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Abstract. We study generic lightlike submanifolds M of an
indefinite Kaehler manifold M or an indefinite complex space
form M(c) with an (£, m)-type metric connection subject such
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1 Introduction

Let (M, g) be an m-dimensional lightlike submanifold of an indefinite Kaehler
manifold (M g) of dimension (m+n). Then the radical distribution Rad(T'M)
= TMNTM of M is a vector subbundle of the tangent bundle TM and the
normal bundle TM+* of rank r (1 < r < min{m, n}). Due to [2], in general,
we can take two complementary non-degenerate distributions S(7'M) and
S(TM*) of Rad(TM) in TM and in TM*, respectively, which are called
the screen and co-screen distributions of M, such that

TM = Rad(TM) @opr, S(TM), TM* = Rad(TM) ©opp, S(TM™),

where @,,.4, denotes the orthogonal direct sum. Although S(T'M) is not
unique, it is canonically isomorphic to the factor vector bundle S(TM)* =
TM/Rad(TM) due to Kupeli [I3]. Thus, all screen distributions S(7'M)
are mutually isomorphic. Therefore, the following definition is well-defined:

A lightlike submanifold M of an indefinite Kachler manifold M with an
indefinite almost complex structure J is called a generic submanifold [10] if
there exists a screen distribution S(7'M) such that

J(S(TM)*) C S(TM), (1.1)
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where the symbol S(T'M)* denotes the orthogonal complement of S(7T'M)
in the tangent bundle TM of M such that TM = S(TM) @, S(TM)*.
The notion of generic lightlike submanifolds was studied by several authors
(see, for example, [3, 5], [6, 11]). Lightlike hypersurfaces of an indefinite
almost complex manifold are important examples of the generic lightlike
submanifold.

The notion of symmetric connection of type (¢, m) on semi-Riemannian
manifolds was introduced by the author of [7, ] as follows:

From now and in the sequel, we denote by X, Y and Z the vector fields
on M. A linear connection V on a semi-Riemannian manifold (M, g) is said
to be a symmetric connection of type (¢, m) if its torsion tensor T satisfies

T(X,Y) = ({0(Y)X — 0(X)V} + m{0(¥)JX — 0(X)JYV ), (1.2)

where ¢ and m are smooth functions, J is a tensor field of type (1, 1), and € is
a 1-form associated with a smooth vector field (, called a characteristic vector
field, by 0(X) = g(X, ). Moreover, if this connection is a metric connection,
i.e., satisfies Vg = 0, then V is called a symmetric metric connection of type
(¢, m) or an (¢, m)-type metric connection.

In case (¢,m) = (1, 0), this connection becomes a semi-symmetric metric
connection, introduced by Hayden [4] and Yano [14]. If (¢,m) = (0, 1), this
connection becomes a quarter-symmetric metric connection, introduced by
Yano-Imai [15]. In this paper, we shall assume that (¢,m) # (0,0) and,
without loss of generality, that the vector field ( is unit spacelike.

Remark 1 Denote by V the Levi-Civita connection of a semi-Riemannian
manifold (M, g) with respect to g. It is known [9] that a linear connection
V on M is an (¢, m)-type metric connection if and only if it satisfies

ViV = VeV + (V)X — §(X,Y)¢} —md(X)JY. (1.3)

The object of this paper is to study generic lightlike submanifolds M of
an indefinite Kaehler manifold M with an (¢, m)-type metric connection V
subject to the condition that the characteristic vector field ¢ of M belongs to
our screen distribution S(7TM) of M. In Section 3, we provide several new
results on such a generic lightlike submanifold. In Section 4, we characterize
generic lightlike submanifolds of an indefinite complex space form M (c) with
an (¢, m)-type metric connection subject such that ¢ belongs to S(T'M).

2 (¢,m)-type metric connections

Let M = (M, g, J) be an indedinite Kaehler manifold where g is a semi-
Riemannian metric and J is an indefinite almost complex structure;

J2X =-X, g(JX,JY)=g(X,Y), (VgJ)Y =0. (2.1)
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Replacing the Levi-Civita connection v by the (¢, m)-type metric connection
V, the third equation in (2.1)) is reduced to

(Vg )(Y) ={0(JV)X —0(Y)JX — g(X,JY) +g(X,Y)JIC}  (2.2)

Let (M,g) be an m-dimensional lightlike submanifold of an indefinite
Kaehler manifold (M, §), of dimension (m+n). Denote by F/(M) the algebra
of smooth functions on M and by I'(£) the F'(M) module of smooth sections
of a vector bundle F over M. Also denote by Z- the i-th equation of .
We use the same notations for any others. Let X, Y and Z be the vector
fields on M, unless otherwise specified. We use the following range of indices:

iy j, ky . €{1, ..., 1} a, b, c,...e{r+1,..,n}

Let ¢tr(T'M) and ltr(T'M) be complementary vector bundles to T'M in T'M)y
and TM* in S(TM)*, respectively, and let {Ny, --- , N,} be a null basis of
ltr(T M), where U is a coordinate neighborhood of M such that

%
G(N;, &) = 6i, g(Ns,N;) =0,

and {&, ---, &} is a null basis of Rad(T'M);,,. Then we have

TM = TM @ tr(TM) = {Rad(TM) @ tr(TM)} ®oper, S(TM)
= {Rad(TM) & ltr(TM)} ®open S(TM) Sopen, S(TM™).

A lightlike submanifold M = (M, g, S(TM), S(TM*1)) of M is called an
r-lightlike submanifold [2] if 1 < r < min{m, n}. For an r-lightlike M, we
see that S(T'M) # {0} and S(T M=) # {0}. In the sequel, by saying that M
is a lightlike submanifold we shall mean that it is an r-lightlike submanifold
with following local quasi-orthonormal field of frames of M:

{517“'757“7 N17"'7NT'7 FT"+17"'7Fm7 ET‘+17"'7ETL}7

where {F,41, -+, F,} and {E, 11, -+, E,} are orthonormal basis of S(T'M)

and S(T M), respectively. Denote €, = §(E,, E,). Then €,04, = §(E,, Ey).
Let P be the projection morphism of TM on S(T'M). The local Gauss-

Weingarten formulae of M and S(T'M) are given respectively by

VyY = ViV 4 SR YIN Y X Y)E, (23)

=1 a=r+1
VxNi = —A, X+ m(X)N; + Y pia(X)E,, (2.4)
j=1 a=r+1

VxE, = =A, X+ MiX)N;+ > pan(X) By, (2.5)

i=1 b=r+1
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VxPY = VXPY +) hi(X,PY)g, (2.6)
i=1
Vx& = —ALX =Y milX)g, (2.7)
j=1

where V and V* are induced linear connections on M and S(T'M), respec-
tively, hf and h¢ are called the local second fundamental forms on M, h}’s
are called the local second fundamental forms on S(TM). A, , A, and A,
are called the shape operators, and 7;;, pia, Aei and e are 1-forms on M.

Let M be a generic lightlike submanifold of M. From , we see that
the distributions J(Rad(T'M)), J(Itr(TM)) and J(S(TM+*)) are subbundles
of S(TM). Thus, there exist two non-degenerate almost complex distribu-
tions H, and H with respect to J, i.e., J(H,) = H, and J(H) = H, such
that

S(TM) = {J(Rad(TM)) @ J(Itr(TM))} ©open J(S(TM*)) Soren Ho,
H = Rad(TM) ®orin, J(Rad(TM)) ®opin, Ho-
In this case, the tangent bundle T'M of M is decomposed as follows:
TM = H® J(ltr(TM)) @opa, J(S(TMF)). (2.8)

Consider r-th local null vector fields U; and V;, (n — r)-th local non-null
unit vector fields W,, and their 1-forms u;, v; and w, defined by

U, = —JN,, Vi=—J¢&, W, =—JE,, (2.9)

uz(X) :g(Xa‘/l>7 UZ<X) :g<X7U1>7 wtl(X) :eag(XJWa)(z:lO)

Denote by S the projection morphism of T'M on H and by F' the tensor field
of type (1,1) globally defined on M by F' = JoS. Then JX is expressed as

JX =FX + ) u(X)N;+ Y we(X)E,. (2.11)
=1 a=r+1
Applying J to (2.11)) and using (2.1))1, (2.9) and (2.11)) we obtain
FPX = =X +> w(X)Ui+ Y w,(X)W,. (2.12)
=1 a=r+1

By 2 and we have
g(FX,FY) = g(X,Y) =) {u(X)o;(Y) +us(Y)ui(X)} (2.13)

i=1
n

— ) g (X)wa(Y).

a=r+1
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According to (1.2)), (1.3)), (2.3), and (2.11]) we see that

(Vxg)(¥.2) = (X Y)(Z) + WX Zn(V)y, (210
T(X,Y) = 6{0(;;)X —9(X)Y} +m{0(Y)FX — 0(X)FYY}, (2.15)
BEX,Y) = RAY, X) = m{0Y )Ju(X) — 0(X)w(Y)},  (2.16)
BA(X,Y) = B(Y, X) = m{0(Y Jwa(X) — 0(X)wa(V)}.  (217)

where n;’s are 1-forms such that 7;(X) = g(X,N;). From the facts that
REX,Y) = g(VxY, &) and €,h5(X,Y) = g(VxY, E,), we know that h!
and h? are independent of the choice of S(T'M). The above local second
fundamental forms are related to their shape operators by

hi(X,Y) = (AL X,Y) Zh" (X, &)me(Y (2.18)
eahS(X,Y) = g(A, X,Y) Z)\ak (2.19)
hi(X,PY) = g(A, X,PY). (2.20)

Applying Vx to §(Eq, Ey) = €da, 9(&,&5) = 0, §(&, Ea) = 0, g(N;, N;) =
0 and g(N;, E,) = 0 by turns, we obtain €pfiqp + €4t = 0 and

hi(X. &) + h(X.&) =0, (X, &) = —€adai(X),  (2:21)
0(Ay, X) +ni(Ay X) =0, g(A, X, Ni) = €apia(X).

Furthermore, using 1 we see that
hi(X,&) =0,  hi(&,&) =0, A& =0. (2.22)
Definition 1 We say that a lightlike submanifold M is
(1) irrotational [13] if Vx& € T(TM) for alli € {1, ---, r};
(2) solenoidal [12] if A, and A, are S(T'M)-valued;
(3) statical [12] if M is both irrotational and solenoidal.
Remark 2 From and (2.21)s, the item (1) is equivalent to
hi(X, &) =0, hi(X, &) = Aai(X) = 0. (2.23)
By 4 the item (2) is equivalent to

n](ANZX) =0, pia(X) = 771<AEGX) = 0. (224)
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Now we shall assume that the characteristic vector field ¢ belongs to the
screen distribution S(T'M). Applying Vx to (2.9)1.2 3 and (2.11)) by turns
and using (Z2), €3) ~ £.7), @13 ~ @:20) and (2.9) ~ @IL) we get

eahs (X, U;) = hI(X, W,) — (W, )i (X),

RE(X, VD) = BECX, V), (2.25)
hs (X, V;) = eahi (X, W),

eshy (X, W,) = €.h5 (X, W),

VXUi = F(ANZX> +i7‘1]<X)U]+ i pia(X)Wa (226)

7=1 a=r+1

+ ({O(Us) X —Uz‘( )¢ —ni(X)FC},
VxVi = F(ALX Zfﬂ Wi+ Y RAX, &)U, (2.27)

n

- Z Ea>\ai()()VVa +£{0(‘/Z)X - uz(X)C}>

a=r+1
ViWa = F(A, X))+ XU+ Y pap(X)Ws,  (2.28)
1=1 b=r+1
+f{9( 2) X — €qwg (X )C}
(VxF)Y = Zu Y)A, X + Z we(Y (2.29)
=1 a=r+1
—thXYU— Z h (X, Y)W,
a=r+1

+ z{e(FY)X —O(Y)FX
— 9(X, JY)C+ g(X, Y)F(}

3 Some results

Theorem 1 Let M be a generic lightlike submanifold of an indefinite Kaehler
manifold M with an (¢, m)-type metric connection ¥V such that ¢ belongs to
S(T'M). If F is parallel with respect to the connection V, then

(1) £ =0 and V is a quarter-symmetric metric connection,
(2) M is statical,
(3) H, J(tr(TM)) and J(S(TM™%)) are parallel distributions on M,
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(4) M is locally a product manifold M, x M, _, x M* where M,, M,_,
and M* are leaves of J(tr(TM)), J(S(TM*1)) and H, respectively.

Proof. (1) Replacing Y by &; in (2.29)) in order that VxF = 0, we get

th (X, &)Uy + Z h(X, E) Wy + {0(V))X —u(X)CH=0.  (3.1)

b=r+1

Taking the scalar product of U; and ( and then taking in turns X =V}
and X = U; in the resulting equation, we obtain

(V;) =0, 0(U;) = 0.
Taking the scalar product of V; and W, in (3.1)) in turns, it becomes
hi(X.&) =0, €ahg (X, &5) = LO(Wo)u;(X). (3.2)

Replacing Y by W, in (2.29) and using the fact that FW, = 0, we have

A, X =D X W)U+ > hy(X, W)W,
=1 b=r+1

+ H{OW,)FX — eqwa(X)F(}.

Taking the scalar product of U; and the above equation and using (2.19)), we
obtain
Eahfz(Xw Uz) = _€9<Wa)nz(X)

After substitution X = ¢, into this equation, it becomes €,hi(&;,U;) =
—L0(W,)d;;. Further, substituting X = U; into 2, we get €,h5(U;, &) =
(0(W,)d;;. From ([2.17), we see that hg(U;, &) = hs(ﬁj, ;). Thus, (0(W,)
0, and we have . Hence, M is irrotational. Eq. . reduces to
luj(X) = 0. It follows that ¢ = 0.

(2) Taking the scalar product of N; and (2.29) and using the fact that
(=0, we get

n

Zuk Ini(Ay, X) + Y wy(Y)n;(A, X) =0.
b=r+1
Substituting Y = U; and Y = W, into this equation, we obtain (2.24]). Thus,
M is solenoidal, and, therefore, M is statical.

(3) Taking the scalar product of V; and ([2.29), as well as the scalar
product of W}, and m we get
hA(X,Y) Zuj Jui(Ay X) + Y wa(Y)ui(A,, X),
a=r+1

€2 (X,Y) Zul Jwa(Ay X)+ Y wy(V)wa(A, X).

b=r+1
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Putting Y = V; and Y = ['Z in turns into these two equations, we obtain

hi(X,V;) =0, h(X,FZ) =0,
hi(X,V;) =0, hi(X,FZ) = 0.
Using (2.7), @.11), ©.18), 2.19), (2.23), (2.25)4, (2.27), and (2.28), we

derive
g(VX§Z7 ‘/;) - _hf(Xu ‘/j) = 07 g(ngu Wa) - _EahZ(Xa ‘/;) = Oa
Q(VX‘/z,V;) :h§<X7£Z> =0, g(vaawa) :h2<X7£l) =0,
g(VXZoa V}) = h§<X7 FZO) =0, g<vXZ07 Wa) = hZ(X, FZO) =0,
for all Z, € I'(H,). It follows that H is a parallel distribution on M, i.e.,
VxY el'(H), vXel(TM), VY el(H).
Further, substituting Y = U; and Y = W, into (2.29) in turns, we have
Ay X =D BUX UU + Y B (X U)W, (3.3)
j=1

a=r+1
A, X =) X W)U + Y hy(X, W)W
=1 b=r+1

Applying F' to the last two equations, we obtain

F(A, X) =0, F(A, X) =0,
respectively. From the last two equations, (2.26]) and (2.28]), it follows that
V)(Ui = ZTZ']‘(X)U]‘, VXWa = Z ,uab(X)Wb. (34)
j=1 b=r+1

Thus, J(tr(TM)) and J(S(T'M™)) are parallel distributions on M, i.e.,
VxU; € T(J(tr(TM))), VxW, eT(J(S(TM™Y))), VX eT(TM).

(4) As J(tr(TM)), J(S(TM*)) and H are parallel distributions satisfy-
ing , by the decomposition theorem [1] M is locally a product manifold
M, x M,_, x M*, where M,, M,_, and M* are leaves of the distributions
J(tr(TM)), J(S(TM1)) and H, respectively. O]

Theorem 2 Let M be a generic lightlike submanifold of an indefinite Kaehler
manifold M with an (£, m)-type metric connection subject such that ¢ be-

longs to S(T'M). If U;’s are parallel with respect to the connection V and

the 1-forms p;, satisfying pi, = 0, then M is solenoidal and

(XO0(U;) + ((Vx0)(U;) = 0. (3.5)
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Proof. Taking the scalar product of W, and (2.26) with VxU; = 0 and
using the fact that p;, = 0, we get £{e,0(U;)w,(X) — 0(W,)v;(X)} = 0.
Taking X = W, and X =V} in this equation in turns, we have

W0(U;) =0, (W, = 0. (3.6)

Taking the scalar product of U; in ([2.26), we obtain Wj(ANiX) = 0. From
this and the fact that p;(X) = n:(A,, X) = 0, we see that M is solenoidal.
Applying Vx to £0(U;) = 0 and using the fact that VxU; = 0, we get (3.5)).
0

Theorem 3 Let M be a generic lightlike submanifold of an indefinite Kaehler
manifold M with an (¢, m)-type metric connection subject such that ¢ belongs
to S(TM). If V;’s are parallel with respect to ¥V and the 1-form Ay satisfy
Aai = 0, then (1) M is irrotational, (2) £ =0 and (3) 7;; = 0.

Proof. Taking the scalar product of W, in (2.27) with VxV; = 0 and
using the fact that A\, = 0, we get {{e,0(Vi)w,(X) — O(W,)u;(X)} = 0.
Substituting X = W, and X = U; into this equation in turns, we get

0(V;) =0, 0(W,) = 0. (3.7)

Taking the scalar product of V; and (2.27), we obtain h%(X,&) = 0. From
this and the fact that \,;(X) = hi(X, &) = 0, we see that M is irrotational.
Taking in turns the scalar product of N;, U;, ¢ and (2.27) with VxV; =0

and using ([2.23) and ({3.7));, it becomes

(X, U;) =0, 7ij(X) = —0(Ui)u;(X),
g(F(ALX), €) = luy(X).

Replacing Y by U; in (2.16]) and using (3.8]);, we have
hi(U;, X) = m{0(X)d;; — 0(U;)us(X)}. (3.10)

From this, (2.18)), (2.23)), and the fact that S(T'M) is non-degenerate, we
get

AU = m{é;¢ — 0(U;)Vi}.
Taking X = U; in and using the last equation, we obtain
U= g(F(A;Ui), ¢) = m{g(F ¢, ¢) — 0(Ui)g(&, O)} = 0.

Since ¢ = 0, from (3.8)2, we see that 7,; = 0. O
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4 Indefinite complex space forms

Definition 2 An indefinite complex space form M(c) is a connected indef-
inite Kaehler manifold of constant holomorphic sectional curvature c;

R(X,Y)Z = {g(Y,

) ) (4.1)
+g(JY,Z2)JX — g(JX,2)JY +24(X,JY)JZ},

where R is the curvature tensor of the Levi-Civita connection V on M.

Denote by R the curvature tensor of the (¢, m)-type metric connection
V on M. By direct calculations from and ., we see that

RX,YV)Z = R(X.V)Z (4.2)
+ (XO{0(2)Y = g(Y, Z)C} — (Xm)0(Y)JZ
- YO{0(Z2)X —g(X, Z)¢} + (Ym)0(X)JZ
(

9(X, Z2)Vy(¢ —g(Y, Z)Vx(

lg(Y,Z)X — g(X, Z)Y]}

) — (Vy)(X)
) )0(JIY)]} I Z

+ m{[6(Y)TX — 6(X)JY]0(Z)

—[0(Y)g(JX, Z) — 0(X)g(JY, Z)|C}.

Applying Vx to (¢, &) = 0 and g(¢, N;) = 0 by turns and using (2.3 .,

. - -, and the fact that V is metric, we obtain
3(Vx(, &) =hi(X,¢),  g(VxC Ni) = hi(X, (). (4.3)

In general, applying Vx to 6(&) = 0 and using (2.3)), (2.7), (2.18), and the
facts that 6(V;) = 0(E,) = 0 we obtain

(Vx0)(&) = hi(X,¢). (4.4)

Denote by R and R* the curvature tensor of the induced linear connec-
tions V and V* on M and S(T'M), respectively. Using the Gauss-Weingarten
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formulae, we obtain Gauss equations for M and S(T'M), respectively:
R(X,Y)Z = R(X,Y)Z (4.5)

3 RX 2)A,Y — (Y, ) A, X)
a=r+1

+ Z{(Vth)(Ya Z) B (VYhf)(Xu Z)

i=1

+ ) [m(X)RY, Z) — 7(Y)RS(X, Z))]

J

Il
MR

M:

Aai(X)h, (Y, Z) = Aai(Y) D (X, Z)]
(XY, 2) — 0¥ KX, Z)

— mB(XR(FY, Z) — 0V W(FX, Z)]},
+ ) {(Vxh)(Y, Z) = (Vyh3)(X, 2)

a=r+1

+ Z pia(X)RAY, Z) = pia(Y)RA(X, Z)]

E 5 BV Z) — o (V)B(X. 2)
XY, Z) — (V)R (X, 2)]
— mBCORFY, Z) — 0(YWE(FX, Z)]} B,

R(X,Y)PZ = R*(X,Y)PZ (4.6)

+ > {hi (X, P2)ALY — h;(Y, PZ)Ac, X}

i=1

+ i{(vxhﬁ(iﬂ PZ) - (Vyh})(X,PZ)

=1
+ Z Ti(Y)hE(X, PZ) — 7yn(X)RL(Y, PZ)]

(XA (Y, PZ) — 6(V (X, PZ)
— m[0(X)R(FY, PZ) — 0(Y)hi(FX, PZ)|}¢..

Taking the scalar product of N; and (4.2)) and using (4.1)), (4.5)), (4.6),
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(4.3)1, and the facts that ¢ belongs to S(TM) and V is a metric, we obtain
(VXh*)(Y PZ)— (Vyhi)(X, PZ) (4.7)

- Z (T (X)WE(Y, PZ) — 7 (Y)E(X, PZ)}

- Z {hi<Y7 PZ)"h(ANkX> - hi(Xa PZ)UZ<ANkY)}

k=1
n

=3 Y, P24, X) — hi(X, PZ)n(A, )}
—H{O(X)R:(Y,PZ)—0(Y)h;(X,PZ)}
—m{O(X)h(FY,PZ)—0(Y)h!(FX,PZ)}
—{(XOn:(Y) = (YO)n;(X)}0(PZ)
+ {(Xm)o(Y) — (Ym)0(X)}vi(PZ)
— L{(VxO)(PZ)n:;(Y) — (VyO)(PZ)ni(X)}
— Hg(X, PZ)h;(Y.C) — g(Y, PZ)h; (X, ()}
— {g(Y, PZ)ni(X) — g(X, PZ)mi(Y)}
+m{(Vx0)(Y) — (Vy0)(X)

+ m[0(Y)O(FX) — 0(X)0(FY)|}v;(PZ)
— tm{O(Y)v;(X) — 0(X)v;(Y)}0(PZ)
= oY, PZn(X) — g(X, PZn(Y) + v(X)g(JY, PZ)

— o(V)g(JX, PZ) + 20,(PZ)§(X, JY)}.

Theorem 4 Let M be a generic lightlike submanifold of an indefinite com-
plex space form M (c) with an (£, m)-type metric connection subject such that
¢ belongs to S(TM). If (1) F is parallel with respect to V or (2) U;’s are
parallel with respect to V and p;q =0, then ¢ =0 and M(c) is flat.

Proof. (1) If F is parallel with respect to the connection V, then by Theo-
rem 1 ¢ = 0 and M is statical. Thus, (2.24]) holds. Taking the scalar product
of U; and (3.3); and using (12.20]), we have

hi(X,U;) =0.
Applying Vx to h}(Y,U;) = 0 and using 1, we obtain
(Vi) (V. U,) = 0.
Taking PZ = U; in and using and the above equations, we get

E{m(X)vj(Y) — 0 (Y)v;(X) = n;(Y)vs(X) + n;(X)wi(Y)} = 0,
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since ¢ = 0. Substituting X = ¢ and Y = V; here, we obtain ¢ = 0.

(2) If U;’s are parallel with respect to V and p;, = 0, then by Theorem
3.2 M is solenoidal and ({3.5) and (3.6 hold. Further, g(F, C) = 0 since
g(J¢,¢) = 0. Taking in turns the scalar product of Fi(, N; and ( with

VxU; =0 and using (2.1)), - -, and (| .1 2, We have
(h; (X, ) = Cmi(X), hi (X, U;) = 0. (4.8)
Applying Vx to h}(Y,U;) = 0 and using the fact that VxU,; = 0, we get
(Vxhi)(Y,U;) = 0.

Taking PZ = U, in (4.7)) and using (2.24), (3.5), (3.6), (4.8), and the last

two equations, we obtain

c

7 (X0 (Y) =i (Y)u; (X) + 1 (X)0i(Y) = (Y)vi(X)} = 0.
Substituting X = & and Y = V; into this equation, we have ¢ = 0. [

Theorem 5 Let M be a solenoidal generic lightlike submanifold of an in-
definite complex space form M (c) with an (£, m)-type metric connection such
that C s tangent to M. If V;’s are parallel with respect to V and X\;, = 0,
then the function m satisfies the partial differential equation

(Em)O(U;) + m{(Ve,0)(U;) — %}— 0ij- (4.9)

Proof. 1f V;’s are parallel with respect to V and \,; = 0, then £ =0, 7,; =0
and M is irrotational. Taking X = U, in (4.4]) and using (3.10)), we obtain

(Vu,0)(&) = m{di; — 0(U;)0(Vi)}. (4.10)
From (2.25):, and (3.8))1, we get
B (X, Ve) = 0.

Applying Vx to hf(Y, Vi) = 0 and using the fact that VxVj = 0, we obtain
(Vxhi)(Y, Vi) =0.
Taking PZ = Vi in and using the last two equations and the fact that
(=0, we get
{(Xm)O(Y) — (Ym)O(X)}din
+ m{(VXG)(Y) (Vy8)(X)
m[0(Y)0(FX) — 0(X)0(FY)]}oin
)

_ _{uk( 0i(X) = up(X)ni(Y) +2g(X, JY)dir.}.

Substituting X = & and Y = U, into this equation and using (4.10)), we see

that (4.9)) holds. O

13
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Definition 3 We say that S(TM) is totally umbilical [2] in M if there
exist smooth functions ~;,i € {1,-+- ,r} on a coordinate neighborhood U of
M such that

hi (X, PY) =~g9(X,PY) for any 1. (4.11)

In case v; =0 on U, we say that S(TM) is totally geodesic in M.

Theorem 6 Let M be a statical generic lightlike submanifold of an indef-
inite complex space form M (c) with an (£, m)-type metric connection such
that ¢ belongs to S(T'M). If S(TM) is totally umbilical in M, then

Uil — C2O(UL) — myy, — iy +m(U;) Y0 (Vi) = 0. (4.12)
Moreover, if S(TM) is totally geodesic in M, then

- 3
Proof. Since M is statical, we obtain (2.23]) and (2.24]). Also, since S(T'M)

is totally umbilical, from ([2.25)); and (4.11)), we see that

h5(X, U;) = iy (X) = 00(V)ms(X).
Substituting X = §; into this equation and using (2.16]) and (2.23));, we have

EQ(‘/Z) =0, hf(X, Uz) = iU (X)7 (414)
he(Us, X) = {7 — mO(U;) i (X) + mb(X)6;;.

Replacing X by Vj and ¢ in (4.14)3 in turns, we obtain
he(Us, Vi) = mO(Vi)bis,  h5(Us, €) = {7 — mB(U:)}0(V;) + mdy;.  (4.15)

Taking X = U; in (4.4) and using (4.15))2, we have

(Vu,0)(&5) = {7 — mO(U:) }0(V)) + md;. (4.16)
Applying Vx to £0(V;) = 0 and using (2.18), (2.27) and (4.14);, we

obtain
(X0O0(V;) + £(Vx0) (Vi) = ({hy(X, F¢) + u;(X)},

since Ag; = 0. Taking X = F( in (4.14))» and using (2.16)), we have
£ _
Replacing X by U; in the last equation, we obtain

(U00(V:) + (¥, 0)(Vi) = 2. (4.17)
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Applying Vx to hi (Y, PZ) = v,9(Y, PZ) and using (2.14]), we obtain

(Vxh)) (Y, PZ) = (X7)g(Y, PZ) + 7 ) _ WX, PZ)n(Y).

Jj=1

Substituting this equation and (4.11]) into (4.7) and using (2.24)), we get
{ X — Z’Y]Tw )}9(Y,PZ) —{Y~; — Z%Tw )}9(X, PZ)

+ 7 Z{hﬁ(X, PZ)n;(Y) = B(Y, PZ)n;(X)}
— m%{é)(X) (FY, PZ) — H(Y)g(FX, PZ)}
— ({(X00(PZ) + UV x0)(PZ) — Pg(X, PZ)}n,(Y)
+ {(Y0O(PZ) + (Vv 0)(PZ) — (Y, PZ)}n;(X)
+ {(Xm)O(Y) — (Ym)0(X)}v(PZ)
+m{(VX9)(Y) (Vy0)(X)

m[6(Y)O(FX) — 0(X)0(FY)|}v,(PZ)
—em{e< Jui(X) — 6(X )ui(Y)}0(PZ)
= {9V, PZ)ni(X) — g(X, PZ)mi(Y)

+ 0(X)g(JY, PZ) — v;(Y)g(JX, PZ) + 2v;(PZ)g(X, JY)}.

Replacing Y by & in this equation and using (2.25)), (2.9) and ([2.10)), we

have
(60 = Y €Yo (X, PZ) — i (X, P2) (4.18)
=m0 (X)ug(PZ) + (§m)0(X)vi(PZ)
+{(X0O)0(PZ) + é(f 0)(PZ) — *g(X, PZ)}bu
—{(&GO(PZ) + U(Ve,0)(PZ)}mi(X)
—m{(VX9)(§k) (Ve,0)

(P
(X) +mO(X)0(Vi) }vi(PZ)
— —{g(X PZ)6i + vi(X)up(PZ) 4 2v;(PZ)uy(X)}.

Taking X = Uy, PZ =V}, and using (4.15))1, (4.16) and (4.17)), we get

& — Y mi (&) — 2m6(Vi) (4.19)

+ (&m)O(U;) + m(Ve,0)(U;) — m*0y, = 2051'1«
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Applying Vx to 6(¢) = 1 and using the fact that V is a metric, we obtain

(Vx8)(C) = 0. (4.20)

Taking X = U; and PZ = ( in (4.18) and using (4.15))2, (4.16]), (4.19), and
(4.20), we obtain (4.12)). If (T'M) is totally geodesic in M, that is, v; = 0,

then, from (4.19)), we get (4.13]). O
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