ARMENIAN JOURNAL OF MATHEMATICS
Volume 18, Number 13, 2026,
https://doi.org/10.52737/18291163-2026.18.13-1-17

Generalized Gibbs Formula and
the Duality of Energy and Probability
in Models of Statistical Physics

B.S. Nahapetian

Abstract. In this paper, we define a generalized Gibbs for-
mula based on the concept of transition energy. This formula
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Introduction

Duality is a principle that establishes a correspondence between concepts and
laws (or other true statements) of one theory and those of its dual theory.
Duality appears in different fields of science, particularly in mathematics.
For example, in projective geometry, there is a duality between the concepts
of a point and a line; in set theory, the operations of union and intersection
can be interchanged to obtain equivalent statements. Duality also plays
an important role in physics. Well-known examples include wave-particle
duality, position—-momentum duality, and electric-magnetic duality. Duality
takes on a deeper and more fundamental character when it arises between
two concepts of different natures, a phenomenon that may be referred to as
interdisciplinary duality.

Statistical physics postulates that the possible positions (configurations)
of particles of a physical system corresponding to its equilibrium state are
random, and the probabilities of such configurations are calculated using the
Gibbs formula. This formula establishes the probability—energy relationship
and completely determines the statistical behaviour of a physical system. It
is the basis (according to Feynman [5], the summit) of statistical physics.
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At the same time, the Gibbs formula gave a powerful impetus to the devel-
opment of both corresponding theories: probability theory was enriched by
the theory of Gibbs random fields and the problem of mathematizing ther-
modynamics was further developed in the form of mathematical statistical
physics.

Using the Gibbs formula, one can compute the probability of a state
of a system defined in a finite volume knowing the Hamiltonian (potential
energy) of this state. Representation of the Hamiltonian as a sum of inter-
action potential is an essential requirement within the Gibbs approach. It
is considered that such a representation is quite justified since an extensive
and deep theory has been constructed on this basis.

In its classical form, the Gibbs formula cannot be inverted because the
Hamiltonian in this formula is defined up to an additive constant. However,
if the classical Gibbs formula could be generalized in such a way as to make
it invertible, it would allow one to establish a duality between energy and
probability within the framework of mathematical statistical physics.

In this paper, we define a generalized Gibbs formula (see also |7]) based
on the concept of transition energy introduced in [2]. This formula estab-
lishes a symbiosis, or duality, between the seemingly alien concepts of energy
and probability. This duality can be used to obtain results in probability
theory based on properties of energy. For example, it can be used to solve
Dobrushin’s problem of describing a specification by one-point consistent
systems of probability distributions parameterized by infinite boundary con-
ditions (see [2]), as well as the problem of describing a finite random field by
a consistent system of conditional distributions (see |7,8]). In the present pa-
per, we consider the converse problem: how to derive properties of transition
energy from known properties of probability.

The duality between energy and probability is inherent in both finite
and infinite systems of mathematical statistical physics. However, in the
case of infinite systems, the duality is proved not between two functions
(transition energy and probability distribution) but between two systems
of finite-volume functions parameterized by infinite boundary conditions:
transition energy field and specification. First this connection was obtained
in [2]. In the present paper, we will show how to make the passage from
finite- to infinite-volume systems based on the Markov—Dobrushin scheme of
describing probability distribution by the system of conditional distributions
and on the additivity property of the transition energy established in [§].

1 Generalized Gibbs formula

We start with some necessary notations. Let A be a finite subset of the
integer lattice Z¢, d > 1. Following physical terminology, A is sometimes
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called the finite volume. For one-point sets {t}, ¢ € A, braces will be omitted.

Let each point t € A be associated with a set X!, which is a copy of some
finite set X, 1 < |X| < oo, called single-spin space. Further, we define the
set of system states as a set X* of configurations on A, that is, the set of
functions on A tacking values in X: X* = {z = (z;,t € A) : o, € X', t € A}.
By zy = (24,¢t € V) we denote the restriction of configuration z € X on
V CA.

When considering a system in a finite volume A, both probability and
energy are functions on X*. Unlike energy, the probability distribution Py is
defined by its very simple and well-known properties — it is a non-negative
function, sum of whose values is equal to one. In what follows, we will
consider only (strictly) positive probability distributions, that is, we always
assume that

Py(z) >0, z € X4, > Pa(z) =1 (1)
reXA

The Gibbs formula (distribution), which relates the energy H(x) of the
state 2 € X* of a physical system to the probability Py (z) of the system be-
ing in this state, is the cornerstone of statistical physics and has the following

form:
exp{—Ha(z)}
> exp{—Ha(2)}’

zeXA

Py(z) = e XN (2)

According to physical concepts, the main contribution to potential energy is
made by the interaction of microscopic components of the system, and the
Hamiltonian in its simplest form is the sum of pairwise interactions of the
components

Hy(x) = > ®(zmaz,), xe€X (3)

t,seV

where ®(z;x) is the interaction potential of particles located at points ¢
and s in states z; and x,, respectively, t,s € A. In the general case, the
interactions of all possible finite groups of components can be taken into
account in the Hamiltonian. In this case, it is assumed

HA([L‘) = Z (Dv(ilfv), S XA,
DAV CA

The following natural questions arise:
1. Why probability and energy must be connected through the Gibbs for-
mula?
2. Why function Hj defined by is a Hamiltonian? Is there a general
(axiomatic) definition of a Hamiltonian?

As Georgii [4, p. 4] mentions, “The rigorous justification of the [Gibbs
formula] is a long story which is still far from being finished.” After that, he
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adds: “In the meantime, the [Gibbs formula] may be regarded as a postulate
which is justified by its stupendous success.” Below we show that it is
possible to give purely mathematical justification of the Gibbs formula. This
is possible thanks to the concepts of transition energy and generalized Gibbs
formula.

First, let us note that Feynman described energy not as a physical sub-
stance, but as an abstract numerical quantity that remains constant through
all physical changes. We define the transition energy as a function of two
variables satisfying a certain property.

A real-valued function Ay on X* x X2 is called a transition energy in
(finite volume) A if it satisfies the following condition:

Ap(z,u) = Ap(z, 2) + Az, 1), z,u,z € XN (4)

Such a name is physically valid since relation is a direct consequence of
the energy conservation law.
Using the concept of transition energy, we can now define the generalized
Gibbs formula connecting probability distribution and transition energy.
Generalized Gibbs formula is a probability distribution on X* repre-
sented in the following form:

exp{Ax(z,u)}
> exp{An(z,u)}’

zEXA

Py(x) = z,u € XA, (5)

where A, is a transition energy in A.

Note that formula is correct since, due to (4]), values of Py do not de-
pend on the choice of configuration u € X*. Further, unlike , formula (5))
is invertible:

z,u € XA (6)

Formula @ can also be inverted. Indeed, according to @, for all z,u € X4,
we have

Py(u) = e 2 Py (2),

and it remains to take the sum of both parts of the obtained expression over
all u € XA,

Thus, we see that functions and @ are mutually inverse if and only if
they satisfy conditions and , respectively. This allows us to formulate
the next fundamental result (see [2] as well as [g]).

Theorem 1 |2, Proposition 2.1] For a function Py on X* to be a (positive)
probability distribution, it is necessary and sufficient that it has form ,
where Ay is the transition energy in A. In this case, the transition energy
Ay is uniquely determined by formula @
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It is important to note that since the generalized Gibbs formula is invert-
ible, we are now able to derive the characteristic properties of energy based
on the known properties of probability. In particular, based on the gener-
alized Gibbs formula, one can understand what the Hamiltonian is without
resorting to the notion of potential.

Indeed, since transition energy satisfies , there exists a function H, :
X* — R such that

Ap(z,u) = Hpy(u) — Hp(x), z,u € XA, (7)

and Hj can be interpreted as a Hamiltonian of a physical system. Thus,
in the case of finite volume A, Hamiltonian is any function on the set of
configurations X*. Thanks to this fact, there are numerous applications of
the Gibbs distribution outside statistical physics (pattern recognition, opti-
mization problems, econometrics, etc.). Particularly, if we take H, defined
by formula , we obtain the classical Gibbs formula. Such a representa-
tion of Hamiltonian is very convenient for constructing models (probability
distributions) defined using potentials.

Previous reasoning shows that it is more convenient and correct to use
the concept of transition energy for constructing a general theory of Gibbs
distribution in a finite volume. First of all, as we have seen, there is a one-to-
one correspondence between the probability distribution and the transition
energy. In addition, unlike the Hamiltonian, the transition energy possess
the additivity property (see [§]).

Remark 1 The function on the right-hand side of @ has been considered
by many authors (see, for example, (9,/10]). However, it was always consid-
ered in the form

Py(z)
Pa(uo)’

where uy € X* is some fized configuration, that is, as a function of one vari-
able. In our approach, we consider the logarithm of the ratio of probabilities
as a function of two variables.

Hy(z) =In re Xh

Remark 2 The difference between Hamiltonian values (the relative Hamil-
tonian) has also been considered in earlier works. For instance, it was used
as a technical tool in Pirogov-Sinai theory (see, for example, [10]). How-
ever, although this difference was defined for any pair of configurations, in
applications, one of the configurations was always fized as the ground state.
The main difference between the relative Hamiltonian and the transition
energy 1s as follows. To define the relative Hamiltonian, one first specifies
the Hamiltonian as a sum of interactions and then calculates the difference
between the wvalues of this function. In contrast, the transition energy is
defined axiomatically — as a function satisfying the defining property .
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2 Duality of energy and probability in finite-
volume models of statistical physics

Let P = {P,} be the set of all probability distributions on X* and let
D = {A,} be the set of all transition energies in A. Consider the operator
T : P — D which maps an element from P to an element from D according
to the formula:

PA(JJ)

(TPy)(z,u) =In Pa(a)’

a:,uEXA,

and the operator T-! : D — P which maps an element from D to an element
from P by the formula

exp{Ax(z,u)}
> exp{An(z,u)}’

2€XA

xEXA,

(T_lAA) (.T) =

where © € X* is an arbitrary configuration. Due to condition , the
operator T—! is correctly defined (it does not depend on the choice of w).
It is clear that both operators 7' and T~! depend on A, but to simplify the
notations, we do not directly specify this dependence.

The following statement holds true.

Theorem 2 |7, Proposition] Operators T and T~ are mutually inverse,
that is, for all P, € P and Ap € D, it holds

T TPy, = Py, TT AN = A,.

It is easy to see that for any Py € P, function TP, satisfies the charac-
teristic property of transition energies, while for any A, € D, function
T—1A, satisfies , which characterizes a probability distribution. There-
fore, any statement about probability Py can be formulated in terms of
corresponding transition energy A,, and vise versa.

Our next goal is to establish energy-probability duality in the case of
infinite-volume systems, that is, to consider the whole integer lattice Z?
instead of a finite set A C Z¢. We start with some heuristic remarks.

First note that the transition energy for such systems cannot be defined
on all pairs of configurations, because on pairs of configurations that differ
in an infinite number of points, it will, as a rule, take infinite value. In this
connection, already Sinai [10] noted that for infinite-volume systems, the
Hamiltonian cannot be defined as a function on X%, where X2 = {z =
(z4,t € Z%) : 7, € X't € Z%}. However, it makes sense to consider the
“differences of the Hamiltonians” for configurations z,u € X Z% that differ
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in a finite number of points. Let us denote the set of all pairs of such
configurations by 7.

Further, note that when a system moves from one configuration (state)
to another, the energy is spent only on changing the state of the system in
the volume in which these configurations are different, while the state of the
system in the volume in which they coincide plays the role of a boundary
condition. Suppose now that we deal with a transition energy as a function
on pairs of configurations from 7. If we consider the unchangeable part
of the configuration as a fixed (frozen) boundary condition, we obtain a
transition energy in a finite volume, which, as we have seen, is dual to
a probability distribution, but in this case, this probability distribution is
also parameterised by the fixed boundary condition. In the case of the finite
volume, such probability distribution parameterised by boundary conditions
turn out to be conditional probabilities of some (uniquely determined) joint
probability distribution (see [7,[8]).

To make these considerations rigor, let us first consider the Markov—
Dobrushin scheme of describing joint probability distribution by a system of
consistent probability distribution parameterised by boundary conditions.

3 Markov—Dobrushin scheme

By the Markov—Dobrushin scheme, we mean the approach for describing a
joint probability distribution using a family of consistent probability dis-
tributions parameterized by boundary conditions. This idea goes back to
the concept of the finite Markov chain, and Dobrushin [3] was the first to
consider the problem of characterization of a random field on an infinite in-
teger lattice by specification, a system of consistent probability distributions
parameterized by infinite boundary conditions.

It should be noted, that the methods used to solve the problem of char-
acterization of a random field by a consistent system of probability distri-
butions parameterized by boundary conditions in finite and infinite volumes
are fundamentally different. For example, in the case of finite volumes, the
system P(Py) = {Py,V C A} of restrictions Py = (Py)y, V C A, (marginal
distributions) of the probability measure P does not restore Pj.

In [6], simple necessary and sufficient conditions were obtained under
which a given system of distributions is a one-point conditional distribution
of a finite random field Py, and an explicit formula was also given expressing
P, through the elements of this system. To obtain this result, we used
the approach developed in [1], where a solution to Dobrushin’s problem
of describing a random field (in infinite volume) by a consistent system of
one-point distributions was obtained. Below we provide the solution to the
problem of describing finite random fields in a more general settings, namely,



8 B.S. NAHAPETIAN

by considering systems of distributions corresponding to some partition of A.

Before proceeding to a rigorous formulation of the aforementioned prob-
lems, let us introduce some notations. We assume that X? = {@} where
@ denotes an empty configuration. For any V,I C A, VNI = @, and any
r € XV, y € X!, by 2y we denote the concatenation of x and y, that is,
the configuration on V' U I equal to x on V and to y on I. In particular, for
y =@, we put 20 = z.

Let P, be a finite random field, that is, a probability distribution on X*.
For any nonempty V C A and z € X*\V, the conditional probability on XV
under condition z is defined as

z Py(zz2) v
Q7 (z) = S s re XV,
ueXV
In mathematical statistical physics, the parameter z is usually called the
boundary condition. In the future, we will adhere to this terminology.
Note that since we consider positive finite random fields only, all condi-
tional distributions are also strictly positive.
In the case V = O, we can put Q5(@) = 1 for any z € X*, while for
V = A, we have

oy Dal@0) _ P) + e xA
Qx (v) = ZVPA(U@) = ZVPA(U) = Pp(z), exXt (8

The family Q(Py) = {Q%,z € XMV, V C A} is called the conditional
distribution of the random field Pjy.
Let Il = {4, V4, ..., V,} be a partition of A, that is, V,NV; = 0, i # j,

and |J Vi = A. Denote by #4; the family of all sets obtained as unions of
i=1

the elements of II. Consider families Qp(Py) = {Q%,2z € XMV ¢ 11}

and Q. (Py) = {Q%, 2 € X*\V.V € #41} of conditional probabilities of Py

corresponding to the elements of II and #1;, respectively.

Theorem 3 For any partition 11 and any finite random field Py, system
Q(Py) restores system Q. (Py)

Proof. 1t is sufficient to note that for any Wiy, W, € #4; and & € XA\(WibWz),
we have
Wauw, (T172) _ Py(71157) . Py (uy297) _ Q”ﬁé”’f(wl) _ Q%I(@)

o, (uite)  Pa(uizeZ)  Py(uyust) wi(u1)  Quit(ug)’

xi,u; € XWi i =1,2. Taking into account that

Z Q%‘GUWQ <x1x2> = 17

21 €EXW1 20 XW2



GENERALIZED GIBBS FORMULA AND THE DUALITY OF ENERGY AND PROBABILITY 9

we obtain
—1
Qi) Q) Qi(z) Qi (=)

P = Q) " Qg () Qii(m) " Qi ()

21€XW1,
ZQEXW2

Since A = |J Vi € #4, from the theorem above we immediately obtain
i=1
the following result.

Corollary 1 For any partition 11, the family of conditional probabilities
Qu(Py) restores its generating finite random field Py .

The following natural question arises: does the system Q;(Py) possess
such properties (consistency conditions) which allow restoring the random
field Py without taking into account the fact that the elements of Qp(Py)
are generated by P,? If such characterizing properties are found, one can
expect that for an a priori given system Qp of distributions satisfying these
properties, there exists the compatible with it finite random field, that is,
such random field P, that Qu(Py) = Q-

Below we present the solution to this problem in terms of systems Qp
and Q.

The system Qp; = {¢&,7 € X*\V,V € II} of (strictly) positive probabil-
ity distributions ¢f, on X" parameterized by boundary conditions z € X*\V,
V e 11, will be called II-specification if its elements are consistent in the fol-
lowing sense: for any Vi, Vs € IT and z € XMV1UV2) it holds

v (1) gy (u2) gy (un)guy (22) = gy (ua)gys (u) gy (1) gy (22),  (9)

i, u € XVi i =1,2.

The system Q,, = {qi,,7 € X"\W W € #4} of (strictly) positive prob-
ability distributions ¢&, on X" parameterized by boundary conditions T €
XMW W e #41, will be called # -specification if its elements are consistent
in the following sense: for any disjoint Wi, W, € #4; and & € XA\W1W2) it
holds

G, ows (@Y) iy, () = G ows, (uy)aw, (2), (10)
r,u€ XM ye X"z,

Note that the notion of II-specification generalizes the notion of 1-spe-

cification, while # -specification corresponds to specification.

Theorem 4 Let Q be a l-specification. Then there exists a unique W -
specification containing Q.
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Proof. The proof is similar to the proof of the corresponding result for 1-
specification and specification (see Theorem 19 in [1]). We briefly mention
the main idea of the proof.

For any W € #4; and z € X"\W | put

-1

k vcwu) :c(zu)
H‘ ><ZH$ >)’

exw =14
where Vi, V5, ...,V is some enumeration of those elements of the partition
k

I for which W = |J V}, and

=1
(mu)j =T Tj U1 U, 1< J <k,

(xu) = ugug...ug, (Tu)r = T129...Tk_1,

Tj =Ty, Uy = uy, 1 < j <k x,u € XW. Due to the consistency condi-
tions @D, function ¢f;, is correctly defined, that is, its values do not depend
on the way of enumeration of sets Vi, Vs, ...,V C W and on the choice of
configuration u. It is not difficult to see that ¢f;, is a (strictly) positive
probability distribution on X"

Consider now the system Q, = {¢&,,z € X\W, W € #41} of the con-
structed probability distributions. Direct computations show that its el-
ements are consistent in the sense , and therefore, @, is the unique
W -specification containing Qy;. [

Noting again that A = (J V; € #41, we obtain the following result.
i=1
Corollary 2 Let Qy be a ll-specification. Then there exists a unique finite
random field Py such that Qu(Py) = Q.

In particular, one can consider one-point partition II = {t1,ts,...,tN}
where t1,ts,...,ty is some enumeration of points in A, N = |A|. To it
corresponds finite-volume 1-specification Q, = {¢7,z € X*\t,t € A}, that
is, a system of positive probability distributions parameterized by boundary
conditions and consistent in the following sense: for all t,s € A and z,u €
Xt y,ve Xz e XMt it holds

4" (2)q:" (v) g (g (v) = ¢ ()" (v)g" (2) gz (y)-

By Theorem [4] it uniquely determines the finite-volume analogue of specifi-
cation Q = {¢fy,z € XMW W C A}, which is the system of positive proba-
bility distributions parameterized by boundary conditions and consistent in
the sense for all disjoint sets Wy, Wy € A. Moreover, by Corollary ,
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we conclude that @, uniquely determines compatible with it finite random
field Pjy:

no(wu); n o (2u); -1
qy (x]) 4, (ZJ)
P -T2 (S T
j=14t; (UJ) zexh j=1 i, (UJ)

where v € X® and A = {t;,ts,...,ty} is some enumeration of points in A
(cf. Theorem 1 in [6]).

4 'Transition energy field in finite volume

We have seen that, in the case of finite-volume systems, there is a one-to-one
correspondence between a random field and a specification. Therefore, the
concept of transition energy, dual to the concept of probability distribution,
should have a corresponding analogue dual to the concept of specification.
This is so-called transition energy field which was introduced in [2] in the
framework of infinite-volume models of statistical physics (see also [6] for
the finite-volume case).

Let P, be a probability distribution on X* and A, be the corresponding
transition energy in A. Consider conditional distribution of Py, Q(Py) =
{QF, 7 ¢ XMV, V C A}. Forany V C A and # € XMV, choosing some
u € XV, we can write

Qi (z) = Py (z) _ exp{Ax(zZ,uz)} _ exp{A{ (z,u)}
v EX:V Pr(27) ZX:V exp{Ax(zZ,uz)} ZX:V exp{A¥(z,u)}’

x € XV, where
AL (z,u) = Ay (27, uT), z,u€ XV, (11)

In the case V = O, we assume that A% (@, D) = 0 for any 7 € X*. Note
also, that if we take V' = A in (|11)), we will have

A%(m,u) :AA<I®7u®) :AA(JT,U), x7u€XA7

which is in full correspondence with .
Formula for Q7. can be inverted, and we obtain

Qy (z)
Qy (u)’

Hence, for each z € X*\V function A7 satisfies

Al (z,u) =In z,u€ XV,

AV (z,u) = AY(z,y) + Ay ), zuye XV
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The value A{, (z,u) corresponds to the amount of energy required to transfer
the system from state x to state u in part V' of volume A, considering the
unchangeable part T of the configuration of the system as a fixed boundary
condition (environment). The function A{, is called a transition energy in
V' with boundary condition & € X\

Thus, for any transition energy A, in A, it corresponds the system
D(Ay) = {A%, 7 € XMW,V ¢ A} of transition energies in sub-volumes
V C A with boundary conditions 7 € XMV,

Now, let IT = {V3, V4, ..., V,,} be some partition of A and Q = {¢i, 7 €
XMV V¢ I} be a Il-specification. According to Theorem {4, Qy; uniquely
determines # -specification Q, = {q¢&,,7 € X\W W € #4} containing
Q. Since for any fixed W € #4; and 7 € X™\W | function ¢}, is a positive
probability distribution on X", the function

6% (z,u) = In iy () z,ue XV, (12)

is properly defined and satisfies

Hence, 67, is the transition energy in W with boundary condition # € X"\W.
Consider now the system Dy (Q,,) = {63, 7 € XMW W € #4} of tran-

sition energies with boundary conditions defined by . Due to consistency

conditions ([10)), we conclude that the elements of Dy (Q,,) satisfy

Shrow, (Y, uy) = 6 (w),  zue XM ye XMWz (14)

for all Wy, Wy € #4; and z € XM\(WiUW2),

The family Dy = {6%,,7 € X\W W € #4} of transition energies pa-
rameterized by boundary conditions, that is, functions 6%, on X"V x XW,
W € W1, satisfying , is called a transition energy field in A under par-
tition I1 if its elements are consistent in the sense ((14)).

Now, for a given transition energy field Dy in A under partition I, define
the system Q. (Dy) = {q¢¥,,7 € XW W € #4} of functions

o (W)

W) = S ()}

2eXV

re XY, (15)

where v € XV. This functions are properly defined (their values do not
depend on the choice of configuration w), for a fixed W € #4; and & € XM\W|
q%, is a (strictly) positive probability distribution on X" and the elements
of Q, (Dy ) are consistent in the sense (10). Hence, Q, (Dy ) forms a #/-
specification.

The above discussion shows that the following result holds true.
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Theorem 5 The system Q. = {q¢¥,, 7 € XMW W € #4} of positive func-
tions parameterized by boundary conditions is a W -specification if and only
if its elements have the Gibbs form , where Dy = {0%,, 2 € X"\W W €

Y} is a transition energy field in A under partition 1.

The similar considerations remain true if we consider a subsystem of @,
namely, II-specification Q. To it corresponds the subsystem of transition
energy field Dy, which we denote D = {67.,7 € X"V, V € II}. Due to
the duality between the elements of @, and Dy, we conclude that for all
V eIl and z € X2\, it holds

o o)} ,
> ep{opzu) 4o (w)

zeXV

(16)

for all z,u € X". Moreover, since the elements of Qy satisfy consistency
conditions @D, the elements of Dy must be consistent in the following sense:

for any V4, Vs € IT and & € XM\(V1U2) it holds
0P (w1, ur) + 0 (e, ug) = 630 (22, Ug) + 0322 (w1, ua ), (17)

xiu; € XV i=1,2.

The family Dy = {6%,7 € X*\V,V € [} of transition energies in the
elements of II parameterized by boundary conditions and consistent in the
sense is called an elementary transition energy field in A under parti-
tion 11.

Theorem 4| stating connection between II- and # -specifications, allows
us to prove the following important statement: transition energies in fi-
nite volumes with boundary conditions are additive functions. That is, to
compute the transition energy in a finite volume, one should add the transi-
tion energies of the sub-volumes forming a partition of the volume, with an
appropriate change in the boundary conditions. For another proof of this
statement, see Theorem 3 in [§].

Theorem 6 Let 11 be a partition of A and Dy be the corresponding elemen-
tary transition enerqy field. Then there exists the unique transition energy

field Dy = {6%,,7 € XMW W € #41} in A under partition 11 such that for
k

any W= Vi, Vi, €I, 2. € X"V and z,u € XV, it holds
=1

J

(0, ) = G2 (1, wy) + ST (g, ) e O (g, ),

and therefore, D C Dy . Here z; denotes the restriction of configuration
ze XV onV;,1<j<k.

13
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Proof. Let Q; be the Il-specification corresponding to Dy. It uniquely
determines # -specification @, which, in its turn, is dual to the transition
energy field Dy .
Further, let W € #4; and let Vi, V4, ..., Vi be some enumeration of the
k

elements of partition II for which W = (J V;. Then for any 7 € X MW and
j=1
z,u € X", denoting for brevity x; = Ty, u; = uy;, 1 < j <k, we can write

5 (zu) = In q?/(x) I q?/(xla:g ) ln q?,(ulxgxg ) L
qiy (u) qiy(wzs ... zy) qiy (uuss . .. xy)
o qiy(ulug co Up_1T) _
qly (urug . . ug_quy)
TT2...Tk TU1T3...Tk T TUL... Uk —1 T
4y, (u1) 4y, (u1) Qy, (ur)
= Oy (@, un) A+ Oy T (g, ug) 4 A Gy (o, i),

where we sequentially used , and . U

In particular, since for any partition IT = {V}, V5, ..., V,} of A, we have
A = | V; € #u, the system Dy contains the transition energy A? = Ay
j=1
in A. Therefore, the following result holds true.

Corollary 3 [8, Corollary 2| Any elementary transition energy field Dy
corresponding to some partition I1 of A uniquely determines transition energy
Ay in A such that for any V € II and 7 € XMV, it holds

Ap (27, uz) = 6% (z, u), z,u€ XV,
In this case, for all x,u € X",
AR (z,u) = 5@?“‘/1 (Ty,, uyy) —I—(Sigvln\(vl%) (Tvy, ury) + ... +5€-:A\V” (v, , uy,).

The case when the elements of II are one-point subsets of A is of a spe-
cial interest since it allows constructing transition energies in finite volumes
starting from transition energies in points parameterized by boundary con-
ditions.

5 Energy-probability duality in the case of
infinite-volume systems

We now consider the case of infinite volume, that is, instead of the finite set
A, we will consider Z¢.
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In his seminal paper [3], Dobrushin considered the problem of describing
random fields (probability measures on the infinite space of configurations
X Zd) by a system of consistent finite-dimensional distributions parameter-
ized by infinite boundary conditions. Later, such systems were called speci-
fications.

Specification is a system Q = {¢%,z € X A € Z¢} of probability
distributions ¢ on X* parameterized by infinite boundary conditions z €
X2, A € Z%, and consistent in the following sense: for any I C A € Z¢ and
z € X, it holds

¢ (ry) = q7"( ZqA uy), ve X ye XM (18)

ueX!

Here A € Z® means that A is a finite subset of Z¢ and A¢ = Z%\A.

It is not difficult to see that consistency conditions can be written in
the following equivalent form: for any I C A € Z¢, 2 € X** and z,u € X7,
y € XM it holds

ax(zy)q;” (v) = qx(uy)q;” (). (19)

In what follows, we will consider positive specifications only, that is,
systems of consistent (strictly) positive distributions.

Contrary to the finite case, specification does not always define a random
field for which it is a version of conditional distributions. Moreover, if such
a random field exists, it may not be unique (see Theorems 1 and 2 in [3]).

Let Q = {¢%,7 € X, A @ Z%} be a specification. Since for any A € Z4
and Z € X" the element ¢§ of Q is a probability distribution on X%,
according to Theorem , to it correspond the transition energy A% such
that

(0) = ~PLAAE 1)) Y {Co R
Z exp{A?\(Z,U)}’ AA( ’ ) I qi<u)7 Ju€e X

zeXA

Varying A € Z¢ and 7 € X", we obtain a system A = {A% 7€ XM A e
7} of transition energies A% in A parameterized by infinite boundary con-
ditions z € X*°, A € Z?. Since the elements of Q are consistent in the
sense , the elements of A must satisfy the appropriate consistency con-
ditions. Indeed, for any I C A € Z% and = € X*°, we have

7 zy )
A (o, ug) = B 3y D oy

z,u € X1, ye XM
The system A = {A%,7 € X, A € Z} of transition energies A% in A
parameterized by infinite boundary conditions 7 € X*°, A € Z?, is called a

15
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transition energy field (see [2]) if its elements are consistent in the following
sense: for any I C A € Z¢, z € X" and z,u € X', y € X*\| it holds

AR (zy, uy) = AP (2, u).

Thus, in the case of infinite volume, the duality between energy and
probability takes place in the form of one-to-one correspondence between
transition energy field and specification.

Theorem 7 |2, Theorem 2.1] A family Q = {q%, 7 € X", A € Z} of func-
tions in finite volumes with infinite boundary conditions will be a (strictly)
positive specification if and only if its elements have the Gibbs form

N 1S (L0
> ep{A1G 0}

zeXA

re XA

where A = {A%,z € XN A € Z%} is a transition energy field uniquely
determined by Q and u € X*.

6 Concluding remarks

As we have already mentioned, duality is the principle according to which
any true statement of one theory corresponds to a true statement in the dual
theory. In particular, this means that knowing properties of one of the dual
objects allows establishing properties of the second one.

In the case of energy—probability duality, the additivity of transition en-
ergies makes it possible, for infinite-volume systems, to solve Dobrushin’s
problem of describing a specification by means of 1-specification (see [2]),
and, in the case of finite-volume systems, to find the conditions under which
a given system of probability distributions parameterized by boundary con-
ditions is a system of conditional probabilities for some joint probability
distribution (see [§]).

On the other hand, knowing the properties of probability distributions,
one can obtain properties of the corresponding transition energies. In this
paper, we have shown how this principle can be applied to derive the notion
of a transition energy field. However, this question requires further study.
One possible direction is to consider, instead of the probabilities of indi-
vidual configurations, the probabilities of events. This would lead to the
notion of transition energy between sets of configurations. It is possible that
such transition energies may also find applications in the study of quantum
systems.
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