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New refinements of the Jensen-Mercer
inequality associated to positive n-tuples

M. Adil Khanland J. Pecarié¢

Abstract. In this manuscript, we propose new refinements
for the Jensen-Mercer as well as variant of the Jensen-Mercer in-
equalities associated to certain positive tuples. We give some
related integral version and present applications for different
means. At the end, further generalizations are given which are
associated to m finite sequences/
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Introduction

The celebrated Jensen inequality states that if [a,b] is an interval in R,
y; € [a,b], G € RT (j =1,2,...,n), and ¢ : I — R is a convex function,

then
" 23:1 Gyl < Zzzl GY(ys)
ol )T XiaG

Jensen’s inequality is one of the fundamental inequalities in Mathematics,
and it underlies many vital statistical concepts and proofs. Some important
applications involve derivation of the AM-GM mean inequality, estimations
for Shannon and Zipf-Mandelbrot entropies, the convergence property of
the expectation maximization algorithm, positivity of Kullback-Leibler di-
vergence, etc. [0, [4, [12] 6, [7]. Also this inequality has been applied to solve
many problems in different fields of science and technology e.g engineering,
physics, financial economics, computer science, etc.

There are several classical important inequalities which may be deduced
from , for example Holder, Levinson’s, Ky Fan, Young’s inequalities, etc.
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Due to the great importance of this inequality, several researchers have fo-
cused on this inequality and derived its many improvements, refinements
and extensions. The Jensen inequality also has been given for some other
generalized convex functions such as s-convex, preinvex, h-convex, 7-convex
functions, etc. [10, 22} [15] 17, 13, 8l Ol 21], 23].

In 2003 Mercer proved the following variant of Jensen’s inequality [16].

Theorem 1 Let ¢ : [a,b] — R be a conver function and let y, € [a,b],
GERT, v=1,2,..,n, ¢=>"_,(. Then

¢(a+b— ZQ%)<¢( ZQ D (yy)- (2)

The following variant of Jensen-Steffensen’s inequality has been given in [I].

Theorem 2 Let ¢ : [a,b] — R be a conver function and let y, € [a,b],

C’YER7C’Y7£O77:]-J7 nc Z::1C«f-]fy1§y2§"'§yn07’
Y1 > Ya > 2> Yy and

n k n
dG>0, 0 ¢G> G, k=12,...n, (3)
v=1 ~v=1 v=1

then

w(a+b— chyy)<w( ZQ (45)- (4)

For some of the results concerning to the Jensen-Mercer inequality, we rec-
ommend [2] 18, 20, 1T, 19} (3 [14].

The concept of convexity has a great impact on our everyday lives, and
there are various applications of this concept in business, industry, medicine,
art, etc. The applications of the convexity in equilibrium of non-cooperative
games and the problems of optimum allocation of resources are significant.
Jensen’s inequality is one of the most important results which holds for
convex (concave) functions. The classical Jensen’s inequality, the complete
form of Jensen’s inequality, and the generalized Jensen’s inequality for con-
vex functions are important results in theoretical and applied Mathematics.
In 2003 Mercer proved an interesting variant of Jensen’s inequality which
has been studied by many mathematicians in recent years. The purpose
of this paper is to study the Jensen-Mercer inequality and to present new
refinements of the Jensen-Mercer inequality in discrete as well as integral
case. Also, several applications have been given for different means.
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1 Refinements

Theorem 3 Let ¢ : [a,b] — R be a conver function and let y, € [a,b],
Cysys 0y €RT, my + 0, =1 for each v € {1,2,...,n}, and let ¢ =>7"_, (,.

Then .
w(a+b— lZgyw)
{2

S Bbple 1oy
y=1

Zzzl Gy 5)
- > o160y (a+b— yv))
6
S

1 n
< (a) +(b) — Ezgww
=1
Proof. Since n,+ 60, =1 for v € {1,2,...,n}, we can write
n 1 n
w(a+b — lzc'yy'y) Zw(—ZCw(aer—%))
{2 (&

= ¢<%chnv(a+ b—yy)+ % ZCY@»Y(CL—I— b~ yv))
=1 =1

_ <Zz_1cv77w Zzzl Gay(a+b—y,)
¢ 23:1 Gy
+Z::1_C797 Zzzl Gby(a+0b— ?h))
¢ 23:1 Gy
< Zzzlcvnvw <Z»7yl:1 Giyla+b— 3/7))
B ¢ 23:1 Gy
Z::l Cvevw (23:1 GOy (a+b— yw))
¢ 23:1 G0y
Zzzl Gy 23:1 Gy (ys)
= ¢ (@D(a) +9) E::l Gyl )
2::1 G0, Z::l Cvevz/f(yw))
¢ Zzzl G0y

= 0la)+ () = £ 30 Gl

+

i (wa) () -

The first inequality holds due to the definition of convexity, and the second
inequality holds due to Theorem [1 O
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In the following theorem we present integral version of the above theorem.

Theorem 4 Let ¢ : [a,b] — R be a convex function defined on the interval
la,b]. Let p,u,v,g : [a, 8] — R be integrable functions such that g(w) €
[a,b], u(w),v(w),p(w) € RY for all w € [a, ], v(w) + u(w) = 1, and let
P = ffp(w)dw. Then

¢(a+n—%[fmmmmm0
1 8

)
= u(w)plw)dw
SPL <m<>w( ey
( 2 plw)v(w)(a +b— g(w))dw)

B
< () + ()~ | )bl (©

If the function 1 is concave, then the reverse inequalities hold in (@

In the following theorem we present a refinement of variant of Jensen-
Steffensen’s inequality:

Theorem 5 Let ¢ : [a,b] — R be a conver function. Let y, € [a,b],
Gy 0y € R, Gy G0y # 0 and my + 60, = 1 for all v € {1,2,...,n},
and let C=3"_ ¢ Ifyn Syp < <yporys > ya > >y, and

n k n
ZC&%>O, OSZQ@/U'ySZCVnW ]{?:1,2,...7717 (7)
v=1 v=1 y=1

n k n
GO, >0, 0<) GO, G, k=12 n, (8)
y=1 y=1 y=1

then

1 < 1 < Y1 Gmla+b—y,)
b— = < = bh— =
v <a +h-2 Z @%) <z Z e ( + e )

1 — Yo GO (a+b—y,)
- 0 7
1 n
< la) +(b) — E Z &Y (yy)
v=1

(9)

If the function 1 is concave, then the reverse inequalities hold in (@
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Proof. Since n,+ 0, =1 for all v € {1,2,...,n}, we have

(0 <a+b_ %Z<7y7> =1 (%Z:1C'y(a+b_yv))
y=1

= (iZCﬂh(a +b—y,) + 1— ZCwew(a"i‘ b— y’y))
{2 {2

_ (Z:=1C7777 ‘ Z::l Giyla+b—y,)
4 Z::l Gy
+Z::£<w97 ) 22:1 GOy(a+0b— yv))
¢ Z::l Gy '

(10)

Note, that >°7_, ¢;n, > 0 and 27, ¢,0, > 0, and therefore >°7_, (;n, +
> 51 G0, > 0, which gives ¢ > 0.

Further, by applying convexity of 1 on the right side of and Theo-
rem [2 one can obtain

1o D1 Gty 22 Gmla+b—y,)
— b _ 8i l 8i
v ( z ;9(@ + yﬁ) < S ( > )
_i_Z::ECvevw Z::l G0y(a+b—y,)
¢ D -1 Gy

IN

- Z:Zl G (ys)
g2 (W) ERS vy )

S mw@y))

1 n
+ C;@ : (w(@ +(b) S

= (a) +9(b) - % S G,

O

Remark 1 If we add @ and , then the variant of Jensen-Steffensen
mequality conditions @ will be obtained.

2 Applications to means

Let y, € [a,0], v = 1,2,.,m, and let 1, ..., G, > 0 with ¢ = 37" | (. Let
An(y;€)y Ay €), Gulyi€), Guly; €), Haly; C), Haly; C), and MY (y; ),
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]\;L[f] (y;¢) denote the weighted arithmetic, geometric, harmonic, and power
means defined as:

1< . RS
)= EZQ%, An::a+b—EZgyV:aan—An(y;C),
y=1

(Hy )  Gnlyid) = <ﬁa;>% N Gn(a;;C)’

Zgy Hu(y;¢) = (a7 407 = H Y (y;€)

1

M (y; ¢) = (% 251 Cﬁﬁ) T, s#£0,

Gn(y;¢), s =0,
]\;flf}(y;C) = gas(+28)_ ( S](y C)) );’ 87&27
n(y; €), s—0.

Also, assume that 7,,0, € R* are such that n, + 6, = 1 for each v €

{1,2,...,n}.

Under the above assumptions we give the following corollaries.

Corollary 1 The following inequalities are valid
) < ZQW (:¢-m) +Z®9 Gul(y;¢.0) < Au(y:¢). (1)

Proof. Using the function ¢ (z) = exp(z) and replacing a,b, and y, by
Ina,Inb, and Iny, in , we get . 0

Corollary 2 By taking a — %, b— %,y,y — i, m we have

1 < 21 Gy n 2160y < 1

= = = = : 12
Gn(y:€) — Gu(yiCm)  Gu(y:€.0) — Hu(y; Q) 2
Corollary 3 The following inequalities hold:
~ ~ Z:=1 Y [~ 22:1 +0 ~
G0 < (A em) ™ (Ac0)) ™ < Ao (1)

Proof. Using the function f(z) = —Inx in and then applying the ex-
ponential function, we get . U



NEW REFINEMENTS OF JENSEN-MERCER INEQUALITY ASSOCIATED TO n-TUPLES 7
Corollary 4 For s #0 and s < 1, we have

M (y0) < > Gy M, Yy ¢m +ZQ9 M (5:¢.0) < Au(:¢). (14)
=1

Proof. Use the function ¢(z) = z+ and replace a, b, and x; by a°, b°, and

7, respectively in to get . O

Corollary 5 Fort,s € R with 0 <t < s, we have

< W(yC) ZC%(M“ :%Cn) +ZQ < y,C9)>
gME](y;c»

Proof. Use the function ¢(z) = x¢ and replace a,b, and ., by a, b, and

! respectively in (5)) to get . O

Now, we generalize the given applications for the quasi-arithmetic mean.

Let ¢ : [a,b] — R be a strictly monotonic and continuous function.
Then for a given n-tuple y = (y1,...,y») € [a,b]™ and positive n-tuple ¢ =
(Ciy..ry Gp) With ¢ = >0_1 Gy, the value

M[n] (v; ¢ <Z C’y Yy )

is well defined and is called quasi-arithmetic mean of y with wight ¢. If we

define
M (y;¢) = ¢! (fb(a) +o) =) Cm(yy)) :

then we have the following result.

Corollary 6 The following inequalities hold:

w(m” v ) Zgw(m (y,Cn)+ZQ@W(M¢M(%C-0))
v=1

< @w(m““(y; c>)
(16)

provided that 1 o ¢! is convex and 1) is strictly increasing.

Proof. Replace 1(z) by 1 o ¢! (x) and a, b,y, by ¢(a), d(b), ¢(y,) respec-
tively in (5)), then apply ¢! to get (16). O
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3 Further generalizations

In this section, we present a further refinement of the Jensen-Mercer as well
as variant of the Jensen-Mercer inequalities concerning to m sequences whose
sum is equal to unity.

Theorem 6 Let ¢ : [a,b] — R be a convex function defined on the interval
[a,b]. Let y, € [a,b], ¢,,0, € RY, v = 1,2,....n, | = L,2,...,m, be
such that 3" 0, = 1 for each v € {1,2,...,n}, and let { = 1 Gy
Assume that Ly and Lo are non-empty disjoint subsets of {1,2,...,m} such
that Ly U Ly = {1,2,...,m}. Then

¢<a+b - %Zg@

2”21 Zl L 0! Cv(a +b— yw)

< Z Hl Y nE 1
< 1y Sy (Enfamlotnton)

Zn:1 Zl L 0! Cv(a +b— yv)

0[ Y nE 2
7z ZZ il ( S S 0 )
< w<a>+w<b>—22<vw<yy>. (17)
v=1

If the function v is concave, then the reverse inequalities hold in .

Proof. Since > ", 617 =1 for each v € {1,2,...,n}, we can write

“b_%zgyv ZZQICWGM_% ZZGZ@GM_%)
y=1

7—1 lely 7 1lels

Therefore, we have

¢<a+b_%—Zvav)
( Zzel@a—l—b—% + = ZZ@ZC,Y(Z—FZ)—%))

v=1leL, 7—1 leLo
_ Z Z HZC 7 1 ZleLl nygv(a +b— yv)
’Y 11el, ! Z::l ZZELl e’lyC'Y

+3 Z DA 2o Dier, G0+ b~ )
7_1 leLo ! Zz:l ZlELQ QflyC’y
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n l
~v=11elq Z’y:l ZZELl H’YC'Y

+%— Zn: Z 0 ¢ (Z:—l Dier, 046 (a+b— yv))

n n . B
I (Z S W)

n l
’y:l = Z’y:l ElELQ e’yC'y

< () + (D) - % S G, (18)

The first inequality takes place due to the definition of convexity, and the
second one holds by virtue of Jensen-Mercer’s inequality. [J

Remark 2 We can give applications of Theorem [ for means as given in
Section [2.

The following theorem is the integral analogue of Theorem [6]
Theorem 7 Let ¢ : 6 — R be a convex function defined on the interval G.
Let p, g,u; € L[a,b] be such that g(w) € G, p(w), u(w) € RT for all w € [a, b]
(I =1,2,...,n), and let Y w(w) = 1, P = fabp(w)dw. Assume that Ly

=1

and Ly are non-empty disjoint subsets of {1,2,...,n} such that Ly U Ly =
{1,2,....,n}. Then

> l ' w <fab ZleLl Ul(w)p(W)g(w)dw>
r f; > ien, Ww)p(w)dw
L[ S > e, Ww)p(w)g(w)dw
) w(w)p(w)dw a : 2

+P Z ) w( fa ZleLz u(w)p(w) )

>0 (3 [ s, (19

If the function 1 is concave, then the reverse inequalities hold in (@

p(w)dw

In the following theorem, we present a further refinement of the variant
of Jensen-Steffensen’s inequality associated to m certain sequences.

Theorem 8 Let ¢ : [a,b] — R be a convex function defined on the interval
la,b]. Lety, € I, let CV,HZW eR, v=1,2,...,n, 1 = 1,2,...,m, be such
that Cynw,@@lv # 0 and Y, G,ZY = 1 for each v € {1,2,...,n}, and let
¢ = Z:Zl Gy. Assume that Ly and Ly are non-empty disjoint subsets of
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{1,2,...,m} such that Ly U Ly = {1,2,..m}. Ify; < yo < -+ <y, or
Y1 > Yo > - >y, and for each l € {1,2,...,m}

n k n
DGO >0, 0 G <) G k=12, .n, (20)
v=1 v=1 y=1

then

1/}(a+b - %zn:Q%)

> Yier, 56 a+ b —yy)
< 1 el ¥ ne 1Y
— ; ZGZLl C’Y ( 27:1 ZZGLl ngCPY )
> e, 00G (a+b—y,)
+ gl , ¥ ne 2
; lezL:Q C ( 2721 ZleLz HZWCV )

IN

(a) + () - %-Zwam.
- (21)

If the function 1 is concave, then the reverse inequalities hold in .

Proof. Since Z (ﬂfy > 0foreachl € {1,2,...,m},onchas > > Cﬂlv > 0.

I=1~=1
Also, Z Ql = 1. Hence, we can conclude that ¢ > 0.

Further proceeding in the same way as in the proof of Theorem [6] but
using variant of Jensen-Steffensen’s inequality instead of Jensen-Steffensem’s

inequality, we obtain . 0
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