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Existence of a solution in the Holder space

for a nonlinear functional integral equation
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Abstract. This article is entirely devoted to the application of
the measure of noncompactness defined in the Holder space. Here
the emphasis is on the study of the nonlinear functional integral
equation with changed arguments. Precisely, the existence of a
solution is obtained by employing the Darbo fixed point theorem
under certain hypotheses. Finally, we provide a tangible example
which supports our results.
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Introduction

Nonlinear integral equations in abstract spaces have become an important
topic of research. Specifically, solutions of nonlinear integral equations in
various Banach spaces have been studied extensively by many researchers,
e.g., [1, 5, 8, 9, 11], and so on. Recently, a few works appeared where
the analysis has been done in Holder spaces (see, for example, [6]). In
this work, we have attempted to study the following nonlinear functional
integrodifferential equation

y(t) = f(t) +

b∫
a

p(t, ζ)h
(
ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))

)
dζ, (1)

where ã, b̃, c̃ and d̃ are continuous nondecreasing functions from [a, b] to [a, b]
in the Holder space Ck,γ(Ω) where Ω is a compact subset of RN (N ≥ 1),
k ∈ N and γ ∈ (0, 1].

Ck,γ(Ω) is a Banach space with the norm

‖v‖k,γ := ‖v‖k + Σ|α|=k‖Dαv‖Hγ <∞,
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where

‖v‖Hγ = sup
x,y∈Ω,x 6=y

|v(x)− v(y)|
|x− y|γ

+ |v(x0)|

and x0 is an arbitrary point in Ω. More details of this space can be found
in [10].

1 Preliminaries

Suppose Y is a Banach space, MY is the collection of all nonempty and
bounded subsets of Y , and NY is its subcollection comprising of relatively
compact sets.

Definition 1 [3] A function ν : MY → R+ is said to be a measure of
noncompactness in Y if it satisfies the following conditions:
(i) ker ν = {A ∈MY : µ(A) = 0} is nonempty and ker ν ⊂ NY ;
(ii) From A ⊂ B it follows that ν(A) ≤ ν(B);
(iii) ν(Ā) = ν(A);
(iv) ν(ConvA) = ν(A);
(v) ν(λA+ (1− λ)A) ≤ λν(A) + (1− λ)ν(A) for λ ∈ [0, 1];
(vi) If the sequence (Yn) ∈MY of closed sets is such that Yn+1 ⊂ Yn for all
n ≥ 1 and limn→∞ ν(Yn) = 0, then Y∞ =

⋂∞
n=1 Yn 6= ∅.

Theorem 1 [7] Suppose S is a nonempty, bounded, convex and closed subset
of a Banach space Y , and let φ : S → S is a continuous mapping such that
ν(φX) ≤ λν(X) where λ ∈ [0, 1) and X is an arbitrary nonempty subset of
S. Then φ has a fixed point in the set X.

Now, we recall the notion of the measure of noncompactness on Ck,γ(Ω)
given in [10]. To define such a measure, the author used the help of papers
[2] and [4].

Let S be a bounded subset of Ck,γ(Ω) and let ε > 0. For g ∈ S we have

wk(g, ε) := sup{|Dαg(x)−Dαg(y)|;x, y ∈ Ω, x 6= y, |x− y| ≤ ε, |α| ≤ k};

wk,γ(g, ε) := sup

{
|Dαg(x)−Dαg(y)|

|x− y|γ
;x, y ∈ Ω, x 6= y, |x− y| ≤ ε, |α| = k

}
;

wk(G, ε) := supg∈Gwk(g, ε), wk,γ(G, ε) := supg∈Gwk,γ(g, ε).

Let us put
ηk,γ(G, ε) := wk(G, ε) + wk,γ(G, ε).

The function ε → ηk,γ(G, ε) is nondecreasing on (0,∞), and thus, the limit
lim
ε→0

ηk,γ(G, ε) exists.
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Theorem 2 [10] The function ηk,γ0 : MCk,γ(Ω) → [0,∞) given by ηk,γ0 (G) =
lim
ε→0

ηk,γ(G, ε) is a measure of noncompactness on Ck,γ(Ω).

2 Main Results

In order to derive the existence results, we have to consider certain assump-
tions which are as follows:
(a1) For some θ ∈ (0, 1], f ∈ C3,θ([a, b]).
(a2) For every ζ ∈ [a, b], p(·, ζ) ∈ C3,θ([a, b]).
(a3) h is a continuous function and for every (ζ, u, v, w, x) ∈ [a, b]×R4,
h(ζ, u, v, w, x) ≤ l(ζ)N(|u|+ |v|+ |w|+ |x|) where l ∈ L∞([a, b]) and N is a
nondecreasing and continuous function on R.
(a4) There exists r0 > 0 such that

‖f‖3,θ + l+pN(r0) ≤ r0

where

p :=

b∫
a

|p(·, ζ)‖3,θdζ and l+ := sup
ζ∈[a,b]

l(ζ).

Theorem 3 Under the assumptions (a1) − (a4), equation (1) has at least
one solution in C3,γ([a, b]) for any γ ∈ (0, θ).

Proof. For a fixed γ ∈ (0, θ) and for any y ∈ C3,γ([a, b]), define Φy by:

(Φy)(t) = f(t) +

b∫
a

p(t, ζ)h
(
ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))

)
dζ.

Step 1: Let us show that Φy ∈ C3,γ([a, b]). We have

(Φy)′(t) = f ′(t) +

b∫
a

∂p(t, ζ)

∂t
h
(
ζ, y(ã(ζ)), y′(ã(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))

)
dζ,

(Φy)′′(t) = f ′′(t) +

b∫
a

∂2p(t, ζ)

∂t2
h
(
ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))

)
dζ,

and

(Φy)′′′(t) = f ′′′(t) +

b∫
a

∂3p(t, ζ)

∂t3
h
(
ζ, y(ã(ζ)), y′(b̃(ζ)), y′′c̃((ζ)), y′′′(d̃(ζ))

)
dζ.
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Thus,

|(Φy)(t)|+ |(Φy)′(t)|+ |(Φy)′′(t)|+ |(Φy)′′′(t)|

≤ |f(t)|+ |f ′(t)|+ |f ′′(t)|+ |f ′′′(t)|

+

1∫
0

(
|p(t, ζ)|+

∣∣∣∣∂p(t, ζ)

∂t

∣∣∣∣+

∣∣∣∣∂2p(t, ζ)

∂t2

∣∣∣∣+

∣∣∣∣∂3p(t, ζ)

∂t3

∣∣∣∣)
×h
(
ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))

)
dζ.

Using (a3), we get

‖Φy‖3,γ ≤ ‖f‖3,θ +N(‖y‖3,γ)

b∫
a

‖p(·, ζ)‖3,θl(ζ)dζ <∞.

Applying (a4) for ‖y0‖3,γ = r0, we have ‖Φy‖3,γ ≤ r0, which implicates that
Φ maps Br0 := {y ∈ C3,γ([a, b]); ‖y‖3,γ < r0} in Br0.
Step 2: Now we show that Φ : Br0 → Br0 is a continuous map.

Suppose u, v ∈ Br0 and ε > 0. For ‖u− v‖3,γ ≤ ε, we have

‖Φu− Φv‖3,γ = ‖Φu− Φv‖∞ + ‖(Φu− Φv)′‖∞
+ ‖(Φu− Φv)′′‖∞ + ‖(Φu− Φv)′′′‖∞ + ‖(Φu− Φv)′′′‖Hγ

≤
b∫

a

[
sup
t∈[a,b]

(
|p(t, ζ)|+ |∂p(t, ζ)

∂t
|+ |∂

2p(t, ζ)

∂t2
|+ |∂

3p(t, ζ)

∂t3
|
)

+ sup
t,s∈[a,b];t6=s

|∂
3p(t, ζ)

∂t3
− ∂3p(s, ζ)

∂t3
|

|t− s|θ
|t− s|θ−γ

]
× |h (ζ, u(ζ), u′(ζ), u′′(ζ), u′′′(ζ))

−h (ζ, v(ζ), v′(ζ), v′′(ζ), v′′′(ζ))| dζ

≤
b∫

a

‖p(·, ζ)‖3,θ |h (ζ, u(ζ), u′(ζ), u′′(ζ), u′′′(ζ))

−h (ζ, v(ζ), v′(ζ), v′′(ζ), v′′′(ζ))| dζ.

Hence,
‖Φu− Φv‖3,γ ≤ p̄σ(ε), (2)

where σ(ε) = sup{|h(ζ, u1, u2, u3, u4)− h(ζ, v1, v2, v3, v4)| ; ζ ∈ [a, b], ui, vi ∈
[−r0, r0], |ui − vi| ≤ ε}.

Since ‖u−v‖3,γ ≤ ε, we have ‖u−v‖∞ ≤ ε, ‖u′−v′‖∞ ≤ ε, ‖u′′−v′′‖∞ ≤ ε
and ‖u′′′ − v′′′‖∞ ≤ ε. Thus, by continuity of h it follows that σ(ε) → 0 as
ε→ 0. This implies the continuity of φ.
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Step 3: Further, we show that Φ satisfies Darbo contraction.
Let G be a bounded nonempty subset of C3,γ([a, b]) and let ε > 0. Sup-

pose |t− s| ≤ ε. For every y ∈ G and t, s ∈ [a, b], we have

|(Φy)(t)− (Φy)(s)| ≤ |f(t)− f(s)|

+

b∫
a

|p(t, ζ)− p(s, ζ)| ×
∣∣∣h(ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))

)∣∣∣ dζ,
|(Φy)′(t)− (Φy)′(s)| ≤ |f ′(t)− f ′(s)|

+

b∫
a

∣∣∣∣∂p(t, ζ)

∂t
− ∂p(s, ζ)

∂t

∣∣∣∣× ∣∣∣h(ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))
)∣∣∣ dζ,

|(Φy)′′(t)− (Φy)′′(s)| ≤ |f ′′(t)− f ′′(s)|

+

b∫
a

∣∣∣∣∂2p(t, ζ)

∂t2
− ∂2p(s, ζ)

∂t2

∣∣∣∣× ∣∣∣h(ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))
)∣∣∣ dζ

and

|(Φy)′′′(t)− (Φy)′′′(s)| ≤ |f ′′′(t)− f ′′′(s)|

+

b∫
a

∣∣∣∣∂3p(t, ζ)

∂t3
− ∂3p(s, ζ)

∂t3

∣∣∣∣× ∣∣∣h(ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))
)∣∣∣ dζ.

Hence,

w3(Φy, ε) ≤ w3(f, ε)

+

b∫
a

w3(p(·, ζ), ε)|h(ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ)))|dζ. (3)

Further,

w3,γ(Φy, ε) ≤ εθ−γ
(
w3,θ(f, ε)

+

b∫
a

w3,θ(p(·, ζ))
∣∣∣h(ζ, y(ã(ζ)), y′(b̃(ζ)), y′′(c̃(ζ)), y′′′(d̃(ζ))

)∣∣∣ dζ). (4)

Therefore, using (3) and (4), we get

η3,γ(ΦG, ε) ≤ w3(f, ε) + εθ−γw3,θ(f, ε)

+ h
[ b∫
a

(
w3(p(·, ζ), ε) + εθ−γw3,θ(

∂3p

∂t3
(·, ζ)

)
dζ
]
,

where h = sup{h(ζ, y1, y2, y3, y4); ζ ∈ [a, b], |yi| ≤ r0}.
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Now, let ε → 0. Since the functions f , f ′, f ′′ and f ′′′ are uniformly
continuous on the compact set [a, b], we have w3(f, ε) → 0. Analogously,

since p(t, ζ),
∂p

∂t
(t, ζ),

∂2p

∂t2
(t, ζ) and

∂3p

∂t3
(t, ζ) are uniformly continuous on

the compact set [a, b] × [a, b], we have w3(p(·, ζ), ε) → 0; and, finally, since
θ > γ, we get η0

3,γ(φG) = 0.
Hence, all the assumptions are satisfied, and by Theorem 1 we conclude

that for every γ < θ, equation (1) has a solution in C3,γ([a, b]). �

3 Numerical Example

In order to support the efficiency of our approach, let us consider the fol-
lowing functional integral equation:

y(t) =
1

8
log(1 + t) +

1

25

1∫
0

cos(t+ ζ2)
ζy(ζ) + ζ2y′′(ζ)eζ cos(y′(ζ)) + ζ3y′′′(ζ)

1 + y′2(ζ) + y′′′2(ζ)
dζ.

Comparing it with Eq.(1), we have

f(t) =
1

8
log(1 + t), p(t, ζ) = cos(t+ ζ2)

and

h(ζ, u, v, w, x) =
ζu+ ζ2weζ cos v + ζ3x

25(1 + v2 + x2)
.

Here ã(ζ) = b̃(ζ) = c̃(ζ) = d̃(ζ) = ζ.
We see that f, f ′, f ′′ ∈ C([0, 1]) and, moreover, f ′′′ ∈ H1([0, 1]). Also,

f ′′′(t) = −0.75(1 + t)−4, since max f (4)(t) = 0.75 = m0. By the mean value
theorem, for every τ1, τ2 ∈ [0, 1], we have

|f ′′′(τ1)− f ′′′(τ2)| ≤ m0|τ1 − τ2|,

and thus, f ′′′(t) is a Holder continuous function. Now

∣∣∣∣∂4p

∂t4

∣∣∣∣ ≤ 1, and from

the mean value theorem, it follows that
∂3p

∂t3
∈ H1([0, 1]).

Moreover,

|h(ζ, u, v, w, x)| ≤ 1

25
(ζ + ζ2eζ + ζ3) max{|x|, |z|, |w|}

≤ 1

25
(ζ + ζ2eζ + ζ3)(|u|+ |w|+ |x|)

≤ 1

25
(ζ + ζ2eζ + ζ3)(|u|+ |v|+ |w|+ |x|). (5)
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Thus, l(ζ) = 0.04(ζ+ζ2eζ+ζ3) and N(r) = r, and, therefore, the hypothesis
(a3) is fulfilled.

Further,

‖f‖3,1 = ‖f‖∞ + ‖f ′‖∞ + ‖f ′′‖∞ + ‖f ′′′‖∞ + ‖f ′′′‖H1

=
1

8
log 2 +

1

8
+

1

8
+

1

4
+

3

4
' 1.2876.

Since ‖p‖3,1 = 5, we have p = 5. In addition, l+ =
e+ 2

25
' 0.18873. The

inequality in assumption (a4) takes the form 1.2876 + 5 × 0.1887r0 ≤ r0,
which holds for r0 ≥ 0.63. Hence, by Theorem 3 the equation (4) in the
Holder space C3,γ([0, 1]) has a solution for every γ ∈ (0, 1].
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Erdélyi-Kober fractional integrals on the unbounded interval, Progress
in Fractional Differentiation and Applications, 2 (2016), no. 3, 153–168.



8 D. SAHA, M. SEN, N. SARKAR, AND S. SAHA

[9] L. N. Mishra and M. Sen, On the concept of existence and local at-
tractivity of solutions for some quadratic Volterra integral equation of
fractional order, Appl. Math. Comput., 285 (2016), 174–183.

[10] S. Saiedinezhad, On a measure of noncompactness in the Holder space
Ck,γ(Ω) and its application, J. Comput. Appl. Math., 346 (2019), 566–
571.

[11] M. Sen, D. Saha, and R. P. Agarwal, A Darbo fixed point theory ap-
proach towards the existence of a functional integral equation in a Ba-
nach algebra, Appl. Math. Comput., 358 (2019), 111–118.

Dipankar Saha
Department of Mathematics,
National Institute of Technology,
Silchar, Assam, India.
nayan0507@gmail.com

Mausumi Sen
Department of Mathematics,
National Institute of Technology,
Silchar, Assam, India.
senmausumi@gmail.com

Nimai Sarkar
Department of Mathematics,
National Institute of Technology,
Silchar, Assam, India.
nimaisarkar298@gmail.com

Subhankar Saha
Department of Mechanical Engineering,
National Institute of Technology,
Silchar, Assam, India.
sahamech90@gmail.com

Please, cite to this paper as published in
Armen. J. Math., V. 12, N. 7(2020), pp. 1–8

mailto: nayan0507@gmail.com
mailto: senmausumi@gmail.com
mailto: nimaisarkar298@gmail.com
mailto: sahamech90@gmail.com

