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Generalized Viscosity Approximation
Methods of Ishikawa Type for Nonexpansive
Mappings in Hilbert Spaces
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Abstract. In this paper, by using generalized viscosity map-
pings, we prove two strong convergence theorems for finding fixed
points of a nonexpansive mapping which is also a unique solution
of the variational inequality. Our results extend and improve the
recent ones announced by some authors.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm ||.||. Let C
be a nonempty closed convex subset of H and .S : C' — C be a self-mapping
on C.

We denote by F(S) the set of fixed points of S and Pz the metric projection
of H onto C' and a mapping S is said to be nonexpansive if || Sz — Sy|| <
|z — yl| for all z,y € C.

A mapping T : C — C with F(T) # @ is called quasi-nonexpansive if
|z =Tyl < ||z -yl for all z,y € C.

It is well known that the set of fixed point of a quasi-noexpansive map-
ping T is closed and convex, see [13].

A mapping G : C' — C'is a contraction if there exists a constant o € (0, 1)
such that |Gz — Gy|| < a|lz —y| for all z € F(T) and y € C.

Some iteration processes are often used to approximate a fixed point of
a nonexpansive mapping. The first iteration process is Halpern iteration [2].
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The following strong convergence theorem of Halpern’s type was proved by
Wittmann [14]: for any 27 = x € C, define a sequence {x,} by

Tpi1 = @y + (1 — )Ty,

for all n € NU {0}, where the sequence {a,}> is in [0,1], lim,_, o, = 0,
Yo g0y = 00, »_ o |ay, — ppq] < 0o and T’ is a nonexpansive mapping.
Then {z,} converges strongly to a fixed point of T

The second iteration process is introduced by Mann [12]. We also know the
following weak convergence theorem of Mann’s type: for any z; = x € C,
define a sequence {x,} by

Tpi1 =y + (1 — )Ty,

for all n € NU {0}, where the sequence {a, }72 is in [0,1] and Y 7 o, —
Qpt1| < 00. Then {z,} converges weakly to a fixed point of T

The third iteration process is presented by Ishikawa [10], that is
Tpi1 = @y + (1 — ) Tyn,

where T is Lipshitzian pseudo-contractive mapping from C' into itself. The
initial guess xy is taken in C' arbitrarily and the sequences {«,}°, and
{Bn}22 are in [0,1), limy, oo B, = 0 and >~ a5, = oo. Then {z,} con-
verges strongly to a fixed point of T

In 2000, Moudafi [I] introduced the viscosity approximation method for
nonexpansive mappings as following iteration algorithm :

Tpi1 = Gy, + (1 — ) Sy,

where G is a contraction of C' into itself, S is a nonexpansive mapping and
ay, € (0,1) is a slowly vanishing sequence.

The variational inequality problem is to find a point zy € C' such that
(Gro,x — o) >0, Vo €C. (1)

In recent years the theory of variational inequality has been extended to the
study of a larg variety of problems arising in structural analysis, economics,
engineering sciences, and so on. For more details see [3], [4] and [§].

Peichao Duan and Songnian He [9], introduced a generalized iterative
method like viscosity approximation. They prove two following theorems:
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Theorem 1 Let C' be a nonempty closed and convex subset of a real Hilbert
space H and f, be a sequence of p,— contractive selfmaps of C' with 0 <
o = liminf, o p, < limsup,, ,oopn = pu < 1. Let S : C — C be a
nonexpansive mapping. Assume that F(S) # @ and {f.(x)} is uniformly
convergent for any x € D, where D is a bounded subset of C'. Given x1 € C,
let {z,,} be generated by the following algorithm:

Tn41 = Oénfn(xn) + (1 - an)an,
where, {a,} C (0,1) satisfy the following conditions:

(1) lim,, . v, = 0,
(ii) > 07 oy = 00,
(1) D202 |1 — ai| < 00

Then the sequence {x,} converges strongly to a point xo € F(S), which is
also the unique solution of the variational inequality.

Theorem 2 Let C' be a nonempty closed and convex subset of a real Hilbert
space H and f, be a sequence of p,— contractive selfmaps of C with 0 < p; =
liminf,, o pn < limsup,,_,. pn = pu < 1. Let for each 1 <i < N; N € N,
S; : C — C' be a nonexpansive mapping. Assume that F' = ﬂfvzl F(S;) # o
and f,(w) is convergent for any w € F. Given x, € C, let {x,} be generated
by the following algorithm:

Tn+1 = anfn(xn) + (1 - O‘n)SKT ]7\lf—1 s S{Lxm
SP=(1- AT+ AS,, i=1,2,...,N.

If the parameters {a,} and {\!'} satisfy the following conditions:
(i) {an} C (0,1), lim, oo 0, = 0 and > 07 | @, = 00,

(i3) A € (A, Ay) for some A\, Ay € (0,1) and lim,, o0 [ANP—=A!TH =0, 0=
1,2.... N,

then the sequence {x,} converges strongly to a point xq € F(S) which is also
the unique solution of the variational inequality:

(f(z0) — 0,p — 20) <0, Vp € F,
where
(o) = lim fo (o). (2)

In this paper, we prove Theorem [1] and Theorem [ by Ishikawa iteration
scheme that extend and improve those theorems and all of the results that
have been obtained in [J)].
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2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm | - ||,
respectively. In a Hilbert space H it is known that

(i) [tz + (1 = t)yl|* = tl|z]* + (1 = t)lyl* =t = t)[|z — y|*,
(ii) |z +y|? <|z|]* +2(y,x +y) Vx,ye H,

for all z,y € H and for all ¢t € [0, 1]. see, [13].

Let {z,} be a sequence in H and x € H. Weak convergence of {x,} is de-
noted by z,, — x and strong convergence by xz, — z. Let H be a nonempty
closed convex subset of a real Hilbert space H. The nearest point projection
of H onto C'is denoted by Pg, that is, for all x € H and y € C

l = Pox| < |z —yl.
A mapping T': C' — (' is said to be A—averaged by K if

T =(1-\1I+MK.

Lemma 1 ([5]) Let {S;}2, be ~;-averaged on C and such that
F(S1) N F(S2) # @. Then we have

(i) S1S9 and S35, are vy-averaged, where v = v1 + Y2 — Y172,

(ii) F(S))(F(Ss) = F(815s) = F(S55)).

Lemma 2 ([6]) Let C be a nonempty closed and convex subset of a real
Hilbert space H. Given x € H and z € ¢, we have y = Pz if and only if

(r—y,y—2)>0 forallzeC.

Lemma 3 ([15]) Let {b,} is a sequence of nonnegative real numbers such
that

bn-l—l S (1 - an)bn + 9n7
where {a,} C (0,1) and {0,} is a sequence such that,

(i) > 07 ay = 00,
(1) limsup,,_, z—z <0or Y710, < oo,

Then lim,,_, b,, = 0.
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Lemma 4 ([11]) Let {x,} and {y,} be bounded sequences in Banach space
and let {B,} be a sequence of [0,1] such that

0 < liminf 8, < limsup S, < 1.
n—o0

n—oo

Suppose Tny1 = (1 = Bu)yn + Buty for all n € N and limsup, .o ([[yns1 —
Ynll = 1 Zns1 — @al]) < 0. Then, limy_o0 ||y — 22| = 0.

Lemma 5 ([7]) Demiclosedness principle. Let C' be a nonempty closed con-
vex subset of real Hilbert space H and S be a nonexpansive mapping of C
into itself, and F(S) # @. Then I — S is demiclosed. That is, if sequence
{z,} C C converges weakly to some x € C and the sequence {(I — S)z,}

strongly converges to y, then (I — S)x =y, where I is the identity operator
of H.

3 Main Result

In this section motivated by Peichao Duan and Songnian He, we prove the
following strong convergence theorems of Ishikawa type that extend and
improve all of the results of [9].

Theorem 3 Let C be a nonempty closed and convex subset of a real Hilbert
space H, and {G,} be a sequence of selfmaps of C such that {Gp} is pu,-
contractive with 0 < py = liminf,, o p, < limsup,,_,. fbn = fu < 1. Let
S, T : C — C be nonezpansive mappings. Assume that F = F(S)(F(T) #
@ and {G,} is uniformly convergent on a bounded subset B of C. Let 1 € C
and define the sequence {x,} C C as follows:

Tp4+1 = anann + ﬁnxn + 'Ynsynu

where {an}, {Bn}, {1} and {0,} are sequences in [0,1). If we have the
following conditions:

(CL) an+ﬁn+7n =1,

(b) lim,, o0 0, = 0 and > 7 | o, = 00,

(¢) limy, oo ¥ # 0, limy, 00 8 # 0 limy, oo | 0y — dpyq |= 0,
(d) 0 <liminf, , 5, < limsup,_,. G, <1,

then the sequence {x,} and {y,} converges strongly to a point w € F, which
is also the unique solution of the variational inequality [9
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Proof. We divide the proof into 5 steps.

Step 1: We show that {x,} is bounded.
For any w € F', we have

|y — wl| = (|05 Txy + (1 = 0p) 2, — w|
< 5ulTan — wll + (1~ 6,) 20 — w]
< 5n||xn - w“ +(1— 5n)||xn - w”
= [lzn — wl]. (3)

So, from we have

|01 — | = [|enGran + Butn + 1Sy — wl|

< a|Grn — | + Bullwn — wl| + [ Syn — w]|

< o Gray — Grwl| + o ||Grw — w|| + Bullzn — wll + 70l Syn — |
< || Gran — Guwl| + an||Gow — w|| + Bullzn — wl| + Yallyn — wl]
< appin||zn — w|| + Bullzn — wll + Wz, — w| + an||Grw — w]

< i 2n — w]l + (1 = an)lzn — w| + anl|Grw — w]

|Grw — w]|

< (1= an( = p)llan = wl +an(l = ) ==

(4)

Since {G,} is uniformly convergent on B, {G,w} is bounded. Thus, there
exist a positive constant Mj, such that ||G,w — w| < M;. Put L =
max{|lz; — w|[, lfﬁu} Now by induction we show that ||z, — w| < L.

Suppose that ||z, — w|| < L for some k € N. From (), we have

M,
1 — g

l2ks1 = wl] < (1= ai(l = )l — wl| + (1 — )
S (1 — Oék(l — ,uk))L + Oék(l - /Lk)L = L.

So, ||z, — w|| is bounded. Thus {z,}, {yn}, {Syn}, {Sz,} and {T'z,} are
also bounded.

Step 2: We show that lim,, , ||Zn+1 — 2] = 0.

Indeed, we define V,, = % So we have,

for all n € N. It follows that
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O-/n—f—lann—i-l + ’Yn—i—lsxn-l—l anann + ’Ynsyn

Vo1 =V, = —
i 1— Bn—‘rl 1-— Bn
_ Ant1Gni1Tni1 + (1 — a1 — Brs1) SYna
1 - ﬁn—i-l
N Oénann + (1 — Oy — 5n)5yn
1— Bn
Opi1 Qp
= — GTL n - S n G n - S n
1—5n+1[ +1Ln+1 y+1] 1—571[ T y]
+ Syn—i—l - Syn
Therefore, we have for z € {z,}
(79}
||Vn+1 - Vn” S 1 — g o ||Gn+1xn+1 - Syn-‘rlH + ||ann SynH
+ 15Yn+1 — Syall
A1
< ——[|Gri1@ns1 — SYnsa + 7 1Gnzn — Synll + Ynt1 — ynll
1— ﬁn—&-l ﬁ”
Olp41 Q41
< — NGni1Tni1 — Gy ——— |Gz — Sy,
=7 _Bn+1 |G nt1Tnr1 w12 + 1= By |Gri1% — Synia]|
+ 1 5 1Gnan = Gzl + 17— HGn:r = SYnll + [[Ynt1 — ynll

Oé
< Mn+1”—5+1||$n+1 fvn|| + "—gllllGnHl‘ — Syl
n+1 n+

a2 — 2l + G = Synll + ynr1 = vl (6)

5n
On the other hand, we have
1Yns1 = Ynll = 10017701 + (1 = 0ng1)Tpg1 — 0,72, — (1 — )2 |
= |6ni1TTps1 — Op1 Ty + o1 Ty, — 0, Ty + (1 — Opg1)Tntn
— (1 = Ont1)zn + (1 = Opg1)Tn — (1 — 6) 20|
< nt[Txngr = T | + [0p1 = On[ | T2 + (1 = Ongr) | 2040 — 2a
+ |5n+1 - (5n|”an
< SntillTngr — @all + 601 — Onll| Tz + (1 = i1 |Tns1 — Zall + |6nsa

1_677,

— [zl
< Hxn-I-l - xn” + ‘5n+1 - 5nH|Tan + ’5n+1 - 571’”33?1” (7)
from @ and we have
Q41 An41
Vn _Vn < n PO n — 4n T 5 Gn _S n
Vass = Vall € inss 722 s = 2l + 7222 [ Gy = St
(8%
+ iy BanL“ 93H+1_BHH T — Syull + [|[Tnr1 — zal|

+ |5n+1 = Onl[[T 2] + 011 = Onl[[zn]- (8)
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Since {G,,} is uniformly convergent on B, {G,z} is bounded. Now since
{Sy,} is also bounded, there exists a positive constant My, such that

|Gt = Synl| < M. (9)

Therefore from and @ we have

Q41 an+1M2 (079
Visr = Vall € a2 s = 2l + T2 g o —a
o, M
+1 _52 F @01 = Tall + [6ns1 = Sul[| T2l + [6ps1 — dnlllznll. (10)

Since {z,} is bounded, it follows from conditions (b), (c¢) and

limsup(||Vig1 — Vall = |20 — zal]) <0.

n——aoo

It follows from Lemma {4} that lim, . ||V, — z,|| = 0. From , we obtain
that

lm ||zp41 — @] = Um [|[(1 — Bn)Vi + Butn — 2]
n——ao0 n——ao0
— lim (1= BV — 2l = 0. (1)
Thus lim,, e || Tns1 — xa|| = 0.

Step 3: We claim that lim,, . ||Tz, —x,| = 0. and lim,,_,, [|Sz, —z,|| =
0.
For w € F, we have

2011 = w[* = 0w Gt + Bt + 10 Sy — w]|?

< oy [|Gry — w||2 + Bnlln — sz + Yl Syn — w”2

< || Grrn — Guw + Grw — w||* + Bullzn — w||* + Yol Syn — w||?

< || Grzn — Guwl|* + an||Gaw — wl|? + 200, (Grx, — Guw, Guw — w)
+ Bullzn — w||* + Yol |6n T2y + (1 — 8,) 2, — w]|?

< |Gy — Gow|* 4 || Gaw — w||* 4 200, (G, — Grw, Guw — w)
+ Bnlln — w“2 + OnYull Ty — w||2 + (1 = 0n)l|2n — w||2
— ¥n0n (1 = )| Tz, — an2

< ppin || — w]|? + an||Grw — w||? + 200, |Gy — Guw||||Grw — w)|
+ Bnlln — w“2 + O Yul|Tn — w||2 + V(1 = 0n) |70 — w||2
— ¥n0n(1 = )| Tz, — xn”Q

= ||z — w||? + an||Gpw — w||? + 20, ||Grzn — Guw||||Grw — w||
= Yn0n (1 = 0a) | Ty — .
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So, we have

YnOn (1 = n) || Ty — anQ <z, — w||2 — |70y — w||2 + || Grw — w||2
+ 20, ||Grx, — Guwl|||Grw — w||.

From condition (a) and (c) we have

lim ||Tx, — z,|| =0. (12)

n—aoo

Since {G,} is p,-contractive, by (9) we note that, for = € {z,}

[0 =SYnll < 2041 — 2nll + 21 — Syl
= ||xn+1 - xn” + HO‘nanEn + By + YnSyn — SynH
< [ @ns1 = @]l + o[ Grazn = Synll + Bullzn — Synll + 1l Syn — Synll
< N[pt1 — 2ol + anl|Grzn — Synll + Ballzn — Syall
< znt1 = 2all + an||Gran — Guz|| + anl|Grz — Syl + Ballzn — Syall
< [ @ns1 = 2l + npullzn — 2| + anl|Gre = Synl| + Ballzn — Synl|
< zntr — all + anppullzn — 2l + anMa + Bullzn — Synl|-

So,
(1= B)llzn = Syull < |1 — zull + anpin|lzn — 2| + an Ms.
Therefore from condition (b), (d) and
Tim ||z — Synl| = 0. (13)
On the other hand,

1Yn — || = |0, T 20 + (1 — 6p)Tn — 24|
< 5n||Txn - an + (1 - 5n)Hxn - an
= Op||Txn, — 24|

So from condition ({12])
Tim [y, — 2|l = 0. (14)
But, we have

1S — |l < |S20 — Syall + [[Syn — @a
< l#n = ynll + [|1Syn — zall-

So, from and , we have
lim ||Sz, — z,| = 0. (15)
n—oo
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Step 4: We show that limsup,_, . (Gw — w,z, — w) < 0,, where w =
Pr(synrrGw is a unique solution of the variational inequality . Since
{Gpz} is uniformly convergent on B, we have lim,,_,.(G,w—w) = Gw—w.
Let {z,,} be a subsequence of {z,} such that

limsup(Gw — w, z, —w) = lim (Gw — w, x,, — w). (16)
n—»o0 10

Since {z,,} is bounded, there exists a subsequence {x,, } of {z,,} such that
L, — o We can assume that z,, — zy. Therefore from , Sz, = x
and by Lemma , we have zy € F(S) () F(T) and since w = Ppg)nr)Gw,
we have

lim (Gw — w, z,, — w) = (Gw — w, g —w) < 0.
11— 00

So, from (16)), we have limsup,_, . (Gw —w,z, —w) < 0.

Step 5: We prove that lim, ., ||z, — w|| = 0.
Notice that, from

|Zns1 — w||? = (nGntn + BuZn + 1uSYn — W, Tpy1 — w)

= a0, (Gpy — W, p — w) + Bz, —w, x001 — w)
+ Y {SYn — w, Ty — w)

< ap(Grxy — Guw, Ty — w) + @ (Guw — w, Ty — W)
+ Ballzn — wlll|znr1 — 0| + Sy — wll[[#n1 — w|

< o ||Grrn — Grw||||zns1 — w| + an(Grw — w, 201 — w)
+ Bullzn — wl|Tns1 — w|| + Y2l Syn — wll[|Tn+1 — w||

< npin|zn — w||[|Tn1 — W] + (G — w, T — w)
+ Bullzn — wll|znrs — |l + Sy — wll[|#n1 — wl|

< | Tn — W[ |70 1 — W] + an(Grw — w, Ty — w)

+ (Bn + ) llen = wllfl2n — wl]

= [1 = an(l = p)ll|zn — wl[|[Tns1 — W] + A {Grw — w, Tpy1 — w)
1—oa,(1—puy,

< 200l ) s — wl?) (Gt — 0,2 — )
1—a,(1 -, 1

< Lol i)l L w0 {Gw - w0, — )

So, we have
201 = w[* = [1 = an(l = )20 — w]* + 20, (Grw — w, 21 — w).
Therefore from step 4 and lemma

lim ||z, —w| = 0.
n—o0
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And from ((14))

lim ||y, —w|| = 0.
n—oo

0

Remark 1 Theorem[3 improves Theorem[]] by Peichao Duan and Songnian
He. It is sufficient to put T = I and 3, =0 in Theorem|[3,

Theorem 4 Let C' be a nonempty closed and convex subset of a real Hilbert
space H and {G,} be a sequence of self maps of C' such that {G,} is -
contractive with 0 < py = liminf,, o p, < limsup,,_,o pbn = fo < 1. Let
Si, T : C — C' be nonexpansive mappings where 1 < i < N, N € N.
Assume that F = (i_; F(S)) N F(T) # @ and {G,w} is convergent for
any w € F. Let xy € C and we define {x,} as follows:

Tp41 = anann + ﬁnl‘n + ’YnSJT\LTS;\lI—l ce S{Lym
Yn = 6nT:Un + (1 - 571)37717
St = (1= AT + \I'S; 1=1,2,..., N,

where
(a) {a,} C[0,1), lim, oo, =0 and Y 7| ay = 00,
(b) Xl € (0,1) i=1,2,...,N,
(¢) limy, oo ¥ # 0, limy, 00 8 # 0 limy, oo | 0 — dpy1 |= 0,
(d) 0 < liminf, . B, < limsup,_,., 5n < 1.

Then the sequence {x,} converges strongly to a point w € F, which is also
the unique solution of the variational inequality .

Proof. 1t is sufficient to prove the theorem in case N = 2. The proof is
divided into 5 steps.

Step 1: We show that {x,} is bounded.

First we show that S for « =1,2,..., N is nonexpansive because

157 = Siyll = (1 = A )w + A Siz — (1 = Ay — 'Sy
< (1= A)lz =yl + Afl[Siz = Siyll
< (1= AD)lz =yl + Az =yl
= [l =y (17)
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So, for any w € F, from and we have

[Zn11 — W]l = | Gnn + Buwn + 1SN Sy_1 - - STYn — 0|
< an||Gran — w + Bullzn — w| + 7l SNSK_1 - STYn — v
< ay||Grz, — Guwl|| + ay||Grw — wl| + Bil|z, — |
+ Yl STYn — wl|
< i — wl| + o ||Grw — wl| + Bullzn — wl| + ynllyn — wl]
< appin||Tn — wl| + an||Grw — w|| + Bullzn — wl| + Yallwn — w|
< |20 — wl| + (1 = an)lzn — w]| + anl|Grw — w|
|G — 0]

< (1= an(l = pn))|lzn, — w|| + n (1 — pn) 1—

Similarly to step 1 of proof Theorem , |z, — w|| is bounded, thus {z,},
{yn}, and {S§S7y,} are bounded.

Step 2: We show that lim,, . ||z,11 — x| = 0.

It is sufficient to put S = S7S7 in Step 2 from Theorem [3]
Step 3: We claim that lim,, . ||S5STx, — x| = 0.

It is sufficient to put S = S3ST in step 3. from Theorem
Step 4: We show limsup,,_, . (Gw —w, z, —w) < 0.

It is sufficient to put S = S§ST in step 4. from Theorem
Step 5: We prove lim,,_,« ||z, — w]|| = 0.

It is sufficient to put S = S7ST in step 5 from Theorem [3| O

Remark 2 Theorem[] improves Theorem[3 by Peichao Duan and Songnian
He. It is sufficient to put T = I and 3, = 0 in Theorem[4)
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