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On a Riemann boundary value problem for
weighted spaces in the half-plane
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Abstract. The paper considers the Riemann boundary value
problem in the half-plane in the class of functions that are C(p)-
continuous with respect to the weight p(x), when the weight
function has infinite number of zeros. Necessary and sufficient
conditions for solvability of the problem are established. If the
problem is solvable, solutions are represented in an explicit form.
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1 Introduction. Formulation of the problem

Let II* = {z + iy : y = 0} be the upper and lower half-planes respectively,
and let A be the class of functions ® analytic in IIT [JII™, satisfying the
condition

[©(2)] < Clz[™, [Imz| = yo > 0,

where m is a natural number and C' is a constant, possibly depending on yp.
Let C(—o0; +00)be the class of functions f(z) continuous on the real
axis for which the limits f(+00), f(—o0) exist and f(+o00) = f(—o0) # 0.

By 66(—00; +oo)we denote the class of functions f € C(—o0;+00)
such that for any C' > 0

1 1]

T X2

|f(z1) = flz2)| < M

for 1,25 > C' > 0. Further in this article we consider that 6 € (3, 1].
Denote by C(p)the class of functions f continuous on the real axis such
that

f@)pl@) € Tl=oci+00) and |fllegy = _max_ |f(@)o(a)

1


http://www.flib.sci.am/eng/journal/Math/

2 H. M. HAYRAPETYAN AND S. A. AGHEKYAN

where
ay

: 0<a; <1, (1)

it r — T
p(:C):H‘ T+
k=1

x € (—00,+00) are real numbers and the sequences {ay}5°, {zx}7° satisfy
some conditions.
The Riemann boundary value problem

7 (z) — a(2)2”(z) = f(2),

where ®*(2) are analytic functions in IT*, has been investigated in weighted
spaces LP(p), p € (1,00), p(z) = [[1, |zx — x|** by many authors; let’s note
some of them: Khvedelidze B.V. [1]-[3], Simonenko I.B. [4], [5], Tovmasyan
N.E. [8], [9], Soldatov A.P. [10], [I1], Kazarian K., Soria F., Spitkovsky I.
[12], Kazarian K.S. [13], [14]. Also see [15] - [18].

The case of the unit circle when the weight function has the form

p<t):H|tk_t|ak7 O<ak<17 ’tklzl
k=1

and argty | 0 is investigated in L'(p) (see [19]) for

i [l (1) = alt)e () = F(O)r = 0.
where functions p*(2) are analytic in the domains D* = {z : |2] < 1},
D~ ={z:|z| > 1} such that ¢~ (c0) = 0.

In the mentioned work some conditions on the numbers ¢, k£ = 1,2, ...
and {ay}7° are set. It is established that the Riemann homogeneous prob-
lem has infinite number of linearly independent solutions in L!(p), and the
general solution is determined in explicit form.

In the work [20] the Riemann boundary value problem is investigated as
follows: find an analytic function ® € A such that

Jim (|07 (2 + iy) — a(@)@” (z = iy) = f(@) e, = 0,

where

ay

N
r — T
p(m):H’ T+

Y
ay are arbitrary real numbers and the sequence xj satisfies the condition
xy € (—00, +00).

In this paper we investigate the Riemann boundary value problem for
weighted spaces when the weight function has infinite number of zeros on
the boundary, as follows:
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Problem R Let f € C(p). Find an analytic function ® € A in IIT U1~
such that

lim (|07 (z +iy) — a(z)®” (v — iy) — f(2)llg(,) =0,

y—+40
where p(x) is defined by (1)), a(z) € 66(—00; +00), a(z) # 0 and
la(z) — a(o0)| < Cla|™° at |z| > C > 0.
It is proved that the homogeneous problem has one linearly independent
solution when the index of the coefficient a(z) greater than —1, otherwise it

does not have solution. We determine certain conditions that guarantee the
inhomogeneous problem R to have solutions.

2 Some auxiliary results

Let k = inda(t), t € (—o0, +00),

1 teo ]
St (2) :e:vp{—/ M}, 2z eIl

2m J_  t—z
S (z) = <z+z’>ﬁ {L +oo lnal(t)dt}  1I- )
=05 P e =2z L : ’

where b4
I\ F .
a(t) = (t_i) a(t),  indai(t) = 0.

Here we will consider two cases:
1. We assume that the sequence {z}3° has a finite limit xy and

o0
E g < 00.
k=1

Lemma 1 Let the sequence {xy}5° satisfy the following conditions:

Zak In|zg — xx| > —o0, (3)
k=1
ok — x5 > clag —xo|,  JF£k (4)

for some fixed ¢ > 0. Then
inf p,, = po > 0, m=1,2,..,

where
(657

oo
T — Tk
i
P T + 1
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Proof. From condition (4f) we have
Tj — T |k
Z; +1

| To — T |
Qf]—i—l

and
x] +1

Ty — T |¢
s h ‘
H H i+
According to the condition , there exists (5 > 0 such that inf p,, =9 > 0,
m=12,.. U

2. We assume that the limit of {z;}{° is infinite and
Zak In|zg| < oco.
k=1

Lemma 2 Let the sequence {xy}5° satisfy the following condition:
|k — a5 > clayl,  J#k (5)
for some fixed ¢ > 0. Then inf p,, = po >0, m =1,2, ...

Proof. Taking into account that |z, — z;| > c|xy|, j # k, where ¢ > 0 does
not depend on k and j, we get

d Tj — Ty | il o had x|
- > k ‘— > C > 0.
H rj+1 HC H i+
k] k=1 k#j
Hence, inf p,, =pp >0, m=1,2,... 0
Let us denote -
- H ‘l’ — Xy Qj
pon T+
and
0(7) = bpqa1(x) — Op(2), T € [T, Thy1)-

Lemma 3 There exist x}, € [Tk, Trt1), k = 1,2, ... such that §(x},) = 0.

Proof. Consider

|z €T | >z xT|e
j_ J ]_ J
5k+1(1’)—5k(m): H T+ _H T+ =
jAk+1 J#k
o
_ H xj—xaj_ka—mak_‘ka—xakH
T+ T+ T+

Ak k1



ON A RIEMANN BOUNDARY VALUE PROBLEM

We can choose ¢y, co > 0 such that
g1 —c1) = | — ™ — |zpyg — xp — c1|* <0

and
0(xx + c2) = |z — Tp1 + o — |ea|* > 0.

Taking into account that §(z) is continuous, we see that the equation d(x) =
0 has a solution. By pointing out those points with zj, we obtain the proof
of the lemma. [

Let X1 = (—o0,2)) and Xy, = [v}_;,2.), k = 2,3,... It is clear that
XpNXpy =0, k=1,23, ..

Lemma 4 Let the sequence of points {z}$° satisfy either condition (3],
or (B). Then there exists 6 > 0 such that for any k =1,2,...:

inf 5k($) >0 > 0.
ze Xy

Proof. Let x € (z)_,,x), then |z; — x| > |z; —ap| at j > b+ 1. If j <k,
then we have |z; — x| > |z; — 24_1|. Using Lemmas [1] and 2 we get

Ti— X |% Ti— XTp |%
11 j+. 1T ‘7+ >3 >0
T 1 T 1
j>k+1 j>kr1 R
and
Ti — T |% Ti— Tp—1|%
J{EERE | (S
X 1 X 1
i<k k

Hence, 0i(x) > 6%, x € (z)_,, zx).
Let now x € (xy, z},), then at j < k we have |z; — x| > |z; — 2| and

rj—x rj—x
11~ H‘ AL )
e T+ Tpy1 1
At j > k41 we have |z; — x| > |z; — zj41]. We get
H‘l'j—l' ‘xj_xk+‘1 C“J>5.
xr+1 Tp+1+10

Hence, §;, > 6%. [

Denote B
d(z) = {0k(z), x € Xy}, kE=1,2,..
From Lemmas (3| and (4] it follows that the function §(z) is continuous, and
infé(x) > 0, x € (—o0, ).
We define the function ®(z) as follows:
' oo ¢ dt
ooy 2050 | 0
2mi o (tH+0)ST()()T— 2

, z e II7.
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Lemma 5 The estimate
|27 (2 +iy) — a(x)®™ (z — iy)llz,) < Cllflag),
where the constant C' is independent of y, is true. The limit relation
. + . . — o i o _
Jim (17 (2 +iy) — a(2)®7 (z — iy) — f(@)llg,) =0
also holds.
Proof. We have
Ot (z +iy) — a(z)® (x —iy) =

211 5

_ (x +iy +14)S(x + 1y) /+°° f(t) it
o (t+0)ST)(t)t — 2 — 1y

a(z)(x — iy +i)S(x —iy) /+°O f(t) dt

27

= NI(f,z,y) + L(f, z.y),

where

Il(fvxvy) -

S(z +iy)(x + iy + 1) /+°° ft) ydt
m oo (E40)ST)S() (E— )2+ y?

L(f,2,y) = ﬁ(sm Fi)(x+iy ) — a(n)S(r — iy)(z — iy +9)-

_ /+°° f(t) dt
oo (t4)ST()O()E— T iy
Further,

Sz +iy)p() T f () (x + iy + 1) ydt
hifzy)pl@) === /oo (t+0)5H(0)o(t) (E—2)* + 37

As S*(z) is bounded and §(z) > § > 0 (see Lemma [4)), we get

+o0
sl < ats [ | A9 )

B too () ((x + iy + i) — (t+ 1)) ydt
+Clp(x)/_ ‘ t i (t— )2 + 2

oo

= I(f,2,y) + T0(f,2,y).
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Thus,

+oo
1 ~ yldt|
1(fwy) < Gple) _max ()] / o < allfley,

As|(x+iy+1i) — (t+1)| = |t — . — dy|, we get

@) - oo yldi|
]1 (fvmvy) < CQP(:E) MaXge(—oo;400) |f(l‘)| ’ |t T Z||t i+ zy| >

+oo +oo
N ol ol
<alflon-{ [ 2o+ | o) < elflon

It may be noted that the constants ¢, ¢o do not depend on y. Therefore,

102, 9)l[eg) < Millflia),

where M, is a constant independent of .
Further we have

@
211

L(f, 2 y)p(x) = 252 (S(a + iy) (o + iy + 1) — a(@)S(@ — ig)(z — iy +1))-

[T at
oo (E40)ST)(t)t — T +iy
As
STz +iy)(x+iy+i) —a(x)S™ (x —iy)(x — iy + i) =
= (2 +1)(ST(z +iy) — a(x)S™(z — iy))+

+iy (ST (z + iy) + a(z)S™(z — iy)),
and S*, S~ are bounded, then using the fact (Lemma 1 in [2I]) that for
y > 0 we have

)

|ST(z + iy) — a(x)S™ (x — iy)| <A|x—|?ii|25’ (6)

where A > 0 is a constant, we get

—~ +oo ]dt]
L(f,x,y) < Myp(x max x)|- - — < M. Flo)s

where M; is a constant independent of .
Therefore,

10+ (2 +iy) — a(z)® (z —iy) 5, < M fllag,
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where M = max{M;, M}.

Now let us verify the second part of the lemma. Let f,(z) € 66(,0) be a
sequence of finite functions such that

For an arbitrary n denote

2mi oo STt +i)()T— 2
We will prove that
Tim [0F (2 + i) — (@) (&~ i9) — ful@)lzy =0 (D)

From the Sokhotski-Plemelj formula we have
O (z +1iy) —a(@)®, (v —iy) = fu(z), 7€ (A A). (8)
If |z| > A, using the representation
O (x +iy) — a(z)®, (v —iy) = Ji(z,y) + (2, y),

where

Jl(x7y) =

SH(x +iy)(x + iy + 1) /+°° fn(t) ydt
2 oo SH(E)(E+0)d(t) (t =) +y?

Jo(x,y) = %(S(m +iy)(x +iy +i) — a(x)S(x —iy)(x — iy —1—2))

_ / e f(t) ydt
s (t+0)SH(H)o(t)t —x +iy’
we get

x|, p(@) [ (2 + iy) — a0y (@ — iy) — fulw)] <

< maxp >4 p(2)]J1 (2, y)| + maxy s a p(z) | J2(2, y)]-
Taking into account that f,(x) =0, |z| > A, for J;(x,y) we get the estimate

()i (z,y) <

)
+ 1)

“+o0o
o fult yat
< C'max, s {P($)y|$+zy+l‘/ ’S+(t)((t (t —x)? +y2} =

Y e
< Ol fulle maxoion {y|x iyt / —} -
_oa (t—2)

ylx + iy + 1|
— Oy ol max {—} |

|22 — 4A2|
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where C' = const. Hence, Ji(x,y) tends to zero if y — 0.

Using the scheme of the proof of the first part of this lemma, we get that
p(x)|Ja(x, y)| also tends to zero for y — +0. Therefore, taking into account

equality , we get @
Using the first estimate of this lemma and (7)), we get

19F (2 +iy) — a(x)®~ (z —iy) — f(2)le, <

<05 (2 +iy) — (@), (v — iy) — fu(@)llg,) + 1fa(2) = f(@)llg,)+

@5 (2 +iy) — ¥ (z +iy)] — a(2)[®; (x —iy) — 2~ (z —iy)llg,) <

< 2F(z +iy) — a(@)®, (z — iy) — ful(@)lle) + 20 fulz) — f(@)ll(,)-
Hence, we get

lim [ @F (2 +iy) — (@)@ (x —iy) — f(2) o, = 0.

3 Main theorems

Theorem 1 Consider the problem
. + . . _ oz o _
Tim, 197 (2 +9) = a()® (2 = i) = 0 9)

a) In the case k > 0, the general solution of the problem is (Az + B)S(z),
where A, B are constants and S(z) is defined by (2).

b) When k = —1, the general solution of the problem is A(z + 1)S(z).
c) Otherwise, the homogeneous problem @D does not have solution.

Proof. Note, that the solutions of the problem @[) could be either

S(z)

Tp — 2

S(z)

T0— 2

P(2)S(z), k=1,2,.. or (10)

where zg is an accumulation point of the points {z;}3° and P(z) is a poly-
nomial of degree m.
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From @ we have
1S*(z + 1y) (z + iy)* — a(x)S™(z — iy)(z — iy)*| <

< [(z +iy)*|[S* (z + iy) — a(x)S™ (x — iy)|+
T — 1y F
L= <x+zy) | =

< |(x +iy)*¥| - (|S+(x +1y) —a(x)S™ (z — iy)| + %) <

+|(@ + iy)*|la(z) S~ (x — iy)| -

< (Al + 0 z|52).
Therefore, if K > 0
|P(x +iy)S*(x +iy) — a(x) P(x — iy) S~ (x — iy)| < y(Ala]™ " + ¢ [a|").

Hence, m must be 0 or 1 in order for P(z)S(z) to be a solution of the problem
(9. So the solution is represented in the form (Az + B)S(z).

If Kk = —1, then S(z) has pole of order 1 at the point of z = —i.
Therefore, P(z) is represented in the form A(z + 7)S(z2).

In the case k < —1, S™(z) has pole of order |x| at the point of z = —i.
Since m < 1, we get that P(2)S(z) is not a solution of the problem ().

Let us show that the last two of do not satisfy the condition of the
problem @D Indeed, consider

S
Py(2) = xk(j)z'
Observe that
¥+ i) = a(a)85(n = i) = o) 2

- [1(I,y) + IQ(LT?,Z/),
where

2iyS(z + iy)

S(x +iy) — a(x)S(x — iy)
(@ — @) +y* '

I —

IZ(xv y) =

In the case x = x, we get

o) = 022
(@) - pla)] = O==.
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Hence,

T |12, ) = oo

Now using the inequality @, we get

Y o — |

Iy(z,y) - p(x)| < o , — <
[B(w,y) - pl)] < |+ i |zp — x + iy

yé |:13 _ xklak B yé—%

o 2|[E +i|26 |5Ck — x‘%y% B

2 T — 0 as y — +0.
| — xp|z 7

Hence,
ylig_lo ”12(2?, y)Hé(p) =0.

Therefore, ®1(z) is not a solution of the problem ({9).
Further, considering

. 8(2)
(I)O(Z) - ZL'() . Z’
we get
Of (x +1y) — alx)P, (x — 1y) = Ji(x,y) + Jo(z,y),
where
_ 2iyS(x +iy) Sz +iy) —a(z)S(z — iy)
J1<:U7y) - (xO _x>2_|_y2? JZ(xay) - To —:L‘—i—zy .

Taking into account that x;, — zo as k — oo, similarly we have
Tim (@ i) =00, lm 12 0) ) = 0
Therefore, ®y(z) is also not a solution of the homogeneous problem (9). O

Theorem 2 Let f € C(p), and the sequence of points {x}3° satisfy either
condition , or . Then the following assertions hold:

a) If k > 0, then the general solution of the inhomogeneous Problem R may
be represented as

% / T IO s Byse), ()

P(2) = . —
o (t+0)SHH)o(t)t— =

z € II*, where A and B are constants.

b) If kK = —1, then the general solution of the inhomogeneous Problem R
may be represented as
' oo t dt
o) = B IS / 0 __ YAz +9)S(2), 2 el
2mi oo (t+1)ST()O(t)E— 2
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c) If kK < —1, then the inhomogeneous Problem R is solvable if and only if
the function f satisfies the conditions

e ) At . -
/—oo 5(t)S+(t) (t+1)! =0, =52, 1.

In this case, the general solution can be represented by , where A= B = 0.

Proof. The proofs of the points a) and b) follow from Lemma 4| and The-
orem [II
c¢) Let k < —1 and denote

T (z +iy) — a(z)®” (v — iy) = f,(v). (12)
. N o St (z)
Multiplying by (x +1)~" and taking into account that a(z) = ()’
we get
O (x+iy) O (=—iy) _ fy(®)
St(a)(z+i)  S™(x)(x+i)  ST()(x+i)
Denoting
vy O (z+iy) s n —() = O~ (z —iy) 3
RO e P T TN G Rl puy s SR
we get
O (z) — @ (z) = &
Y Y St(z)(x + 1)

In the case x < —1, the function ®, (z) has zero of order |x — 1] at the point
of z = —i. Consequently, f(z) satisfies the conditions

e ) At . -
/;>&wsww@+oj—a =12, 1.

Research was conducted with the support of SCS MES RA in the scope
of a joint scientific project NYSU-SFU-16/1, financed based on the results
of international competition ”SCS MES RA-YSU-SFU RF-2016".
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