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Existence of a solution in the Holder space
for a nonlinear functional integral equation

D. Saha, M. Sen, N. Sarkar, and S. Saha

Abstract. This article is entirely devoted to the application of
the measure of noncompactness defined in the Holder space. Here
the emphasis is on the study of the nonlinear functional integral
equation with changed arguments. Precisely, the existence of a
solution is obtained by employing the Darbo fixed point theorem
under certain hypotheses. Finally, we provide a tangible example
which supports our results.
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Introduction

Nonlinear integral equations in abstract spaces have become an important
topic of research. Specifically, solutions of nonlinear integral equations in
various Banach spaces have been studied extensively by many researchers,
e.g., [1, B 8, O [M1], and so on. Recently, a few works appeared where
the analysis has been done in Holder spaces (see, for example, [6]). In
this work, we have attempted to study the following nonlinear functional
integrodifferential equation

b

olt) = F0)+ [ 96O (6 y(@l€).y GOy EON " dIC) e, (1)

a

where @, b, ¢ and d are continuous nondecreasing functions from [a, ] to [a, ]
in the Holder space C*7(2) where € is a compact subset of RN (N > 1),
k € N and v € (0, 1].

C*7(Q) is a Banach space with the norm

[0lly = [lVllx + Sjaj=kl[ D[l 2 < o0,
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where ()~ v(w)
v(z) —o(y
[ollazn = sup =+ |v(zo)]
syeQary T — Y|
and z( is an arbitrary point in 2. More details of this space can be found

n [10].

1 Preliminaries

Suppose Y is a Banach space, My is the collection of all nonempty and
bounded subsets of Y, and Ny is its subcollection comprising of relatively
compact sets.

Definition 1 [3] A function v : My — R is said to be a measure of
noncompactness in Y if it satisfies the following conditions:

(i) kerv = {A € My : u(A) = 0} is nonempty and kerv C Ny ;

(17) From A C B it follows that v(A) < v(B);

(iid) v(A) = v(A);

(v) v(Conv A) = v(A);

(v) YVANA+ (1 = NA) < Av(A)+ (1= Nv(A) for A € ]0,1];

vi) If the sequence (Y,) € My of closed sets is such that Y, .1 C Y, for all
n>1 and lim, o v(Y;,) =0, then Yoo = (-, Y., # 0.

Theorem 1 [7/ Suppose S is a nonempty, bounded, conver and closed subset
of a Banach space Y, and let ¢ : S — S is a continuous mapping such that
v(pX) < M (X) where A € [0,1) and X is an arbitrary nonempty subset of
S. Then ¢ has a fixed point in the set X.

Now, we recall the notion of the measure of noncompactness on C*7(Q)

given in [10]. To define such a measure, the author used the help of papers
[2] and [4].
Let S be a bounded subset of C*7(Q) and let ¢ > 0. For g € S we have

wi(g,€) == sup{|D*g(z) — D*g(y)|;z,y € Qz # y, |z —y| <, |af <k}

|D%(x) — D%g(y)]
|z —y|

Wiy (9, €) 3:SUP{ ;x,yEQ,x#y,|x—y|§6,|a|:k};

wi(GLe) == SUP e w(g, €), Wi~ (G,€) := SUPyei Wi~ (g, €).

Let us put
Moy (G,€) = wi(G, €) + wi (G, €).

The function € — 1, (G, €) is nondecreasing on (0, 00), and thus, the limit
lir% M~ (G, €) exists.
€—>
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Theorem 2 [10] The function 770 : Mern ) — [0,00) given by ng’V(G) =

hn% "7 (G, €) is a measure of noncompactness on C*7(Q).
€E—

2 Main Results

In order to derive the existence results, we have to consider certain assump-
tions which are as follows:

(al) For some 6 € (0,1], f € C*%([a, b]).

(a2) For every ¢ € [a,b], p(+,¢) € C*([a,b]).

(a3) h is a continuous function and for every (¢, u,v,w,z) € [a,b] x R,
h(¢,u,v,w, ) <IU(C)N(|u| + |v| + |w| + |z|) where [ € L>([a,b]) and N is a
nondecreasing and continuous function on R.

(ad) There exists r9 > 0 such that

| flls.0 + TN (r9) < 7o

where

b
pim [ Oloods and 1% = sup 1(0),

CEla,b]

Theorem 3 Under the assumptions (al) — (a4), equation has at least
one solution in C*7([a,b]) for any v € (0,0).
Proof. For a fixed v € (0,60) and for any y € C37([a, b]), define ®y by:

b

(@y)() = f(2) + / p(t O (¢ y(@(€)),y' (5(O)). (&), y"(d(0)) ) d.

a

Step 1: Let us show that ®y € C*7([a,b]). We have

(®y)'(t) = /(1) + / O (¢ @), /@) @A), ")) e

b
(@0)0) = 1)+ [ FEEE L (a0, o (60D, (1)) () e

and
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Thus,
[(@y)(@)] + [(@y) ()] + [(@y)" (£)] + [(Py)"™ (¢)]
<O+ @1+ @O+ L7 (@)

+0/1<p(t,<)+'%'+ 82%(;2’0‘

>°p(t, () D
ot3

xh (¢ (@(Q). (B, (E(), " (d(C)) ) .

Using (a3), we get

b
12ylls < [ flla + N(llyllsn) / 1p(- O ll3l(Q)dC < oo,

Applying (a4) for ||yo||3,, = ro, we have ||®y||3, < ry, which implicates that
® maps Brg := {y € C*7([a,1)); ||ylls, < 0} in Bro.
Step 2: Now we show that ® : Bry — Brg is a continuous map.

Suppose u,v € Brg and € > 0. For ||u — v||5, < €, we have

[Pu = Pullsy = [[Pu = Dvllo + [[(Pu = Pv)||
+ [(@u = @v)"|loe + [[(Pu = Pv)"||oo + [[(Pu — Pv)™|| a5

b
ap(t, *p(t, Opl(t,
S/[ti‘[ﬁ] (e )+ 125+ PG )

P00 Ppls.),
N or? ZEE—

sup
t,s€[a,bl;t#s |t - Slg

x [ (€, u(C), ' (€), u"(C), u"(C))
—h (Ca U(g)a UI(<)’ U”(C)> UH/(C))| d<

< / 1pC, Ollsn 17 (¢, u(©), (), u (), u"(C))

—h (ga U(C)> U/(C)v UH(C)v UW(C))| dg

Hence,
||CI)u - CI)UHZS,W S ]30'(6), (2)

where o(¢) = sup{|h({, u1, us, us, ug) — h(¢,v1,v2,v3,v4)|; ¢ € [a,b],u;,v; €
(=70, 0], [ui — vi| < et

Since ||lu—wvl3, <€, we have |[u—v|l <€, ||t/ =0l < € [ —0"]|0c < €
and [|u"” — v"||s < e. Thus, by continuity of A it follows that o(¢) — 0 as
e — 0. This implies the continuity of ¢.
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Step 3: Further, we show that & satisfies Darbo contraction.
Let G be a bounded nonempty subset of C37([a, b]) and let € > 0. Sup-
pose |t — s| < e. For every y € G and t, s € [a, b], we have

[(@y)(t) = (Py)(s)| < [f(t) = f(5)]

b

10080 = p(s, Q)1 ¢ 1 (¢ 0@ B @Oy ICN) ) | e

a

(@9)6) = (@) ()] < 17') = £/09)
0= P (@ G0 O ) |

+/ ot ot

a

[(@y)"(t) = (Py)" ()] < [17(1) = f"(s)]

v f TG T O‘ < (€ y@(Q), 4 (B, @0,y (d(0)) )| de

and

|(@y)"(8) = (@y)"(s)] < [/"(t) = f"(5)]

+ / anga(fé 2 ap&(t O’ x |1 (¢ (@0, (B(Q)), " (E(C)), y"(d(0)) ) | de.

Hence,

w3(Py, €) < ws(fe€)
b

+/wz(p(',C),6)|h(C,y(&(C)),y’(5(<)),y"(é(C)),y”’(J(C)))!dC- (3)

a

Further,

w37’7<q)y7 6) S 6077 <w3,9(f7 6)
b

4 [unatole.00) |1 (¢ @Oy BO). o). ") dc)- )

a

Therefore, using and , we get
HS,W(Cva E) S w3(fa 6) + 69_7w3,0(f7 E)

+E[/<w3(p(-,g),e)+697w3,9(%('7<))d4’

a

where h = sup{h(C, y1, Y2, y3,y4); ¢ € [a,b], |yi| < 7o}
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Now, let ¢ — 0. Since the functions f, f’, f” and f” are uniformly
continuous on the compact set [a,b], we have ws(f,e¢) — 0. Analogously,
3

since p(t, (), ( q), 8t ( () a 81&]3) (t,¢) are uniformly continuous on

the compact Set [a,b] x [a,b], we have ws(p(-,(),€) — 0; and, finally, since
0 >, we get 13_(¢G) = 0.

Hence, all the assumptions are satisfied, and by Theorem [1| we conclude
that for every v < 6, equation (|1 has a solution in C*7([a,b]). O

3 Numerical Example

In order to support the efficiency of our approach, let us consider the fol-
lowing functional integral equation:

1

1 1 C) C2 //(C)egcos(y’(q)) +<3y///(<>
y(t) = 810g (1+t)+— [ cos(t+(?) 1+ 42(0) + y2(0)

dg.
25 ¢
0

Comparing it with Eq., we have

f(t) = log(14+),  p(t,C) = cos(t +C?)

and
CU+C2U}€<COSU +C3I

MG w0, w0, 7) = 25(1 + v2 + 22)

Here a(¢) = b(¢) = &(¢) = d(¢) = ¢.
We see that f, f', f” € C([0,1]) and, moreover, f” € H'([0,1]). Also,

() = —0.75(1 + )™, since max f®(t) = 0.75 = my. By the mean value
theorem, for every 1,7 € [0, 1], we have

[f"(11) = " ()| < molmy — 7,

d'*p
ot

P*p

the mean value theorem, it follows that 53 © H(]0,1]).

Moreover,

and thus, f”(t) is a Holder continuous function. Now < 1, and from

(G, 0,0, 2)] € 5 ¢+ e + ¢ maxflel el )
< 52 (C+ 6 + ) (ul + Jul +1al)

< g (CHCE+ Ol + ol + lul +lal). (5)
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Thus, I(¢) = 0.04(¢+¢%e* +¢?) and N(r) = r, and, therefore, the hypothesis
(a3) is fulfilled.
Further,

11130 = W flloo + 11 oo + 11 lloo + 11 oo + 11/ Il

! 1 1 1 3
L N SR SR SUP ey 73
gty tg Tty

9
€t 2 L 0.18873. The

inequality in assumption (a4) takes the form 1.2876 + 5 x 0.1887ry < 79,
which holds for 7o > 0.63. Hence, by Theorem (3| the equation in the
Holder space C*7([0,1]) has a solution for every v € (0, 1].

Since ||p||s,1 = 5, we have p = 5. In addition, [T =
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