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Blaschke products of given quantity index
for a half-plane
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Abstract. We investigate the growth of the integral logarith-
mic means of Blaschke products for the half-plane. We prove the
existence of Blaschke products of given quantity indices.
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Introduction
Let the sequence of complex numbers {w;}3° = {u + v, }5° lying in the
lower half-plane G = {w : I'm (w) < 0} satisfy the condition

o0

Z vk | < 400. (1)

k=1

Then the infinite product of Blaschke

B(w):Hw—wk

w — W,
k=1 k

converges in the half-plane GG, defining there an analytic function with ze-
ros {wy}5°.

In order to investigate the asymptotic properties of the function B, we
define an integral logarithmic mean of order ¢, 1 < ¢ < +o0 of Blaschke
products for the half-plane by the formula

1/q

+00
mg (v, B) = / llog | B (u + iv)||? du , —oo < v < 0.

Let us denote by n(v) the number of zeros of the function B in the
half-plane {w : Im w < v}.
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In the case of a disc the integral logarithmic mean of order ¢, 1 < ¢ < +o0
is defined by the formula

+7 /g
my (r, B) = /‘log‘B(rew)qugo , 0<r<l,

N—TT

where B is the Blaschke product for the unit disc. In this case, for ¢ = 2
the problem about the boundedness of the function ms (r, B) was posed by
A. Zygmund. In 1969 this problem was solved by the method of Fourier
series for meromorphic functions by G.R. MacLane and L.A. Rubel [I]. In
[2] V.V. Eiko and A.A. Kondratyuk investigated this problem in the general
case when 1 < ¢ < 4+00. L.R. Sons [3] constructed a Blaschke product for
which ms (r, B) — o0 as r — 1.

In the case of a half-plane the problem of the connection of the bound-
edness of my (v, 7,) to the distribution of zeros of the products 7, of A.M.
Dzhrbashyan [5] was solved by the method of Fourier transforms for mero-
morphic functions (see [4]). The function 7, coincides with B for a = 0.

In [6] estimates for m, (v, B) were obtained by n (v). It is known that
}Jii% my (v, B) = 0 (see, for example [6]).

Let us define the quantity index p (B) of Blaschke products for the half-
plane as in [7],

p(B)=p—1,

where p~! +¢ ! =1 and ¢ = sup{s € [1,00) : m, (v, B) = O (1),v — 0}.
A.A. Kondratyuk and M.O. Girnik constructed Blaschke products of

given quantity index for the unit disc [7]. They used asymptotic formulas of

R.S. Galoyan [§]. In [9] analogous formulas for the half-plane were proven.

1 Constructing Blaschke products

Theorem 1 . For any p € [1,+0o0], there exists a Blaschke product of given
quantity index p (B) = p — 1 for the half-plane.

Proof. We will prove the theorem by establishing 3 cases:

1. p = +o0. In this case, we will prove that there exists a Blaschke product
such that for any s € (1, +00), ms (v, B) = +00 as v — 0.

2. p € (1,+00). In this case, using that mg is monotonically increasing
with respect to s, we will prove that there exists a Blaschke product such
that for any s € (¢, +o0), ms (v, B) = 400 as v — 0 and for any s € (1, ¢|,
ms (v, B) =0 (1) as v — 0.

3. p = 1. In this case, we will prove that there exists a Blaschke product
such that for any s € (1, +00), ms (v,B) = O (1) as v — 0.
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For each case we will find B with the zeros {wy }3° = {iv;}5° (—o00 < v < 0).

Case 1.
Since
W — W 1 u? + (v — vk)2 1 4oy,
log :—lOgﬁ:—log 1—ﬁ
w—wg| 2 w4 (v+u)” 2 u? + (v + vy

2 [o] Jv|
u? + (Jo] + Jue])*’

then .
~ |0k
log |B (u +iv)| < —2|v|
Z + (Jo] + [ox])*
If |u| < |v| we have
o |B (u + )| = 2|v|§ v Slul @

u? + (|v]| + |vg 5||vk>v

From (2) and |B (—u + iv)| = | B (u + iv)] it follows that
1/s

my (r, B) = 2+ /|log|B(u+iv)||Sdu

o] 1/s )
11
> o /|1og\B<u+w)|ySdu > 2 S ol (3)
0 Vg >V
Since
Z|vk|—/ (—t)d (t):—vn(v)+/n(t)dt>/n(t)dt,
v <v —00 —00
0
we obtain [ n (t)dt < +oo. Therefore, there exists
0 0
lirr(l)vn(v): /n(t)dt—/(—t)dn(t).
v—
Having

[ (=tydn 6) = tim e () = foln )+ [ (2)de = timg e (1)
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we can imply that PI% |t|n (t) = 0. Hence
—

0

> Jwl :/(—t) dn (t) = —\v|n<v)+/n(t) dt. (4)

V> v

Let
1

~— v —0. 5
oTog o] )

n (v)

Then from and we obtain that there exists vy (—oo < vy < 0) such
that when vg < v <0

|v]

Z|U|>—§;—I—l/;dt:— ! (3 +1)
g 2log” [v]  2) tlog*t 2log |v| \ log |v| '

VE>U 0

If s > 1, we have
|

s

. v

= +o00.
v—0 log ﬁ

Then from (3)) it follows that for any s € (1, +00), ms (v, B) — oo as v — 0.

Case 2.
Let the counter function n (v) satisfy the condition

1
n(v)NW, v — 0, (6)

where 0 < a < 1. Then for 0 < ¢ < a/(2 — a) we have

0 |v]
—]v|n(v)+/n(t)dt>—(1—|—€)|v|1_0‘+(1—5)/tadt

0

o 1—¢ a—2—-a)e, 1_a
= —1— .
e e i el )

From and @ we obtain

1 25+t (a— (2—a)e
Slz|vk|2 ( 5( ))|U

VE>v

Jun

2;4’1
5

1
s

(8

ms (v, B) =

lv

In order to find an upperbound estimate for the integral, let’s first prove
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integral representations. First of all, we have

0

w — 1t
I B ) =R 1 dn (t
0| B (u+ iv)| e/ogwﬂ.tnu
[on() ron()
) n(t n(t
= Re —2zw/t2+w2dt =92Im w/t2+w2dt ) (9)

Taking n (t) = n(—t) when ¢ € [~1,1] and n (f) = 0 when |¢| > 1, from (9)
we obtain

0 0

log |B (u +iv)| = Re / tZ—OZy dt — / tn—(ZU dt
e[ [0 ) - [ 00w
_Ret/t+wﬂt-11@_vy+uﬂt(ﬂn

Let n (t) = ny (t) + € (t), where |e (t)| < 1. Then

1 v
/(t—v);(t) dtg/ v—zt dt+/ t—2v 5
: (t—v)" +u? s (t—v)" + u? (t—v)" + u?

=-lo
2 % 140)? + u?
If jv] < 1/2,
1. (1—-v)’+u® 1 4 v
—log( )2 == g(1+ U )
2 1+ov)" +u? 2 (1+v)" +u?
2|v] 2]v]

Hence,
too /1 s 1/s oo 1/s
/ /%dt du < 2| / ﬁ
0o\ 0

for |v| < 1/2.

Since we can approximate any continuous function with step functions,
then without loss of generality we can take n (v) = |v|” where vy < v < 0.
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From the following formula in [10]
+00

t s
dt = , O<ax<l1
/t2+w2 2w!te cos T

0
and from @D, we obtain

log |B (u + iv)| = Wm Im (w™*) = — 7Tm |w|™" sin (cvarg w).
C o COSs -5
Hence, when v — 0,
+o0 1/s

ms (v, B) = 25 /(log|B(u+iv)|)s

0

+00 1/s
<25 Tﬂa / (u® + v2)_% sin (a arctan [V |) +o0(1)
cos &
0
too 1/s
_as 1\ |°
—2a Wm \v]_o”r% / (x2 + 1) 2 Isin (a arctan —> dz +o(1).
cos I J x

From here and (§) it follows that m, (v, B) is unbounded when s > a~! and
that it is bounded when s < a~!. Therefore, ¢ = a~!.

Case 3. ¢ = +00.
Let us take n (v) ~ log|v| ™" as v — 0 and n(v) = 0 as v < —1. First
note that

log. W — Wy leogu2+(v+vk)2 zllog (1+ 4oy, )
W — Wy 2 Cut4 (v—w) 2 u? + (v —vy,)?
2Jof vl _ 2v[[osl

T4 (v—w)? T ur

From here it follows that when u > 1/4,
log | B (u+i)|| < |”| Zm\

Hence,

N

e (U,B):2/|log|B(u—0—iv)HSdu+2/[10g|B(u+iv)Hsdu

1
4
1

—+o0
<2 / llog | B (u+ iv)|[* du + 2+ [u]* (Z |vk|)
0 k=1

s +oo

du
/ e (11)
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As in the previous case, without loss of generality, we can take n (v)
—1 < v < 0. From (9) it follows that

log |v] ™",
I log ] [ logt
t
log |B (u +iv)| = 2Im w/t(;g—i‘—lﬁdt =—2Im w/ﬂj_—gw?dt
0

-1

From the formulas above and the following one (see [10])

+00
logt T 7
/t2+w2dt:%10gw, \argw|<§,
0
we obtain
T 2 T logt
0
log |B (u+iv)|= -2 Im / °8 —Im w/tQEdet
0 1
+oo

logt

T
= -2 §]m10gw—]m w/t2+w2
1

Then, from the last inequality it follows that

+oo
logt
llog | B (u +iv)|| < 7rarctan|Z—‘ + 2 |w| / %dt, u>0. (12
1

Let now u € (0,1/4] and |v| € (0,1/4). Since |w| < (2v/2)7!, from (12)

we obtain

+oo
logt | / logt
1< —4+ — dt.
2 V2 ) -3
1

llog | B (u + iv)|| <7rarctan—+ /

Hence
logt
o8 L (13)

1
1

1 2
[oglB il dus ;5 + f/tz__

0

From and the proof of case 3 is complete. [
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