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Abstract. The purpose of this paper is to establish a new re-
sult, which guarantees the asymptotic stability and boundedness
of the zero solution and the square integrability of solutions and
their derivatives to neutral type nonlinear differential equations
of fourth order. We illustrate our results by an example at the
end of the paper.
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Introduction

The investigation of qualitative behaviour of the solution of nonlinear delay
differential equation of fourth order has received considerable attention and
has been subject of many articles in the literature, for instance, Abou-El-
Ela et al. [I], Bereketoglu [3], Chin [7], Ezeilo [9]-[12], Kang [I§], Omeike
[19], Rahmane and Fatmi and Remili [21], Rahmane and Remili [22], Remili
and Rahmane [28] 29, 30], Sadek [31], Sinha [32], Tejumola and Tchegnani
[33], Tung [34], Vlcek [35], Wu and Xiong [36]. For nonlinear differential
equations of neutral type, there are few results of stability, boundedness,
and square integrability of solutions.

In this article, we investigate some asymptotic properties of solutions of
the fourth-order nonlinear neutral delay differential equation

1,

(x(t) + px (t — )" +a(t) () + b () 2" () + ¢ (£) 2/ (2)
+d(t)h(x(t) =plt z(t),2'(t),2"(t), 2" (1)), (1)

where p and r are positive constants to be determined later, a(.), b(.), ¢(.), d(.),
and h(x) are continuous functions depending only on the arguments shown,
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and h/(z) exists and is continuous. For the sake of convenience, we introduce
the following notation

By a solution of (1) we mean a continuous function x : [¢,, 00)— R such that
X(t) € C3([ty,00),R) and which satisfies equation (1)) on [t,, 00).

Without further mention, we will assume throughout that every solution
x(t) of (1)) under consideration here is continuable to the right and nontrivial,
i.e, z(t) is defined on some ray [t,,00). Moreover, we tacitly assume that
(1)) possesses such solutions.

The problem of interest here is to investigate conditions under which
all solutions of converge to zero and are square integrable. We shall
use appropriate Lyapunov functions and impose suitable conditions on the
function h(z).

1 Assumptions and main results

We shall state here some assumptions which will be used on the functions
that appeared in equation , and suppose that there are positive constants
agp, by, o, do, a1, by, c1,dy, hg, d, and &y such that the following conditions hold:
1) 0<a0§a(t)§a1,0<b0§b(t)§bl,0<00§c(t)§cl,
0<dy<d(t)<dy, and d (t) <0 fort>0.
x
)

i) h(0)=0, M) s 550 for z # 0.

8

d h
iii) ho—%gh’(x)ggo for x € R.
1

C1 arhod,

J
iv) by >—+ + 2=k
a

0 Co Qo
The following lemma will be useful in the proof of the next theorem.

Lemma 1 [17] Let h(0) =0, zh(z) >0 (z #0) and
o(t) — h'(z) >0 (46(t) > 0).
Then,

W H(z) > h2(x),  where H(z) = /;h(s)ds.

The first main result in this paper establishes sufficient conditions under
which all solutions of the fourth-order nonlinear differential equation (/1))
and their first, second, and third derivatives converge to zero as t — oo.
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Theorem 1 In addition to assumptions (i)-(iv), assume that there are pos-
itive constants n, and 1y such that the following conditions are satisfied:

HI) [ O]+ 18 (@) + | ()] = d (8)) dt <

H2)  |p(t,z, 2’ 2", 2")| < e(t)] and 0+°° le (t)| dt < nso.
Then, there exists a finite positive constant K such that every solution x(.)
of (1)) and their derivatives x'(.),z"(.), 2" (.), and X" (.) satisfy :

L] <VE, |20 < VE, 20 < VE, 1X"(0)] < VE,
for allt > 0.

2. [ (22(s) + 2(s) + a"(s) + 2"(s))ds < oo,
provided that

, 2e 2ecy bp —k —e (a1 + 1)
p < m]‘n{17 ) Y )
aho acy + Oédl)\o Oébl + 5 + Oédl)\o + Oédl
2eayg
3 (2)
C‘é<2a1+bl—|—01+d1)+5+ﬁ
where
1 dih 1 dih by —
a=—+ec, B=""L4c and s<min{—, Lo 2 /{}.(3)
ao Co Qo Co a1+ ¢

Proof. We first will write equation as the equivalent system
{x’:y, Y =z, 2 =w, (4)
W(t)=—-at)w—>0bt)z—c(t)y—d(t)h(x)+plt,z,y,z,w).
It easy to see from that
X'(t) =y(t) +py(t —r) =Y(t)

X"(t) = 2(t) + pz(t — ) = Z(t)

X"(t) = w(t) + pw(t —r) = W(2).

Our main tool is the continuously differentiable function U = U(t, x,y, z, w)

defined by
U =GV =c nhrby, (5)
where v () = |a’ (¢)|+ |0 (t)|+]| ()| —d' (t), the function V = V (¢, x,y, z, w)
is defined by
2V = [a(t) — B+ ab(1)]2* + [2Ba(t) + 2ac (t)]yz + 2ByW + 2zW
+2d (t) h (z) y + 2ad (t) h (x) Z + [Bb () — ahod (t) + ¢ (t) |y
+aW? + apd (t) (z (t —r))* +28d (t) H ()

t t
—i—ul/ 2 (s)ds + ug/ w? (s) ds,
t—r t—r



4 M. RAHMANE, L. D. OUDJEDI AND M. REMILI

and 7 is a positive constant to be determined later in the proof. By adding
and subtracting some terms, we can rewrite 2V as

W 2
2V = i+ Va+ Va4 Vital(t) [W%—z%-ﬁy}

* (1) h* (x)

2 d(
+y—|—ozz} + c(t)

t t
+u1/ 2 (s)ds +u2/ w? (s) ds,
t—r t—r

where

Vo= / [ f ’<s>] ds,

Vo = [Ozb(t) b — a’e ]z

Vi = [Bb(r) - ahod (1) — fa <>]y2+{a—ﬁ]wz,

Vi = 2ed(t)H (z) 4 2apd (t)h(z) 2 (t — ) 4+ apd (t) (z (t —1))°.

To prove that V' is positive definite, it suffices to show that Vi, V5, V3, and
V, are positives. Remark that the estimate implies

1 1 dih dih
— <a<2— and 10<ﬁ<210
Qo Qo Co Co

(6)

Then, using conditions i) ~ iv), and inequalities and ([f]), we obtain

mzzaalh(ﬂﬂm—%%ﬂd

> g doh h@ﬂg—mgﬂwzo

Co 0

Rearranging V5, we obtain the estimate

Vi—a b(t)_&L(t)_ac(t)}f%—ﬂ{aa(t)—1}Z2

> alb(t) — (dzlolo +¢e)a(t) — (alo+e)c(t)]zz+5[%>—1]zz
>a_bo—%;ho—2—z—5(&1+cl)]22

> o bo—m—s(al—l—cl)]zzzo.
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We also have,

1
Vs > 5(50 — %hodl — ﬁal)yz + (a — a_) W2
0

dih
6(8)0— @ —a 10 —5(co+a1)>y2~|—€W2
ap Co

> Bbo— Kk —elcr +ar))y* +eW? > 0.

v

From the estimate on p, we have

Vi = 2:(0) [ WEE +apd(0) [(: (0 =) + h @) =1 a)]

v

22d(t) [ 1€~ 20pd (1) [ WOh(ENE

0

2a(t) [ (e - O";’“) h(€)de
2d, (g - O";ho) H(z).

Thus, there exists a positive number Dy such that

v

v

2V > Do (y* + 2+ W? + H(x)) .

By Lemma [1] and condition iii) we conclude that there exists a positive
number D; such that

2V > Dy (2® +y* + 22+ W?);, (7)

thus, V' is positive-definite. Then we can find positive-definite functions
Ur([I€]]) and Ux([|€]]) such that Uy([[¢])) < V' < Ua([[€]])- By (8) and in-
equality , we get

U > Do(a? +y* + 22 + W?), (8)

Dy _m

where D, = € " Therefore, by conditions H1) and H2), we can find
positive-definite functions Wi (||¢]|) and Ws(||£]]) such that

Wa(ll€ll) < U < Wa(l€])-

Now we prove that U is a negative-definite function. Along any solution
(z(t),y(t), z(t), w(t)) of system (4)), we have

2V = Vs+Ve+Ve+Vs+Vo+208y+ 2+ aW)p(t,x,y, z,w),
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where
Vs = —2 (di‘% (t) —d )N (@) y? — 2ad (t) (ho — I (2) )yz,

Ve = —2§b (t) — ac(t) — Ba(t))z?
Vi ==2(aa(t) — 1)w?,

Vg = —2ec(t)y® — 2apa(t)ww — 2apb(t) 2w, — 2ape (t) yw;

+2apd (t) W () yz + pa2? + pow?® — py2f — pow}
+2apd (t) zpwy + 2pww; + 2Bpzwy,

Vo = d(t) [28H (z) — ahoy® + 2h (z)y + 2ah (z) 2] + ¢ (t) [y + 20y7]
+V (1) [z + By?] +a' (t) [2* + 2Byz] + apd (t) [z (t — 1) + h(=z))?
—apd' (t) h*(z).
Again, using conditions i), iii), iv), and inequalities and ([f]), we get
Vs < =2[d(t) ho — d (t) W (2)] y* — 2ad (t) [ho — I ()] y2

<200 o~ (@) [(v+ 52)" - (52) ]

Oé2

< Sd (1) lho = I ()] 2.

Therefore,
2

Vit Vi < 2[00~ ac(t) = 60 () — S 0 o — (0]

: 1 dih :
S —2 bo— (a—+€> Cl—< 1C 0 +€> al—%(aoéo)} 22
L 0 0

< -2 bo———————s(al—}—cl)} 2

=
AN

< —2[aag — 1| w? = —2eapw® <0,

and

IN

Vi [—2ec (t) + apcr + apdi o)y + [apby + Bp + u1]2?
Flapar + pg + 2plw’ + [apdi N — pn + apdi ]2
+apar + apby — s + apey + apd, + 2p + Bplw?
—2plww| + (p — p*)w;

— (2ecy — apey — apdio) y* + (apby + Bp + p1) 22
+ (apar + 2p + p2) w? + (apdido + apdy — 1y) 2}
+ (apay + apby + apey + apdy + Bp + 3p — o) w}

—pPw; = 2pluw],

IN
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where

h )
)\0 = max{;o, h(] — acol_lo }
By taking
p = apdio + apdy,
fa = apay + apby + apcey + apdy + Bp + 3p,
we obtain

Vs < —(2eco —apey — OéPdMo) y2 + (apby + Bp + 1) 2°
+ (par + 2p + pg) w? — pPwi — 2plwwy|.
Then we have

Vit Vot Vet Vo < —pw? — 2pfwwn] — (2eco — aper — apdid) o

2

—2[b0—/<;—8(a1+01) z

p(aby + B+ adi Ao + ady)

— (25@0 — p(2aay + 5+ aby + acy + ady + ﬁ))wQ

provided that

, 2¢ 2e¢y bo— Kk —¢e(ar + 1)
P < mln{L ) ) )
Cl’ho acy + Oédl)\o Oébl + ﬂ + Ctdl)\o + Oédl
26@0 }

a(2a1+b1+cl+d1)+5—|—ﬁ

Hence, there exists a positive constant D3 such that,
Vs 4+ Vo + Vo + Vi < =2D3 (1 + 2% + w0’ + p*wj + 2p|ww|)
< —2Dg (y + 2% + WQ) . (9)
Using condition iii) and Lemma [1} we obtain

R%(z) < hoH(x),

consequently,
Vol < —d' () [28H ( +ahoy + (h* (z) +y?)]
—d' (t) [a( )+ozph2( )}
+|d (@) | [v? —|—a (y +22) ] 4+ V' (1) | [e2® + By?]
+\a &) +6(y +2%)]
< X0 (PP + 2+ WP+ H ()
<

)\
2309(75)%
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where we take

Ay = max{?ﬁ—l—(ap—i—oz—i—1)h0,ah0+a+25+2,1+6+3a},
0t) = la" @I+ [V @O+ (&) —d ().

1 1
By taking — = — M5, we obtain
n Do

: 1
Ve < —Ds(y® + 22+ W?) + EQ@V

+ (ﬁy +z4 aW)p(t, T, Y, Z,W). (10)

From (H2), (§), and the Cauchy-Schwartz inequality, we get

Ug = (v—%wt)v) 0

—Ds (y* + 22+ W?) G(t)

(By + z + aW)p(t,z,y, z,w))G(t)
(Blyl + 2| + a|W|) |p(t, 2, y, z,w)|
Dy (yl + [2] + [W]) [e(?)]

Dy (349> + 2° + W?) le(t)]

IN

VAN VANRVAN

IN

3Dyle(t)] + %U|e(t)|, (11)

where D, = max{a,,1}. Integrating from 0 to ¢, and using the
condition (H2) and Gronwall inequality, we obtain

Ut,z,y,z, W) < Ay + 3Dy
+%/0 U(s,z(s),y(s), z(s), W(s))|e(s)|ds

D, t
<Ao + 3D4?72>e’7;l Jo le(s)lds

IN

D.
< <A0 + 3D4n2)eﬁ3’72 — K, < oo, (12)

where 4y = U(0,z(0), y(0), 2(0), W(0)). In view of inequalities (8) and (12),
1

(> + 9>+ 22+ W?) < UK, (13)
2

where K = g—;. Clearly, implies that

lz(t)] < VK, Jy(t)| < VK, |2(t)| < VK, |W(t)| < VK forall t>0.
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Hence,

lz(t)] < VK, |2'(t)] < VK, |2"(t)] < VK, |X"(t)| < VK forall t>0.

(14)

Now, we prove the square integrability of solutions and their derivatives.
First, from (10]) we obtain

: 1
Ve < — Ds(y® + 2° + w?) + ;’y OV + (By+ 2z +aW)p(t, z,y, z,0),
thus,

ig - (Ve -2107) 6w
< =Dy (v + 22 +w?) G(t)
+(By + 2z + aW)p(t, z,y, 2, w)G(2). (15)
Now, we define F; = F(t,z(t),y(t), z(t),w(t)) by
F=Uto [ (46 + 20 +0¥(s) ds

where ¢ > 0. It is easy to see that F; is positive definite, since U
n
Ul(t,x,y, z,w) is already positive definite. Using the estimate e < G(t)
1 by (H1), and (5), imply
m

Fg < —Dy(P)+ 20 +w?(t))e ™
+Da (ly(0)] + 101 + WO bt 2, . 2,w)

o (3() + 220 + w(1)),

IA

where D, is positive constant. By choosing o = Dge_%, we obtain
Fg < Di(3+y2(0) + 22(t) + W2(1)) e(t)
1

< Di(3+ U lelt

< Di(3+5:U)leld)
Dy

< 3Dife(t)] + HEFle(t)] (16)
2

Integrating the last inequality from 0 to t, by Gronwall inequality and
the condition (H2), we get

D t
F, < F0+3D4n2+—4/ Fle(s)|ds

< (Fot 8D e B0

A

D
(Fo + 3D47]2)€D7g772 = K2 < Q.
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Therefore,

/ y*(s)ds < Ky | / 2*(s) < Ky and / w?(s)ds < Ko,
0 0 0

which implies that

/ s)ds < Ky | / 2" (s)ds < K / "% (s)ds < Ky.  (17)
0 0

Next, multiplying (1)) by x(¢) and integrating by parts from 0 to ¢, we obtain

/ d(s)x(s)h(x(s))ds = L1 (t) + Io(t) + I3(t) + L4(t) + I5(t) + Lo,  (18)

where

L(t) = 2'(t) ”(t) ( )X"(t) — [ 93”2 pfo “( —r)ds,
L(t) = —a(t)x )+ fo '(s)x(s)x” ds + fo S)x”(s)ds,
Jgn:—$ t +k xsnm(u+ﬁw@m%g@,

Ii(t) = 5 )+ = fo (s)x?(s)ds,

f5(§) = Jy (s )p(tax( ) "(5),2"(s), 2" (s))ds

Lo = [X""(0) + a(0)2"(0) + b(0)z'(0)]z(0) — 2" (0) X" (0) + %C(O)ZBQ(O).

From (14), (L7) and conditions (i) and (H1), we have

1 [t 1 [t
L(t) < 2+pK+ §P/ 2" (s)ds + 5;0/ 2" (s —r)ds,
0 0

1 t
< 2+pK+ —p/ a"(s)ds
0

2
1 0 12 1 e 12
+=p | x"(s)ds+ =p x"(s)ds,
2 |, 2" J,
t
L(t) < a1K+K/ la’(s |ds+a1/ 2'(s)x"(s)ds,
1
< WK+ gm( () - +K/hz]%
It) < b1K+K/ b/ (s) \ds—l—bl/ %(s)ds,
0
1
Li(t) < —clK—i——K/ | (s)|ds,
2 27 J,
t
g@ngE/k@m.
0
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It follows that

1 1 0 1 400
lim I1(t) < 2+ p)K + =pKs + —,0/ 2" (s)ds + —p/ 2" (s)ds,
e 2 2 | . 2" J,

1
<2+ p) K+ pKy+ §pK7“ = Ly,
lim IQ(t) S 2&1K+ Knl = LQ, t11I+Tl I3(t> S b1K+ K?’]l + b1K2 = Lg,
—+4o00

t——+o00
. 1 1 .
tlgrnooh(t) < §clK+ §K7h = L4, and t£+mool5(t) <VKn, = Ls.
Thus,

lim (L(t) + () + Is(t) + Li(t) + I5(t)) <> Li<oo.  (19)

t—-+o0

Consequently, and , and condition ii) give

/000 2% (s)ds < % 000 d(s)x(s)h(z(s))ds < L ZL,- < 0,

which completes the proof of the theorem. [J

Remark 1 If p(t,z,y, z,w) =0, similarly to above proof, the inequality (@
becomes

Vo4 Vo + Vi + Vs < —2D5 (v + 2 + (Jw| + plw])?)

then,
Vg <= Da(y® +2° + (Juwl + plwil)?)
(I O+ W @1+ 1 O = @)V (20)

From (H1), (@), () and the Cauchy-Schwartz inequality, we get

Ug - (v—%ww) o)

< =Dy (5 + 22+ (ul + plrl)?) GO

< —p(yt 2wl plwd)?) < —py' + 27+ W)

where | = Dge_%l. It can also be seen that the only solution of system
for which U(t,x,y,z,W) = 0 is the solution x =y = z = w = 0.
The above discussion guarantees that the trivial solution of equation I8
uniformly asymptotically stable, and the same conclusion as in the proof of
Theorem can be drawn for square integrability of solutions of equation .
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2 Example

We consider the following fourth-order non-autonomous differential equation
of neutral type

(z(t) + 3%:[) (t—r) )W + (e *sint +2) 2"

in (t) + 7et 4+ Te™!
(sm()j crie )x”+(e‘2tsin3t+2) 2
et et
1 1+2(1+1?) T T
+ + +—
20 cosh t 20 (1 +¢2) z2+1 10
2sint
_ 2SIH - ‘ (21)
2+ (x (1) + 2/ (1)" + (2" (t) 2™ (¢))" + 1
By taking
2sint
t,x(t), 2’ (t), 2" (t), 2" (t)) =
plt.2lt) «'(1). (). 2°0) = o T O+ @ e ) 1
< (t>_2sint
= T ey
x x
hz) = l
@ = 3w
CL050 53 ’ 1—1’2 1 hg 11
ho— 2000 _ 20 gy = T L gy <02
T 0 =MW = gt WEg T
aw=1<a(t) = e'sint+2<a; =3,
13 sin (t) + 7e' + Te™* 15
bo 9 _b(t) et—i—eft _bl 2a
c=1<c(t) = e sin®t+2<¢ =3,
1 1 L+2(1+¢t%) 1
0= 15 =240 20cosht 20142 — ' 5
and
13 dih ) 291
b():— > KR = 10a1+61+ 0——, for (50——,
2 Co ag 50

1 . 1 dlho bo — K
E=— < mn4q—, , ,
ag Co ay + ¢

)\Ozg = max{%, },

aodo

ho — 220
0 4
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we find
21 1 49 diho
T T W P, T
p:L _ min{l 2e 2ecy bo—k —e(ar + 1)
322 ,O./h0701(61+d1)\0), Oé(b1+d1>\0+d1)+/6’
2eay
a(2a1+b1+cl—|—d1)+5+ﬁ}'

It follows easily that

+00 +o0 | 9gint +oo g
/ le ()| dt = / ;i dtg/ dt =,
0 0 t + 1 0 t2 + ].
+oo +oo +oo
/ ld (t)|dt = / | (cost)e™ — (sint) e "] dt < / 2etdt = 2,
0 0 0
/*OO V) di = /*OO (el + et cost — (el — e !)sint
0 0 (6t -+ e—t)2
< /“’O 1 N el —et g <
—Jo et +e (et + e—t)2 -2’

oo +00
/ [ @)]dt = / ‘ 3 (costsin®t) e * — 2 (sin’¢) e’2t| dt
0 0

dt

[\
N
+
8
Ot
)

v
QL
~
I

| ot

and

+oo + 1 / sinht o 1
—d (1)) dt = — dt = —.
/0 (=d'(®) /0 20 (costh * (1 +t2)2) 10

Therefore
/O T O]+ (0] + 1 ()] = d (1)) dt < +oo.

Thus, all the assumptions of Theoremhold, so solutions of are bounded
and square integrable.
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