2(1) sin �,
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C2 = f̃q,2(−1) cos�− f̃q,1(−1) sin�.

Äëÿ äàëüíåéøåãî óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèÿ ïî ñîáñòâåííûì âåêòîð ôóíêöè-

ÿì çàäà÷è Äèðàêà çàìåòèì, ÷òî êîýôôèöèåíò Pn ÿâëÿåòñÿ, ñ òî÷íîñòüþ äî ìíîæèòåëÿ,

îòðåçêîì ñòåïåííîãî ðÿäÿ îòíîñèòåëüíî ïåðåìåííîé x = �−1
n . Ñëåäîâàòåëüíî îí ìîæåò

áûòü çàìåíåí àïïðîêñèìàíòîì Ïàäå. Äëÿ ýòîãî ðàññìîòðèì êîíå÷íûå ïîñëåäîâàòåëü-

íîñòè êîìïëåêñíûõ ÷èñåë � = {�k}mk=1, � = {�k}mk=1 è ââåäåì îáîçíà÷åíèÿ

Δ0
n(�, A) = An(f), (0.47)

Δk
n(�, A) = Δk−1

n (�, A) + �kΔ
k−1
n−1(�, A), (0.48)

Δ0
n(�, B) = Bn(f), (0.49)

Δk
n(�, B) = Δk−1

n (�, B) + �kΔ
k−1
n−1(�, B). (0.50)

ãäå Ak = f̃k,1(1) cos � − f̃k,2(1) sin �, Bk = f̃k,1(−1) cos�− f̃k,2(−1) sin�.

Ëåììà 2.7 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3 è q − 1 ⩾ m ⩾ 1. Òîãäà äëÿ

êîýôôèöèåíòîâ cn, îïðåäåëåííûõ â (2.17), èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

cn = Qn +Hn,

ãäå

Qn =
vn,1(1)

cos �

q−1∑
k=0

�m−k−1
n Δm

k (�, A)∏m
s=1(�n + �s)

− vn,1(−1)

cos�

q−1∑
k=0

�m−k−1
n Δm

k (�, B)∏m
s=1(�n + �s)

, (0.51)

Hn =
vn,1(1)

cos ��q+1
n

m∑
k=1

�kn�kΔ
k−1
q−1(�, A)∏k

s=1(�n + �s)
− vn,1(−1)

cos��q+1
n

m∑
k=1

�kn�kΔ
k−1
q−1(�, B)∏k

s=1(�n + �s)
+ Fn, (0.52)

Fn = �−qn

1∫
−1

vTn (x)Lq(f(x))dx.

Òåïåðü äëÿ äàííîé ôóíêöèè f ∈ Cq
2 [−1, 1] èìååì f(x) = Q(x) +H(x), ãäå

Q(x) =
∞∑

n=−∞

Qnvn(x), H(x) =
∞∑

n=−∞

Hnvn(x).

Îòñþäà ïîëó÷èì ôîðìóëó óñêîðåíèÿ ñõîäèìîñòè (ìåòîä QP-D)

Dm,q,N(f) = Q(x) +
N∑

n=−N

Hnvn(x). (0.53)
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DRm,q,N(f) = f(x)−Dm,q,N .

Ïîñëåäîâàòåëüíîñòè � è � îïðåäåëèì èç ñèñòåì

Δm
k (�, A) = 0, k = q −m, .., q − 1, (0.54)

Δm
k (�, B) = 0, k = q −m, .., q − 1. (0.55)

Òåîðåìà 2.6 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3, q − 1 ⩾ m ⩾ 1 è ïîñëåäîâà-

òåëüíîñòè �, � óäîâëåòâîðÿåò ðàâåíñòâàì (0.54) è (0.55). Òîãäà

lim
N→∞

N q+1/2 ∥DRm,q,N(f)∥2 =

(
2

�

)q+1
√
C2

3 + C2
4

2q + 1
, (0.56)

ãäå

C3 =
detUm+1

q−m

detUm
q−m−1

, C4 =
detV m+1

q−m

detV m
q−m−1

,

Um
r = (Ak−s+r)

m
k,s=1, V m

r = (Bk−s+r)
m
k,s=1.

Òàêèì îáðàçîì, îñíîâíûå ðåçóëüòàòû òåîðèè óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèé ãëàä-

êèõ ôóíêöèé, îïèñàííûå â ðàçäåëàõ 0.1-0.5, à òàêæå ñîîòâåòñòâóþùèå àëãîðèòìû, ïå-

ðåíåñåíû íà ñëó÷àé îäíîìåðíîé ñèñòåìû Äèðàêà äëÿ 2-êîìïîíåíòíîé âåêòîð-ôóíêöèè.
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Ãëàâà 1

Àñèìïòîòè÷åñêèå ñâîéñòâà KEG è QP-ìåòîäîâ

1.1 Ïðèáëèæåííîå íàõîæäåíèå ñêà÷êîâ

Ïðåäïîëîæèì, ÷òî, â ñèñòåìå (0.9), ni ∕= nj, åñëè i ∕= j è, áîëåå òîãî,

�N ≤ ∣ns∣ ≤ N, s = 1, . . . , q (1.1)

äëÿ íåêîòîðîãî ôèêñèðîâàííîãî 0 < � ≤ 1. Ïðèâåäåì îöåíêó îøèáêè ïðè ïðèáëèæåí-

íîì îïðåäåëåíèè ñêà÷êîâ {Ak(f)}.

Ñèñòåìó (0.9) ìîæíî ïåðåïèñàòü â ñëåäóþùåé ôîðìå

2(−1)ns+1fnsi�ns =

q−1∑
k=0

Ãk(f)xks , s = 1, . . . , q, (1.2)

ãäå

xs =
1

i�ns
, s = 1, . . . , q.

Îáîçíà÷èâ

ys = 2(−1)ns+1fnsx
−1
s , (1.3)

ñèñòåìó (1.2) ìîæíî ïðåäñòàâèòü â ìàòðè÷íîì âèäå⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 x1 x2
1 . . . xq−1

1

1 x2 x2
2 . . . xq−1

2

...
...

...
. . .

...

1 xq x2
q . . . xq−1

q

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ã0(f)

Ã1(f)

...

Ãq−1(f)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

y1

y2

...

yq

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (1.4)
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Õîðîøî èçâåñòåí àëãîðèòì ðåøåíèÿ ñèñòåìû ñ ìàòðèöåé Âàíäåðìîíäà (ñì. íàïðèìåð

[58]). Â åãî îñíîâå ëåæàò ñëåäóþùèå ñîîáðàæåíèÿ.

Ïóñòü Pj(x) ïîëèíîì ñòåïåíè q − 1

Pj(x) =

q∏
n=1
n ∕=j

x− xn
xj − xn

=

q∑
k=1

mjkx
k−1, j = 1, . . . , q, (1.5)

ãäå ÷åðåç mjk ìû îáîçíà÷èëè êîýôôèöèåíòû Pj(x). Èç óðàâíåíèé

Pj(xi) =

q∑
k=1

mjkx
k−1
i = �ij, i, j = 1, . . . , q,

(ãäå �ij ñèìâîë Êðîíåêåðà) î÷åâèäíî ÷òî òðàíñïîíåíòà (mjk) áóäåò îáðàòíîé ìàòðèöå

Âàíäåðìîíäà (xk−1
i ) â ëåâîé ñòîðîíå óðàâíåíèÿ (1.4). Ðåøåíèå óðàâíåíèÿ (1.4) ìîæíî

çàïèñàòü êàê

Ãj−1(f) =

q∑
k=1

mkjyk, j = 1, . . . , q. (1.6)

Ñíà÷àëà ÿâíî âû÷èñëèì êîýôôèöèåíòû mkj. Èìååì

q∏
n=1
n∕=j

(x− xn) =
1

x− xj

q∏
n=1

(x− xn) =
1

x− xj

q∑
n=0


nx
n =

q−1∑
n=0

�nx
n,

ãäå ÷åðåç �n è 
n ìû îáîçíà÷èëè êîýôôèöèåíòû ñîîòâåòñòâóþùèõ ïîëèíîìîâ. Ïîñëå

íåñëîæíûõ âû÷èñëåíèé ïîëó÷èì

�n = − 1

xn+1
j

n∑
s=0


sx
s
j , n = 0, . . . , q − 1.

Âñòàâëÿÿ ïîëó÷åííîå ïðåäñòàâëåíèå â (1.5), íàéäåì

Pj(x) = − 1
q∏
n=1
n∕=j

(xj − xn)

q−1∑
k=0

xk

xk+1
j

k∑
s=0


sx
s
j , j = 1, . . . , q, (1.7)

à èç (1.5)

mjk = − 1

xkj
q∏
n=1
n ∕=j

(xj − xn)

k−1∑
s=0


sx
s
j , k, j = 1, . . . , q. (1.8)

Èñïîëüçóÿ (1.6) è (1.8) , ïîëó÷èì

Ãj−1(f) = −
q∑

k=1

yk

xjk

q∏
n=1
n ∕=k

(xk − xn)

j−1∑
s=0


sx
s
k, j = 1, . . . , q. (1.9)
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Íàêîíåö, èç (1.3), ïîëó÷èì

Ãj(f) = 2

q∑
k=1

(−1)nkfnk

xj+2
k

q∏
n=1
n ∕=k

(xk − xn)

j∑
s=0


sx
s
k, j = 0, . . . , q − 1. (1.10)

Ëåììà 1.1 Ïóñòü xs = (i�ns)
−1 è �N ≤ ∣ns∣ ≤ N, s = 1, . . . , q äëÿ ôèêñèðîâàííîãî

0 < � ≤ 1. Îáîçíà÷èì

!j(q) =

q∑
k=1

xjk
q∏
n=1
n ∕=k

(xk − xn)

, j ≥ 0; (1.11)

òîãäà

(a) !j(q) = 0, j = 0, . . . , q − 2,

(b) !q−1(q) = 1,

(c) !j(q) = O(N q−j−1) äëÿ âñåõ j ≥ 0 êîãäà N →∞.

Äîêàçàòåëüñòâî. Èñõîäÿ èç òîãî, ÷òî èíòåðïîëÿöèîííûå ïîëèíîìû Ëàãðàíæà ñòåïå-

íè (q − 1) òî÷íû äëÿ îäíî÷ëåíà xk ïðè k = 0, . . . , q − 1, ïðåäñòàâèì xj â ñëåäóþùåì

âèäå

xj =

q∑
k=1

xjk

q∏
s=1
s ∕=k

x− xs
xk − xs

=

q∑
s=1

bs(j)x
s−1, j = 0, . . . , q − 1,

ãäå bs(j) - êîýôôèöèåíòû ñîîòâåòñòâóþùåãî ïîëèíîìà. Çàìåòèì òàêæå, ÷òî bq(j) =

!j(q). Ýòî óòâåðæäåíèå äîêàçûâàåò (a) è (b). Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ (c),

çàìåòèì, ÷òî

!j(q) =

q∑
k=1

Res
z=xk

�j(z) =
1

2�i

∫
∣z∣= 1

�N

�j(z)dz, (1.12)

ãäå

�j(z) =
zj

q∏
s=1

(z − xs)
.

Èç (1.12), èìååì

∣!j(q)∣ ≤
1

2�(�N)j+1

∫ 2�

0

d'∏q
s=1

∣∣∣ ei'�N − 1
i�ns

∣∣∣ = O(N q−j−1), N →∞.

□
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Ìû ÷àñòî áóäåì ïîëüçîâàòüñÿ ñëåäóþùèì ïðîñòèì ôàêòîì

Ëåììà 1.2 Ïðåäïîëîæèì, ÷òî ÷èñëà ns óäîâëåòâîðÿþò óñëîâèþ (1.1) è 
j êîýôôè-

öèåíòû ïîëèíîìà
q∏
s=1

(x− xs) =
q∑
j=0


jx
j. Òîãäà


j = O(N−q+j), j = 0, . . . , q − 1, N →∞. (1.13)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî íåìåäëåííî ñëåäóåò èç îáîáùåííûõ ôîðìóë Âèåòà.

□

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò êàê çíà÷åíèÿ Ãk(f), îïðåäåëåííûå èç ñèñòåìû (0.9),

àñèìïòîòè÷åñêè ïðèáëèæàþò ñêà÷êè Ak(f) ôóíêöèè f , â çàâèñèìîñòè îò âûáîðà {ns}.

Êðàòíîñòüþ ýëåìåíòà x â ïîñëåäîâàòåëüíîñòè x1, x2, . . . , xm íàçîâåì ÷èñëî ïîâòîðåíèé

x â ýòîé ïîñëåäîâàòåëüíîñòè.

Òåîðåìà 1.1 Ïóñòü q ⩾ 1 è èíäåêñû ns = ns(N) âûáðàíû òàê, ÷òî

lim
N→∞

ns
N

= cs ∕= 0, s = 1, . . . , q, (1.14)

è ïóñòü � íàèáîëüøàÿ êðàòíîñòü ýëåìåíòîâ â ïîñëåäîâàòåëüíîñòè c1, c2, . . . , cq.

Òîãäà, åñëè f ∈ Cq+�−1[−1, 1] è f (q+�−1) ∈ AC[−1, 1], òî èìååò ìåñòî îöåíêà

Ãj(f) = Aj(f)− Aq(f)
�j

(i�N)q−j
+ o(N−q+j), N →∞, j = 0, . . . , q − 1,

ãäå êîíñòàíòû �j ñóòü êîýôôèöèåíòû ïîëèíîìà

q∏
s=1

(
x− 1

cs

)
=

q∑
s=0

�sx
s.

Äîêàçàòåëüñòâî. Èíòåãðèðóÿ ðàâåíñòâî (0.4) ïî ÷àñòÿì (�)-ðàç, ïîëó÷èì

fnk =
(−1)nk+1

2

q−1∑
s=0

As(f)

(i�nk)s+1
+
Aq(f)(−1)nk+1

2(i�nk)q+1
+

(−1)nk+1

2

q+�−1∑
s=q+1

As(f)

(i�nk)s+1
+

1

2(i�nk)q+�

∫ 1

−1

f (q+�)(x)e−i�nkxdx. (1.15)
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Èñïîëüçóÿ (1.10) è ëåììó 1.1 ïîëó÷èì

Ãj(f) = Aj(f)− Aq(f)

j∑
ℓ=0


ℓ!q−j+ℓ−1(q)−
q+�−1∑
s=q+1

As(f)

j∑
ℓ=0


ℓ!s−j+ℓ−1(q)+

+

q∑
k=1

(−1)nk"nkx
q+�−2−j
k

q∏
s=1
s ∕=k

(xk − xs)

j∑
ℓ=0


ℓx
ℓ
k, (1.16)

ãäå

"nk =

∫ 1

−1

f (q+�)(x)e−i�nkxdx = o(1), N →∞.

Âîñïîëüçîâàâøèñü óòâåðæäåíèÿìè (a) è (b) Ëåììû 1.1, èìååì

Aq(f)

j∑
ℓ=0


ℓ!q−j+ℓ−1(q) = Aq(f)
j, j = 0, . . . , q − 1.

Èñïîëüçóÿ Ëåììó 1.2 è óòâåðæäåíèå (c) Ëåììû 1.1, äëÿ âòîðîé ñóììû â (1.16) ïîëó÷èì

q+�−1∑
s=q+1

As(f)

j∑
ℓ=0


ℓ!s−j+ℓ−1(q) = O(N−q+j−1), N →∞.

Äëÿ òðåòåé æå ñóììû çàìåòèì, ÷òî∣∣∣∣∣ 1
q∏
s=1
s ∕=k

(xk − xs)

∣∣∣∣∣ ≤ �q−1N2q−2

q∏
s=1
s ∕=k

∣nk − ns∣
≤ const

N2q−2

N q−� = O(N q+�−2), N →∞ (1.17)

ïîñêîëüêó ïðè k ∕= s èìååò ìåñòî ∣nk − ns∣ ≥ 1, à òàêæå, õîòÿ áû äëÿ q − � èíäåêñîâ,

∣nk − ns∣ ≥ constN , ïðè ck ∕= cs (äëÿ äîñòàòî÷íî áîëüøèõ N). À èç Ëåììû 1.2 èìååì


lx
l
k = O(N−q). Âñëåäñòâèå ýòîãî ïîëó÷èì, ÷òî òðåòüÿ ñóììà â (1.16) èìååò ïîðÿäîê

o(N−q+j), ïðè N →∞.

Ãj(f) = Aj(f)− Aq(f)
j + o(N−q+j).

Èñïîëüçóÿ òåïåðü ôîðìóëû Âèåòà, ïîëó÷èì

N q−j
j−
�j

(i�)q−j
=

(
− 1

i�

)q−j ∑
1≤s1<⋅⋅⋅<sq−j≤q

(
N

ns1
. . .

N

nsq−j
− 1

cs1
. . .

1

csq−j

)
, j = 0, . . . , q−1,

ïðàâàÿ ÷àñòü êîòîðîãî ñòðåìèòñÿ ê íóëþ ïðè N →∞. □
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Â ñëåäóþùåé òåîðåìå ìû ïîëó÷èì áîëåå ñèëüíîå óòâåðæäåíèå. À èìåííî îøèáêà

ïðèáëèæåíèÿ áóäåò O(N−q+j−1) âìåñòî o(N−q+j). Ýòîãî ìîæíî äîáèòüñÿ, åñëè ïîòðåáî-

âàòü, ÷òîáû ôóíêöèÿ f èìåëà ïðîèçâîäíûå áîëåå âûñîêîãî ïîðÿäêà è ïîñëåäîâàòåëü-

íîñòü
{
ns
N

}
ñõîäèëàñü ñî ñêîðîñòüþ 1

N
, N →∞. Äîêàçàòåëüñòâî î÷åâèäíî.

Òåîðåìà 1.2 Ïóñòü q ⩾ 1, è èíäåêñû ns = ns(N) âûáðàíû òàê, ÷òî

ns
N

= cs +O

(
1

N

)
, N →∞ (1.18)

äëÿ s = 1, . . . , q, cs ðàçëè÷íû îò íóëÿ. Ïóñòü � íàèáîëüøàÿ êðàòíîñòü ýëåìåíòîâ â

ïîñëåäîâàòåëüíîñòè c1, c2, . . . , cq.

Òîãäà, åñëè f ∈ Cq+�[−1, 1] è f (q+�) ∈ AC[−1, 1], òî èìååò ìåñòî îöåíêà

Ãj(f) = Aj(f)− Aq(f)
�j

(i�N)q−j
+O(N−q+j−1), N →∞, j = 0, . . . , q − 1, (1.19)

ãäå êîíñòàíòû �j îïðåäåëåíû â òåîðåìå 1.1.

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî ìîæíî îöåíèòü òî÷íîñòü ïðèáëèæåíèÿ Ãj(f) ê

Aj(f) äàæå ïðè îòñóòñòâèè îãðàíè÷åíèé íà èíäåêñû.

Òåîðåìà 1.3 Ïóñòü q ⩾ 1 è f ∈ C2q−1[−1, 1], f (2q−1) ∈ AC[−1, 1]. Òîãäà, åñëè (1.1)

âåðíî, òî:

Ãj(f) = Aj(f)− Aq(f)
�j

(i�N)q−j
+ o(N−q+j), j = 0, . . . , q − 1, N →∞,

ãäå êîíñòàíòû �j îïðåäåëåíû â òåîðåìå 1.1.

Äîêàçàòåëüñòâî. Êàê è â òåîðåìå 1.1, âîçüìåì � = q. Äëÿ îöåíêè òðåòüåé ñóììû â

(1.16) èñïîëüçóåì ôîðìóëó∣∣∣∣∣ 1
q∏
s=1
s ∕=k

(xk − xs)

∣∣∣∣∣ ≤ �q−1N2q−2

q∏
s=1
s ∕=k

∣nk − ns∣
≤ �q−1N2q−2 = O(N2q−2), N →∞

ïîñêîëüêó ∣nk − ns∣ ≥ 1, ïðè k ∕= s. □
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Ýòè îöåíêè òàêæå óòî÷íÿåòñÿ.

Òåîðåìà 1.4 Ïóñòü q ⩾ 1 è f ∈ C2q[−1, 1], f (2q) ∈ AC[−1, 1]. Òîãäà, åñëè (1.1) âåðíî,

òî:

Ãj(f) = Aj(f)− Aq(f)
�j

(i�N)q−j
+O(N−q+j−1), j = 0, . . . , q − 1, N →∞, (1.20)

ãäå êîíñòàíòû �j îïðåäåëåíû â òåîðåìå 1.1.

1.2 Àñèìïòîòè÷åñêèå îöåíêè L2-íîðìû îøèáêè ìåòî-

äà KEG

Åñëè â (0.7), âìåñòî {Ak(f)} èñïîëüçîâàíû {Ãk(f)} òî ñîîòâåòñòâóþùóþ àïïðîêñè-

ìàöèþ îáîçíà÷èì ÷åðåç S̃q,N :

S̃q,N(f) =
N∑

n=−N

(
fn −

q−1∑
k=0

Ãk(f)Bk,n

)
ei�nx +

q−1∑
k=0

Ãk(f)Bk(x), (1.21)

à îøèáêó ÷åðåç R̃q,N(f)

R̃q,N(f) = f(x)− S̃q,N(f).

Â íàñòîÿùåì ðàçäåëå áóäåò ðàññìîòðåíî àñèìïòîòè÷åñêîå ïîâåäåíèå àïïðîêñèìàöèè

(1.21) äëÿ ðàçëè÷íîãî âûáîðà ÷èñåë {ns} â ñèñòåìå (0.9).

Òåîðåìà 1.5 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.1. Òîãäà èìååò ìåñòî ñëåäóþùàÿ

îöåíêà:

lim
N→∞

N q+ 1
2∥R̃q,N(f)∥ = ∣Aq(f)∣d2(q),

ãäå

d2(q) =
1√

2�q+1

⎛⎝ 1∫
−1

q∏
s=1

(
x− 1

cs

)2

dx

⎞⎠1/2

. (1.22)

Äîêàçàòåëüñòâî. Íåòðóäíî ïðîâåðèòü, ÷òî ïðè N →∞,

R̃q,N(f) = Rq,N(f) +
∑
∣n∣>N

ei�nx
q−1∑
k=0

(
Ak(f)− Ãk(f)

)
Bk,n =

∑
∣n∣>N

ei�nx
q−1∑
k=0

(
Ak(f)− Ãk(f)

)
Bk,n + Aq(f)

∑
∣n∣>N

Bq,ne
i�nx + �N(x), (1.23)
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ãäå ∥�N∥ = o(N−q−1/2). Ñ äðóãîé ñòîðîíû, äëÿ n > N èìååì

q−1∑
k=0

(Ak(f)− Ãk(f))Bk,n =
Aq(f)(−1)n+1

2i�n

q−1∑
k=0


k
(i�n)k

+
o(N−q)

n
=

=
Aq(f)(−1)n+1

2i�n

(
q∑

k=0


k
(i�n)k

− 1

(i�n)q

)
+
o(N−q)

n
=

=
Aq(f)(−1)n+1

2i�n

(
q∏

k=1

(
1

i�n
− 1

i�nk

)
− 1

(i�n)q

)
+
o(N−q)

n
=

=
Aq(f)(−1)n+1

2(i�n)q+1

(
q∏

k=1

(
1− n

nk

)
− 1

)
+
o(N−q)

n
. (1.24)

Èç (1.24) èìååì

∥R̃q,N(f)∥2 =
∣Aq(f)∣2

2�2q+2

∑
∣n∣>N

∣∣∣∣∣ 1

nq+1

q∏
k=1

(
1− n

nk

)∣∣∣∣∣
2

+ o(N−2q−1), N →∞. (1.25)

Ïîñëå óìíîæåíèÿ ýòîé îöåíêè íà N2q+1, ñóììà â ïðàâîé ÷àñòè óðàâíåíèÿ áóäåò Ðèìà-

íîâîé ñóììîé èíòåãðàëà

1

2�2q+2

∫
ℝ∖(−1,1)

1

t2q+2

q∏
s=1

(
1− t

cs

)2

dt. (1.26)

Ó÷èòûâàÿ òîò ôàêò, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïîëîæèòåëüíàÿ è ìîíîòîííî óáû-

âàåò, íà÷èíàÿ ñ íåêîòîðîãî Θ, òî, î÷åâèäíî,

0 < ℎ
∞∑
v= Θ

ℎ

g(vℎ)−
∫ ∞

Θ

g(x)dx < ℎg(Θ),

ãäå g(x) ïîäûíòåãðàëüíàÿ ôóíêöèÿ â (1.26). Èç ïîñëåäíåãî ñëåäóåò, ÷òî Ðèìàíîâà ñóììà

(1.25) ñòðåìèòüñÿ ê ñîîòâåòñòâóþùåìó èíòåãðàëó. Çàìåíîé ïåðåìåííîé t = 1/x çàâåð-

øàåòñÿ äîêàçàòåëüñòâî òåîðåìû. □

Çàìå÷àíèå 1.1 Çàìåòèì, ÷òî ïîðÿäîê ñõîäèìîñòè â òåîðåìå 0.1 ñîâïàäàåò ñ ïîðÿä-

êîì ñõîäèìîñòè â òåîðåìå 1.5, ò.å. ïðèáëèæåííîå âû÷èñëåíèå ñêà÷êîâ íå óõóäøàåò

ïîðÿäêà ñõîäèìîñòè.

Â [59] ïðåäëîæåíû ñëåäóþùèå ïîñëåäîâàòåëüíîñòè çíà÷åíèé cs

1,−1,
1

2
,−1

2
,
2

3
,−2

3
,
3

4
,−3

4
, . . . .
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Â òàáëèöå 1.1, ïîêàçàíî íàñêîëüêî óâåëè÷èâàåòñÿ îøèáêà R̃q,N îòíîñèòåëüíî ê Rq,N äëÿ

âûøå ïðèâåäåííûõ cs.

q 1 2 3 4 5 6 7 8

d2(q)/d1(q) 2.0 1.63 3.93 8.46 14.42 21.62 31.89 41.39

Òàáëèöà 1.1: ×èñëåííûå çíà÷åíèÿ îòíîøåíèÿ d2(q)/d1(q) äëÿ ðàçëè÷íûõ çíà÷åíèé q

Çàìå÷àíèå 1.2 Èç (1.22) ñëåäóåò, ÷òî êîíñòàíòà d2(q) áóäåò ìèíèìàëüíîé, åñëè

cs = ±1, äëÿ âñåõ s = 1, . . . , q è, ñëåäîâàòåëüíî, àïïðîêñèìàöèÿ â ýòîì ñëó÷àå áóäåò

íàèëó÷øåé. Ñëåäóþùàÿ òåîðåìà ÿâíî âû÷èñëÿåò çíà÷åíèÿ d2(q) â ýòîì ñëó÷àå.

Òåîðåìà 1.6 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.1 è áîëåå òîãî cs =

±1, s = 1, . . . , q. Òîãäà, åñëè êðàòíîñòü ÷èñëà 1 â ïîñëåäîâàòåëüíîñòè c1, . . . , cq ðàâíî

n, òî

lim
N→∞

N q+ 1
2 ∣∣R̃q,N(f)∣∣ = ∣Aq(f)∣d3(q),

d3(q) =
2q

�q+1

√
(2q + 1)

(
2q
2n

) .
Äîêàçàòåëüñòâî. Èñïîëüçóÿ òåîðåìó 1.5

lim
N→∞

N q+ 1
2∥R̃q,N(f)∥ = ∣Aq(f)∣d3(q),

ãäå

d3(q) =
1√

2�q+1

(∫ 1

−1

q∏
s=1

(
x− 1

cs

)2

dx

)1/2

=

=
1√

2�q+1

(∫ 1

−1

(x− 1)2n(x+ 1)2(q−n)dx

)1/2

=

=
1√

2 �q+1

(
22q+1(2n)!(2q − 2n)!

(2q + 1)!

)1/2

.

□
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Ðàññìîòðèì íåñêîëüêî âûáîðîâ èíäåêñîâ ns, êîòîðûå áûëè èñïîëüçîâàíû â ëèòåðàòóðå

äëÿ âîññòàíîâëåíèÿ ñêà÷êîâ ôóíêöèè f (ñì. [59], [11],[12], [28]). Ïåðâûé âûáîð, êîãäà

N − c ≤ ns ≤ N, s = 1, . . . , q (1.27)

äëÿ ôèêñèðîâàííîé êîíñòàíòû c. Â ýòîì ñëó÷àå èìååì

d4(q) =
1

�q+1

2q√
2q + 1

. (1.28)

Ñðàâíèâàÿ ýòó êîíñòàíòó ñ òåì ñëó÷àåì, êîãäà òî÷íûå ñêà÷êè èçâåñòíû, ïîëó÷èì

d4(q)

d1(q)
= 2q.

Ñëåäóþùèé ñëó÷àé áîëåå ñèììåòðè÷íûé. Îáîçíà÷èì m =
[
q
2

]
, è ïóñòü

−N ≤ ns ≤ −N + c, s = 1, . . . ,m,

N − c ≤ ns ≤ N, s = m+ 1, . . . , q,

(1.29)

ãäå c ôèêñèðîâàííàÿ êîíñòàíòà. Â ýòîì ñëó÷àå èìååì

d5(q) =

⎧⎨⎩
2q q!

�q+1

1√
(2q + 1)!

, q = 2m,

2q q!

�q+1

√
q + 1√

q(2q + 1)!
, q = 2m+ 1.

(1.30)

Îòíîøåíèå d5/d1 ïîêàçûâàåò ýôôåêòèâíîñòü Sq,N ïî ñðàâíåíèþ ñ S̃q,N äëÿ âûáîðà ns

êàê â (1.29). Äåéñòâèòåëüíî, èç ôîðìóëû Ñòèðëèíãà ïîëó÷èì

d5(q)

d1(q)
≈

⎧⎨⎩
(�q)1/4, q = 2m,

(�q)1/4

√
1 +

1

q
, q = 2m+ 1.

Èíòåðåñíî çàìåòèòü, ÷òî ýòà òî÷íîñòü ñõîäèìîñòè èìååò ïîðÿäîê 10−1 íà÷èíàÿ ñ

q = 1.

Âûáîð ns îïðåäåëåííûé â (1.29) îïòèìàëüíûé.
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Òåîðåìà 1.7 Ïðåäïîëîæèì, ÷òî f ∈ C2q−1[−1, 1], f (2q) ∈ AC[−1, 1] äëÿ ôèêñèðîâàí-

íîãî q ≥ 1, è ïóñòü âûáîð ns = ns(N) óäîâëåòâîðÿåò óñëîâèþ (1.1). Òîãäà ñëåäóþùàÿ

îöåíêà âåðíà

∣∣R̃q,N(f)∣∣ = O(N−q−1/2), N →∞. (1.31)

Íî ñ äðóãîé ñòîðîíû,

lim inf
N→∞

N q+ 1
2∥R̃q,N(f)∥ ≥ ∣Aq(f)∣ d5(q),

ãäå d5(q) îïðåäåëåíà â (1.30).

1.3 Àñèìïòîòè÷åñêèå îöåíêè L2-íîðìû îøèáêè ìåòî-

äà QP

Åñëè â (0.10) èñïîëüçîâàíû ïðèáëèæåííûå çíà÷åíèÿ Ãk(f), òî ñîîòâåòñòâóþùóþ

àïïðîêñèìàöèþ îáîçíà÷èì ÷åðåç S̃m,q,N . Àíàëîãè÷íî (0.11), (0.12)

S̃m,q,N(f) = Q̃(x) +
N∑

n=−N

(
fn − Q̃n

)
ei�nx,

ãäå

Q̃n =
(−1)n+1(i�n)m

2
∏m

s=1(i�n+ �̃s)

q−m−1∑
k=0

Δm
k (�̃)

(i�n)k+1
, (1.32)

÷èñëà Δm
k (�̃) îïðåäåëåíû ðåêóððåíòíî ñëåäóþùèì îáðàçîì

Δ0
k(�̃) = Ãk(f), Δs

k = Δs−1
k (�̃) + �sΔ

s−1
k−1(�̃), k ≥ 1,

à ïîñëåäîâàòåëüíîñòü �̃k îïðåäåëÿåòñÿ èç ñèñòåìû

Δm
k (�̃) = 0, k = q −m, . . . , q − 1. (1.33)

Ïîñëå íåñëîæíûõ âû÷èñëåíèé ïîëó÷èì

R̃m,q,N(f) = f(x)− S̃m,q,N(f) =
∑
∣n∣>N

Pne
i�nx +

∑
∣n∣>N

(Qn − Q̃n)ei�nx. (1.34)

Îñòàíîâèìñÿ íà àíàëîãå òåîðåìû 1.5 äëÿ àïïðîêñèìàöèè S̃m,q,N â ÷àñòíîì ñëó÷àå

m = 1.
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Òåîðåìà 1.8 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.1, q ⩾ 2 è Aq−2(f) ∕= 0. Òîãäà

èìååò ìåñòî àñèìïòîòè÷åñêàÿ ôîðìóëà

lim
N→∞

N q+ 1
2∥R̃1,q,N(f)∥ = ℎ2(q), (1.35)

ℎ2(q) =
1√

2�q+1

⎛⎝∫ 1

−1

∣∣∣∣∣Aq(f)

q∏
s=1

(
x− 1

cs

)
− Aq−1(f)2

Aq−2(f)
xq

∣∣∣∣∣
2

dx

⎞⎠1/2

.

Äîêàçàòåëüñòâî. Èç (0.13) è (1.32) ïðè m = 1 èìååì

Qn − Q̃n =
(−1)n+1

2

q−3∑
k=0

Ak(f)− Ãk(f)

(i�n)k+1
+

(−1)n+1

2(i�n)q−2

(
Aq−2(f)

i�n+ �1

− Ãq−2(f)

i�n+ �̃1

)
. (1.36)

Èç òåîðåìû 1.1 è ñèñòåìû (1.33) ïîëó÷èì

�̃1 = −Ãq−1(f)

Ãq−2(f)
= −Aq−1(f)

Aq−2(f)
+

Aq(f)

Aq−2(f)

�q−1

i�N
+ o(N−1) N →∞.

Ïîäñòàâëÿÿ ýòî çíà÷åíèå â (1.36) è åùå ðàç èñïîëüçóÿ òåîðåìó 1.1, ïîëó÷èì

Qn − Q̃n =
(−1)n+1Aq(f)

2(i�N)q+1

q−1∑
k=0

�k
(n/N)k+1

+
o(N−q)

n
, n > N, N →∞. (1.37)

Ïîäñòàâëÿÿ (1.37) è (0.14) ïðè m = 1 â (1.34), ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïðèäåì

ê àñèìïòîòè÷åñêîé îöåíêå

∥R̃1,q,N(f)∥2 =
N−2q−2

2�2q+2

∑
∣n∣>N

∣∣∣∣∣Aq(f)

q∑
k=0

�k
(n/N)k+1

− Aq−1(f)2

Aq−2(f)(n/N)q+1

∣∣∣∣∣
2

+ o(N−2q−1).

Óñòðåìëÿÿ N ê áåñêîíå÷íîñòè è çàìåíÿÿ Ðèìàíîâó ñóììó ñîîòâåòñòâóþùèì èíòåãðà-

ëîì, ïîëó÷èì îöåíêó

lim
N→∞

N2q+1∥R̃1,q,N(f)∥2 =
1

2�2q+2

∫
R∖(−1,1)

∣∣∣∣∣Aq(f)

q∑
s=0

�s
xk+1

− Aq−1(f)2

Aq−2(f)xq+1

∣∣∣∣∣
2

dx.

Ñäåëàâ çàìåíó ïåðåìåííîé x = 1/t, ïðèäåì ê (1.35). □

Ñîîòíîøåíèå ℎ1,1(q)/ℎ2(q) òàêæå õàðàêòåðèçóåò àïïðîêñèìàöèîííûå ñïîñîáíîñòè ìå-

òîäîâ S1,q,N è S̃1,q,N (ñìîòðè òåîðåìó 0.2), òîëüêî â ýòîì ñëó÷àå ℎ2(q) çàâèñèò íå òîëüêî

îò ñïîñîáà âû÷èñëåíèÿ ñêà÷êîâ, íî è îò êîíêðåòíîé ôóíêöèè (òî÷íåå, îò åå ñêà÷êîâ).

Ðàññìîòðèì ÷àñòíûé ïðèìåð

f(x) = J0(4x− 1), (1.38)
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ãäå J0 � ôóíêöèÿ Áåññåëÿ. Â íèæåñëåäóþùåé òàáëèöå ïîêàçàíî ñîîòíîøåíèå ℎ1,1(q)/ℎ2(q)

äëÿ (1.38) ïðè ðàçëè÷íûõ çíà÷åíèÿõ q.

q 2 3 4 5 6 7

ℎ1,1(q)/ℎ2(q) 1.14 0.83 1.46 0.97 1.54 0.96

Òàáëèöà 1.2: ÷èñëåííûå çíà÷åíèÿ îòíîøåíèÿ ℎ1,1(q)/ℎ2(q) äëÿ ðàçëè÷íûõ çíà÷åíèé q

Êàê âèäèì èç òàáëèöû, â ýòîì ñëó÷àå ïðè íå÷åòíûõ çíà÷åíèÿõ q èñïîëüçîâàíèå

ïðèáëèæåííûõ çíà÷åíèé Ãk(f) ïðèâîäèò äàæå ê áîëåå òî÷íîé àïïðîêñèìàöèè, à ïðè

÷åòíûõ îøèáêà ìîæåò áûòü áîëüøå ëèøü â ïîëòîðà ðàçà.

Àíàëîãè÷íî ìîæíî ïîëó÷èòü îöåíêè äëÿ R̃2,3,N(f) ïðè äðóãèõ çíà÷åíèé m è q.

Ðàññìîòðèì, íàïðèìåð, äâà ÷àñòíûõ ñëó÷àÿ: m = 2, q = 3 è m = 3, q = 4.

Òåîðåìà 1.9 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.1 äëÿ m = 2, q = 3 è A0(f) ∕= 0.

Òîãäà èìååò ìåñòî àñèìïòîòè÷åñêàÿ ôîðìóëà

lim
N→∞

N7/2∥R̃2,3,N(f)∥ = ℎ3, (1.39)

ℎ3 =
1√
2�4

⎛⎝∫ 1

−1

∣∣∣∣∣A3(f)
3∏
s=1

(
x− 1

cs

)
+
A1(f)3 − 2A0(f)A1(f)A2(f)

A0(f)2
x3

∣∣∣∣∣
2

dx

⎞⎠1/2

.

Äîêàçàòåëüñòâî. Ñèñòåìà (0.15), â ýòîì ñëó÷àå, èìååò òðåóãîëüíóþ ôîðìó⎧⎨⎩
A1(f) + (�1 + �2)A0(f) = 0,

A2(f) + (�1 + �2)A1(f) + �1�2A0(f) = 0.

�1 + �2 = −A1(f)

A0(f)
, �1�2 =

A1(f)2 − A0(f)A2(f)

A2
0(f)

Èñïîëüçóÿ òåîðåìó 1.1, ïîëó÷èì àñèìïòîòèêó ðåøåíèé ñèñòåìû (1.33)

�̃1 + �̃2 = −A1(f)

A0(f)
+

A3(f)�1

A0(f)(i�N)2
+ o(N−2), (1.40)
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�̃1�̃2 =
A1(f)2 − A0(f)A2(f)

A0(f)2
+

A3(f)�2

A0(f)(i�N)
+ o(N−1). (1.41)

Èç (0.13), (1.32) è (0.14) ïîëó÷èì îöåíêè

Qn − Q̃n =
(−1)n+1

2(i�n)2

A3(f)�1

(i�N)2
+

(−1)n+1

2(i�n)3

A3(f)�2

(i�N)
+

(−1)n+1

2(i�n)

A3(f)�0

(i�N)3
+
o(N−1)

n3
,

Pn =
(−1)n+1

2(i�n)4

(
A3(f) +

A1(f)3 − 2A0(f)A1(f)A2(f)

A0(f)2

)
+O(n−5).

Èç (1.34) èìååì

∥R̃2,3,N(f)∥2 =

N−8

2�8

∑
∣n∣>N

∣∣∣∣∣A3(f)
3∑
s=0

�s
(n/N)s+1

+
A1(f)3 − 2A0(f)A1(f)A2(f)

A0(f)2

1

(n/N)4

∣∣∣∣∣
2

+ o(N−7).

Óñòðåìëÿÿ N ê áåñêîíå÷íîñòè è çàìåíÿÿ Ðèìàíîâó ñóììó ñîîòâåòñòâóþùèì èíòåãðà-

ëîì, ïîëó÷èì òðåáóåìîå. □

Òåîðåìà 1.10 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.1 ïðè m = 3, q = 4 è A0(f) ∕= 0.

Òîãäà èìååò ìåñòî àñèìïòîòè÷åñêàÿ îöåíêà

lim
N→∞

N9/2∥R̃3,4,N(f)∥ = ℎ4, (1.42)

ℎ4 =
1√
2�5

(∫ 1

−1

∣∣∣∣A4(f)
4∏
s=1

(
x− 1

cs

)
+

(
3A2(f)A1(f)2

A0(f)2
−

A1(f)A3(f)

A0(f)
− A2(f)2

A0(f)
− A1(f)A3(f)

A0(f)
− A1(f)4

A0(f)3

)
x4

∣∣∣∣2dx)1/2

.

Äîêàçàòåëüñòâî. Ñèñòåìà (0.15), â ýòîì ñëó÷àå, áóäåò⎧⎨⎩

A1(f) + (�1 + �2 + �3)A0(f) = 0,

A2(f) + (�1 + �2 + �3)A1(f) + (�1�2 + �1�3 + �2�3)A0(f) = 0,

A3(f) + (�1 + �2 + �3)A2(f) + (�1�2 + �1�3 + �2�3)A1(f) + �1�2�3A0(f) = 0.

Èìååì

�1 + �2 + �3 = −A1(f)

A0(f)
, �1�2 + �1�3 + �2�3 =

A1(f)2 − A0(f)A2(f)

A2
0(f)

,
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�1�2�3 =
2A0(f)A1(f)A2(f)− A3(f)A0(f)2 − A1(f)3

A0(f)3
.

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1.9 ïîëó÷èì ñëåäóþùóþ àñèìïòîòèêó äëÿ ðåøå-

íèé ñèñòåìû (1.33)

�̃1 + �̃2 + �̃3 = −A1(f)

A0(f)
+

A4(f)�1

A0(f)(i�N)2
+ o(N−3),

�̃1�̃2 + �̃1�̃3 + �̃2�̃3 =
A1(f)2 − A0(f)A2(f)

A0(f)2
+

A4(f)�1

A0(f)(i�N)2
+ o(N−2).

�̃1�̃2�̃3 =
2A0(f)A1(f)A2(f)− A3(f)A0(f)2 − A1(f)3

A0(f)3
+

A4(f)�3

A0(f)2i�N
+ o(N−1).

Èç (0.13), (1.32) è (0.14) ïîëó÷èì îöåíêè

Qn − Q̃n =
(−1)n+1A4(f)

2

(
�0

(i�n)(i�N)4
+

�1

(i�n)2(i�N)3
+

�2

(i�n)3(i�N)2
+

�3

(i�n)4(i�N)

)
+
o(N−1)

n4
,

Pn =
(−1)n+1

2(i�n)5

(
A4(f) +

3A2(f)A1(f)2

A0(f)2
−

A1(f)A3(f)

A0(f)
− A2(f)2

A0(f)
− A1(f)A3(f)

A0(f)
− A1(f)4

A0(f)3

)
+O(n−6).

Èç ïîñëåäíèõ óòâåðæäåíèé è ñëåäóåò òåîðåìà. □
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Ãëàâà 2

Óñêîðåíèå ñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåííûì

ôóíêöèÿì íåêîòîðûõ ãðàíè÷íûõ çàäà÷

2.1 Ìîäåëüíàÿ êðàåâàÿ çàäà÷à ñ ðàçðûâíûì êîýôôè-

öèåíòîì

2.1.1 Ïðåäâàðèòåëüíûå ïîñòðîåíèÿ

Ãðàíè÷íûå çàäà÷è äëÿ óðàâíåíèé ñ ðàçðûâíûìè êîýôôèöèåíòàìè ïðåäñòàâëÿþò

èíòåðåñ â ðÿäå ïðèëîæåíèé (ñì., íàïðèìåð [60]). Ñ öåëüþ äåìîíñòðàöèè âîçìîæíîñòåé

ïîäõîäà 0.3-0.5 ðàññìîòðèì êðàåâóþ çàäà÷ó

i
du

dx
= � "(x)u(x), ∣x∣ ⩽ 1, (2.1)

u(−1) = u(1), (2.2)

ãäå "(x) îïðåäåëåííàÿ, q + 1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà êàæäîì èíòåðâàëå

[�i, �i+1] è êóñî÷íî íåïðåðûâíàÿ íà [−1, 1] ôóíêöèÿ ñ ïîòåíöèàëüíûìè òî÷êàìè ðàçðûâà

ïåðâîãî ðîäà äëÿ âñåõ ïðîèçâîäíûõ � = {�k}
k=0, −1 = �0 < �1 < ⋅ ⋅ ⋅ < �
 = 1. Êëàññ

òàêèõ ôóíêöèé îáîçíà÷èì Cq+1(�).

Äàëåå ïîëîæèì "(x) > � > 0, ∣x∣ ⩽ 1. Â äàííîé ãëàâå áóäåì ðàññìàòðèâàòü òîëüêî

âåùåñòâåííûå ôóíêöèè.

Ëåãêî âû÷èñëèòü ÿâíî ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (2.1) -
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(2.2)

�n(x) =
( �

2�

)1/2

e
−i�n

x∫
−1

"(t)dt

, n ∈ ℤ, (2.3)

�n = −��n, n ∈ ℤ,

ãäå

� =
2�∫ 1

−1
"(t)dt

.

Ñèñòåìà ñîáñòâåííûõ ôóíêöèé {�n}∞n=−∞ îðòîãîíàëüíà â âåñîâîì ïðîñòðàíñòâå L2[−1, 1, "].

Ââåäåì ñîîòâåòñòâóþùèå îáîçíà÷åíèÿ

fn = (f, �n)" =

∫ 1

−1

"(x)f(x)�n(x)dx, (2.4)

MN(f) =
N∑
−N

fn�n(x),

g0(x) = f(x), gk(x) =
g′k−1(x)

"(x)
,

Ak(f,−1) = gk(1)− gk(−1), Ak(f, x) = gk(x− 0)− gk(x+ 0).

Ëåììà 2.1 Ïóñòü � = {�k}�k=0, −1 = �0 < �1 < ⋅ ⋅ ⋅ < �� = 1, � ⊂ � è f ∈ Cq+1(�),

òîãäà

fn = Pn + Fn, (2.5)

ãäå

Pn =

�−1∑
l=0

q∑
k=0

(−1)kAk(f, �l)

(i�n)k+1
�n(�l), (2.6)

Fn =
(−1)q+1

(i�n)(q+1)

∫ 1

−1

"(x)gq+1(x)�n(x)dx. (2.7)

Äîêàçàòåëüñòâî. Åñëè ïðåäñòàâèòü èíòåãðàë (2.4) â âèäå

fn =

∫ 1

−1

"(x)f(x)�n(x)dt =

�−1∑
l=0

∫ �l+1

�l

"(x)f(x)�n(x)dx,
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è ïðîèíòåãðèðîâàòü ïî ÷àñòÿì, òî ïîëó÷èì

∫ �l+1

�l

"(x)f(x)�n(x)dx =
( �

2�

)1/2
∫ �l+1

�l

"(x)f(x)ei�n
∫ x
−1 "(x)dtdx =

( �
2�

)1/2 g0(x)ei�n
∫ x
−1 "(x)dt

i�n

�l+1

�l

− 1

i�n

∫ �l+1

�l

"(x)g1(x)�n(x)dx

Îòñþäà èìååì∫ 1

−1

"(x)f(x)�n(x)dx =

�−1∑
l=0

A0(f, �l)

i�n
�n(�l)−

1

i�n

∫ 1

−1

"(x)g1(x)�n(x)dx

Ïîâòîðèâ ýòîò ïðîöåññ (q − 1) ðàç, ïîëó÷èì æåëàåìûé ðåçóëüòàò. □

Íàì ïîíàäîáèòñÿ òàêæå ñëåäóþùàÿ

Ëåììà 2.2 [25] Ïóñòü {�s} , s = 1, ..., q, 1 ≤ q < ∞ - íåêîòîðîå êîíå÷íîå ìíîæåñòâî

êîìïëåêñíûõ ÷èñåë è Υ ⊆ {�s} - ïîäìíîæåñòâî öåëûõ ÷èñåë (âîçìîæíî, ïóñòîå).

Òîãäà ñïðàâåäëèâà ôîðìóëà

∞∑
k=−∞

k/∈Υ

(−1)k+1p(k) exp(i�kx)∏l
s=1(k − �s)�s

= �
l∑

r=1

Res
z=�r

p(z) exp i�zx‡

sin(�z)
∏l

s=1(z − �s)�s
,

ãäå {�s}, (s = 1, ..., q) - ìíîæåñòâî ïîëîæèòåëüíûõ öåëûõ ÷èñåë, p(z) - ìíîãî÷ëåí ñòå-

ïåíè, íå âûøå
∑q

s=1 �s−1 è ïðèíÿòî îáîçíà÷åíèå x‡ = (x+ 1) (mod 2)− 1, −1 < x‡ < 1.

2.1.2 Óñêîðåíèå ñõîäèìîñòè ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíê-

öèÿì ìîäåëüíîé êðàåâîé çàäà÷è

Ïðèâåäåì êðàòêîå îïèñàíèå àíàëîãà KEG-ìåòîäà (â ïðèìåíåíèè ê ñèñòåìå (2.3),

íàçîâåì åãî KEG-M ìåòîäîì) â ñëó÷àå, êîãäà f ∈ Cq+1
� , ãäå � = {�k}�k=0, −1 = �0 <

�1 < ⋅ ⋅ ⋅ < �� = 1, � ⊂ � . Èñïîëüçóÿ Ëåììû 2.1 è 2.2, ìîæíî ïðåäñòàâèòü ôóíêöèþ f

â âèäå

f(x) = P (x) + F (x)

ãäå

P (x) =

�−1∑
l=0

q∑
k=0

(−1)k+1Ak(f, �l)

2(i�)k
Res z = 0

e
−i�z(1+ �

�

∫ x
�l
�(x)dx)‡

sin(�z)zk+1
.
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Î÷åâèäíî (ñì. (2.7)), êîýôôèöèåíòû Ôóðüå {Fn} ôóíêöèè F èìåþò ïîðÿäîê óáûâàíèÿ,

ðàâíûé, ïî ìåíüøåé ìåðå, o(N−q−1), N →∞. Îòñþäà ñëåäóåò, ÷òî àïïðîêñèìàöèîííàÿ

ôîðìóëà

Mq,N(x) = P (x) +
N∑

n=−N

Fn�n(x)

ñõîäèòñÿ (â ðàâíîìåðíîé ìåòðèêå) ê f ñî ñêîðîñòüþ ïîðÿäêà o(N−q), N →∞.

Ïåðåõîäÿ ê îïèñàíèþ àíàëîãà ìåòîäà QP (íèæå áóäåì åãî íàçûâàòü QP-M ìåòî-

äîì), ðàññìîòðèì êîíå÷íûå ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë �l = {�lk}mk=1, A
l =

{Ak(f, �l)}qk=0, m ⩾ 1 è îáîçíà÷èì

Δ0
k(A

l, �l) = Ak(f, �l),

Δs
k(A

l, �l) = Δs−1
k (Al, �l) + �lsΔ

s−1
k−1(Al, �l), k ⩽ m.

Åñëè k < 0, òî ïðèìåì Ak(f, �l) = 0, Δs
k(A

l, �l) = 0.

Ëåììà 2.3 Ïóñòü f ∈ Cq+1(�) è m ∈ ℕ, m < q. Òîãäà

fn = Qn +Hn,

ãäå

Qn =

�−1∑
l=0

(
q−m∑
k=0

(−1)kAk(f, �l)

(i�n)k+1
+

(
−1

i�n

)q−m+2 m∑
k=1

�lkΔ
k−1
q−m(Al, �l)∏k

s=1(1− �ls
i�n

)

)
�n(�l) + Fn

Hn = −
�−1∑
l=0

q−m∑
k=0

(
−1

i�n

)q+2 m∑
k=1

�lkΔ
k−1
q (Al, �l)∏k

s=1(1− �ls
i�n

)
�n(�l)−

�−1∑
l=0

1∏m
s=1(1− �ls

i�n
)

m∑
k=1

Δm
k (Al, �l)

(−i�n)k+1
�n(�l) + Fn

Fn =
(−1)q+1

(i�n)(q+1)

∫ 1

−1

"(x)gq+1(x)�n(x)dx.

Äîêàçàòåëüñòâî. Íåòðóäíî ïðîâåðèòü ñëåäóþùåå òîæäåñòâî (x ∕= −�−1
1 )

q∑
k=q−m+1

Akx
k = xq+1�1

Aq − Aq−mx−m

1 + �1x
+

1

1 + �1x

q∑
k=q−m+1

(Ak + �1Ak−1)xk.
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Ïîñëå m−êðàòíîãî ïðèìåíåíèÿ òîãî æå ïðåîáðàçîâàíèÿ ïðèäåì ê ôîðìóëå

q∑
k=q−m+1

Akx
k = −xq−m+1

m∑
k=1

�kΔ
k−1
q−m(�)∏k

s=1(1 + �sx)
+ xq+1

m∑
k=1

�kΔ
k−1
q (�)∏k

s=1(1 + �sx)
+

1∏m
k=1(1 + �kx)

q∑
k=q−m+1

Δm
k (�)xk, x /∈ {−�−1

k }. (2.8)

Äîêàçàòåëüñòâî çàâåðøàåòñÿ, åñëè ãëàâíóþ ÷àñòü ôîðìóëû (2.5) ðàçäåëèòü íà äâå ñóì-

ìû

fn =

�−1∑
l=0

q−m∑
k=0

(−1)kAk(f, �l)

(i�n)k+1
�n(�l) +

�−1∑
l=0

q∑
k=q−m+1

(−1)kAk(f, �l)

(i�n)k+1
�n(�l) + Fn,

è ïðèìåíèòü ïðåîáðàçîâàíèå (2.8) êî âòîðîé ñóììå, ñ çàìåíîé x íà (i�n)−1. □

Èç Ëåìì 2.2 è 2.3 ñëåäóåò, ÷òî ôóíêöèþ f ìîæíî ïðåäñòàâèòü â âèäå

f(x) = Q(x) +H(x),

Q(x) =
∞∑

n=−∞

Qn�n(x), H(x) =
∞∑

n=−∞

Hn�n(x),

ãäå Q(x)-êâàçèïîëèíîì, ò.å. êîíå÷íàÿ ëèíåéíàÿ êîìáèíàöèÿ ôóíêöèé âèäà b(x)ecx, ãäå

b(x) ìíîãî÷ëåí, c = const ∈ ℂ. Ñëåäóÿ ðàáîòå [27], âåêòîðû �l = {�lk}mk=1 äëÿ êàæäîãî

ôèêñèðîâàííîãî l (l = 0, 1, . . . , �− 1) îïðåäåëèì èç ñèñòåì

Δm
k (Al, �l) = 0, k = q −m+ 1, . . . , q.

Â ýòîì ñëó÷àå àïïðîêñèìàöèîííàÿ ôîðìóëà

Mm,q,N(x) = Q(x) +
N∑

n=−N

Pne
i�nx

ñõîäèòñÿ ê f ñî ñêîðîñòüþ ïîðÿäêà o(N−q), N → ∞. Ïî ñóòè, ìû ïðèìåíèëè ê àñèìï-

òîòè÷åñêèì ñòåïåííûì (ïî z = (i�n)−1) ðÿäàì (2.6) àïïðîêñèìàöèè Ïàäå ïîðÿäêà

[(q −m)/m] (ñì. [30]).

Â ñëó÷àå, êîãäà "(x) ≡ 1, íàø ðÿä ïðåâðàùàåòñÿ â îáûêíîâåííûé ðÿä Ôóðüå, à

êóñî÷íî-êâàçèïîëèíîìèàëüíàÿ ôóíêöèÿ P ñòàíîâèòñÿ îáîáùåííûì ïîëèíîìîì Áåðíóë-

ëè. Òàêèì îáðàçîì, ìåòîä KEG-M ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì KEG ìåòîäà è,

ñîîòâåòñòâåííî, ìåòîä QP-M - îáîáùåíèåì QP-ìåòîäà.
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Òàêèì îáðàçîì, äàæå â ñëó÷àå íàëè÷èÿ ñèíãóëÿðíîñòåé ó ôóíêöèè " â çàäà÷å (2.1)

- (2.2) ìîæíî äîáèòüñÿ óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì.

Äëÿ èëëþñòðàöèè ñâîéñòâ ìåòîäîâ KEG-M è QP-M ðàññìîòðèì ñëåäóþùóþ ôóíê-

öèþ

f(x) =

⎧⎨⎩
sin(3x+ 1), x ∈ [−1, 1/3)

1

1.2− x
, x ∈ [1/3, 1]

(2.9)

"(x) =

⎧⎨⎩
1, x ∈ [−1, 1/3)

4, x ∈ [1/3, 1]

20 40 60 80 100
N

6

8
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12

-lgHerrorL

q=7
m=4

QP-M
KEG-M

20 40 60 80 100
N

4

6

8

10

12

-lgHerrorL

q=9
m=5

QP-M
KEG-M

Ðèñ. 2.1: Äåñÿòè÷íûå ëîãàðèôìû îáðàòíûõ âåëè÷èí ðàâíîìåðíûõ îøèáîê ïðè àïïðîêñèìàöèè ôóíê-

öèè (2.9).

Íà ðèñ. 2.1 óêàçàíû ïîðÿäêè ðàâíîìåðíûõ îøèáîê ïðè àïïðîêñèìàöèè ôóíêöèè

(2.9) ìåòîäàìè KEG-M è QP-M äëÿ ðàçëè÷íûõ çíà÷åíèé N . Ëåâûé ðèñóíîê ñîîòâåò-

ñòâóåò ñëó÷àþ q = 5, m = 3, à ïðàâûé - ñëó÷àþ q = 7, m = 4.

Íà ýòèõ ïðèìåðàõ õîðîøî ïðîñìàòðèâàåòñÿ ÿâíîå ïðåèìóùåñòâî QP-M ìåòîäà êàê

â ñìûñëå òî÷íîñòè, òàê è â ñìûñëå óñòîé÷èâîñòè ê íàêîïëåíèþ îøèáîê.
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2.2 Óñêîðåíèå ðàçëîæåíèé ïî ñîáñòâåííûì âåêòîð ôóíê-

öèÿì êðàåâîé çàäà÷è äëÿ ñèñòåìû Äèðàêà

2.2.1 Ïðåäâàðèòåëüíûå ïîñòðîåíèÿ

Ðàññìîòðèì òèïè÷íóþ êðàåâóþ çàäà÷ó äëÿ ñèñòåìû⎛⎜⎝ 0 1

−1 0

⎞⎟⎠ dz

dx
+

⎛⎜⎝p11(x) p12(x)

p21(x) p22(x)

⎞⎟⎠ z = �z, (2.10)

z1(−1) sin� + z2(−1) cos� = 0, (2.11)

z1(1) sin � + z2(1) cos � = 0, (2.12)

ãäå pij âåùåñòâåííûå ôóíêöèè, îïðåäåëåííûå è èìåþùèå íåïðåðûâíóþ ïðîèçâîäíóþ

íà èíòåðâàëå [−1, 1], p12 = p21, z(x) = (z1(x), z2(x))T , �, � ∈ [0, �]. Â òîì ñëó÷àå, êîãäà

p12(x) = p21(x) = 0, p11(x) = V (x)+m, p22(x) = V (x)−m, ãäå V (x) ïîòåíöèàëüíàÿ ôóíê-

öèÿ, à m ìàññà ÷àñòèöû, ñèñòåìà (2.10) â ðåëÿòèâèñòñêîé êâàíòîâîé òåîðèè èçâåñòíà

ïîä íàçâàíèåì îäíîìåðíîé ñòàöèîíàðíîé ñèñòåìû Äèðàêà.

Ñëåäóÿ [43, 56], ïðèâåäåì íåêîòîðûå, íåîáõîäèìûå íàì, èçâåñòíûå ôàêòû è ôîðìó-

ëû, ñâÿçàííûå ñ ñèñòåìîé Äèðàêà. Ñèñòåìó (2.10) ìîæíî ïåðåïèñàòü â êàíîíè÷åñêîì

âèäå ⎛⎜⎝ 0 1

−1 0

⎞⎟⎠ dy

dx
−

⎛⎜⎝p(x) 0

0 r(x)

⎞⎟⎠ y = �y,

ãäå

z(x) =

⎛⎜⎝cos�(x) − sin�(x)

sin�(x) cos�(x)

⎞⎟⎠ y(x),

p(x) = −�′(x)− p11(x) cos2(�(x))− p12(x) sin(2�(x))− p22(x) sin2(�(x)),

r(x) = −�′(x)− p11(x) sin2(�(x)) + p12(x) sin(2�(x))− p22(x) cos2(�(x)),

�(x) =
1

2
arctan

2p12(x)

p11(x)− p22(x)
.
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Ðàññìîòðèì êðàåâóþ çàäà÷ó:

y′2(x)− (�+ p(x))y1(x) = 0, y′1(x) + (�+ r(x))y2(x) = 0, (2.13)

y2(−1) cos� + y1(−1) sin� = 0, (2.14)

y2(1) cos � + y1(1) sin � = 0. (2.15)

Ïóñòü � ∈ ℂôèêñèðîâàííîå êîìïëåêñíîå ÷èñëî. Îáîçíà÷èì ÷åðåç '(x, �) = ('1(x, �),

'2(x, �))T ðåøåíèå ñèñòåìû (2.13) óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

'1(−1, �) = cos�, '2(−1, �) = − sin�,

à ÷åðåç �(x, �) = (�1(x, �), �2(x, �))T - ðåøåíèå òîé æå ñèñòåìû, óäîâëåòâîðÿþùåå íà-

÷àëüíûì óñëîâèÿì

�1(1, �) = cos �, �2(1, �) = − sin �.

Î÷åâèäíî, ôóíêöèè �, ', êàê ðåøåíèå ñîîòâåòñòâóþùèõ íà÷àëüíûõ çàäà÷ ñóùåñòâóþò

ïðè ëþáîì � ∈ ℂ.

Ïîëîæèì

G(x, �, �) =

⎧⎨⎩
1

!(�)
�(x, �)'T (�, �), � ⩽ x,

1

!(�)
'(x, �)�T (�, �), x < �.

(2.16)

ãäå !(�) îïðåäåëèòåëü Âðîíñêîãî

!(�) = det

⎛⎜⎝'1(x, �) '2(x, �)

�1(x, �) �2(x, �)

⎞⎟⎠ .

Îáîçíà÷èì ÷åðåç {�n}∞n=−∞ ,
{
vn = (vn,1, vn,2)T

}∞
n=−∞ ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé

è íîðìèðîâàííûõ ñîáñòâåííûõ âåêòîð-ôóíêöèé çàäà÷è (2.13) - (2.15). Äëÿ êðàòêîñòè

ðÿäû ïî ñîáñòâåííûì ôóíêöèÿì {vn} áóäåì òàêæå íàçûâàòü ðÿäàìè Ôóðüå, à ñîîò-

âåòñòâóþùèå êîýôôèöèåíòû - êîýôôèöèåíòàìè Ôóðüå. Äëÿ ìàòðèöû-ôóíêöèè Ãðèíà

G(x, �, �) êðàåâîé çàäà÷è (2.13) - (2.15) èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

G(x, �, �) =
∞∑

n=−∞

vn(x)vTn (�)

�n − �
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ãäå ðÿä ñïðàâà ñõîäèòñÿ ðàâíîìåðíî âíå êàæäîé îêðåñòíîñòè äèàãîíàëè x = � (ñì. [43]),

à åãî ïðîèçâîäíûå ïî � ñõîäÿòñÿ ðàâíîìåðíî ïðè x, � ∈ [−1, 1]× [−1, 1] (� ∕∈ {�n}).

Âåêòîð-ôóíêöèÿ f(x) = (f1(x), f2(x))T , ãäå fi(x) ∈ L2[−1, 1], ïðèíàäëåæèò ïðîñòðàí-

ñòâó L2
2[−1, 1] = L2[−1, 1]× L2[−1, 1]. Ñî ñêàëÿðíûì ïðîèçâåäåíèåì

⟨f, g⟩ =

1∫
−1

fT (x)g(x)dx

L2
2[−1, 1] ÿâëÿåòñÿ Ãèëüáåðòîâûì ïðîñòðàíñòâîì.

Äëÿ ôóíêöèè f(x) = (f1(x), f2(x))T ∈ L2
2[−1, 1] ââåäåì îáîçíà÷åíèÿ,

DN(f) =
N∑

n=−N
cnvn(x), cn =

1∫
−1

vTn (x)f(x)dx, (2.17)

DRN(f) = f(x)−DN(f).

Èçâåñòíî (ñì. [43]), ÷òî ñîáñòâåííûå âåêòîð ôóíêöèè çàäà÷è (2.10)-(2.12) îáðàçóþò ïîë-

íóþ îðòîãîíàëüíóþ ñèñòåìó â ïðîñòðàíñòâå L2
2[−1, 1], ò.å. DN(f) ñõîäèòñÿ ê f ïî íîðìå

L2
2

∥f∥2 =

⎛⎝ 1∫
−1

(f 2
1 (x) + f 2

2 (x))dx

⎞⎠1/2

.

Îáîçíà÷èì

Lf =

⎛⎜⎝ 0 1

−1 0

⎞⎟⎠ df

dx
−

⎛⎜⎝p(x) 0

0 r(x)

⎞⎟⎠ f,

Bf = B

⎛⎜⎝f1(x)

f2(x)

⎞⎟⎠ =

⎛⎜⎝−f2(x)

f1(x)

⎞⎟⎠ , f̃k(x) = BLkf(x), k ⩾ 0,

ãäå L0 -òîæäåñòâåííûé îïåðàòîð. Ìû ìîæåì ïðåäïîëîæèòü, ÷òî ÷èñëî � = 0 íå ÿâëÿåòñÿ

ñîáñòâåííûì çíà÷åíèåì, ò.ê. â ïðîòèâíîì ñëó÷àå ìîæíî ñîâåðøèòü ñòàíäàðòíûé ñäâèã

ïàðàìåòðà �.

Ëåììà 2.4 Ïóñòü p, r ∈ Cq−1[−1, 1], p(q−1), r(q−1) ∈ AC[−1, 1], f ∈ Cq
2 [−1, 1] è f (q) ∈

AC2[−1, 1], ïðè÷åì q ⩾ 1 . Òîãäà äëÿ êîýôôèöèåíòîâ cn, îïðåäåëåííûõ â (2.17) èìååò

ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

cn = Pn + Fn, (2.18)
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ãäå

Pn = vTn (1)

q∑
k=0

�−k−1
n f̃k(1)− vTn (−1)

q∑
k=0

�−k−1
n f̃k(−1), (2.19)

Fn = �−q−1
n

1∫
−1

vTn (x)Lq+1(f(x))dx.

Äîêàçàòåëüñòâî. Èìååì

cn =

1∫
−1

vTn (x)f(x)dx = �−1
n

1∫
−1

(f1(x)(v′n,2(x)− p(x)vn,1(x))−

f2(x)(v′n,1(x) + r(x)vn,2(x)))dx

Èíòåãðèðóÿ ïîñëåäíåå ðàâåíñòâî ïî ÷àñòÿì, ïîëó÷èì:

cn = �−1
n (f1(x)vn,2(x)− f2(x)vn,1(x))∣1−1 +

�−1
n

1∫
−1

vn,1(x)(f ′2(x)− p(x)f1(x)) + vn,2(x)(−f ′1(x)− r(x)f2(x))dx =

�−1
n vTn (x)f̃0(x)

∣∣∣1
−1

+ �−1
n

1∫
−1

vTn (x)L(f(x))dx

Ïîâòîðÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì q ðàç, ïîëó÷èì òðåáóåìîå. □

2.2.2 Êîððåêòèðîâêà àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ñîáñòâåííûõ

çíà÷åíèé è ñîáñòâåííûõ âåêòîð ôóíêöèé

Â ìîíîãðàôèè [43] ïðè âûâîäå àñèìïòîòè÷åñêèõ ôîðìóë áûëè äîïóùåíû íåêîòîðûå

íåòî÷íîñòè. Ïðèâåäåì ñîîòâåòñòâóþùåå óòî÷íåíèå.

Ïóñòü L1 è L2 - äâà ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðà, E1 è E2 - äâà ëèíåéíûõ

ôóíêöèîíàëüíûõ ïðîñòðàíñòâà. Íàì ïîíàäîáèòñÿ

Îïðåäåëåíèå 2.1 [43] Ëèíåéíûé íåïðåðûâíûé îïåðàòîð X îòîáðàæàþùèé ïðîñòðàí-

ñòâî E1 â E2, íàçûâàåòñÿ îïåðàòîðîì ïðåîáðàçîâàíèÿ, åñëè îí óäîâëåòâîðÿåò óñëîâè-

ÿì:
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∙ L1X = XL2.

∙ Ñóùåñòâóåò îáðàòíûé íåïðåðûâíûé îïåðàòîð X−1.

Ïóñòü L1 è L2 èìåþò âèä

L1 ≡

⎛⎜⎝p1(x) d
dx

− d
dx

r1(x)

⎞⎟⎠ , L2 ≡

⎛⎜⎝ 0 d
dx

− d
dx

0

⎞⎟⎠
ãäå p1, r1,-äåéñòâèòåëüíûå è íåïðåðûâíûå ôóíêöèè íà èíòåðâàëå [−1, 1].

Ïóñòü E ñóòü ñîâîêóïíîñòü íåïðåðûâíî äèôôåðåíöèðóåìûõ âåêòîð-ôóíêöèé f(x),

óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ

f1(−1) sin� + f2(−1) cos� = 0.

Êàê ïîêàçàíî â [43], â ýòîì ñëó÷àå îïåðàòîð-ìàòðèöó ïðåîáðàçîâàíèÿ X ìîæíî çàäàòü

â âèäå

X{f(x)} = R(x)f(x) +

∫ x

−1

K(x, s)f(s)ds,

ãäå R(x) è K(x, s) - íåïðåðûâíî äèôôåðåíöèðóåìûå ìàòðèöû âòîðîãî ïîðÿäêà, ïðèòîì

R(x) èìååò âèä

R(x) ≡

⎛⎜⎝ �(x) �(x)

−�(x) �(x)

⎞⎟⎠ .

Ôóíêöèè �(x) è �(x) ìîæíî âû÷èñëèòü ÿâíî

�(x) = cos

(
1

2

∫ x

−1

(p(t) + r(t))dt

)
,

�(x) = sin

(
1

2

∫ x

−1

(p(t) + r(t))dt

)
.

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 2.5 [43] Ïðè ∣�∣ → ∞ ðàâíîìåðíî ïî x ñïðàâåäëèâû îöåíêè

'1(x) = cos(�(x, �)− �) +O(�−1),

'2(x) = sin(�(x, �)− �) +O(�−1),
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ãäå

�(x, �) = �(x+ 1)− 1

2

∫ x

−1

(p(t) + r(t))dt.

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (2.13), (2.14), (2.15) ñîâïàäàþò ñ êîðíÿìè óðàâíåíèÿ

'1(1, �) sin � + '2(1, �) cos � = 0,

êîòîðîå ìîæíî çàïèñàòü â âèäå

cos(�(1, �)− �) sin � + sin(�(1, �)− �) cos � = sin(2�+ �) +O(�−1),

ãäå

� = � − �− 1

2

∫ �

0

(p(t) + r(t))dt.

Ïîñëåäíÿÿ ôîðìóëà â [43] áûëà ïðèâåäåíà â íåòî÷íîì âèäå. Èç ïîñëåäíåãî äëÿ ñîá-

ñòâåííûõ çíà÷åíèé ïîëó÷àåì àñèìïòîòè÷åñêóþ ôîðìóëó:

�n =
�

2
n− �

2
+O

(
n−1
)
, n→∞, (2.20)

Ïîëüçóÿñü ôîðìóëîé (2.20), ïîëó÷èì àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ âåêòîð-

ôóíêöèé un(x) = '(x, �n), à èìåííî:

un,1 = cos(�n − �) +O(n−1), n→∞,

un,2 = sin(�n − �) +O(n−1), n→∞,

ãäå

�n = �(n, x) = �n(x+ 1)− 1

2

x∫
−1

(p(�) + r(�))d� .

×òîáû ïîëó÷èòü àñèìïòîòè÷åñêèå ðàçëîæåíèÿ íîðìèðîâàííûõ ñîáñòâåííûõ âåêòîð-

ôóíêöèé, ðàññìîòðèì íîðìó un:

∥un∥2
2 =

∫ 1

−1

(u2
n,1(x) + u2

n,2(x))dx = 2 +O
(
n−1
)
, n→∞,

ñëåäîâàòåëüíî íîðìèðîâàííûå âåêòîð-ôóíêöèè èìåþò âèä (vn = un
∥un∥2 )

vn,1(x) =
1√
2

cos(�n − �) +O
(
n−1
)
, n→∞, (2.21)
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vn,2(x) =
1√
2

sin(�n − �) +O
(
n−1
)
, n→∞, (2.22)

Îòìåòèì, ÷òî äëÿ äðóãîãî êàíîíè÷åñêîãî âèäà ñèñòåìû (2.10) àñèìïòîòè÷åñêèå ôîð-

ìóëû ïîëó÷åíû â ðàáîòå [48]. À èìåííî, åñëè ðàññìîòðåòü êðàåâóþ çàäà÷ó:{
B
d

dx
+ Ω(x)

}
y = �y,

y1(0) cos� + y2(0) sin� = 0,

y1(�) cos � + y2(�) sin � = 0,

ãäå

Ω(x) =

⎛⎜⎝�(x) �(x)

�(x) −�(x).

⎞⎟⎠

Òåîðåìà 2.1 [48] Ïóñòü �, � ∈ L1
C [0, �], à � è � åñòü êîìïëåêñíûå ÷èñëà. Òîãäà âû-

øåóêàçàííàÿ çàäà÷à èìååò ñ÷åòíîå ÷èñëî ñîáñòâåííûõ çíà÷åíèé, êîòîðûå îáëàäàþò

àñèìïòîòèêîé

�n = n+
� − �
�

+ o(1).

2.2.3 ßâëåíèå Ãèááñà äëÿ ñèñòåìû Äèðàêà

Êàê èçâåñòíî, ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì êëàññè÷åñêèõ êðàåâûõ çàäà÷

äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîìåðíî ñõîäÿòñÿ, åñëè ðàçëàãà-

åìàÿ ôóíêöèÿ ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ ñîîòâåòñòâóþùåãî îïåðàòîðà. Åñëè

æå îíà íå óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì, òî â ýòîì ñëó÷àå èìååò ìåñòî ÿâëåíèå, àíà-

ëîãè÷íîå ÿâëåíèþ Ãèááñà. Ýòî ÿâëåíèå â ÷àñòíûõ ñëó÷àÿõ áûëî èçó÷åíî â ðÿäå ðàáîò

(ñì. Ë.Ìèøî [61, 62], Ë.Áðàíäîëèíè è L. Êàëçîíè [63] à òàêæå [64, 65, 66, 67, 68]). Êàê

ïîêàçàë Ð. Øìèòêîâñêè [50], ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì ñèñòåìû Äèðàêà

íå ñõîäèòñÿ ê ðàçëàãàåìîé ôóíêöèè â êîíöàõ èíòåðâàëà, äàæå åñëè ýòà ôóíêöèÿ èç

êëàññà C∞2 [−1, 1], íî íå óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì.
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Íàïðèìåð, ôóíêöèÿ

�(x) =

⎛⎜⎝ x− 1

−x+ 1

⎞⎟⎠, (2.23)

íå óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì â òî÷êå x = −1 ïðè � ∕= �
4
. Ðàññìîòðèì åå ðàçëî-

æåíèå ïî ñèñòåìå {vn(x)}:

DN(�) =
N∑

n=−N

cn(�)vn(x), (2.24)

ãäå cn(�) =
1∫
−1

vTn (x)�(x)dx.

Ëåììà 2.6 Åñëè p, r ∈ C1[−1, 1] è ôóíêöèÿ � îïðåäåëåíà â (2.23), òîãäà êîýôôèöèåí-

òû ðàçëîæåíèÿ ôóíêöèè (2.23) èìåþò àñèìïòîòè÷åñêóþ îöåíêó

cn(�) =
√

2�−1
n (cos�− sin�) + �n, n→∞,

ãäå {�n} ∈ l2.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ëåììó 2.4 äëÿ ôóíêöèè (2.23) ïîëó÷èì:

cn = vTn (1)�−1
n �̃0(1)− vTn (−1)�−1

n �̃0(−1) + �−1
n

1∫
−1

vTn (x)L1(�(x))dx =

(
2

2

)
vTn (−1)�−1

n �̃0(−1) + �−1
n

1∫
−1

vTn (x)L1(�(x))dx =

√
2�−1

n (cos�− sin�) +O

(
1

n2

)
+ �−1

n

1∫
−1

vTn (x)L1(�(x))dx.

Ó÷èòûâàÿ òîò ôàêò ÷òî L1(�(x)) ∈ L2
2[−1, 1], ïîëó÷èì æåëàåìûé ðåçóëüòàò. □

Ââåäåì òåïåðü îáîçíà÷åíèÿ

BC(f, x, 
) = f1(x) sin 
 + f2(x) cos 
.

Ïîêàæåì òåïåðü, ÷òî åñëè p, r ∈ C1[−1, 1] è ôóíêöèÿ � îïðåäåëåíà â (2.23), òîãäà,

åñëè � ∕= �
4
, äëÿ ôóíêöèè � èìååò ìåñòî ÿâëåíèå Ãèááñà, à èìåííî

lim sup
N→∞
x→−1

∣BC(DN(�), x, �)∣
∣BC(�,−1, �)∣

=
2

�

∫ �

0

sin t

t
dt.
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Äëÿ ýòîãî ðàññìîòðèì îøèáêó ïðè ïðèáëèæåíèè ôóíêöèè (2.23) óðåçàííûì ðÿäîì

DRN(�) =
∑
∥n∥>N

cnvn(x) =
∑
∥n∥>N

cn

(
vn,1(x)

vn,2(x)

)
.

Èñïîëüçóÿ ëåììó 2.6 è àñèìïòîòèêó ñîáñòâåííûõ ôóíêöèé (2.21), (2.21), ïîëó÷èì

∑
∣n∣>N

cnvn,1(x) = (cos�− sin�)
∑
∣n∣>N

(
cos(�n − �)

�n
+ �n

)
=

(cos�− sin�)
∑
∣n∣>N

(
cos(�

2
n(x+ 1) + '(x))

�n/2
+ �n

)
, (2.25)

ãäå

'(x) = −�
2

(x+ 1)− 1

2

x∫
−1

(p(�) + r(�))d� − �.

Èç (2.25) ñëåäóåò, ÷òî

DN(�) = �(x)−
∑
∣n∣>N

cos�− sin�

�n/2

⎛⎜⎝cos
(
�
2
n(x+ 1) + '(x)

)
sin
(
�
2
n(x+ 1) + '(x)

)
⎞⎟⎠+ o(1) =

�(x)− 2(cos�− sin�)

�

⎛⎜⎝− sin ('(x))

cos ('(x))

⎞⎟⎠ ∑
∣n∣>N

sin
(
�
2
n(x+ 1)

)
n

+ o(1).

Ôóíêöèÿ ' íåïðåðûâíà, à ñóììà
∑
∣n∣>N

sin(�2 n(x+1))
n

ÿâëÿåòñÿ îñòàòî÷íîé ñóììîé ðÿäà Ôó-

ðüå äëÿ ôóíêöèè �
2
− �

2
x:

∞∑
n=−∞

sin
(
�
2
n(x+ 1)

)
n

= −�
2
x+

�

2
, x ∈ (−1, 1]. (2.26)

Ðàçäåëèì èíòåðâàë (−1, 1] íà äâå ÷àñòè (−1, �], (�, 1] òàê, ÷òî áû íà èíòåðâàëå (−1, �]

âûïîëíÿëàñü îöåíêà ∣'(x)−'(−1)∣ < �, à íà èíòåðâàëå (�, 1] - îöåíêà ∣�(x)−DN(�)∣ < �,

äëÿ äîñòàòî÷íî áîëüøèõ N . Òîãäà, ïîëó÷èì:

lim sup
N→∞
x→−1

∣BC(DN(�), x, �)∣ = ∣BC(�,−1, �)∣ −

∣BC(�,−1, �)∣
�

lim sup
N→∞
x→−1

∑
∣n∣>N

sin
(
�
2
n(x+ 1)

)
n

. (2.27)

Èç ôîðìóë (2.27) è (2.26) ïîëó÷èì æåëàåìûé ðåçóëüòàò.
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Çàìåòèì, ÷òî âåëè÷èíà 2
�

∫ �
0

sin t
t
dt ≈ 1.17898 ýòî êîíñòàíòà êëàññè÷åñêîãî ÿâëåíèÿ

Ãèááñà äëÿ ðÿäîâ Ôóðüå.

Çàìåòèì òàêæå, ÷òî åñëè � = 0, òî îäíà êîìïîíåíòà â ðàçëîæåíèè (2.24) ñõîäèòñÿ

ðàâíîìåðíî, à äðóãàÿ âåäåò ê ÿâëåíèþ Ãèááñà. Äëÿ èëëþñòðàöèè ýòîãî ÿâëåíèÿ ðàñ-

ñìîòðèì ñèñòåìó ñ íóëåâûì ïîòåíöèàëîì, è ïóñòü � = 0, � = −�
4
. Äëÿ ýòîé çàäà÷è

ëåãêî ìîæíî âû÷èñëèòü ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè: à èìåííî

�n =
�k

2
+
�

8
, n = 0,±1,±2, ...,

à íîðìèðîâàííûå ñîáñòâåííûå âåêòîð ôóíêöèè èìåþò âèä

vn(x) =
1

2

√
1− (−1)k√

2

⎛⎜⎝cos
((

�k
2

+ �
8

)
x
)

cot
(
�k
2

+ �
8

)
− sin

((
�k
2

+ �
8

)
x
)

cos
((

�k
2

+ �
8

)
x
)

+ cot
(
�k
2

+ �
8

)
sin
((

�k
2

+ �
8

)
x
)
⎞⎟⎠ .

-0.99 -0.98 -0.97 -0.96

-2

-1.5

-1

-0.5

Ðèñ. 2.2: Îøèáêà ïðèáëèæåíèÿ âòîðîé êîìïîíåíòû ôóíêöèè �(x) êîíå÷íîé ñóììîé ðÿäà Ôóðüå ñ

èñïîëüçîâàíèåì 100, 130, 160, 190 êîýôôèöèåíòîâ Ôóðüå

Ðèñóíîê 2.2 õîðîøî èëëþñòðèðóåò îòñóòñòâèå ÿâëåíèÿ Ãèááñà äëÿ âòîðîé êîìïîíåí-

òû ôóíêöèè (2.23) â òî÷êå −1.

Ðèñóíîê 2.3 èëëþñòðèðóåò, ÷òî äëÿ âòîðîé êîìïîíåíòû íàëèöî ÿâëåíèå Ãèááñà,

÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ñõîäèòñÿ ðàâíîìåðíî äëÿ ïåðâîé êîìïîíåíòû ôóíêöèè

(2.23). Îáà ãðàôèêà ïîñòðîåíû íà îòðåçêå [−1,−0.96].
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-0.99 -0.98 -0.97 -0.96

-0.002

0.002

0.004

Ðèñ. 2.3: Îøèáêà ïðèáëèæåíèÿ ïåðâîé êîìïîíåíòû ôóíêöèè �(x) êîíå÷íîé ñóììîé ðÿäà Ôóðüå, ïðè

N = 100, 130, 160, 190 êîýôôèöèåíòîâ Ôóðüå (îøèáêà óìåíüøàåòñÿ ñ ðîñòîì N).

Àíàëîãè÷íûé ðåçóëüòàò ìîæíî ïîëó÷èòü äëÿ ôóíêöèè

%(x) =

⎛⎜⎝ x+ 1

−x− 1

⎞⎟⎠, (2.28)

êîòîðàÿ èìååò ñèíãóëÿðíîñòü â òî÷êå 1.

Åñëè p, r ∈ C1[−1, 1] è ôóíêöèÿ % îïðåäåëåíà â (2.28), òîãäà ïðè � ∕= �
4
èìååò ìåñòî

ÿâëåíèå Ãèááñà, à èìåííî

lim sup
N→∞
x→1

∣BC(DN(%), x, �)∣
∣BC(%, 1, �)∣

=
2

�

∫ �

0

sin t

t
dt.

Îòñþäà ïîëó÷åíà ñëåäóþùèé îáùèé ðåçóëüòàò

Òåîðåìà 2.2 Ïóñòü p, r ∈ C1[−1, 1], f ∈ C1
2 [−1, 1] è ôóíêöèÿ f íå óäîâëåòâîðÿåò

êðàåâûì óñëîâèÿì (BC(f,−1, �) ∕= 0, BC(f, 1, �) ∕= 0) òîãäà ïðè �, � ∕= �
4
â òî÷êàõ

{−1, 1} èìååò ìåñòî ÿâëåíèÿ Ãèááñà

lim sup
N→∞
x→1

∣BC(DN(f), x, �)∣
∣BC(f, 1, �)∣

= lim sup
N→∞
x→−1

∣BC(DN(f), x, �)∣
∣BC(f,−1, �)∣

=
2

�

∫ �

0

sin t

t
dt,

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ g(x) = f(x)− ℎ�(x)−H%(x), ãäå

ℎ =
f2(−1) cos� + f1(−1) sin�

�2(−1) cos� + �1(−1) sin�
, H =

f2(1) cos� + f1(1) sin�

%2(1) cos� + %1(1) sin�
.

Ôóíêöèÿ g(x) áóäåò óäîâëåòâîðÿòü êðàåâûì óñëîâèÿì è èìååò íåïðåðûâíóþ ïåðâóþ

ïðîèçâîäíóþ, ñëåäîâàòåëüíî ðÿä DN(f(x)−ℎ�(x)−H%(x)) ñõîäèòñÿ ðàâíîìåðíî, ÷òî è

äîêàçûâàåò óòâåðæäåíèå òåîðåìû. □
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2.2.4 Îáîáùåíèå ïîëèíîìèàëüíîãî ìåòîäà äëÿ ñèñòåìû Äèðàêà

Èñïîëüçóÿ ëåììó 2.4, ôóíêöèþ f ìîæíî ïðåäñòàâèòü â âèäå f(x) = P (x)+Q(x), ãäå

P (x) =
∞∑

n=−∞

Pnvn(x), F (x) =
∞∑

n=−∞

Fnvn(x).

Ðàññìîòðèì òåïåðü ôóíêöèè

Gk(x, �, �) =
1

k!

dkG(x, �, �)

d�k
, k ⩾ 0.

Äèôôåðåíöèðóÿ (2.16) ïî �, ïîëó÷èì

Gk(x, �, �) =
∞∑

n=−∞

vn(x)vTn (�)

(�n − �)k+1
. (2.29)

Èç (2.19) è (2.29) ïîëó÷èì ÿâíûé âèä ôóíêöèè P (x) :

P (x) =

q−1∑
k=0

(
Gk(x, 1, 0)f̃k(1)−Gk(x,−1, 0)f̃k(−1)

)
Îáîçíà÷èì òåïåðü

Dq,N(f) = DN(F ) +

q−1∑
k=0

(
Gk(x, 1, 0)f̃k(1)−Gk(x,−1, 0)f̃k(−1)

)
DRq,N(f) = f(x)−Dq,N(f)

Òåîðåìà 2.3 Ïóñòü q ⩾ 1, p, r ∈ Cq−1[−1, 1], p(q−1), r(q−1) ∈ AC[−1, 1], f ∈ Cq
2 [−1, 1] è

f (q) ∈ AC2[−1, 1]. Òîãäà

DRq,N(f) = o(N−q+1), N →∞.

Äîêàçàòåëüñòâî. Èç (2.18) èìååì

DRq,N(f) = F (x)−DN(F ) =
∑
∣n∣>N

Fnvn(x)

Îáîçíà÷èì g(x) = Lq(f(x)), òîãäà èç ëåììû 2.4

Fn = �−qn

1∫
−1

vTn (x)g(x)dx = �−qn

1∫
−1

(vn,1(x)g1(x) + vn,2(x)g2(x)) dx, n→∞

57



Èñïîëüçóÿ àñèìïòîòèêó (2.21) è (2.22) ñîáñòâåííûõ âåêòîð ôóíêöèé, ïîëó÷èì

Fn = �−qn

1∫
−1

cos(�(n, x)− �)
g1(x)√

2
dx+

�−qn

1∫
−1

sin(�(n, x)− �)
g2(x)√

2
dx+ �−qn O

(
n−1
)
, n→∞.

Ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè ïîëó÷àåì

cos(�(n, x)− �) = cos

(
�

2
n(x+ 1)− �

2
(x+ 1) +O

(
n−1
)

(x+ 1) −

1

2

x∫
−1

(p(�) + r(�))d� − �

⎞⎠ =

cos
(�

2
n(x+ 1)

)
�(x) + sin

(�
2
n(x+ 1)

)

(x) +O

(
n−1
)
, n→∞,

ãäå �, 
 íåêîòîðûå íåïðåðûâíûå ôóíêöèè. Àíàëîãè÷íóþ ôîðìóëó ìîæíî ïîëó÷èòü äëÿ

sin(�(n, x) − �). Èñïîëüçóÿ òåîðåìó Ðèìàíà-Ëåáåãà, ïîëó÷èì, ÷òî èíòåãðàë â ïðàâîé

÷àñòè ïðåäñòàâëåíèÿ Fn èìååò ïîðÿäîê

Fn = o(n−q), n→∞ (2.30)

Ó÷èòûâàÿ òîò ôàêò, ÷òî ñèñòåìà ñîáñòâåííûõ âåêòîð-ôóíêöèé ðàâíîìåðíî îãðàíè÷åíà

íà îòðåçêå [−1, 1], ïîëó÷èì æåëàåìûé ðåçóëüòàò. □

Òåîðåìà 2.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3. Òîãäà

lim
N→∞

N q+1/2 ∥DRq,N(f)∥2 =

(
2

�

)q+1
√
C2

1 + C2
2

2q + 1
,

ãäå

C1 = f̃q,1(1) cos � − f̃q,2(1) sin �,

C2 = f̃q,2(−1) cos�− f̃q,1(−1) sin�.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ðàâåíñòâî Ïàðñåâàëÿ, èç (2.18) ïîëó÷èì

∥DRq,N(f)∥2
2 = ∥f(x)−Dq,N(f)∥2

2 =
∑
∣n∣>N

∣cn − Pn∣2. (2.31)
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Èç ëåììû 2.4 è (2.30) èìååì

cn − Pn = �−q−1
n vTn (1)f̃q(1)− �−q−1

n vTn (−1)f̃q(−1) + o(n−q−1), n→∞.

Ïîäñòàâëÿÿ ïîñëåäíåå ðàâåíñòâî â (2.31) è èñïîëüçóÿ àñèìïòîòè÷åñêèå ôîðìóëû (2.20)-

(2.22), ïîëó÷èì

∥DRq,N(f)∥2
2 =

∑
∣n∣>N

∣∣∣∣∣vTn (1)f̃q(1)− vTn (−1)f̃q(−1)

�q+1
n

+ o
(
n−q−1

)∣∣∣∣∣
2

=

∑
∣n∣>N

∣∣∣∣∣vn,1(1)f̃q,1(1) + vn,2(1)f̃q,2(1)− vn,1(−1)f̃q,1(−1)− vn,2(−1)f̃q,2(−1)

(�n/2− � +O (n−1))q+1 +

o
(
n−q−1

)∣∣2 =
∑
∣n∣>N

∣∣∣∣ (−1)nA−B√
2 (�n/2− �)q+1

∣∣∣∣2 + o
(
N−2q−1

)
, n→∞

Ñ äðóãîé ñòîðîíû èìååì

lim
N→∞

N2q+1

∞∑
n=N

1

(n− �)2q+2 =

lim
N→∞

1

N

∞∑
n=N

1

(n/N − �/N)2q+2 =

∞∫
1

1

x2q+2
dx =

1

2q + 1
,

lim
N→∞

N2q+1

∞∑
n=N

(−1)n

(n− �)2q+2 =

lim
N→∞

N2q+1

⎛⎝ ∞∑
m=[(N+1)/2]

1

(2m− �)2q+2 −
∞∑

m=[N/2]

1

(2m+ 1− �)2q+2

⎞⎠ = 0.

Èñïîëüçóÿ ïîñëåäíèå ïðåäåëû, ïîëó÷èì òðåáóåìîå. □

Òåîðåìà 2.4 ôàêòè÷åñêè ñîäåðæèò îöåíêó ñêîðîñòè ñõîäèìîñòè óñêîðåíèÿ ðàçëîæå-

íèÿ DN(f) Íàçîâåì ýòîò ïîäõîä ìåòîäîì KEG-D.

2.2.5 Îáîáùåíèå êâàçèïîëèíîìèàëüíîãî ìåòîäà äëÿ ñèñòåìû Äè-

ðàêà

Ðàññìîòðèì êîíå÷íóþ ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë � = {�k}mk=1, � =

{�k}mk=1 è ââåäåì îáîçíà÷åíèÿ

Δ0
k(�, A) = Ak, Δl

k(�, A) = Δl−1
k (�, A) + �lΔ

l−1
k−1(�, A), (2.32)
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Δ0
k(�, B) = Bk, Δl

k(�, B) = Δl−1
k (�, B) + �lΔ

l−1
k−1(�, B). (2.33)

ãäå

A = {Ak} = {f̃k,1(1) cos � − f̃k,2(1) sin �},

B = {Bk} = {f̃k,1(−1) cos�− f̃k,2(−1) sin�}.

Ëåììà 2.7 Ïóñòü q ⩾ 1, m ⩾ 1 è âûïîëíåíû óñëîâèÿ òåîðåìû 2.3. Òîãäà äëÿ êîýôôè-

öèåíòîâ cn, îïðåäåëåííûõ â (2.17), èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

cn = Qn +Hn,

ãäå

Qn =
vn,1(1)

cos �

q−1∑
k=0

�m−k−1
n Δm

k (�, A)∏m
s=1(�n + �s)

− vn,1(−1)

cos�

q−1∑
k=0

�m−k−1
n Δm

k (�, B)∏m
s=1(�n + �s)

, (2.34)

Hn =
vn,1(1)

cos ��q+1
n

m∑
k=1

�kn�kΔ
k−1
q−1(�, A)∏k

s=1(�n + �s)
− vn,1(−1)

cos��q+1
n

m∑
k=1

�kn�kΔ
k−1
q−1(�, B)∏k

s=1(�n + �s)
+ Fn, (2.35)

Fn = �−qn

1∫
−1

vTn (x)Lq(f(x))dx.

Äîêàçàòåëüñòâî. Ëåãêî ìîæíî ïðîâåðèòü ñëåäóþùåå ðàâåíñòâî

q−1∑
k=0

Akx
k = xq

Aq−1�1

1 + �1x
+

1

1 + �1x

q−1∑
k=0

(Ak + �1Ak−1)xk. (2.36)

Ïîâòîðÿÿ ïðåîáðàçîâàíèå (2.36) äëÿ ïîñëåäíåãî ñëàãàåìîãî m ðàçà (m ⩽ q−1) ïîëó÷èì

q−1∑
k=0

Akx
k = xq

m∑
k=1

�kΔ
k−1
q−1(�, A)∏k

s=1(1 + �sx)
+

1∏m
s=1(1 + �sx)

q−1∑
k=0

Δm
k (�)xk. (2.37)

Îáîçíà÷èì x = �−1
n è ïðåîáðàçóåì ïðåäñòàâëåíèå (2.19)

Pn = vn,1(1)

q−1∑
k=0

xk+1Ak − vn,1(−1)

q−1∑
k=0

xk+1Bk

Ïðèìåíÿÿ àíàëîãè÷íîå ïðåîáðàçîâàíèå ê Pn, ïîëó÷èì æåëàåìûé ðåçóëüòàò. □

Ïîëüçóÿñü ëåììîé 2.7, äàííóþ ôóíêöèè f ∈ Cq
2 [−1, 1] ìîæíî ðàçäåëèòü íà ñëàãàåìûå

f(x) = Q(x) +H(x), ãäå

Q(x) =
∞∑

n=−∞

Qnvn(x), H(x) =
∞∑

n=−∞

Hnvn(x).
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Îòñþäà ïîëó÷èì ôîðìóëó óñêîðåíèÿ ñõîäèìîñòè â ñëåäóþùèì âèäå

Dm,q,N(f) = Q(x) +
N∑

n=−N

Hnvn(x). (2.38)

DRm,q,N(f) = f(x)−Dm,q,N .

Åñëè ïîñëåäîâàòåëüíîñòü � è � îïðåäåëèòü èç ñèñòåì

Δm
k (�, A) = 0, k = q −m, .., q − 1, (2.39)

Δm
k (�, B) = 0, k = q −m, .., q − 1, (2.40)

òî ôàêòè÷åñêè ïîëó÷èòñÿ, ÷òî ìû ïðèìåíèëè àïðîêñèìàíòû Ïàäå ïî îòäåëüíîñòè ê

ñëàãàåìûì îòíîñèòåëüíî âåêòîðíîé ñóììû (2.19). Âûøåèçëîæåííîå äëÿ ðàçëîæåíèÿ ïî

ñèñòåìå vn åñòü îáîáùåíèå èäåè, ïðåäëîæåííîé â ðàáîòå [25] â ñëó÷àå ðÿäà Ôóðüå.

Òåîðåìà 2.5 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3, q− 1 ⩾ m ⩾ 1 è ïîñëåäîâàòåëü-

íîñòè �, � óäîâëåòâîðÿþò ðàâåíñòâàì (2.39) è (2.40). Òîãäà

DRm,q,N(f)(f) = o(N−q), N →∞.

Äîêàçàòåëüñòâî. Êîýôôèöèåíòû Hn èìåþò ïîðÿäîê o(n
−q−1). Îñòàëüíîå àíàëîãè÷íî

äîêàçàòåëüñòâó òåîðåìû 2.3. □

Îáîçíà÷èì òåïåðü Um
r = (Ak−s+r)

m
k,s=1 è V

m
r = (Bk−s+r)

m
k,s=1

Ëåììà 2.8 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3 è detUm
q−m−1 ∕= 0, òîãäà

Δm
q (�, A) = (−1)m+1 detUm+1

q−m

detUm
q−m−1

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

Δm
k (�) =

m∑
s=0


sAk−s,

ãäå 
s êîýôôèöèåíòû ïîëèíîìà
m∏
k=1

(1 + �kx) =
m∑
k=0

xk. Èñïîëüçóÿ ñèñòåìó (2.39) êîýô-

ôèöèåíòû 
s ìîæíî îïðåäåëèòü èç ñëåäóþùèõ óðàâíåíèé

Ak+q−m +
m∑
s=1


sAk−s+q−m = 0, k = 1, . . . ,m.
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Ïî ôîðìóëå Êðàìåðà ïîëó÷èì 
s = Ms

detUmq−m
, ãäå Ms ñîîòâåòñòâóþùèå îïðåäåëèòåëè.

Ñëåäîâàòåëüíî

Δm
k (�) = Aq+1 +

1

detUm
q−m

m∑
s=1

MsAq+1−s.

Ðàçëîæèâ òåïåðü îïðåäåëèòåëü detUm+1
q−m+1 ïî ïîñëåäíåé ñòðîêå, ïîëó÷èì æåëàåìûé

ðåçóëüòàò. □

L2
2� îøèáêà õàðàêòåðèçóåòñÿ òî÷íîé îöåíêîé

Òåîðåìà 2.6 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3, detUm
q−m−1 ∕= 0, q− 1 ⩾ m ⩾ 1 è

ïîñëåäîâàòåëüíîñòè �, � óäîâëåòâîðÿþò ðàâåíñòâàì (2.39) è (2.40). Òîãäà

lim
N→∞

N q+1/2 ∥DRm,q,N(f)∥2 =

(
2

�

)q+1
√
C2

3 + C2
4

2q + 1
,

ãäå

C3 =
detUm+1

q−m

detUm
q−m−1

, C4 =
detV m+1

q−m

detV m
q−m−1

.

Äîêàçàòåëüñòâî. Èç óðàâíåíèÿ (2.38)

DRm,q,N(f) =
∑
∣n∣>N

Hnvn(x).

Èíòåãðèðóÿ ïî ÷àñòÿì óðàâíåíèå (2.35), ïîëó÷èì

Hn =
vn,1(1)

cos ��q+1
n

(
Aq +

m∑
k=1

�kn�kΔ
k−1
q−1(�,A)∏k

s=1(�n + �s)

)
−

vn,1(−1)

cos��q+1
n

(
Aq +

m∑
k=1

�kn�kΔ
k−1
q−1(�, B)∏k

s=1(�n + �s)

)
+ o(n−q−1).

Èñïîëüçóÿ îáîçíà÷åíèÿ (2.32), ïðèäåì ê ïðåäñòàâëåíèþ

Δm
q (�, A) = Δm−1

q (�, A) + �mΔm−1
q−1 (�, A) = Δm−2

q (�, A)+

�m−1Δm−2
q−1 (�, A) + �mΔm−1

q−1 (�, A) = Aq +
m∑
k=1

�kΔ
k−1
q−1(�, A).

È ñëåäîâàòåëüíî

DRm,q,N(f) =
Δm
q (�, A)

cos �

∑
∣n∣>N

vn,1(1)vn(x)

�q+1
n

+

Δm
q (�, B)

cos�

∑
∣n∣>N

vn,1(−1)vn(x)

�q+1
n

+ o
(
N−q

)
, N →∞
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Òåïåðü ñ ïîìîùüþ àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé (2.20)-

(2.22) è, ñ äðóãîé ñòîðîíû, èñïîëüçóÿ ôîðìóëó

lim
N→∞

N2q+1

∞∑
n=N

1

n2q+2
= lim

N→∞

1

N

∞∑
n=N

1

(n/N)2q+2 =

∞∫
1

1

x2q+2
dx =

1

2q + 1
,

ïîëó÷èì æåëàåìûé ðåçóëüòàò. □

Â ïðèêëàäíûõ çàäà÷àõ ôóíêöèÿ f(x) íå èçâåñòíà, à èçâåñòíû òîëüêî ïåðâûå N

êîýôôèöèåíòîâ Ôóðüå. Äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ âûøåóêàçàííîãî àëãîðèòìà íàì

íàäî çíàòü çíà÷åíèÿ f̃k â òî÷êàõ −1 è 1. Çàìåòèì, ÷òî äîñòàòî÷íî âû÷èñëèòü íå ñàìè

çíà÷åíèÿ f̃k, à ñóììû èõ êîìïîíåíò {Ak = f̃k,1(1) cos �−f̃k,2(1) sin �,Bk = f̃k,1(−1) cos�−

f̃k,2(−1) sin�}, òàê êàê

G(x, 1, �)f̃k(1) =
1

!(�)

⎛⎜⎝'1(x, �)(f̃k,1(1) cos � − f̃k,2(1) sin �)

'2(x, �)(f̃k,1(1) cos � − f̃k,2(1) sin �)

⎞⎟⎠ ,

î÷åâèäíî, ÷òî G(x, 1, �)f̃k(1), à òàêæå åå ïðîèçâîäíûå òîæå çàâèñÿò îò êîýôôèöèåíòîâ

{Ak, Bk}.

Èñïîëüçóÿ ïðåäñòàâëåíèå cn = Pn+Fn è òî, ÷òî Fn = o(n−q), n→∞ ïðèáëèæåííûå

çíà÷åíèÿ {Ãk, B̃k} ìîæíî âû÷èñëèòü èç ñèñòåìû

cn =
vn,1(1)

cos �

q−1∑
k=0

�−k−1
n Ãk −

vn,1(−1)

cos�

q−1∑
k=0

�−k−1
n B̃k, n = n1, n2...n2q.

Ïðåäñòàâèì ýòó ñèñòåìó â ñëåäóþùåé ôîðìå

cns�ns = �s

q−1∑
k=0

xksÃk + �s

q−1∑
k=0

xksB̃k, s = 1, . . . , q, (2.41)

ãäå

xs = �−1
ns , s = 1, . . . , q,

�s =
vns,1(1)

cos �
,

�s = −vns,1(−1)

cos�
.
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Â ìàòðè÷íîì âèäå⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�1 �1x1 . . . �1x
q−1
1 �1 �1x1 . . . �1x

q−1
1

�2 �2x2 . . . �2x
q−1
2 �2 �2x2 . . . �2x

q−1
2

�3 �3x3 . . . �3x
q−1
3 �2 �3x3 . . . �3x

q−1
3

...
...

. . .
...

...
...

. . .
...

�2q �2qx2q . . . �2qx
q−1
2q �2q �2qx2q . . . �2qx

q−1
2q

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ã0

...

Ãq−1

B̃0

...

B̃q−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

y1

y2

y3

...

yq

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Äåòåðìèíàíò ìàòðèöû íà ëåâîé ñòîðîíå, íà îòëè÷èè îò ñëó÷àÿ ðàçëîæåíèÿ ïî êëàñ-

ñè÷åñêîìó ðÿäó Ôóðüå, ÿâëÿåòñÿ áëî÷íîé ìàòðèöåé Âàíäåðìîíäà, à íå êëàññè÷åñêîé è

ñîîòâåòñòâóþùàÿ ñèñòåìà ìîæåò áûòü íå ðàçðåøåííîé. Îäíàêî àñèìïòîòè÷åñêàÿ ðàç-

ðåøèìîñòü èìååò ìåñòî.

Ëåììà 2.9 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3, èíäåêñû {ns = ns(N)} âûáðàíû

òàê, ÷òî ni ∕= nj åñëè i ∕= j è êîëè÷åñòâî ÷åòíûõ è íå÷åòíûõ èíäåêñîâ ðàâíû, òîãäà

íà÷èíàÿ ñ íåêîòîðîãî N , ñèñòåìà (2.41) ðàçðåøèìà.

Äîêàçàòåëüñòâî. Èç àñèìïòîòèêè ñîáñòâåííûõ ôóíêöèé (2.21)-(2.22) èìååì

�s = (−1)ns +O(n−1), �s = −1 +O(n−1).

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü ÷òî n2s
...2 è (n2s+1 − 1)

...2. Ïîñëå ïåðåñòàíîâêè

ñòîëáöîâ ìàòðèöà ïîëó÷èì

Ξq =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 −x1 x1 . . . −xq−1
1 xq−1

1

1 1 x2 x2 . . . xq−1
2 xq−1

2

−1 1 −x3 x3 . . . −xq−1
3 xq−1

3

...
...

...
...

. . .
...

...

−1 1 −x2q−1 x2q−1 . . . −xq−1
2q−1 xq−1

2q−1

1 1 x2q x2q . . . xq−1
2q xq−1

2q

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Åñëè â ïîñëåäíåé ìàòðèöå èç ñòðîê ñ íå÷åòíûìè èíäåêñàìè âû÷åñòü ïðåäïîñëåäíþþ, à

èç ñòðîê ñ ÷åòíûìè èíäåêñàìè âû÷åñòü ïîñëåäíþþ ñòðîêó, ïîëó÷èì

det(Ξq) = 2(−1)q−1

q−1∏
k=1

(x2q−1 − x2k−1)

q−1∏
k=1

(x2q − x2k) det(Ξq−1), n≫ 1.

Òàê êàê det(Ξ1) ∕= 0, ïî èíäóêöèè ïîëó÷èì æåëàåìûé ðåçóëüòàò. □

Ôîðìàëüíûé àëãîðèòì QP-D óñêîðåíèÿ ñõîäèìîñòè îïèñûâàåòñÿ ñëåäóþùèì îáðà-

çîì

∙ Çàäàíû ñîáñòâåííûå çíà÷åíèÿ {�n}, ñîáñòâåííûå âåêòîð-ôóíêöèè {vn} {�n}, ∣n∣ ⩽

N è êîýôôèöèåíòû {cn} ïðè n = 0,±1, ...,±N , N ≫ 1.

∙ Âû÷èñëèì çíà÷åíèÿ {Ãk, B̃k}, êàê îïèñàíî âûøå

∙ Çàäàâøèñü ÷èñëîì q, ðàññìîòðèì ñèñòåìó (2.39), (2.40). Åñëè îáîçíà÷èòü �1 =

�1 + �2 + ⋅ ⋅ ⋅ + �m, �2 = �1�2 + �1�3 ⋅ ⋅ ⋅ + �m−1�m, ⋅ ⋅ ⋅ , �m = �1�2 . . . �m, òî ñèñòå-

ìà (2.39) áóäåò ñèñòåìîé ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî �1, . . . , �m. Èñïîëüçóÿ

îáîáùåííóþ òåîðåìó Âèåòà, ìîæíî ïîêàçàòü, ÷òî �1, �2, . . . , �m ÿâëÿþòñÿ êîðíÿ-

ìè ïîëèíîìà ñ êîýôôèöèåíòàìè �1, . . . , �m. Àíàëîãè÷íûì îáðàçîì ìîæíî ðåøèòü

óðàâíåíèå (2.40).

∙ Âû÷èñëèì òåïåðü ôóíêöèþ Q(x). Òàê êàê êîýôôèöèåíòû Ôóðüå Qn ôóíêöèè Q(x)

ÿâëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè îòíîñèòåëüíî �n (2.34), èõ ìîæíî ïðåäñòà-

âèòü â âèäå ñóììû ïðîñòûõ äðîáåé. Òàêèì îáðàçîì, ôóíêöèþ Q(x) ìîæíî ïðåä-

ñòàâèòü ÿâíî, êàê ëèíåéíóþ êîìáèíàöèþ ôóíêöèé Gk(x, �, �) ïðè çíà÷åíèÿõ � ∈ �

è � ∈ �.

∙ Ôóíêöèþ Ãðèíà è åå ïðîèçâîäíûå ïðè êîíêðåòíûõ � è � âû÷èñëèì ñîãëàñíî ôîð-

ìóëå (2.16), à ïðè ýòîì ôóíäàìåíòàëüíàÿ ñèñòåìà ëåãêî âû÷èñëÿåòñÿ ðåøåíèåì

ñîîòâåòñòâóþùåé çàäà÷è Êîøè.
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∙ Ïðèäåì ê ôîðìóëå óñêîðåíèÿ ñõîäèìîñòè

Dm,q,N(f) = Q(x) +
N∑
−N

Fnvn,

ãäå Fn = cn −Qn.

2.2.6 ×èñëåííûå ðåçóëüòàòû

Â êà÷åñòâå ïåðâîãî ïðèìåðà ðàññìîòðèì êðàåâóþ çàäà÷ó

y′2(x)− (�+ cosx)y1(x) = 0, y′1(x) + (�+ cosx)y2(x) = 0. (2.42)

y1(−1)− y2(−1) = 0, (2.43)

y1(1)− y2(1) = 0. (2.44)

Îáùåå ðåøåíèå ñèñòåìû (2.42) íåòðóäíî âû÷èñëèòü ÿâíî

y1(x) = c2 cos(x�+ sinx)− c1 sin(x�+ sinx),

y2(x) = c1 cos(x�+ sinx) + c2 sin(x�+ sinx),

ãäå c1, c2 ïðîèçâîëüíûå ïîñòîÿííûå.

Îïðåäåëèòåëü Âðîíñêîãî â äàííîì ñëó÷àå (� = −�/4, � = −�/4 ) èìååò âèä

!(�) = − sin(2�+ 2 sin(1)).

ßñíî, ÷òî ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è (2.42)- (2.44) îïðåäåëÿþòñÿ ôîðìóëîé

�n =
�

2
n− sin(1), n = 0,±1,±2, ...,

à íîðìèðîâàííûå ñîáñòâåííûå âåêòîð ôóíêöèè èìåþò âèä

vn(x) =
1

2

⎛⎜⎝(−1)n cos(�nx+ sinx)− sin(�nx+ sinx)

cos(�nx+ sinx) + (−1)n sin(�nx+ sinx)

⎞⎟⎠ , n = 0,±1,±2, . . . .

Ðàññìîòðèì òåïåðü òåñòîâóþ âåêòîð ôóíêöèþ

f(x) =

⎛⎜⎝ sin(7x+ 1)

cos(1.1x+ 0.2)

⎞⎟⎠ (2.45)
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Ðèñ. 2.4: Îøèáêà ïðè ïðèáëèæåíèè ôóíêöèè (2.45) êîíå÷íîé ñóììîé ðÿäà Ôóðüå ñ ïîìîùüþ 10

êîýôôèöèåíòîâ Ôóðüå (N = 10)

Íà ðèñóíêå 2.4 èçîáðàæåíî ïðèáëèæåíèå ôóíêöèè ïðÿìûì ñóììèðîâàíèåì ðÿäà

Ôóðüå. Î÷åâèäíî, ÷òî â äàííîì ñëó÷àå ðÿä Ôóðüå íå áóäåò ðàâíîìåðíî ñõîäÿùèìñÿ,

òàê êàê f1(−1) ∕= f2(−1), f1(1) ∕= f2(1) , è íàëèöî ÿâëåíèå Ãèááñà.

-1 -0.5 0.5 1

-0.005

-0.0025

0.0025
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0.0075

HDRq,NHfLL2

HDRq,NHfLL1

Ðèñ. 2.5: Îøèáêà ïðè ïðèáëèæåíèè ôóíêöèè (2.45) ìåòîäîì KEG-D ïðè N = 10 è q = 3

Ðèñóíîê 2.5 èëëþñòðèðóåò óñêîðåíèå ñõîäèìîñòè àëãîðèòìà KEG-D. Êàê âèäèì ðàâ-

íîìåðíàÿ îøèáêà ïðèáëèæåíèÿ â ïîñëåäíåì ñëó÷àå íà 2 ïîðÿäêà ìåíüøå, õîòÿ èñïîëü-

çîâàíû òå æå êîýôôèöèåíòû ðàçëîæåíèÿ.

Íà òàáëèöå 2.1 ïðèâåäåíû ðàâíîìåðíàÿ è L2
2 îøèáêà ïðè ïðèáëèæåíèè ôóíêöèè

(2.45) ìåòîäîì KEG-D äëÿ q = 2 è q = 3. Ýòè è äðóãèå ÷èñëåííûå ðåçóëüòàòû õîðîøî

ñîãëàñóþòñÿ ñ òåîðåòè÷åñêèìè ðåçóëüòàòàìè, ïîëó÷åííûìè â òåîðåìàõ 2.3 è 2.4.
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N 10 20 40 80 160

∥DR2,N(f)∥∞ 0.026 0.0064 0.0016 4.1× 10−4 9.9× 10−5

∥DR2,N(f)∥2 0.014 0.0023 4.1× 10−4 7.3× 10−5 1.2× 10−5

∥DR3,N(f)∥∞ 0.009 0.0011 0.00014 1.8× 10−5 2.2× 10−6

∥DR3,N(f)∥2 0.004 4.0× 10−4 3.6× 10−5 3.3× 10−6 2.9× 10−7

Òàáëèöà 2.1: Ðàâíîìåðíàÿ è L2
2 îøèáêà ïðèáëèæåíèÿ ôóíêöèè (2.45) ìåòîäîì KEG-D

äëÿ q = 2 è q = 3

Ðàññìîòðèì òåïåðü äðóãîé ïðèìåð.

y′2(x)− (�+ coshx)y1(x) = 0, y′1(x) + (�+ coshx)y2(x) = 0, (2.46)

y1(−1)− y2(−1) = 0, (2.47)

y1(1)− y2(1) = 0. (2.48)

Ëåãêî âû÷èñëèòü ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è (2.46) - (2.48):

�n =
�

2
n− sinh(1), n = 0,±1,±2, ...,

vn(x) =
1

2

⎛⎜⎝(−1)n cos(�nx+ sinhx)− sin(�nx+ sinhx)

cos(�nx+ sinhx) + (−1)n sin(�nx+ sinhx)

⎞⎟⎠ , n = 0,±1,±2, ...

Òåïåðü ðàññìîòðèì òåñòîâóþ âåêòîð ôóíêöèþ

f(x) =

⎛⎜⎝sin(x+ 0.1)

J1(x)

⎞⎟⎠ , (2.49)

ãäå J1(x) ôóíêöèÿ Áåññåëÿ.

Ðèñóíîê 2.6 èëëþñòðèðóåò îøèáêó ïðèáëèæåíèÿ ôóíêöèè (2.49) óñå÷åííûì ðÿäîì

â áëèçè òî÷åê −1 è 1.
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Ðèñ. 2.6: Îøèáêà ïðèáëèæåíèÿ DRN (f) = DN (f)− f(x) óñå÷åííûì ðÿäîì Ôóðüå (N = 180).
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Ðèñ. 2.7: Äåñÿòè÷íûå ëîãàðèôìû îáðàòíûõ âåëè÷èí ðàâíîìåðíûõ îøèáîê ïðè àïïðîêñèìàöèè ìåòî-

äàìè KEG-D è QP-D.

Óêàçàí ïîðÿäîê ðàâíîìåðíîé îøèáêè àïïðîêñèìàöèè ôóíêöèè (2.49) ìåòîäàìè KEG-

D è QP-D äëÿ ðàçíûõ çíà÷åíèé N . Ëåâàÿ ÷àñòü ñîîòâåòñòâóåò ñëó÷àþ q = 4, m = 3, à

ïðàâàÿ - q = 5, m = 4.
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Çàêëþ÷åíèå

Ðåçþìèðóÿ ñêàçàííîå, ìîæíî îòìåòèòü, ÷òî â äèññåðòàöèîííîé ðàáîòå ïîëó÷åíû

ñëåäóþùèå ðåçóëüòàòû:

∙ Â ïåðâîé ãëàâå äèññåðòàöèè äîïîëíÿþòñÿ íåêîòîðûå ðåçóëüòàòû ðàíåå èçâåñòíûõ

ðàáîò, ñâÿçàííûõ ñ óñêîðåíèåì ñõîäèìîñòè êëàññè÷åñêîãî ðÿäà Ôóðüå. Â ÷àñòíî-

ñòè, ïîëó÷åíû òî÷íûå àñèìïòîòè÷åñêèå îöåíêè KEG è QP - ìåòîäîâ, èçó÷åíà çà-

âèñèìîñòü îøèáêè ïðèáëèæåííîãî îïðåäåëåíèÿ ñêà÷êîâ îò âûáîðà èíäåêñîâ {ns}

â ñèñòåìå (0.9).

∙ Ðàññìîòðåíî ìîäåëüíàÿ ãðàíè÷íàÿ çàäà÷à

i
du

dx
= � "(x)u(x), u(−1) = u(1). (2.50)

ñ ðàçðûâíûì êîýôôèöèåíòîì (âåñîì) "(x). Äëÿ ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíê-

öèÿì ýòîé çàäà÷è ïîñòðîåíû àëãîðèòìû óñêîðåíèÿ ñõîäèìîñòè.

∙ Ðàññìîòðåíà ãðàíè÷íàÿ çàäà÷à äëÿ îäíîìåðíîé ñèñòåìû Äèðàêà,

y′2(x)− (�+ p(x))y1(x) = 0, y′1(x) + (�+ r(x))y2(x) = 0, (2.51)

y2(−1) cos� + y1(−1) sin� = 0, (2.52)

y2(1) cos � + y1(1) sin � = 0. (2.53)

Äëÿ ôóíêöèè èç êëàññà f ∈ C1
2 [−1, 1] ïîêàçàíî, ÷òî ñóùåñòâóåò ÿâëåíèå ïîäîáíîå

ÿâëåíèþ Ãèááñà äëÿ êëàññè÷åñêîãî ðÿäà Ôóðüå.

Ðåçóëüòàòû, îòíîñÿùèåñÿ ê ñèñòåìå Äèðàêà, ïîçâîëÿþò â ïîëíîì îáúåìå ðåøèòü

çàäà÷ó óñêîðåíèÿ ñõîäèìîñòè ðàññìîòðåííûõ ðàçëîæåíèé Ôóðüå-Äèðàêà, äëÿ ãëàä-

êèõ íà îòðåçêå [−1, 1] ôèíêöèè âêëþ÷àÿ êàê òåîðåòè÷åñêèå îöåíêè ñõîäèìîñòè,
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òàê è êîíñòðóêòèâíîå îáîñíîâàíèå àëãîðèòìîâ ðåàëèçàöèè ìåòîäîâ KEG-Ä è QP-

D. Àíàëîãè÷íî ñëó÷àþ ðÿäîâ Ôóðüå (ñì. [25]), èç ïðåäñòàâëåíèÿ ôóíêöèè Ãðè-

íà (2.16) ñëåäóåò, ÷òî ìåòîä QP-D ïîçâîëÿåò âûÿâëÿòü ñêðûòûå îñöèëëÿöèîííûå

ñâîéñòâà êîìïîíåíòîâ ðàçëàãàåìîé ôóíêöèè.

∙ Ïðàêòè÷åñêàÿ ýôôåêòèâíîñòü ðàçðàáîòàííûõ àëãîðèòìîâ ïîäòâåðæäàåòñÿ ÷èñ-

ëåííûìè ýêñïåðèìåíòàìè, ïðîâåäåííûìè ïðèìåíåíèåì ñèñòåìû MATHEMATICA.

Äâà ïðèìåðà ýòèõ ýêñïåðèìåíòîâ, ïðèâåäåííûå â ðàáîòå, ïîäòâåðæäàþò ýòî â ñëó-

÷àå ÿâíûõ âèäîâ ñîáñòâåííûõ ôóíêöèé è ñîáñòâåííûõ çíà÷åíèé.
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