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Abstract. In this article, we have presented the necessary and
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Introduction

We consider the formal series
g(x) == Zan sin nx (1)
n=1

and

f(z) = Z b, cosnx. (2)

Pertaining to the series (I))-(2), typically, the following questions are of

special interest:

(ql) Are they pointwise (uniform) convergent?

(q2) Are they Fourier series of their sums?

(q3) Are they convergent in L'—norm?

(q4) Are their formal sums LP-integrable with a specific weight?

In this paper, we predominantly deal with problems (q1) and (q4). Solely,
we touch a little bit question (ql) and we do not treat questions (q2)—(q3)
at all.

Seemingly, Young [I5] and Boas [I], and then Haywood [3], were the
first who had studied the integrability of the series (I))-(2)), imposing certain
conditions on the coefficients a,, and b, respectively (hereinafter we denote
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A\, either a,, or b,). They have treated trigonometric series whose coefficients
are monotone decreasing. Regarding their uniform convergence, Leindler [6]
replaced the monotonicity condition on the sequence A := {\,} by a more
general one: {\,} € RfBVS.

Definition 1 A sequence ¢ := {c,} of positive numbers tending to zero is
of rest bounded variation, or briefly c € Ry BV'S, if it possesses the property

o0

Z |Cn - Cn-i-ll < K(C)Cm (3)

n=m

for all natural numbers m, where K(c) is a constant depending only on c.

Relatively lately, Németh [9] considered weight functions more general
than power one and obtained some sufficient conditions for the integrability
of the sine series with such weights. He used the so-called almost increasing
(decreasing) sequences.

A sequence 7y := {v,} of positive terms will be called almost increasing
(decreasing) if there exists a constant C' := C(y) > 1 such that

CY 2 Ym (< Cm)

holds for any n > m.
Here and in the sequel, the function y(x) is defined by the sequence 7 in
the following way: (%) ‘= ., n € N, and there exist positive constants C

and Cy such that Cyv,, < y(z) < Cyypy for z € (nLH, %)

Tikhonov (see [12]) has proved two theorems providing necessary and
sufficient conditions for the p—th power integrability of the sums of sine and
cosine series with weight ~. His results refine the assertions of such results
presented earlier by others and show that such conditions depend on the
behavior of the sequence 7.

Tikhonov’s results are the following.

Theorem 1 ([12]) Suppose that {\,} € R BVS and 1 < p < .

(A) If the sequence {v,} satisfies the condition: there exists €1 > 0 such
that the sequence {v,n"P~171} is almost decreasing, then the condition

Z’ynnp_z)\fl < 00 (4)

n=1

is sufficient for the validity of the inclusion

v(@)]g(@)[” € L0, 7). (5)
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(B) If the sequence {v,} satisfies the condition: there exists e5 > 0 such
that the sequence {v,n?~'72} is almost increasing, then the condition

s mecessary for the validity of (@
Theorem 2 ([12]) Suppose that {\,} € R BVS and 1 < p < .

(A) If the sequence {~,} satisfies the condition: there exists €3 > 0 such
that the sequence {y,n "3} is almost decreasing, then the condition

Z%n”_2)\£ < 00 (6)

n=1

15 sufficient for the validity of the inclusion
v(@)|f ()" € L(0, 7). (7)

(B) If the sequence {7v,} satisfies the condition: there exists ¢4 > 0 such
that the sequence {v,n?~174} is almost increasing, then the condition

@ 18 mecessary for the validity of (@

More results concerning the problems mentioned above can be found in
[13], 141, 2], [T, and .

Very recently, the present author and Szal [5] have obtained the coun-
terparts of Theorems (we intentialy do not recall them) considering
condition {)\,} € RBV S instead of {\,} € Rf BV'S.

Definition 2 A sequence ¢ :== {cx} of nonnegative numbers tending to zero
belongs to RBVSQ’5 if it has the property

(o) m

Kl(c
2 : ek = cra| < mr-El-)HS § :”THC"
k=m n=1

for all natural numbers m, where r € NU {0}, 0 < § <1 and K(c) is a
positive constant depending only on the sequence c.

The RBVS7® class has been introduced by Leindler [7], who showed
that it is a wider class than the R BV'S class. In fact, if 0 < § < 1 and
c € RfBVS, then ¢ € RBVSQ’(S also holds true. Indeed,

m
em <m' e, < K(c)ym™"170 E n"tle,.
n=1

Subsequently, the embedding relation Rj BV'S C B’BVSQ"S holds true. More-
over, we showed in [5], that

RBVS?™ C RBVST™ (0< 6, <6 <1)
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and
RBV ST C RBVS?® (0<ry<ry; r,rm e NU{0})

hold true as well.

Let w(d) be a non-negative and non-decreasing continuous function on
[0, 27] having the following properties:

(i) w(0) = 0,

(ii) w(dy + 62) < w(d1) + w(dy) for 0 < §; < 9y < 6y + 09 < 27
Then w(d) is called a function of modulus of continuity type.

Now we are ready to recall the RBVSTF’?W class of sequences, also intro-
duced in [7].

Definition 3 A sequence ¢ := {cx} of nonnegative numbers tending to zero
belongs to RBVST;?L if it has the property

> w(1/m)
E |Ck—Ck+1| SK(C) qur(;
k=m

for all natural numbers m, where r € NU {0}, 0 < § <1 and K(c) is a
positive constant depending only on the sequence c.

Definition 4 A sequence ¢ = {cy} is said to be quasimonotone decreasing,
for short we write ¢ € QMS, if

0<c, <K(c)ey, forany n>m,
where K (c) is a positive constant depending only on the sequence c.
The embedding relations
RBVS{ ¢ QMS c RBVS?’

hold true, but a similar relation with RBVwa in place of RBVSQ‘S, in
general, does not (see [7], page 622).

Despite this, we are concerned with finding the necessary and suffi-

cient conditions on the sequence {)\,} € RBVS::iU such that v(x)|g(x)|?,

A(@) (@(@)lg(w) )7, (@) f ()P, and y(z) (£2LE) belong to L(0, 7), which

x
indeed is the aim of this paper.

1 Lemmas

The following lemmas will be applied in the proofs of the main results.

Lemma 1 ([8]) Let f, >0 and p, > 0. Then

S, (z@ N (Zﬁ) R
n=1 v=1 n=1 v=n
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Lemma 2 ([10]) Let f, >0 and p,, > 0. Then

0o 00 p 0o n p
S (Sn) s (3e) . ex
n=1 v=n n=1 v=1

Now, we pass to the main results of the paper.

2 Main Results

First, we prove the following

Theorem 3 The following statements hold true:

(i) For any two integers r1,r9 such that 0 < ry < ry and 0 < § < 1, the
embedding relation RBVST’;:S C RBVSQ’;? holds true.

(i) For any integer r > 0 and 0 < 6; < dy < 1, the embedding relation
RBV S} C RBV S} holds true.

(11i) Let r be any non-negative integer and 0 < 6 < 1. For any two moduli
of continuity wy(t) and wo(t) such that wi(t) < wq(t) for t € [0,2n7],
the embedding relation RBV ST, C RBV S, holds true.

() If{a,},{b,} € RBVS:?W with r > 0, then the functions g(x) and f(x)
exist on (0, ].

Proof. (i) For any two integers ry,ry such that 0 <7 <ry and 0 < <1,
we have
mfrgfé < m*T2*5m7’2*7‘1 < mfrr&
—_— i )

which proves (i).
(i) Similarly, for 0 < §; < d2 < 1 and any integer r > 0, we write
m—r—52 < m—r—52m52—51 < m—r—(Sl’
which implies (ii).
(iii) The proof is obvious.
(iv) Applying summation by parts, we obtain

—_

3

Sa@) == _(ar — are1) Di(@) + anDu(x),

B
Il

where ﬁk(m) = Z?Zl sin jz is the conjugate Dirichlet kernel.
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Since {a,} € RBVSQ?W and r > 0,

an < K(\)n™"°w (1) < K(MNw (l> :

n n

and hence, a,, = 0 asn — oo. Therefore, taking into account that )5k (:c)’ <
Cx~! for x € (0, 7], we conclude that the limit

n—oo

lim SS Z ag — Q41 Dk( )
k=1

exists on (0, 7].
By similar arguments, we obtain the equality

So(a Zl b — bysn) (—% Dyl )) b, (—% +Dn(a:)) ,

where Dy(z) =1 + Z _, cos jx is the Dirichlet kernel.
Since |Dy(z)| < Cx™t for x € (0,7, {b.} € RBVSQ?W, r > 0, and
t

b, — 0 as n — oo, the limit
h_}m Sc = — = + Z bk - bk+1 Dk( )
k=1

exists on (0, 7].
The proof is completed. [

Theorem 4 Suppose that {\,} € RBVSfr’iJ, r>0,0<6<landl<p<
oo. If the sequence {7,} satisfies the condition: there exists €1 > 0 such that
the sequence {y,n*~17%P} is almost decreasing, then the condition

o0
Z’ynnp(lf‘;)”wp (1/n) < o0
n=1

1s sufficient for the validity of the inclusion
7 () lg () [" € L(0, m).

Proof. Since )\, — 0, the use of summation by parts implies

o0 [e.o]

> Asinnz = Y (A= As1)Da(@) = D (An = Augt) Dn(2).

n=m-+1 n=m-+1 n=m-+1
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Thus, for = € ( |sinnz| < nz, and |D,(z)| < Cz™L, we have

n+1’ _i|

lg(z)| < C ( Zk)\k—i—nZMk —)\k+1|>
By assumption, {\,} € RBVSi’i,, and therefore

- 1
An < g A — App1] < KOA)n™"w (—) .
n
k=n

Using the last inequality and the properties of the modulus of continuity, we
get

l9(x)]

A
Ja
=

1 n
= khe+nT 0w (1 /n)>
n

k=1

< K(\) —Zk =8y, 1/k)—l——w(1/n) n 1)
< K(\) n 6ik w(1/k) + Zw 1/k>
< Z w (1/k)

< Kn@) s w (1K),

where K ()\) denotes a positive constant, not necessarily the same in each
inequality.
Whence, we can write

[A@lsra = fj / o)

< K(X) n2+5p (Zw l/k)

The use of Lemma [1] implies

/Oﬂv(xﬂg( )Pdz < K(X i <n2+5p>1 w(1/n)) <§: k;k(sp)p‘

k=n

3
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e1—0p—1

Since {m Ym} is almost decreasing sequence, we get

o0 o0

Y& o Tk
L2+op Z L 1+op—ei1 L1+er
k=

k=n

Tn
< Or Z <O
n1+ D—Eq k1+51 n1+ D

Consequently, we obtain

/0 @@ < KOS 4?1922 (1/n) < oo

The proof is completed. [

Theorem 5 Suppose that {\,} € RBVSiiJ, r >0, 0<d <1 and
1 <p < oo. If the sequence {,} satisfies the condition: there exists 3 > 0
such that the sequence {v,nP~17%2wP (1/n)} is almost increasing, then the
condition

hl := Z P NP < 00
n=1

1s mecessary for the validity of inclusion

7 (@) (@ () |g (2) ) € L0, 7).

Proof. First, let us show that g (z) € L(0,7). Let 1 <p<ooand p+¢q =
pq. Then the use of Holder’s inequality implies

[ lstaiae < ([ r@latora) " ([ ey omas) "

Using the estimate (see [12], page 440)

/Oﬂ(v(x))_‘”pdx < C,

we ensure that

/ "lo@)ldz < © ( / ”7<x>|g<x>|pd$) R

We consider the case p = 1. The sequence {7,} can be set up to be
almost increasing, and consequently

[ latae < O/ (@)lg(a)ld

01% A(@lgla)lds < oo,

IN
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Hence, for all p € [1,00), g(x) € L(0,7). This enables to integrate the
function ¢ (z), which gives

z oo x () )\n
P)= [Co0ar =", [t =23
0 n=1 0 n=1 n
Writing in short
d, == / lg(z)|dz, 1 €N,

r+1

taking into account that {\,} € RBVSQ?W, and
T /12
P > = <—>
(n/m) > o; ol o
C m
n=1

> 7 /\1 — gn”é*l)\nwl (1/n) g | Ak — Akt
> KOV mr+2 Z”TMH)‘W (1/n) i Ak = Akt
> WW’LH(SJrl)\mW_l (1/m) ; | Ak — A1
> g e (1m),
we get
A2 < K(\Nn'%w (1/n) P(r/n) < K(\) (1/n) Zd

Thus, we have

hl = i’ynnp‘s_z)\ip < K(A ZV nP~2wP (1/n) (Zd >

n=1

The use of Lemma [2] gives

hng(A)Z(dn)p WP 2P ( 1/n (Z’y VP 2P ( 1/y)> .
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By assumption, the sequence {7y,n’~'"*2w? (1/n)} is almost increasing,
which gives

p—l—e2 ,p (1 b
hl < de (van? 2w (1/n))" (Z o (1 ”)>
viTe2

n=1
o n p
, 1
< KN (qun”wr (1/n) <7nw /)y )
n=1 v=1
< Zdn% Py (P=2)(1-p) ,p(1-p) (1/n)( npflwp(l/n))l’

< zdn% v D (1/).

Let 1 < p < 400 and ¢ = p/(p — 1). Applying Holder’s inequality, we
conclude that

Iy p o
& = ( / ' |g<a:>1dx> < Op20-p) / " g(x)Pda.

n+1 n+1

Subsequently, we obtain

303

S KO3 e (1 / lg(e)Pda

< Z / S @ @lg@)Pds < KO [ (2)2()lale) P

For p =1, we conclude

b1 < K() Y s (1) < KO [0 (@)1 (@l < o0

as well.
The proof is completed. [J

Theorem 6 Suppose that {\,} € RBVS:?W r >0 0<dd <1 and
1 < p<oo. If the sequence {7,} satisfies the condition: there exists e3 > 0
such that the sequence {v,n** 1} is almost decreasing, then the condition

Z YunPC=D72P (1 /n) < o0
n=1

1s sufficient for the validity of the inclusion

v (@) [f (2) [P € L0, 7).
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Proof. We will apply the same reasoning as in the proof of Theorem {4, We

have

()]

IA

<

where D,,(z) = Y ,_, coskx, n € N. Hence, for z € ( o
and {\,} € RBVS7’,, that is,

Cz!

o0

i A, cos kx

k=n+1

> XN+ >IN = M| 1Di(@)] + Apst [Du(a)]
k=1 k=n

n+1’

A <) M = M| S KOV " Pw (1/n),

i

we obtain
sl < o < n
< <Z
< (Z
Frgo, k
[isera=3 [

The use of Lemma (1| and the fact that {m®~!v,,} is almost decreasing

sequence, imply

/0 (@) (@) P

IN

VAN

IN

<

The proof is completed. [

(@) f(@)Pdz < K (A Z”—Q(Zk”

Ak "'""Z Ak — /\k+1|)

w(1/k) +n""y (1/n)>

n

> k' w(1/k).

k=1

w(1/k) > < K())

) (0 () :On %>
) )y : =
) o

2], D)

(1/k)

)p

kz1+€3

<

11

) |

>p
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Theorem 7 Suppose that {\,} € RBVSfr’iU, r>0,0<6<landl<p<
oo. If the sequence {~,} satisfies the condition: there exists o > 0 such that
the sequence {v,n*’~'==2wP(m/n)} is almost increasing, then the condition
hl < oo is necessary for the validity of inclusion

(z) <M>p e L(0, ).

X

Proof. Almost the same arguments, as in the proof of Theorem [5], can be
used to verify that the condition f(z) € L(0,n) is implication of hl < oc.
Now, integrating the function f, we get

Q(z) = /f(u)du = i%smnaj.
0 n=1

Further, we verify that {)\;} € RBVS;’?W implies {/\]—J} € RBVSifSw. Note
that {\;} € RBV S%’, implies

M <IN = A S KWEw(1/k),
j=k

and whence, for m € N, we obtain

D P Y =1 > 1
Zk < A=A — A
; P ,;nﬂ ¢ ’“+1|+];nk(k+1) k41
1 o0 (o] 1 o.¢]
< =S =+ Y —— A — A
= e el 2 e 2 e
o o0 1
< K —r—0—1 1 _
< KM)m /m>+;w Am%—k(ml)
< KM\)m™" " lw(1/m)
< KW\)m ™ w(1/m),

which shows that {\;/j} € RBVSZ;’?W.
Applying Theorem [f to the function @ we find that

e po—2 ﬁ 7 [ p * P
Do () <O W (@)|Q () dr,
n=1 0

where {;} satisfies the following condition: there exists ¢ > 0 such that the
sequence {v n?*~17%2wP(7/n)} is almost increasing. For v = 7,n*’, this
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condition is satisfied as well. Then, we can write

o0 oo )\n
= S =3 ()
n
n=1 n=1

2p

™

< k0 [P Q)
< kY [ /|f<u>rdu i
< »Z%W%%m>/V|m

— K()\)Z%n%_%p(w/n) th> ;

where

s

hm:/m If ()| du, meN.
e
Now, the use of Lemma [2| implies

hl < K ()) Z VP 2WP (7 /n) WP

If 1 <p<ooandq=p/(p—1), applying Holder’s inequality, we obtain

E p/q o sl
hn, < ( / - w) / " | f@)Pde < Cm20P) / " f(@) .

m—+1 m—+1 m—+1

Subsequently, we have

hl < 27 nPwP( W/n)/ |f(x)|Pdx

n+1

. Z/ NP,
. K(”/O W)( ()|f( >|) o

For p = 1, we also have

bl < K (\) i%nw(ﬂ/n)hn <K\ /07r “@)V(z)'ﬂx”dz < 0,

and the proof is completed. [

13
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