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infinite family of accretive operators
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Abstract. In this paper, we introduce and study a new iter-
ative method based on the generalized viscosity explicit meth-
ods (GVEM) for solving the inclusion problem with an infinite
family of multivalued accretive operators in real Banach spaces.
Applications to equilibrium and to convex minimization prob-
lems involving an infinite family of semi-continuous and convex
functions are included. Our results improve important recent
results.
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Introduction

Let H be a real Hilbert space. For a multivalued map A : H — 2%, the
domain of A, D(A), the image of a subset S of H, A(S), the range of A,
R(A), and the graph of A, G(A), are defined as follows:

D(A):={r e H: Az # 0}, A(S) :=U{Ax: z € S},
R(A) := A(H), G(A) :={[z,u] : x € D(A),u € Az}.
A multivalued map A : D(A) C H — 27 is called monotone if the inequality
(u—v,x—y) >0

holds for each z,y € D(A), u € Az, v € Ay. A monotone operator A is
called maximal monotone if its graph G(A) is not properly contained in the
graph of any other monotone operator. It is well known that A is maximal
monotone if and only if A is monotone and R(I +1rA) = H for all > 0 and

A is said to satisfy the range condition if D(A) C R(I+rA). Many problems

1


http://www.flib.sci.am/eng/journal/Math/

2 T.M.M. SOW

arising in different areas of mathematics, such as optimization, variational
analysis, and differential equations, can be modeled by the equation

0€ Az, (1)

where A is a monotone mapping. The solution set of this equation coincides
with the null points set of A. Such operators have been studied extensively
(see, e.g., Bruck Jr [0], Rockafellar [25], Xu [26], and the references therein).
In fact, f : H — R U {oo} be a proper lower semicontinuous and convex
function, then, it is known that the multivalued map A := Jf, the sub-
differential of f, is maximal monotone (see, e.g., [19]). For w € H from
w € Of(x) it follows that f(y) — f(x) > (y — z,w) for all y € H, and hence,

x € Argmin ( f—(, w>> .In particular, the inclusion is equivalent to

flx) = min f(y).

The problem has been studied by numerous researchers. A popular
method used to solve by iterations is the proximal-point algorithm pro-
posed by Rockafellar [25], which is recognized as a powerful and successful
algorithm for finding zeros of monotone operators.

An early fundamental result in the theory of accretive operators, due
to Browder [3], states that the initial value problem of ordinary differential
equation

du + Au =0, u(0) = uy, (2)
dt

is solvable when A is locally lipshitzian and monotone on H. For obtaining
the numerical solution of Eq. , numerous authors devoted themselves to
probing methods of approximating and harvested fruitful results. One of the
powerful numerical methods for the numerical solution of equation Eq.
is the implicit midpoint rule (IMR) which generates an iterative sequence
{z,,} via the relation

1 Lp+1 — Tn
g =) = A(ZE). ()
The sequence {z,} generated by converges to the exact solution of
(see e.g., Auzinger [1], Bader[2]). In recent decades, a host of mathemati-
cians concentrated on approximating the solution of (when it exists)

U
which coincides with the equilibrium state i 0, Au = 0, because a va-

riety of problems, for example, convex optimization, linear programming,
monotone inclusions, and elliptic differential equations can be formulated as
the equilibrium state. Therefore, finding a zero of nonlinear operator A is
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an important task in approximation theory. In studying the inclusion prob-
lem where A is a monotone operator, Browder [4] introduced an operator
T:H — HbyT=1-— A where [ is the identity mapping on H. The oper-
ator T is nonexpansive, and the zeros of A, if they exist, correspond to the
fixed points of T'. Thus, approximating the solution of is transferred to
approximating the fixed points of nonexpansive mappings.

For nonexpansive mappings with fixed points, Mann iterative method
[17] is a valuable tool for studying them. However, only weak convergence is
guaranteed in infinite dimensional spaces. Thus, a natural question arises:
could we obtain a strong convergence theorem by using the well-known
Krasnoselskii-Mann method for non-expansive mappings? In this connec-
tion, in 1975, Genel and Lindenstrauss [10] gave a counterexample. Hence,
the modification is necessary in order to guarantee the strong convergence of
Krasnoselskii-Mann method. Therefore, many authors try to modify Mann’s
iteration to have strong convergence for nonlinear operators.

Recently, an iterative sequence for the explicit midpoint rule has been
studied by many authors, because it is a powerful method for solving ordi-
nary differential equations; see, for example, [28, 16, 13|, [I8] and the refer-
ences therein.

In 2017, Marino et al. [I8], motivated by the fact that explicit midpoint
rule is remarkably useful for finding fixed points of single-valued nonexpan-
sive mapping, proved the following theorem.

Theorem 1 Let H be a real Hilber space and K, a closed and convex subset
of H. Let T : C' — C be a quasi-nonexpansive mapping and f : C' — C be
a contraction. Assume that I —T is demiclosed in 0 and F(T) ={z € C :
Tx =z} # 0. Let {x,} be a sequence defined iteratively from arbitrary
o € C by

{ a_jn—&—l - ann + (1 - ﬂn)Txnu

Tpa1 = apf(zn) + (1 — an)T(snmn +(1-— sn)ai"n+1), (4)

where {s,}, {fn} and {a,} are sequences in (0,1) satisfying

n—oo

(7) lim «a, = 0; (17) Zan = 00, limsup 3,(1 — B,)(1 — s,) > 0.
n=0 "

Then, the sequence {x,} generated by converges strongly to x* € F(T)
that is the unique solution in F(T') of the variational inequality

(" — f(z"), 2" —p) <0 forallpec F(T). (5)

In the present paper, we introduce a new iterative algorithm which is
a combination of viscosity approximation method and a modified Mann al-
gorithm for approximating common zeros for a countable infinite family of
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accretive operators which is also a solution of some variational inequality
problems in real Banach spaces. Finally, we apply our main result to equi-
librium and to convex minimization problems.

1 Preliminairies

Let E be a Banach space with norm || - || and dual E*. For any z € E and
x* € E*, (z*,x) is used to refer to z*(x). Let ¢ : [0,+00) — [0,00) be a
stricly increasing continuous function such that ¢(0) = 0 and ¢(t) — +o0
as t — o0o. Such a function ¢ is called gauge. Associated to a gauge ¢ a
duality map J, : E — 25" is defined by:

Jo(w) :=H{a" € B {x,2") = [[zl[e(|[2|]), [|7]] = ¢(|=[)}, =€ E. (6)

If the gauge is defined by ¢(t) = t, then the corresponding duality map is
called the normalized duality map and is denoted by J. Hence, the normal-
ized duality map is given by

J(z) = {a* € B* : (x,2") = ||z|)* = ||z*|]* =} for all z € E.

Notice that

A normed linear space FE is said to be strictly convex if the following holds:
from ||z|| = ||ly|| = 1 and = # y it follows that Ha:'T—i—y‘ < 1. The modulus
of convexity of F is the function g : (0,2] — [0, 1] defined by

i 1
ou(e) i=inf {1 = Slla+yl : |zl = Iyl =1, =yl = €}

E is uniformly convex if and only if dg(e) > 0 for every € € (0,2]. For p > 1,
E is said to be p-uniformly convex if there exists a constant ¢ > 0 such that
dp(€) > ceP for all € € (0,2].

Let E be a real normed space and let S :={zx € E: ||z|| = 1}. E is said
to be smooth if the limit

t —
ety = el -

t—0t t

exists for each z,y € S. E is said to be uniformly smooth if it is smooth and
the convergence in @ is uniform for each z,y € S.
Let J, denote the generalized duality mapping from E to 2F" defined by

Jo(x) = {f € E": (x, f) = ||«|| and || f]| = [|=[|*},
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where (-, -) denotes the generalized duality pairing. .J; is called the normal-
1zed duality mapping and is denoted by J.

It is known that £ is smooth if and only if each duality map J,, is single-
valued, that £ is Frechet differentiable if and only if each duality map J, is
norm-to-norm continuous in £, and that E is uniformly smooth if and only
if each duality map J, is norm-to-norm uniformly continuous on bounded
subsets of E.

Following Browder [4], we say that a Banach space has a weakly continu-
ous duality map if there exists a gauge ¢ such that J, is a single-valued and

is weak-to-weak® sequentially continuous, i.e., from (z,) C E and z, — x

it follows that J,(z,) SR Jy()). It is known that I? (1 < p < o) has a
weakly continuous duality map with gauge (t) = t*~! (see [8] fore more
details on duality maps).

Finally, recall that a Banach space F satisfies Opial’s property (see,

e.g., [21]) if limsup||z, — | < limsup||z, — y|| whenever z,, = =, x # y.
n—-+00 n——+oo
A Banach space F that has a weakly continuous duality map satisfies Opial’s

property. Given a gauge ¢ and a smooth real Banach space E, the map
A:D(A) C E — 2F is called accretive if

(u—wv,J(x—y)) >0, (x,u), (y,v) € G(A).

A multi-valued map A defined on a real Banach space E is called m-accretive
if it is accretive and R(I +rA) = E for some r > 0, and it is said to satisfy
the range condition if R(/ +rA) = E for all r > 0.

Example 1 Let A: R — 2% be a map defined by

_ [ sgn(z), = #0,
A"””—{ [~1,1], 2 =0, ®)
where A is the subdifferential of the absolute value function, J|-|. Then A
is m-accretive. It can be shown that if R(I +rA) = E for some r > 0, then
this holds for all s > 0. Hence, the m-accretive condition implies the range
condition.

Definition 1 Let E be a real Banach space and T : D(T) C E — E be a
mapping. The mapping I —T s said to be demiclosed at O if for any sequence

{z,} € D(T) such that {x,} converges weakly to p and ||z, —Tz,|| — 0 one
has p € F(T).

Lemma 1 ([4]) Let E be a Banach space satisfying Opial’s property, K be
a closed convex subset of E, and T : K — K be a nonexpansive mapping
such that F(T) # 0. Then I — T is demiclosed; that is,

{z,} CK, z,—2z€K and (I—-T)x,—y implies(I—-T)x=y.
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Lemma 2 ([15]) Assume that a Banach space E has a weakly continuous
duality mapping J, with gauge . Then, for all x,y € E,

D[z +yll) < D([lx]]) + {y, Jo(z + ), (9)

where ®(t) = /tgo(a)da, t > 0. In particular, for the normalized duality
mapping, one hgs the tmportant special version of @D,
Iz +yll* < ll=ll* +2(y, J (z + y)),
for all x,y € E.
Lemma 3 ([27]) Assume that {a,} is a sequence of nonnegative real num-

bers such that a, 1 < (1—ay)a,+ o, for alln > 0, where {a,} is a sequence
in (0,1) and {0,} is a sequence in R such that

(a) Zan = 00, (b) limsup& <0 or Z lon| < o0.
n=0 n=0

n—o0 an

Then lim a, = 0.
n—o0

Lemma 4 ([9]) Let E be a uniformly convex real Banach space. For arbi-

traryr > 0, let B(0), := {z € E : ||z|| <1} be a closed ball with center 0 and

radius r. Then for any given sequence {uy,us, ..., Up, ...} C B(0), and any

positive real numbers {A1, Aoy ...y Ay ...} with > A\ = 1, there ezists a con-
k=1

tinuous, strictly increasing and convex function g : [0,2r] — R*, g(0) = 0,

such that for any integer v,j with 1 < j,

9] ) 9]
| D M| < 3 Meluel? = Mg = ).
k=1 k=1

Let C be a nonempty subset of a real Banach space E. A mapping
Q¢ : E — C is said to be sunny if

Qc(Qez +t(z — Qcr)) = Qex

for each x € EF'and t > 0. A mapping Q¢ : F — (' is said to be a retraction
if Qcx = x for each z € C.

Lemma 5 ([23]) Let C and D be nonempty subsets of a smooth real Banach
space B with D C C and let Qp : C' — D be a retraction from C into D.
Then Qp is sunny and nonexpansive if and only if

(2 = Qpz, J(y —@pz)) <0 (10)
forallze C andy € D.
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Note that Lemma 5| still holds if the normalized duality map is replaced
by the general duality map J,.

Remark 1 If K is a nonempty closed conver subset of a Hilbert space H,
then the nearest point projection Py from H to K is the sunny nonexpansive
retraction.

The resolvent operator has the following properties:

Lemma 6 ([11]) Let E be a real Banach space and let A: D(A) C E — E
be a set-valued operator. For any r > 0,

(i) A is accretive if and only if the resolvent J* of A is single-valued and
nonerpansive;

(ii) A is m-accretive if and only if J* of A is single-valued and nonexpansive
and its domain is the entire E;

(iii) 0 € A(x*) if and only if x* € F(JA), where F(J?) denotes the fived-
point set of JA.

Lemma 7 ([20]) For any r > 0 and p > 0, the following holds:
H A A
"ot (1= 1) st e DU

and

o=t (Fet (1-5) sta).

Lemma 8 ([8]) Let A be a continuous accretive operator mapping defined
on a real Banach space E with D(A) = E. Then A is m-accretive.

2 Main results

We now formulate our main result.

Theorem 2 Let E be a uniformly convex real Banach space having a weakly
continuous duality map J,. Let K be a nonempty, closed and convex subset
of E and f : K — K be contraction mapping with a constant b € [0,1).
Let B;, 1 € N* be an infinite family of multivalued accr’etive operators of K

such that F —ﬂB—l ﬂ)andﬂp CKCﬂRIJrTB)forall

r>0. Let {ﬁm}, {sn}, {an} be three sequences in (0, 1) and {r,} C|0, o0l
Let {x,} be a sequence defined iteratively from arbitrary xy € K by:

Tpy1 = Bn,[)xn + Z Bn,it]fja:na
= (11)

Tnt1 = anf(25) + (1 — o) (8020 + (1 = $,)Tps1),

7
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Suppose the following conditions hold:

n—oo

(7) lim o, = 0; (i1) Y. ap =00, > Bni=1,
n=0 =0

(¢43) liminfr, > 0 and liminf(1 — s,,)5,.00n,: > 0 for all i € N.

n—oo n—

Then the sequence {x,} generated by converges strongly to z* € F,
which is a unique solution of variational inequality

(z% = f(2%), Jo(a" —p)) <0, peF. (12)

Proof. First we show the uniqueness of a solution of the variational in-

equality . Suppose both z* € F and z** € F are solutions to ,
then

(7 = f(z7), Jo(a" —2™)) <0 (13)
and
(27 = f(a™), Jp(a™ = 27)) < 0. (14)
Adding up and , we obtain
(@ = ot + f() = f@™), (@™ — ) <0, (15)
Further,

(@™ ="+ f(a7) = f(@™), Jp(a™ = 27)) = (1 = b)ep([la” — 2™ [)]J2" — =™,

which implies that * = 2**, and the uniqueness is proved. Below we use x*
to denote the unique solution of .
For each n > 1, put z, := s,z + (1 — $,)Tpny1, and let p € F. We have

Hzn - p|| = ||5nxn + (1 - Sn)jn—&-l - p“
< spllwn = pll + (1 = 80) |01 — pll
=1
S SnHIn - p” + (1 - Sn) |:ﬂn,0||xn - p” + Zﬁn,z qulxn - p”} .
=1
Hence,
”zn _pH < Hxn _pH' (16)

We prove that the sequences {z,} is bounded. Using inequalities ,
and the fact that Jff are nonexpansive, we can write

Hanf(xn) + (1 - an)zn - p”

< anl[f(@a) = ) + (1 = e[z — pll + aall f(p) — pll
< (1= =b)an)|zn —pll + ol f(p) — 1l

1f(p) —pl

max H'rn—p‘|7ﬁ}

||In+1 _pH

IN
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By induction, it is easy to see that

1f(p) — pll

ln — ol < maX{H»To —pu,—}, w1

1-0

Hence, {x,} is bounded, as well as {f(x,)}.
Let k € N*. From Lemma [4] convexity of ||.||?, and (TI), we have

Iz = pII* =

IN

IN

<

8020 + (1 — 8p)Tny1 — pH2

Snl|Tn — p||2 +(1— 3n)||jn+1 - p||2

e’}
Sn”xn - p”2 + (1 - Sn)Hﬁn,Own + Zﬁn,zt]ffxn - pH2

=1

Sulln = I+ (1= 50) | Bulln =PI+ D Buill T2 — ol
=1

BrBnsg (725 2 = )]
00 = Bl = (1 = 50)n0Busg (175420 — ).

Consequently, we obtain

|11 _pHZ = lanf(zn) + (1 —an)zn — pH2
< lan(f(za) = p) + (1 = an)(z0 = p)II?
< apllf(@a) = plI* + (1 = an)’llza — pl”
+2an (1 — )| f(zn) — pllll2n — Pl
< apllf(@a) = pll* + (1 = an)?[lzn — pIf?

~(1 = a)?(1 = 50) Bn,08n g (| 175 0 — wal])
+2an (1 = an)|[ f(zn) = plllzn = pl-

Thus, for every k € N*, we get

(1—an)*(1—

51) B0 Bn kg (155 0 — zall) < [l2n = plI* = 20s1 — pl?
+opllf (@a) = plI” + 2001 — ) [1f (2) = pllllzn — 2l (17)

Since {xp}n>0 and {f(z,)}n>0 are bounded, there exists a constant C' > 0

such that

anllf (@n) = plI* + 200 (1 = ) [ f () = pllll2n — Pl < .

Therefor, from , we have for every k € N*,

(1—an)’(1

- Sn)ﬁn,()ﬁmkgq"]gkxn - anH)

< llzn = plI* = llZnss = plI* + aaC. (18)
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Observe that Qrof is a contraction, where () is the sunny nonexpansive
retraction from K to F. Indeed, for all z,y € K, we have

1Qrf(x) = QefWI < [If(x) = fFW) < bllz -yl

Banach’s Contraction Mapping Principle guarantees that Qo f has a unique
fixed point, say, 1 € K. That is, x1 = Qg f(z1). Thus, in view of Lemma
B, it is equivalent to the following variational inequality problem:

(11— f(21), Jp(1 —p)) <O, peF.

By the uniqueness of the solution of , we have, x; = z*.

Now let us prove that {x, } converges strongly to x*. We divide the proof
into two cases.
Case 1. Assume that {||z, — p||} is a monotonically decreasing sequence.
Then {||z,, — p||} is convergent. Clearly, we have

|20 — pII> = |20 — pl|* = 0.
Then it follows from that
T (1= ) BuoBag (| 7542, = ) = (19)

Since lim,, o0 inf(1 — $,,) Bn.0fnk > 0 and according to the property of g, we
have
lim |2, — J %2, = 0. (20)
n—oo

By using the resolvent identity (Lemma (7)), for any r > 0, we conclude that

20 = TP x|l < 2, — Jﬁk$n|| + ||J£kxn |
< lzn — Jﬁ’“fﬁnﬂ
B, [T r By, By,
n n
< Hxn - Jfbkxn”
r T
+”E$n + (1 — E) JPkx, — x|
r
< |z, — Jﬁ’“mnﬂ + ‘1 - Hj,i’“xn — Zy|-

n

Hence,
lim ||z, — JP*2,| = 0. (21)
n—oo

Next, we prove that limsup(z* — f(z*), J,(z* — x,)) < 0. Since E is
n——+00
reflexive and {z,} is bounded, there exists a subsequence {z,;} of {z,}

such that x,; converges weakly to a in K and

limsup(z* — f(z%), Jo(2" — z,)) = lim (2" — f(27), Jo (2" — zn,)).

n—+00 J—+oo
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From , the fact that JP+ k € N* are nonexpansives and Lemma ,
we obtain @ € F. On the other hand, by the assumption that the duality
mapping J, is weakly continuous and the fact that «* solves (12)), we have

limsup(z* — f(z%), Jo(2" —2,)) = lm (2" — f(2"), J,(z" — 2,,))

n—+oo J—+o0

Finally, we show that x,, — x*. Since ®(t) = fot p(o)do for all t > 0 and
¢ is a gauge function, ®(kt) < kd(t) for 0 > k > 1. From and Lemma
2, we get that

O(lznss —2™)) = @(llanyf(zn) + (1 = an)zn — 27|))

< O(lJan(f(zn) = f(27) + (1 = an)(zn — 7))
Fan (@ — f(27), Jp(2" — Tni1))

< ®(anl|f(zn) = f)I 4+ [[(1 = an)(zn — 27)]])
+O‘n<$* - f(x*)7 J«p(x* - xn-i-l))

< Oapflen — 2| + (1 —an)llzn — 27|)
+an(z” — f(27), Jo(z" — i)

< O((L— (1 =b)aw)|lzn — 27

+04n<x* - f(x*>’ J«J(x* - xn+1)>
< (1= (1 =b)an)®(|lzn — ™)
tap(z* — f(27), Jo(x" — Tpy1)).

From Lemma [3] its follows that z,, — z*.

Case 2. Assume that {||z, — z*||} is not a monotonically decreasing se-
quence. Set B, = ||z, — z*|| and let 7 be a mapping defined by 7(n) =
max{k € N: k <n, By < By} for all n # ng and some ng large enough.
Then 7 is a non-decreasing sequence such that 7(n) — oo as n — oo, and
Br(n) < Brn)+1 for n > ng. For i € N* from , we have

(1 = ar()*(1 = 57(n))Bri),0Brwig (17 rmy = 22y []) < @ryC — 0
as n — o0o. Furthermore,

(1 — ST(n))B’r(n),OﬂT(n),iQ(HJﬁi(n)x’r(n) — IT(n)H) — 0 as n — oo.

Hence,
lim ||ini<n>xT(n) — Ty = 0. (22)

n—oo
By the same argument as in case 1, we can show that x,(,) is bounded in K
and limsup (z* — f(2*), J,(@* — 2;4,))) < 0. For all n > 0, we have

7(n)—+o00

< ar()[— (1 = 0)@([|zr(n) — 2™[]) + (2" = f(27), Jo(2" — Z7(m)11))],

11
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which implies that

* ]' * * *
Then,
it (o) —a”[) = .
Therefore,

lzs Brgy = lsn Brioyes =0

Moreover, for all n > ng, we have By < By if n # 7(n) (that is,
n > 7(n)) because B; > Bjyy for 7(n) +1 < j < n. Thus, for all n > n,
we have

0<B,< maX{BT(n)7 B‘r(n)+1} = BT(n)+1-

Hence, lim B, = 0, that is {z,,} converges strongly to z*. This completes
n—oo

the proof. [

As a consequence of Theorem [2] we have the following theorem.

Theorem 3 Let E be a uniformly convex real Banach space having a weakly
continuous duality map J,. Let f: E — E be an contraction mapping with
a constant b € [0,1). Let B;, i € N* be an infinite family of multivalued
m-accretive operators of E such that F := ‘O_r%lel(O) # 0. Let {Bni}, {sn},

{an} be three sequences in (0,1) and {r,} CJ0,00[. Let {x,} be a sequence
defined iteratively from arbitrary xo € K by:

Tpy1 = Bn,l)xn + Z Bn,ijffmna
i=1
Tt = o f(zn) + (1 — ) (sna:n + (1 - sn)i"nﬂ),

(23)

Suppose the following conditions hold:

(Z) lim Qp = 07 (“) Z Qy = 00, Z /Bn,i = 17
n=0 =0

n—oo

(¢43) liminfr, > 0 and liminf(1 — s,,) 5,00, > 0 for all i € N.

n—oo n—oo

Then the sequence {x,} generated by (23|) converges strongly to x* € F,
which 1s a unique solution of variational inequality )

Proof. Since B;, i € N* are m-accretive operators, we conclude that B; are
accretive and satisfy the condition R(I + rB;) = E for all r > 0. Setting
K = FE in Theorem [2| we obtain the desired result. O
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We have the following corollaries.

Corollary 1 Assume that E = [,, 1 < q < oo. Let K be a nonempty,
closed and convexr subset of E and f : K — K be an contraction mapping
with a constant b € [0,1). Let B;, i € N* be an infinite family of multivalued

accretive operators of E such that F ﬂB “10) # 0 and ﬂ D(B;)
i=1

K c "R +rBy;) for allr > 0. Let {z,} be a sequence defined iteratively
i=1
from arbitrary ro € K by:

Tpy1 = Bn,()xn =+ Z Bn,ijffajna
i=1
Tpt1 = nf(zn) + (1 — ay) (sna:n +(1— sn)fnﬂ),

where {s,}, {Bn.i}, {an} are sequences in (0,1) and {r,} C|0, 00| satisfying

(7) lim o, = 0; (it) > an =00, Y Bni=1,
n=0 =0

(24)

n—oo

(74i) liminf r,, > 0 and hmmf(l — $1)Bn.oBni > 0 for all i € N.

n—oo

Then the sequence {z,} generated by (24 . converges strongly to z* € F,
which 1s a unique solution of variational inequality .

Proof. Since £ = l;, 1 < ¢ < oo are uniformly convex and has a weakly
continuous duality map, the proof follows from Theorem [2 OJ

Corollary 2 Let H be a real Hilbert space. Let K be a monempty, closed
and convexr subset of E and f : K — K be an contraction mapping with
a constant b € [0,1). Let B;, i € N* be an nfinite family of multwalued

monotone operators of E such that F = ﬂB “10) # 0 and mD

=1

K C ﬂ R(I +rB;) for allr > 0. Let {z,} be a sequence defined iteratively
i=1
from arbitrary xq € K by

fn-‘rl Bn 0Ln + Z Bn zJB Tn,

(25)
Tpi1 = apf(x,) + (1 — ) (Snn + (1 = $,)Tns1),

where {s,}, {Bni}, {an} are sequences in (0,1) and {r,} CJ0, 00| satisfying

(1) lim «, = 0; (it) > an =00, Y Bni=1,
i=0

n—0o0 n=0

(¢77) iminfr,, > 0 and liminf(1 — s,,) 8,008, > 0 for all i € N.

n—oo n—o0

13



14 T.M.M. SOW

Then the sequence {x,} generated by converges strongly to z* € F,
which is a unique solution of variational inequality

(" — f(z"), 2" —p) <0, p e F. (26)

3 Application to equilibrium problems

In this section, we apply Theorem [2| to equilibrium problems in Hilbert
spaces.

Let H be a real Hilbert space and let C' be a nonempty, closed, and
convex subset of H. Let F be a function from C' x C' into R. The equilibrium
problem for F'is to find x € C' such that

F(z,y) >0 for all y € C. (27)

The set of solutions is denoted by EP(F).

Equilibrium problems which were introduced by Blum and Oettli [5] have
a great impact and influence on the development of several branches of pure
and applied sciences.

To solve the equilibrium problem for a function F': C' x C' — R, let us
assume that F' satisfies the following conditions:
(A1) F(z,x) =0 for all x € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;
(A3) for each x,y,z € C, 1E%F(tz +(1—=t)x,y) < F(x,y);
(A4) for each = € C, the function y — F(z,y) is convex and lower semicon-
tinuous.

Lemma 9 ([7]) Assume that F' : C x C — R satisfies (Al) — (A4). For
r >0 and x € H, define a mapping T, : H — C' as follows:

Tr(x):{zeC: F(z,y)+%<y—z,z—fc>ZO,yeC}, x € H.

Then

1. T, is single-valued;

2. T, 1is firmly nonezpansive, i.e., ||T.(x) — T, (y)||* < (T,x — T,y,x —y) for
any z,y € H;

3. F(T,) = EP(F);

4. EP(F) is closed and convex.

The following lemma appears implicitly in [25].
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Lemma 10 ([25]) Let H be a Hilbert space and let C' be a nonempty closed
convez subset of H. Let F': C' x C'— R satisfies (A1) — (A4). Let Ap be a

set-valued mapping from H into itself defined by

z€H, Flx,y)>(y—=z,2), ye C}, v €C,
AF@":{% :c¢c.( y) = (y—=z2), yeC} (28)
Then EP(F) = Ap~'0, and Ap is a mazimal monotone operator with

D(Ar) C C. Furthermore, for any x € H and r > 0, the map T, defined in
Lemma |9 coincides with the resolvent of Ap, i.e, T,x = (] + TAF)_lx.

Using Theorem [2], we prove a strong convergence theorem for an equilib-
rium problem in a Hilbert space.

Theorem 4 Let H be a real Hilbert space and let function F : H x H —
R satisfying (A1) — (A4) be such that EP(F) # 0. Let f : H — H be
a contraction mapping with a constant b € [0,1). Let {z,} and {u,} be
sequences defined iteratively from arbitrary xo € H by

1
F(up,y) + —(y — up,up —x,) >0 forally € H,
T

En+1 = ﬂnxn + (1 - ﬁn)uru
Tp4+1 = anf<xn) + (]- - an) (Snxn + (1 - Sn)jn—i—l)u

(29)

where {s,}, {Bn.i}, {an} are sequences in (0,1) and {r,} C|0, 00| satisfying

(1) lim o, = 0; (i1) Y ap =00, > Bni=1,
n=0 =0

n—o0

(¢43) liminfr, > 0 and liminf(1 — s,,) 5,00, > 0 for all i € N.
— 00

n—oo n

Then the sequence {x,} generated by converges strongly to z* € EP(F),
which 1s a unique solution of variational inequality

(x* = f(z"), 2" —p) <0, p € EP(F). (30)

Proof. Since F': Hx H — R satisfies (A1) — (A4), the mapping A defined
by Lemma|I(]is a maximal and monotone operator. Put B = Ap in Theorem
(with i=1). Then, u, = T,, x, = Jfl Z,. Therefore, we obtain the desired
results. [J

4 Application to convex minimization prob-
lems

In this section, we apply our results to convex minimization involving an
infinite family of semicontinuous and convex function in a Hilbert space.

15



16 T.M.M. SOW

Problem 1 Let H be a real Hilbert space and g; : H — R U {oo}, i € N*
be proper lower semi-continuous and convex functions. We consider the
following convex minimization problem: find x* € H such that

" € margminweH gi(x), (31)
i=1

where argmin,c g;(x) denotes the set of minimizers of g;.

Using Theorem [2] we obtain the following result.
Theorem 5 Let H be a real Hilbert space and f : H — H be an contraction
mapping with a constant b € [0,1). Let g; : H - RU {00}, i € N* be proper
lower semi continuous and convex functions such that F := (dg; *(0) # 0.

=1
Let {x,} be a sequence defined iteratively from arbitrary xo € H by

Tp1 = ﬁn,()xn + Z ﬁn,zjraflxna
=1
Tpt+1 = anf(xn) + (1 - an) (Snxn + (1 - Sn)fn—&-l)a

(32)

where {s,}, {Bni}, {an} are sequences in (0,1) and {r,} CJ0,o00[ satisfying

(Z) lim oy = O, (ZZ) Z ap = OO, Z ﬁn,i = 17
n=0 =0

n—o0

(¢43) liminfr, > 0 and liminf(1 — s,,)5,.00n,: > 0 for all i € N.
n—oo n—oo
Then the sequence {x,} generated by converges strongly to a solution
of Problem[1) which is a unique solution of variational inequality

(" = f(z%),2" —p) <0, peF (33)

Proof. For each i € N*, set B; = 0g; in Theorem . Then dg; *(0) =

B;71(0) for all i € N*, and hence (g, *(0) = ﬂBi_l(O).Furthermore,
=1 i=1

each B; is maximal monotone (see, e.g., Minty [19]). Therefore, the proof
follows from Theorem 2 O

Remark 2 Our results are applicable for the family of pseudo-contactive
mappings. Moreover, the theorems in this paper complement the explicit
madpoint rule and proximal point algorithm by proposing strong convergence
to zero of monotone mapping, and extend and unify some results (see, e.g.,
Rockafellar [25], Auzinger [1], Bader[2]).



GENERALIZED VISCOSITY EXPLICIT METHODS FOR ACCRETIVE OPERATORS

References

1]

[9]

[10]

[11]

[12]

[13]

W. Auzinge and R. Frank, Asymptotic error expansions for stiff equa-
tions: an analysis for the implicit midpoint and trapezoidal rules in the
strongly stiff case, Numer. Math., 56 (1989), pp. 469-499.

G. Bader and P. Deuflhard, A semi-implicit mid-point rule for stiff
systems of ordinary differential equations, Numer. Math., 41 (1983),
pp. 373-398.

F.E. Browder, Nonlinear mappings of nonerpansive and accretive-type
in Banach spaces, Bull. Amer. Math. Soc., 73 (1967), pp. 875-882.

F.E. Browder, Convergenge theorem for sequence of nonlinear operator
in Banach spaces, Math. Z., 100 (1967), pp. 201-225.

E. Blum and W. Oettli, From optimization and variational inequalities
to equilibrium problems, Math. Stud., 63 (1994), pp. 123-145.

R.E. Bruck, Jr., A strongly convergent iterative solution of 0 € U(x)
for a maximal monotone operator U in Hilbert spaces, J. Math. Anal.
Appl., 48 (1974), pp. 114-126.

P.L. Combettes and S. Ahirstoaga, Equilibrium programming in Hilbert
spaces, J. Nonlinear Convex Anal., 6 (2005), pp. 117-136.

I. Cioranescu, Geometry of Banach space, duality mapping and nonlin-
ear problems, Kluwer, Dordrecht (1990).

S. Chang, J.K. Kim and X.R. Wang, Modified block iterative algorithm
for solving convex feasibility problems in Banach spaces, J. Inequal.
Appl., (2010), pp. 1-14.

A. Genel and J. Lindenstrauss, An example concerning fized points,
Israel J. Math., 22 (1975), pp. 81-86.

K. Goebel and S. Reich, Uniform Convexity, Hyperbolic Geometry, and
Nonezpansive Mappings, Marcel Dekker, New York (1984).

E. Hairer, S.P. Ngrsett and G. Wanner, Solving Ordinary Differential
FEquations I: Nonstiff Problems, 2nd edn. Springer Series in Computa-
tional Mathematics. Springer, Berlin (1993).

Y. Ke and Ch. Ma, The generalized viscosity implicit rules of nonexpan-
sive mappings in Hilbert spaces, J. Fixed Point Theory Appl., (2015),
pp. 1-21.

17



18

[14]

[15]

[16]

[17]

[18]

[21]

[22]

[23]

[24]

T.M.M. SOW

N. Lehdili and A. Moudafi, Combining The Proximal Algorithm And
Tikhonov Regularization, Optimization, (1996), pp. 239-252.

T.C. Lim and H.K. Xu, Fized point theorems for assymptoticaly nonex-
pansive mapping, Nonliear Anal., 22 (1994), pp. 1345-1355.

A. Moudafi, Viscosity approximation methods for fixed point problems,
J. Math. Anal. Appl., 241 (2000), pp. 46-55.

W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc.,
4 (1953), pp. 506-510.

G. Marino, B. Scardamaglia and R. Zaccone, A general viscosity explicit

midpoint rule for quasi-nonexpansive mappings, J. Nonlinear Convex
Anal., 48 (2017), pp. 137-148.

G.J. Minty, Monotone (nonlinear) operator in Hilbert space, Duke
Math, 29 (1962), pp. 341-346.

[. Miyadera, Nonlinear semigroups, Translations of Mathematical
Monographs, American Mathematical Society, Providence, RI (1992).

7. Opial, Weak convergence of sequence of succecive approzimation of
nonezxpansive mapping, Bull. Amer. Math. Soc., 73 (1967), pp. 591-597.

R.T. Rockafellar, Operators and the prozimal point algorithm, STAM J.
Control Optim., 14 (1976), pp. 877-898.

S. Reich, Weak convergence theorems for nonexpansive mappings in Ba-
nach spaces, J. Math. Anal. Appl., 67 (1979 ), pp. 274-276.

M.V. Solodov and B.F. Svaiter, Forcing strong convergence of prorimal
point iterations in a Hilbert space, Math. Program. Ser. A, 87 (2000),
pp. 189-202.

S. Takahashi, W. Takahashi and M. Toyoda, Strong convergence the-
orems for maximal monotone operators with nonlinear mappings in
Hilbert spaces, J. Optim. Theory Appl., 147 (2010), pp. 27-41.

H.K. Xu, A regularization method for the proximal point algorithm, J.
Global. Optim., 36 (2006), pp. 115-125.

H.K. Xu, lterative algorithms for nonlinear operators, J. London Math.
Soc., 66 (2002), pp. 240-256.

H.K. Xu, M.A. Alghamdi and N. Shahzad, The viscosity technique for
the tmplicit midpoint rule of nonexpansive mappings in Hilbert spaces,
J. Fixed Point Theory Appl., (2015), pp. 1-41.



GENERALIZED VISCOSITY EXPLICIT METHODS FOR ACCRETIVE OPERATORS 19

Thierno M.M. Sow
Departement of Mathematics,
Gaston Berger University
Saint Louis, Senegal.

sowthierno89@gmail.com

Please, cite to this paper as published in
Armen. J. Math., V. 12, N. 9(2020), pp.


mailto: sowthierno89@gmail.com

