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Abstract

In this paper we introduce several iterated convolutions and establish weighted L,,p >
1, — norm inequalities for them by using the Holder’s inequality and the transform of inte-
grals. Applications to wave and heat equations, Klein-Gordon equation are also considered.

Especially, we will see their applications to inhomogeneous differential equations.
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1 Introduction

Many boundary value problems and initial value problems in applied mathematics, mathe-
matical physics, and engineering sciences can be effectively solved by the use of the integral
transforms. In order to give physical interpretations of the solutions, various convolution
type transformations were introduced. The transform method combined with the convolu-
tion theorem provides an elegant representation of the solution for many boundary value and
initial value problems. Therefore, the estimates for the solutions of many equations usually
base on the convolution inequalities. As we know, the Fourier and Laplace convolutions are
certainly the best known of the convolution type transformations. We restate the Young’s

inequality, which is a fundamental tool to estimate the Fourier convolution here.
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CONVOLUTION INEQUALITIES AND THEIR APPLICATIONS

Let f € L,(R"), g € L,(R"), and p~' + ¢~' > 1. The Young’s inequality (see [15]) says
that the Fourier convolution

fxg=[ [flyglx—y)dy
R'n
belongs to L,(R"), where ' = p~! + ¢~! — 1, and moreover,

1F gllr < 17 1Ipllglo- (1)

Note that for the typical case of f, g € Ly(R™), the inequality does not hold. In [14], by
considering the L, - norms in weighted spaces, S. Saitoh gave convolution norm inequalities

in the form
1f * gll, &m0y < 1L, @ 0|19l L, @ 0)- (2)

Unlike the Young’s inequality, inequality holds also in case p = 2.
In recent publications ([, I1]), the first two authors have given several new type of

convolution inequalities in weighted L,(R™, p) (p > 1) spaces in the following form

(o)« Bap) (o1 02077 || < B ) Iy o, (3)

Lp(R™)

and derived its applications (see [B, [6] [1T]).
Furthermore, in [10] we generalized inequality to the iterated Fourier convolution,

namely

m m 71 m
H* ]p] (H *p]’) H ‘F HLp R™,p5)- (4)
o o L) 77
From the above inequality, we not only derived an important extension of Saitoh’s inequality
([13, Theorem 1.2]) but also obtained several inequalities for the Fourier transform which
have been successfully implemented in many Lo— weighted integral estimates for the so-
lutions of partial differential equations. As we see from the proof the inequality , our
basic idea comes from the Holder’s inequality and the transform of integrals. So, for various
type iterated convolutions, we can also obtain similar type iterated convolution inequalities.
Indeed, several weighted L,,p > 1, norm inequalities in iterated Laplace convolutions ([9])
were derived by a simple and general principle whose Ly version was given by S. Saitoh ([12])
and obtained by using the theory of reproducing kernels. These inequalities are very con-
venient for various applications to fractional differential equations in weighted L,— spaces
(see [9] for more details).

For our specific purpose, we will introduce various iterated convolutions inequalities in

L,(R™, p) spaces.
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2 Preliminaries

Throughout this paper, by € = (z1,...,x,), z; € R, j =1,2,...,n, we denote a vector in R".
In particular,
1=(1,1,..,1), 2=(2,2,..,2), ... (5)

We shall write £ > y to denote z; > y;, 7 = 1,2,...,n. Anologously one has to understand
x>y <y, x<y.

We always assume that p and p;, j =1,---,¢ -the weight functions, to be nonnegative,
and 1 < p < oco. When we write A < B, we understand that if B is finite, then A is also
finite, and bounded above by B.

We shall denote some subsets of R"

RY(t)={x:xcR",0<x <t} (6)
R ={zx:x e R"t<x < oo}. (7)

Let D be a domain in R", F;(.): D - R, i=1,--- ¢, and ¢(.,.),%(.,.) : D x D — D.

Then, we introduce a convolution type integral, called the ¢p— convolution

Definition 2.1 ([1])]) The ¢— convolution of Fy and F», denoted by Fy *, F», is defined by

(Fy #, Fy)() = / FL (&) Fali(€.1)) (€, m) | dE, (s)

D

when this integral exists. Here,

|on(&,m)| = det (%@(Sﬂ))

is the Jacobian of the transformation n — (., n).

Example 2.2 The following convolutions are particular cases of the p—convolution ([1],
H):

e The Fourier convolution
e The Laplace convolution

Fy 5o By ;:/ Fi(r)Fa(t — T)dr, teR". (10)
R (2)

o The Mellin convolution

Fy xon Fy := / Fi(z)Fy(t/x)x 'de, teR?. (11)
R

n
+
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Definition 2.3 The Fourier-Laplace convolution of G1(7,¢) and Go(7,¢) is defined by
(Gl *5.£ GZ)(S? "7) = / © dT/ Gl(Ta C)G2(€ -7, - C)dc (12)
n £ n
"

Remark 2.4 We observe that the Fourier-Laplace convolution is a special case of the p—convolution.

Then, by using the Holder’s inequality ([8, p. 106]) we have

Lemma 2.5 For non-negative functions p; on D(j = 1,2) such that the convolution py *, ps

exists and for functions F; € Ly(D, pjdx;), j =1,2; p > 1, we have the inequality

[(Fip1) #o (Fap2)) () < ((p1 % p2) ()"~ ((IFL p1) %, ([ F[7p2) (1)) (13)

for allm € D. Equality holds here if and only if there exists a function k(n) in n such that

Fi(§)Fa(p(&m)) =k(n) ae. onD. (14)

Definition 2.6 Define the p— convolution product (iterated p—convolution) [T_, *,F}; by

q—1

*ij(Eq> = [H o L

j=1

*p Fq(Eq)- (15)

q

7j=1

Under the stated assumption, we have

Lemma 2.7 For non-negative functions p; on D such that the convolution Hj‘=1 *,pj €Tists

and for functions F; € L,(D, p;dx;), j =1,...,q; p > 1, we have the inequality

< (H *¢pj<sq>> [ 0EFp)(E,) (16)

j=1 j=1

[T +(Fir)(&,)

for all €, € D. Equality holds here if and only if there exist some functions k(§;), & € D,

such that l

Fi&) [ File(&1.€)) = k(&), 1=2,....q (17)

=2

Proof. We use induction on g. When ¢ = 2, the inequality and the equality statement

are reduced to Lemma
Now suppose and hold for some integer ¢ > 2. We claim that they also hold

for ¢ + 1.
For each &, ,, put

q

(p—1)/p
fe, .. (&) = {H *@pj(éq)ﬂqﬂ(w(&q,£q+1))|¢sq+1(€q,£q+1)!}

J=1
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and

1/p
gqu *o (| F517ps)( /)q+1< <€q7£q+1))’90£q+1(£q7£q+1)|}

’:]Q

7j=1
X |Fq+1(90(€qa €q+1))|'

By induction hypothesis, we arrive at

[T (Fn) )| < (Hmmm) o (Frapgnal) (€:)

S/[)f£q+1<£q)g£q+1<€q)d£‘f

Application of the Holder’s inequality to fe ., (§,) and ge ., (&,) yields

([ e €pmentenne) < { [ eoporae) [ o, e

= {H*@Pj<£q+1>} H*Lp(|Fj|ppj)(£q+1)~

J=1 Jj=1

Hence, we have

H*W(F}pj)<€q+l) < <H*@Pj(£q+1)> H (1E57p5) (€q)- (18)

Equality holds in if and only if

(H *0p;(& )> H*s@ | E51Pp;)( (19)

J=1

and

[fe,. (€170 /D[g.sw(ﬁq)]pdﬁq = [9§q+1(€q)]p/D[fsqﬂ(ﬁq)]p/(p_l)déq. (20)
By induction hypothesis, we have and (20)), and therefore the assertion follows. [

From the ¢p— convolution and the 1)— convolution, we get the following definition

Definition 2.8 Under suitable hypotheses for the ¢— convolution Fy *x, Iy and the —
convolution Fy %y Fy, the (¢ +1)— convolution, denoted by Fy %,y Fo, is defined by

(Fy iy F2) () = /DFl(T) [F2(o(T, €))@e(T, )| + Fa (v (7, &) |be (7, €)[ dr. (21)

We also define the iterated (p + 1)— convolution by

q q—1
H o+l (€,) = [H * oty b

J=1 Jj=1

*oro Fo(&y)- (22)
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Example 2.9 The Fourier cosine convolution (see [16, [17])

1

Fl *Sc F2(m> = (271_)%

/n Fl(y)[F2(w+y)+F2(|m—y|)]dy (23)

is a special case of the (¢ + 1) — convolution.

Lemma 2.10 For non-negative functions p;, j = 1,2, on D such that the convolution
P1 *piy P2 exists, and for functions F; € L,(D,p;(&)d§), j = 1,2; p > 1, we have the

imequality

|(F1p1) #grp (Fopa) (€)1

) (24)
< (1 #pp p2(€))" (1117 01) *pry (|F2[Pp2)(€)
for all & € D. Equality holds here if and only if
[Fa(p(T,8))| = [Fa(d(T,€))], V(T,§) € DxD (25)

and Fi(T)Fy(p(T,€)) =k(€) a.e. on D,
for a function k(&) in €.
Moreover, we also have the following generalized result:

Lemma 2.11 For non-negative functions p;, j =1,2,...,q, on D such that there exists the
convolution H?:1 *prppj, and for functions F; € Ly(D,p;(§)dE), 7 =1,2,...,q; p > 1, we

have the inequality

q
H o1 (F5pi)(€g)

J=1

< (H *<,0+¢’pj(£q)> [T #eru(E5P0)(E,) (26)

j=1 j=1

Jor all §, € D. Equality holds here if and only if

[Ei(p(T, )| = [F5((T, )|, ¥V (1,§) € DX D, j=2,..4, (27)

and for some functions k;(§,;), & € D, such that

l
FE) [[Fi(e&-06)) = khl&), 1=2..q (28)

Proof of Lemma [2.10] By the Holder’s inequality, we have

|E2 (0 (7, €))p2(0(T, &) 0e (T, &) + Fa((7, §)) p2(0h(7, €)) [v0e (7, €|
<(IB(p(T, €)oo (7, €)) e (7, &) + [ Bt (7, €)) P ol (7, €)) [oe (T, VT (29)
X (pa(0(T, )l pe(T, &) + pa( (7, ) [the(T. )N~V
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For all £ € D, let

Fe(T) = (o1 (7)) P~V (pa(0(7, €)) e (T, E)| + p2 (Wb (7, ) e (T, €))7
and

9¢(T) = (IFa((7,€) P p2(p(7, €)) e (7, €)| + | Fa(w(7, €)) ot (7, ) [the (7. )))
x| By (T)|(pa (7)) 0.

Application of the Holder’s inequality to fe(7) and ge(7) yields
[(F1p1) *pryp (Fop2)(€)IF < (01 %1y p2(€))7 7 (|1 1) Hgies (| F2[Pp2) (€).- (30)

The equality holds if and only if equality holds in and in (30). So we have (25). O

Remark 2.12 Similarly, for ©’(.,.) : D x D — D,j = 1,2,....,q, we can introduce the

> i—1 P’ — convolution

(Fy sy, o F2)(€) ._/ Z{F2 )h(r,€)|} dr (31)

and for all & € D we also have the inequality

[(F1p1) 5 i (Fap2) (€[ (32)
< (P #xm, p2(€))P (|F1[Pp1) ko ([F2lPp2)(8).

For the sake of convenience, we restate the inequality of Hardy, Littlewood and Pélya [7,
pp. 148-150] (see also [§, p. 106]) here.

Lemma 2.13 Ifp > 1, then

1/p

IS i aa] "< [ [ 1uteras 3

with equality if and only if f.(x) = Cpg(x), where C,, are constants and g(x) is an integrable
function.

3 The main results

Our main result is the following:

Theorem 3.1 For non-negative functions pj, j =1,2,...,q, on D such that the convolution
-1 %ppj exists, and for functions Fj € L,(D,p;jdx;), j = 1,...¢; p > 1, we have the

mequality

(H *o(Fjp; ) <H *@Pj> ” H | F||2,(D.0,)- (34)

=1 Lp(D)
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FEquality holds here if and only if there exist some functions k;(§,), & € D, such that

!
&) [ File€;1.€6)) = k&), 1=2...q (35)

Jj=2

Remark 3.2 From the above theorem, we can derive inequalities for iterated convolutions
obtained previously:

e For the iterated Fourier convolution [[j_, *3, we have ([J])

(H *S(Fjpj)> (H *@Pj) p < H IE5 || e ) - (36)

=t 7=t Lyp(R")

e For the iterated Laplace convolution [[]_, x¢, we have ([I0])

q %71 q
(TTsts0) (T1-o0 =1 (PR
Jj=1 Jj=1

J=1
Lp(RT)

Jamf

o For the iterated Mellin convolution [[j_, *on, we have ([10))

q q %71 q
(H *sm(Fij)> (H *fmpj> < [Tz, g 0)- (38)
j=1

j=1 j=1
Lp(RY)

Proof of Theorem [3.1] From Lemma [2.7, we have

?) (H *cppj(ﬁq)) < [T #-(EPo)E,). (39)

Jj=1 7=1

Now, by taking integration of both sides of with respect to £, on D we obtain the
inequality

J

Here we have, by definition,

/TI (F 705 ( dé—//[ﬁmuwm £,0)

pQ(SD(qul’ €q)) |<10£q (5(1717 éq) ’déqqdfm
which is, by the Fubini’s theorem and the change of variables x, = gp(ﬁq_l, €q),

:/D [1:[ *%"(|Fjlppj)(£q—1)] dﬁq_l/D\Fq(wq)]ppq(ch)dwq.

j=1

q

H Fip)(

I(ﬁww y %</Tllﬂm )i

Jj=1

| Fo(p (€415 €I

8
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Therefore,

q

H o (Fjpi) (&)

Raising both sides of the inequality to power 1/p yields the inequality .
Equality holds here if and only if equality holds in Lemma , and we have . Il

(H *wﬂj(&;)) g, < H/D|Fj(=’13)|ppj(w)dw- (40)

J=1

We now show the inequality for a sum of iterated ¢— convolution

Corollary 3.3 Let functions p; ., be non-negative on D such that the convolution H?Zl *o05.m (&

exists. Then, we have the inequality for the sum of iterated ¢p— convolution

n q %_1
Z ( *o (EjmPjm ) (H *<ppj,m>
=1 \j=1 j=1

L,(D) (41)

n q
< Z H HF‘J}m“Lp(Dijm)

m=1j=1

::@

for functions Fjn, € Ly(D, pjmd€;,,), j=1,...,¢; m=1,...n, p> 1. Equality holds here
if and only if there exist some functions kim(&;,,), &, € D, such that

l
Flm élm HF}m g 1,m7£j,m)) = kl(ﬁl,m)? [ = 27 sy @y T = 17 ey T, (42)
7j=2

q
kgm(x) H *opim(@) = Cph(x), x €D, C,: constants, m=1,...,n, (43)

j=1

where h(x) is an integrable function.

Proof. By Lemma [2.13] we first observe that

n q %_1
Z ( *o(EjmpPjm) > (H *ij,rn)
= = Ly(D)
n q q %_1
< Z <H *<P(Fj,mpj,m)> (H *s@pJM) )

m=1 || \j=1 j=1
Lp(D)

’:]Q

which is, by Theorem [3.1],

n

q
LT 1E .00

m=1 ]:1

The equality holds if and only if for an integrable function h(x)

H *cp Jmp]m ) (H *cppj,m(w>> = H *v(’Fj‘ppj)(w) = th(w>>

7=1 Jj=1 J=1

where (), are constants. Thus the Corollary is proved. [

9

q,m)
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Corollary 3.4 For non-negative functions p; on R" xR such that the convolution H§:1 *5 opj
exists, and for functions Fj € Ly(R" x R, p;d€;dn;), j =1,....q; p > 1, we have the in-
equality

q q %_1 q
(H *&S(Fjpj)> <H *s,s/h’) < TTIE Ly n i o) (44)

Jj=1 Jj=1 Jj=1
Lp(R™xRT)

Equality holds here if and only if
Fj(€,m) = C;e®P1 . (&,m) e R" xRT, C;: constants, (45)
where a € R", B € R™ are two constants such that F; € L,(R™ x R, p;d€.dn,;).
Remark 3.5 In Corollary[3.4), let ¢ =2, m =1,
pr=1 and Fry(§—x,t—7)=G(€ —x,t —T),

for some Green’s function G(& — x,t — 7). Then, we have the inequality
dx

Jo Je
/ / ' (Ji i (e, I )" (46)
< [ ar [ F@orie i [Ci [ (G s,

for p(x,t) € L1(R" x R, dxdt).

T)G(E — 2t — T)d:cdr‘p

Remark 3.6 Inequality can be generalized further as follows

p

dt dx

F(x,7)p(x, 7)G(€ — x,t — T)dxdT

n

-1

( / NG )|d§> (47)
x/o dr Rn\F(E,T)|P’p(§,7)|/OTdT/a:g|G(:c,r)|Pd:cd£.

From Lemma 2.10] we obtain

Theorem 3.7 For non-negative functions pj, j = 1,...,q, on D such that the convolution
H?Zl *prppj €xists, and for functions F; € L,(D,p;dx;), j =1,...,q; p > 1, we have the
1mequality

1_1(IP

H *wd)(Fij)) (H *sa+¢pj> p <207 H |E} HLp (D.pj) (48)

j=1 j=1
Ly(D)

10
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The equality holds in if and only if

[Fi(o(m, ) = [E5(0(T,8))l, V(T.§) e DxD, j=2,.4q, (49)

and for some functions k;(§,;), & € D, such that

l

Fi &) [[Eite(g1.6) = k&), 1=2,...q (50)

Jj=2

Corollary 3.8 For non-negative functions p;, j =1,...,q, on RY such that the convolution

H?Zl *z p; exists, and for functions F; € L,(R"Y, pjda;), p > 1, we have the inequality

1_1(IP

(f[ *a(ﬂ-m)) <f[ *Scpj> p

Jj=1 J=1

Ly(R1) (51)

<[4 1f[|| BB

Remark 3.9 In Corollary (3.8, for p, =1 and F, = G, we have

q—1
| (H *&(Fjpj)) x5, G
j=1

for pj € Li(R%) and for functions F; and G such that the right hand side of 18 finite.

p

L n) ) (52)
= {—2 rq ||G||p | | || || ql_l H ||
< ) Pj n FillL,®n

5N Lp(R™) JIL ]R JILp(RY ,pj)

2 1 N +F7

Proof of Corollary We have

/.

[T 5s.(Fin)(&,)

7j=1

(H *&cpj(ﬁq)> dg,

Jj=1

/ H (IF705)(€, )€,

(53)

Since

/n [1Fo(&y+ &, 1)1"pg(€y + €4 1) + 1Fo(1€, — €1 DI pa(1€, — &,-11)] dE,

R%

= [ EraGa s [ E@Paod s [ IF©rs e

€g—1

= 2||Fq||lzp(R1,pq)a

11

11
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and from the Fubini’s theorem, its follows that

/f:[ (IF705) (€, )€,

2 =
IWHFqHﬁp +pq/ [ #5.(

+]1

F| /)g q 1>d€q 1

Therefore,

/H*S (1F5170;)(&,)dg {\/j—ﬂnr 1f[ll El, g - (54)

+ j=1

Combining and (54 . yields . U

Now, from Theorem [3.7] and Lemma [2.13] we have

Corollary 3.10 For non-negative functions p;, on D such that the convolution H?:l * ptap Pg,m

exists we have the inequality for the sum of iterated (p + 1)— convolution

Z (H *¢+¢(Fj,mpj,m)> <H *so+ij> p

m=1 \j=1 j=1 L,(D) (55)
<27 1X:HH jim | Lo (D)
m=1 j=1
The equality holds here if and only if
|F}7m(§0(7'7€)>| = ‘F}7m(1/}(T,€>>’, \V/ (T7£) S D X D7 j = 27 »q, M 17 - N, (56)

and for some functions kim(&; ), & € D, such that

l

Fl,m(sl,m) H Fj,m(gp(sjfl,ma Ej,m)) = kl(El,m)v [ = 2., q, m= L..,n, (57)

j=2
q
kgm(x) H*@+¢pj7m(w) =Cph(x), xe€D, C,: constants, m=1,...,n, (58)

Jj=1

where h(x) is an integrable function.

4 Applications

In this section we will get L, integral estimates for the solutions of the inhomogeneous Cauchy
problems for the wave equations, the linear Klein-Gordon equation, the Cauchy problems
for the inhomogeneous heat equations ([1], [3], [4]).

12
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4.1 The Inhomogeneous Cauchy Problem for the Wave Equation
Let
1 forz >0,

0(z) =
0 forz <.

Consider the integral transform

(1) QC/dT/”C” (€, )

(59)
dr / ot —7) — o — €]) (€, 7)p(€, 7).

which gives the formal solution u(x,t) of the inhomogeneous wave equation (|3, pp. 54-55],
see also [4], [1])

Uy = gy + F(x,t)p(x,t), v €R, t>0, (c>0isa constant), p >0, (60)
satisfying the homogeneous initial conditions
u(z,0) = uy(x,0) =0, on R. (61)

Then, from (47) we have the inequality

[ [ i< L ([ [ o)

-1

(62)
/ dt/ F(z,t)Pp(z,t)dx, VYT >0,
for p € L1 (R x [0, 7], dzdt) and F € L,(R x [0,T7], p(z,t) dzdt).
We consider the non-perfectly elastic string equation
0%u 1 [0 [ Ou
— = F(t)p(t <x<b t >
BT T()L()x(pa)—i—qu]jL (t)pt), a<x<b t>0,p>0, (63)
with the boundary conditions
aju(a,t) + aguz(a,t) = 0;  byu(b,t) + bouy(b,t) =0, ¢ >0, (64)
and the initial conditions
u(z,0) =0 =u(z,0), a<x<b, (65)

where p, ¢ and r are assumed to be continuous functions of x in a < x < b and aq, as, by, by

are real constants such that
ai+a3>0 and b]+b5>0.

13

13
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Following the method of separation of variables, we obtain the solution of the string equation
(63)) in the form (see [3, pp. 94-96])

u(mt) = [ain%(x) / 60 (€)de /0 sin an(t — 7)F(7)p(r)dr | (66)

Here, A\, = —a? and ¢,,n = 1,2, ..., are the eigenvalues and the orthonormal eigenfunctions

respectively of the equation

where A is a separation constant, with the associated boundary conditions for ¢(x)
arp(a) + asd'(a) =0, byp(b) + bag'(b) = 0. (68)

From Corollary the formal solution u(z,t) satisfies the inequality

/OT lu(z, t)|Pdt < (/OT p(t)dt)p

() / b(E)dt

[ IRt
0 » (69)
x T ]

D

n=1

for all 7' > 0 and for p € Ly([0,T7), F € L,([0,T7], p(t)dt).

4.2 The Klein-Gordon Equation

The one-dimensional inhomogeneous Klein-Gordon equation is given by
Uy — gy + d*u = F(z,t)p(z,t), z€R, t>0 p>0, (70)
where ¢ and d are constants, with the initial boundary conditions

u(z,0) =0 =w(x,0), for z€R, (71)
u(z,t) — 0 as |z|] — o0, t>0. (72)

Application of the joint Laplace and Fourier transform gives the solution as (see [3], pp.
558-560])

ety =y [ar [ [ET T G Penme s @

Here, Jy(x) is the Bessel function of the first kind of order zero, given by ([4, pp. 592-598])

wia) =3 =0 (5)"

r=0
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CONVOLUTION INEQUALITIES AND THEIR APPLICATIONS

For all T' > 0, application of Lemma [2.13| gives

o 1 d 2r T2r+2/p 1 1 1/p]?
< AT ap T (L (L
‘lzw (2) ERCTESIEE [2 (2’”” |

5 rp + 1) < 1,2rp+2 > 2, and the representation

of the modified Bessel function of the first kind of order zero Iy(z),

1 1

which is, by using the inequalities §B <—,
T2

< %Ip(dT)

By the inequality , the formal solution u(x,t) satisfies the following estimate

p—1

2 P
/dt/ u(z, t)[Pde < CT il (/ dt/ a:tdx)
(74)
/dt/ F(z,t)Pp(z,t)dz, VT >0,

for p € L1(R x [0, T],dzdt) and F € L,(R x [0,T], p(z,t)dzdt).

The two-dimensional linear inhomogeneous Klein-Gordon equation is

Uy — & (Uge + Uyy) + dPu = F(z,y,t)p(x,y,t), z,y€R, t>0, p>0. (75)
The initial boundary conditions are

u(z,y,0) =0 = u(x,y,0), forall z and v, (76)
u(z,y,t) — 0 as r=+a2+y?>—o0, t>0. (77)

Application of the joint Laplace and Hankel transform of order zero gives the solution as

u(z,y,t) / dT/ / (x,y,t;&,n, T)dEdn. (78)

Here, the Green function G(x,y,t;&,n,7) assumes the form

1 B2\ /2 B2 B
= <A2—§> dyf 42— = 9<A—?>, (79)

where A=t — 7 and B? = (z — £)* + (y — n)*.

G(z,y,t;€,n,7) =

15
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CONVOLUTION INEQUALITIES AND THEIR APPLICATIONS

For all T"> 0 and for 1 < p < 2, we have

T ') [e%e)
/dt/ / G (z,y,t;:&,n, 7)|Pdedy
c2t2—y $2+y2 —p/2
- dxd
27ch / // ( c? > o
1 2-p 2,2 1
dt At —»)/2q
<2m> ( )/ / Y

2 3—p _ _
_ T B(12=r\p 1,u '
(3—p)(2rc2)p \ 2" 2 2 2

So, for all 7' > 0 and for 1 < p < 2 we obtain the following estimate

/ dt/ / u(z,y,t)[Pdedy

<amer (373) 7 (53 ([ [ Lo nmn)

/ dt/ / F(z,y, 1) p(z,y, t)dzdy,

where p € Ly (R? x [0, T], dzdydt) and F € L,(R? x [0,T7], p(x, y, t)dzdydt).

(80)

4.3 The Cauchy Problem for the Inhomogeneous Heat Equation

The equation of heat conduction with sources is given by

w(t, ) — FAu(t, ) = F(t,x)p(t,z), (t,x) Ry xR p>0,

where Fp € Ly for every t € R, , under the initial value condition
u(0,x) = 0.
Its solution has the form (see [I, pp. 58-59])

Taé)p ) ’E_"L’P
w.0) = g | o [ T o { i e

It is easy to check that

/Td / 1 PIEPY je _ (20} 271 —n(p=1)/2
exp{ — =
0 ’ rn TPV/? P aer Vi) 2—n(p—1)

forall T'> 0 and for 1 < p <1+ 2/n.
Then, by using (47), for all T > 0 we obtain the inequality

T
/ dt [ |u(t,z)Pdx
0 Rr

1 Tl n(p—1)/
S(Wp)"/22—n (/ dt/n twdw)

T
« / it [ 1P )P ot @)de,
0 Rn

p—1
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for p € L1([0,T] x R”,dtdz) and F € L,([0,T] x R", p(t, x)dtdx),1 <p < 1+2/n.
Finally, let us consider the one-dimensional heat equation with variable conductivity of

material in the form
v 0 v
R - F <z < >
O IR U O E N S ET N €
with the boundary conditions for ¢ > 0
av(a,t) + agvg(a, t) = 0;  byv(b,t) + bav,(b,t) =0 (86)

and the initial condition

v(xz,0) =0, a<z<b. (87)

We use the method of separation of variables to seek a solution of the equation in the
form (see [3, pp. 96-99])

oo 1) = i uta) [ 0001t [ explnn(t = )t (58)

Then, we have the inequality
T
| IF@pa
0

/OT (e, £)|Pdt < (/OT p(t)dt)p
i% (exp{p)\ 2T} — ) /% \de

for all 7> 0 and p € Ly([0,T)), F € L,([0,T7], p(t)dt).

-1

] (89)
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