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Asymptotic Behavior of Eckhoff’s Method
for Convergence Acceleration of Dirac
Eigenfunction Expansions
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Abstract.  The current paper considers the problem of re-
covering a vector-function on [—1,1] from a limited number of
coefficients of its expansion into a series of eigenfunctions of a
one-dimensional Dirac system. The Krylov—Lanczos—Eckhoff—
Gottlieb acceleration method is examined in the situation when
the boundary values it requires have to be computed from the
generalized Fourier coefficients themselves. This leads to a 2¢x2q
linear system whose matrix is a block Vandermonde matrix; its
determinant and inverse are computed explicitly, and the asymp-
totic Lo-error constant of the method is found, paralleling the
classical trigonometric case.
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Introduction

Let {\n}nez, {vn}nez be the eigenvalues and Lo-orthonormal eigenfunctions
of a self-adjoint boundary value problem on a finite interval, and let f be
a square-integrable function on that interval. It is well known that the

expansion
o0

f(LIZ') = Z CnUn(JZ), Cn = <f7 Un>7
converges to f in Lo. For practical purposes one approximates f by the
truncated series Sy(f) = 2|, <y ¢atn, and the involved error is strongly
dependent on the smoothness of f. If f belongs to the domain of the un-
derlying differential operator, this approximation converges uniformly. If,
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however, f or its derivatives do not satisfy the boundary conditions, the
convergence becomes slow, its rate reflects only the smoothness of f, and
the Gibbs phenomenon appears at the endpoints.

For the classical Fourier series (v, = ™ /4/2 on [—1, 1], the eigenfunc-
tions of id/dr with periodic boundary conditions), increasing the conver-
gence rate by subtracting a polynomial that carries the discontinuities of
the function and of its first few derivatives was suggested by A. Krylov as
early as 1906 [13] and later, in 1964, by C. Lanczos [14] I5]. More detailed
investigation of this approach, together with practical algorithms for com-
puting the “jumps” of f and its derivatives from the Fourier coefficients
alone, was performed by K. S. Eckhoff and D. Gottlieb [6, [7, 8, @, 11|, 12].
The method is now usually called the Krylov—Lanczos—Eckhoff-Gottlieb, or
simply Eckhoff, method. Its asymptotic Ly error constants were computed
by A. Barkhudaryan, R. Barkhudaryan and A. Poghosyan in [I]. An alterna-
tive acceleration technique for nonperiodic functions, based on quasi-periodic
approximations and interpolations, was developed in [22] 23], 21].

For more general self-adjoint boundary value problems, in particular for
Sturm-Liouville and Dirac systems, the analogue of Krylov’s correction poly-
nomial is no longer a Bernoulli polynomial but a combination of derivatives
of the Green’s function of the underlying operator. The basic algebraic
identity behind the method, an integration-by-parts decomposition of ¢,
into a boundary part P, and a smoother interior part F,,, was extended by
J. Shaw, L. Johnson and R. Riess [24] and, in the form most relevant here,
by A. Nersessian and A. Poghosyan [18, 20, [19]. The Gibbs phenomenon in
eigenfunction expansions of the one-dimensional Dirac system was studied
in [4]. For the same system, R. Barkhudaryan obtained in [2], 3] a generaliza-
tion of the Eckhoff method under the assumption that the boundary values
of f and of its successive Dirac iterates are known ezactly, and computed
the asymptotic Ly constant of the resulting approximation.

In the current paper, we consider the case when these boundary values
are not known in advance and have to be computed from the Fourier coeffi-
cients {c;, }nj<n themselves, exactly as Eckhoff proposed in the trigonometric
case. The boundary conditions on the eigenfunctions reduce the 4¢q scalar
boundary values of f to 2q reduced boundary values g,f, and Eckhoft’s recipe,
applied at 2q selected indices n,, leads to a linear system for their approxima-
tions ﬁ,f — the KEG-D system — whose coefficient matrix is a 2q x 2q block
Vandermonde matriz, the natural generalization of the ¢ x ¢ Vandermonde
matrix of the original Eckhoff method. Accordingly, in Section [I] we recall
the Dirac boundary value problem and the exact-jumps form of the conver-
gence acceleration of [2]; in Section , we prove a closed-form expression for
the determinant of the block Vandermonde matrix and describe its inverse;
in Section , we set up the KEG-D system and estimate the errors g,;t — g,jcﬂ
showing, in particular that strict parity balance is necessary and sufficient
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for the leading-order coefficient matrix to be nonsingular; and in Section [4]
we prove the main result of the paper (Theorem , an explicit formula for
the limit of N2*1||R, x(f)||? in terms of the Dirac jump constants.

1 The Dirac system and exact-jumps method

We work with the canonical Dirac system on [—1, 1]

<_01 (1)) % B (p<0£> r(ox)) y =y, (1)

with separated self-adjoint boundary conditions
yo(—1)cosa+y1(—1)sina =0, yo(1)cos B+ y1(1)sinf =0, (2)

where p,r € C'[—1,1] are real-valued and «, 3 € [0,7]. We assume that
A = 0 is not an eigenvalue. This entails no loss of generality, since the
spectrum is discrete and a constant spectral shift may always be made so
that zero does not belong to the spectrum.

Let {\,}nez be the eigenvalues, indexed in increasing order, with the
origin of the indexing chosen consistently with the asymptotic formula be-
low, so that A, — +oo as n — +o00. Let {v,} be the corresponding real
orthonormal eigenfunctions in Lo([—1,1];R?). The asymptotic results of
Levitan—Sargsyan [10] give

vn1(z) = Ko cos(§,(z) — a) + O(1/n), (3)
Un2(x) = Kosin(§,(z) — ) + O(1/n), (4)

as n — +o0o, uniformly for x € [—1, 1], where
1 T
&@) = Mla+ 1+ 5 [ (olr) +r(r)) dr ©
~1

Choosing the sign of each eigenfunction so that the leading coefficient is
positive, the Lo-normalization determines

1

Ko = —,
V2

since (3] yields
' 1
lenll, = [ (20000 + 02 ) do = 2663 + o(ﬁ> .
~1

Moreover, the eigenvalues satisfy (see [16])
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where

0:=8—a+ % /_l(p(r) + (7)) dr.

1.1 Reduced boundary values

The eigenfunctions satisfy the boundary conditions exactly. Hence, their
endpoint values belong to the corresponding one-dimensional boundary sub-

spaces:
(1) = £ cos f3 (1) = 5O cos & -
@) =P (2PN e = (0 )
for some real scalars ns,,i).
We set

Af=Jf ~Qf.  J= (_01 é) Q) = diag(p(e), r(x))

and define

Bf :=—-Jf = <_ff2>, fr = BAkf = —J.Akf, k> 0. (8)
1
Thus, . .
= (), = ()
A <(Akf)2 BRL (A*fh )

For the remainder of this subsection, let ¢ > 1 and assume in addition
that
feCi(-1,1;R?,  p,reCi-1,1],

so that AFf is continuous for k = 0,...,q. For k = 0,...,q, we define the
reduced boundary values

G = fra(£1) cosye — fra(d1)sinyy, vy =B, v_ = . 9)
Equivalently,
g = — (A" f)a(£1) cos v — (AF )1 (£1) sin s
By , the boundary terms involving the eigenfunctions reduce to

fk,l(i1)>

VT (1) fo(£1) = £ (cosye —sinyy) (fk,z(il)

_ eBgE

It remains to determine the asymptotic behavior of R, By and @,

ea(l) —a :n7r—5+0(%> L G- —a=—a.
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Substituting these relations into gives

(1) = Ko(—1)" (f(;fn65> + O(%)

on(=1) = Kq (fzisno‘a) + 0(%) |

Since the boundary-direction vectors in (7)) have unit norm, taking the scalar
product with the corresponding direction in the above asymptotic formulas
and using ([7) yields

and

K = Ko(—1)" 4+ 0(1) RO =Ko+ 0(1) | (10)
n

n

1.2 Approximation with exact boundary corrections

For ¢ > 1, let
fECq([—l,l];RQ), p,T’ECq[—l,l].

Define the generalized Fourier coefficients of f with respect to the orthonor-
mal Dirac eigenfunctions {v, },ez by

1
o= (o) = [ o) (@) do.
—1
We first derive a one-step integration-by-parts identity. Since Av, =
Ann, for any sufficiently regular vector-valued function h,

1 1
)\n/ vghd:v:/ (Av,) hdx.

1 1

Using Av,, = Jvl, — Qu,,, JI = —J, QT = @, we obtain

1 1

/ (Av,)Thdx :/ (vl Jh — vl Qh) da

—1 —1
1

- —[vah]l_l + /lvg(Jh' — Qh)dx
1

= vl (=1)Jh(=1) — X (1)Jh(1) +/ vl Ahdz.

—1
Therefore,

/1 v hdr = X\, [l (=1)Jh(=1) — o] (1) JR(1)] + A, /1 vl Ahdz. (11)

1 -1
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We now apply with h = A*f. Using , and the definition @D,
U (1) JAR (1) — vy (1) JA"f(1)

= v, (= 1) fe(=1) + v, (1) fr(1)
= ki gp +rgl
Define
1
Ty = o
Then

1 1
/ o AR fda = 2, (k{7 g8 — k7 gy) + :cn/ vf A da. (12)
-1 -1

Starting with £ = 0 and iterating q times yields

where

q—1 1
Po= Y k(00! < ng0). Fa= N [ ol de ()
k=0 -

1

If, in addition, f(@ is absolutely continuous, one more integration by
parts, combined with the asymptotics and the Riemann-Lebesgue theo-
rem (cf. [2]), gives the sharper expansion

F, = 1.;11-&-1[ (+)g

sk gy ] +o(lnl™h), Inf = oo, (15)

Following [2], we define the exact-jumps approximation

Sen(f) :=P(x) + Y Fun(x), (16)
In|l<N
P(a) = 3 [Gule, 1,0) (1) = Glr, ~1,0) (1),

B
Il

0
where

1
Gk((L’7 57 O) = Eal)fG<x7 57 )‘> ‘)\:07

with G denoting the Green’s matrix of f. By the spectral represen-
tation of the Green’s matrix and its derivatives, the generalized Fourier
coefficient of P corresponding to v, is precisely P,, that is,

/_1 v!(2)P(z) dx = P,.

1
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Substituting into and using the reduced boundary values g;t defined
in

Y

F, = Koz [(-1)"A+ B] + o(|n| 97", (17)
with the Dirac jump constants

A =g = fa1(1)cos B — fg2(1)sinf,

Bi=—g, = fo2(=1)sina — fg.(—1)cosa.

Hence, by , the generalized Fourier coefficients of f — P are precisely Fj,.
Consequently,

(18)

Fon(F) = f = Sun(H) = 3 Fuon.

In|>N
By Parseval and ,
: 2g+1 2 22q+2 2 2
Jim NEHR (P = W(A +B%), (19)

where the constant is obtained by a Riemann-sum argument applied to

S KZa2((—1)"A+ B,

In>N
split by parity (see the proof of Theorem , using K2 = 1/2. Formula
replaces Theorem 2 of [2]: the constant 22973 /720%3 stated there must be
replaced by 22972 /7242 in accordance with K2 = 1/2 rather than 1/7, and
the boundary directions entering the constant A there involve an extraneous
angle 26 — [3; the corrected constants are .

The approximation has a serious drawback: it assumes the boundary
values fy(%1) to be known in advance, while in many applications they are
not. In the next two sections, we develop the tools needed to compute them
from the generalized Fourier coefficients themselves.

2 Block Vandermonde matrices

In this section, we study the algebraic structure of the coefficient matrix
arising in the linear system used to approximate the reduced boundary val-
ues.

Definition 1 Let ¢ € N, and let oy, ..., 004, B1,..., B2y, and x1,..., 29, be
complex numbers. We define the block Vandermonde matrix of order 2¢q to
be the following 2q X 2q matriz:

-1 -1
oy 0Ty e Oélff B B - ﬁlx({
q—1

-1
A— Qg QT2 -+ Q2T Ba  Paxg --- ﬁziﬂg

qg—1 q—1
Qoq  Qoqlog - a2qx2q BQq 62qx2q 62(]372(1



8 R. H. BARKHUDARYAN, G. G. GEVORKYAN AND L. D. POGHOSYAN

Let 4
G

¢ )1Si§2q7 1<j<q

denote the rectangular 2¢ x ¢ Vandermonde matrix, and let

D, = diag(az,. .., ay), Dg = diag(fi, . . ., Baq)-
Then

V, 0
A= (D.V,| DgVy) =BC,  B=(D,|Ds), C:(Oq %).(21)

Here,
2gx4 4gx2
B e C*1*%, C e CHr=a,

For a subset T' C [2¢] := {1,...,2q}, write
T={ti < - <tn} m = |T|,
and define the square Vandermonde matrix associated with T" by

Vi = ()

1<i,j<m’

Its determinant is

det(Vy) = H (ze, — 24,).

1<i<j<m

The factorization (21)) allows us to compute the determinant of A systemat-
ically by means of the Cauchy—Binet formula.

2.1 Determinant

Theorem 1 The determinant of the block Vandermonde matriz 18

det A = Z e(T) (H (xi> (H ﬂj> det(Vr) det(Vre), (22)
TC[2q] i€T jere
IT|=q

where, for each

T=A{t; <---<t,}, T¢=2¢]\T ={us <--- <y},

we set
e(T) = (—1)Zk=a(te=h),
Equivalently,
i~ 3 ) (Tl ) (T14) T Geon) T o)
T'C(2q] i€T JeT*® 1<i<j<q 1<i<j<q

|T|=q
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Proof. Applying the Cauchy-Binet formula (see, for example, [10]) to the
factorization A = BC in , we have

det A = Z det(B[:,s]) det(C[57:]),
SC[4q]
[S1=2q
where Bj. g) denotes the submatrix of B formed by all rows and the columns
indexed by S, while C|g; denotes the submatrix of C' formed by the rows
indexed by S and all columns.

A subset S C [4q] with |S| = 2¢ can contribute only if B[ g is nonsin-
gular. Each column of B is a scalar multiple of a standard basis vector e;:
column ¢ is a;e;, while column 2¢q +1 is 8;e;. Hence Bj; g is nonsingular only
if exactly one column is selected from each pair {i,2q +i},i=1,...,2q.

Define

T :=5nN[2q].

Since exactly one element is selected from each pair {i,2q + i}, i € [2¢|, we
have

T°:=2q]\T ={i € [2q]:2¢+1 € S}
Since the indices in the first block of C' precede those in the second block,
the submatrix C[g. has the block-diagonal form

=1y 0
C[S = (:I;z ) l%ej,léq 1
7. ! (xf )liSGjTSCq

If Cis,, is nonsingular, then its first ¢ columns must be linearly independent.
Since these columns are supported only in the first |T'| rows, this requires
|T'| > q. Likewise, the last ¢ columns are supported only in the remaining
2q — |T'| rows, so their linear independence requires

2q —|T| > q.

Hence, |T| < ¢, and therefore, |T'| = q. Thus, both diagonal blocks are the
square Vandermonde matrices Vi and Vie.

For each g-element subset T C [2¢], the corresponding set S is uniquely
determined. If

T={ti < - <tg}, T ={u; <--- <ugy},
then the selected columns of B occur in the order
Qp €y ey Qg €y Bui€uys vy BuyCuy
The sign of the corresponding permutation is

(1) = (~1)Eha b,
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Hence,
det(By.g) = e(T) <H m) <H @-) :

while

det(Cis,y) = det(Vy) det(Vie).
Summing over all subsets 7' C [2q] with |T'| = ¢ gives (22)). O

Corollary 1 The matriz A is invertible if and only if the right-hand side of
s mon-zero. In particular, A is singular whenever oa; = B; for all i.

Proof. The invertibility criterion follows immediately from Theorem [ If
a; = (3; for all 4, then the j-th columns of the two blocks in coincide, so
A is singular. (Note that this is not visible term by term in : the terms
of T"and T cancel in pairs only for odd ¢, since (1) = (—1)%(T).) O

2.2 Inverse via polynomial interpolation

Theorem 2 Suppose that det(A) # 0, and write

For each j = 1,...,2q, define the polynomials

q—1 q—1
Yi(x) = Yipga®,  Zi(@) =) Zepagat.
k=0 pars

Then (Y;, Z;) is the unique pair of polynomials of degree at most ¢ — 1 sat-
1sfying
Proof. Let y; and z; denote the j-th columns of Y and Z, respectively.
The j-th column of the identity AA™' = I, gives
Dquyj + Dﬁ‘/;le = e;.
By the definitions of Y; and Z;, the i-th component of this identity is
a;Y;(x;) + BiZ;(xi) = bij,
which proves .

Conversely, any pair of polynomials of degree at most ¢ — 1 satisfying
determines coefficient vectors y,z € C? such that

)

Since A is invertible, this system has a unique solution. Hence, the pair
(Y;, Z;) is unique. O
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2.3 An explicit cofactor formula

For j € [2¢], let

Ry = [2¢]\ {j},
equipped with the natural order inherited from [2¢]. Define the order iso-
morphism

pi: Ri = [2q = 1]

] 1, 1< 4,
p;(i) == {

i—1, i>j.

by

For a subset
T={t<-- <t} CR;, s=]|T|,

let
T = R;\T.

We define the shuffle sign ¢,(T") by

g;(T) = (—1) X (Pate)=h) — (1) #{DETT: ust}

Equivalently, ¢;(7") is the sign of the shuffle permutation of the ordered set
R; that places the elements of T' before the elements of 7", while preserving
the natural order within each set.

For any index set

S={s1 < <saq} C[2]
and exponent set
E={e; <+ <eq} TNy,

we denote the generalized Vandermonde matrix by

VE = (xe’“

Si ) 1<4,k<d’

For variables yy, ..., yq, let

er(y1 .- Ya) = Z Yir =+ Yir

1<i1 << <d

denote the elementary symmetric polynomial of degree r, with the conven-
tions
eg =1, e, =0 forr<Oorr>d.

For T C [2q], we write

er((xt)tET)
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for the elementary symmetric polynomial of degree r in the variables z,
tel.

We also adopt the standard convention that empty products and deter-
minants of 0 x 0 matrices equal 1.

Forr=1,...,q, set

E. ={0,1,...,¢q —1}\ {r—1}.

For 1 < j,m < 2q, let M, ,, denote the minor obtained from A by deleting
row j and column m. If det(A) # 0, then the standard cofactor formula gives
(_ 1 )j +m

A VYs = M
( ) 5] det(A) 75

Theorem 3 Fiz j € [2q].
If1 <m <gq, then

Mjm= Y &(T) <H ai) (H @) det (V) det(Ver),  (24)

TCR; ieT ieT’
IT|=q—1
where
det (V) = ] (s = 20) eqm((@1)ier) - (25)
r<s
r,s€T

Ifm=q+10,1<0<q, then

Mygre =Y &(T) (H ozz-) (H @) det(Vy) det<vﬁf), (26)

TCR; i€T €T’
[T|=¢

where

det (Vﬁe> = H (x5 — ) eqe((24)ier) - (27)

Proof. We compute the minors M;,,. First suppose that 1 < m < ¢, so
that the deleted column belongs to the a-block. After deleting row j and
column m, the remaining rows are indexed by R;. The remaining a-block
has exponent set E,,, while the g-block still has exponent set

{0,1,...,q—1}.

Applying the same Cauchy—Binet argument as in the proof of Theorem
to the matrix obtained after deleting row j and column m, a nonzero term
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is obtained by assigning ¢ — 1 indices to the a-block and ¢ indices to the
[B-block. Hence, the contributing subsets are precisely

TCR;,, |T|=q—1.

Then |T'| = gq. The indices in T contribute to the a-block, while the indices
in 7" contribute to the S-block.
For a fixed T, the diagonal weights contribute

(1) (1)

The associated shuffle places the elements of T' before the elements of 7",
while preserving the natural order within each set. By definition, the sign
of this shuffle is

ei(T) = (~D) il =k P fp <<t )
The polynomial part contributes

det (V™) and det (V).

Therefore,
Mj,m - Z €j<T) <H Cki) (H 51) det(VTEm) det(VT/).
TCR; €T €T’
|T|=g¢-1

This proves ([24)).

It remains to evaluate det(V™). By the classical alternant formula for
Schur polynomials (see, for example, [I7]), the generalized Vandermonde
determinant factors as the ordinary Vandermonde determinant times the
Schur polynomial associated with the exponent set. For FE,,, this Schur
polynomial is the elementary symmetric polynomial e,_,,. Hence,

det (V) = ] (s = 20) €qm((@1)ier) -

r<s
r,s€T

This proves .
Now suppose that

m=q-+/, 1<0<q.

Then the deleted column belongs to the 8-block. The a-block keeps the full
exponent set

{0,1,...,q— 1},

13
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whereas the -block has exponent set E,. Thus, a nonzero Cauchy—Binet
term must assign ¢ indices to the a-block and ¢ — 1 indices to the g-block.
Hence, the contributing subsets satisfy

Then |T'| = ¢ — 1. The same shuffle-sign argument gives

Mj’q_;,_g = Z €j(T> <H CYZ‘> (H 61) det(VT) det (VTE,Z> .

€T €T’

This proves .

Similarly, the same alternant formula gives

det (Vﬁ’“’) = H (s — @) eqe((2t)ser) -
r<s
r,se€T’

This proves and completes the proof. []

Remark 1 For large q, the (Qqq) terms in (22) are too numerous for the
determinant formula to be useful for numerical computation. In practice,
one may solve the system

Au=e;

by Gaussian elimination, which requires O(q®) operations. For ordinary Van-
dermonde systems, specialized algorithms such as the Bjorck—Pereyra algo-
rithm reduce the computational complezity; see, for example, [5]. Whether
the particular block Vandermonde structure of can be exploited to ob-
tain a comparable fast algorithm is an interesting numerical question, which
we do not pursue here.

3 The KEG-D system with approximate bound-
ary values

3.1 Setting up the system
Let ¢ > 1, let
feCi-1,1;R?,  p,reCi-1,1],

and assume that f@ is absolutely continuous. For sufficiently large N,
choose 2¢ distinct indices ny, ..., ny, € Z\ {0} satisfying

agN < |ng| < N, s=1,...,2q, (28)
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for some fixed constant 0 < ap < 1, and form the following linear system,
obtained by discarding the remainder term £, in ([13)—(14):

q—1

Coy =0, »_ab B0 k03], s=1,....2 (29)
k=0

Introducing the polynomial pair
Gt(z) =) gfa", G (2) =) gpa* deg G* < q—1,

we can rewrite the system (29)) as the interpolation problem

H’g‘:)é+ (xns) - KZ(i)Gi (xns) = >\’I’LSCTL57 § = 17 R 2q (30)

Ns

The coeflicient matrix of is

AN =
(+) () () .g—1 (-) (-) (=) .g—1
Kny' Ky Tny 0 Rnd TR —Kng —Rn Zny ot Ky T
() () (+) .q—1 (=) (=) (=) ,.q—1
/{:n2q /{n2q :Ban c /{n2qxn2q _/anq _K:n qanq ct _KJanxT’Qq

Thus, Ay is the block Vandermonde matrix (20)) with the identification

N o - o
o 1= /{513), Bs = —KJ;S), Ts 1= Tp,.

Since A,, # 0, multiplying the s-th equation of by A, does not
change its solvability. Thus, and are equivalent linear systems,
and Ay is the coefficient matrix of the latter. Theorem [I] therefore gives an
explicit criterion for the unique solvability of . By Theorem , when Ay
is invertible, the solution is the unique pair of polynomials G* of degree at

most ¢ — 1 satisfying (30).

3.2 Error polynomials

Comparing with f, we see that the error polynomials
q—1

A*() =) (G —gi)a* (deg<q—1)

satisfy
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From and , setting
() = A%(z) — gya?  (deg < q), (32)
the system becomes the almost homogeneous system
/iq(lt)qﬁ(xns) — m(:)q)_(xns) = g, s=1,...,2q, (33)

where, by and ,
s = An, (Frny — xfljl[ngjs')g; - /{g:)gq_]) =o(N7%) uniformly in s. (34)
The leading-order behavior of AT is thus governed by how small the left-

hand side of can be, and this depends on the parity of the indices ny,
which we study in the next subsection.

3.3 Parity classification and kernel basis

By (10)),

/-iff):(—l)"Ko—i—O(l), —ky, ) = Ko+0<1), (35)

n n
where K, = 1/4/2. We partition the selected indices according to parity:
E :={s €[2q] : ns is even}, O :={s € [2q] : ns is odd},

and set
Ge ‘= |E|7 4o ‘= |O‘7 Qe+QO:2q-

We now examine the leading-order structure of the KEG-D coefficient

matrix Ay. In view of , define

A() =
I L B AR v
Koy : : : : : :
(_1)n2q (_1)n2qxn2q (_1)n2qx%;q1 —1 _anq _95%;11

Thus, Ag is obtained from Ay by replacing n;*;) and —/15;) by their leading
terms

(-1)”8K0 and — Ko,

respectively. The notation Ag refers to this leading-order replacement; the
matrix still depends on N through the nodes z,,,.
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We determine which parity distribution makes Ag non-singular. For each
exponent 7 =0,...,q — 1, consider the corresponding pair of columns

2q

s=1’

Ko((=1)"a3,) " —Ko(a3,)

s=1’

and replace them by their sum and difference. The determinant of each such
two-column transformation is —2, so the rank is unchanged.
For the sum, the s-th component is

. 0 E
Ko((=1)™ —1)a) =<7 e
s —2Kox? s € 0,

ng?

whereas for the difference it is

ng?

- 2Kox! se Fk
Ko((—=1)™ +1)2? = ’
0(( ) ) s {0, s e 0.

Hence, after a permutation of rows and columns, the transformed matrix
has the block-diagonal form

—2K,Vo 0
0 2KoVE )’

where Vp is the ¢, X ¢ Vandermonde matrix on the nodes z,_, s € O, and
Vg is the g. X ¢ Vandermonde matrix on the nodes z,,_, s € E.
For Ay to have full rank 2¢, both Vy and Vg must have rank ¢. Hence,
necessarily
Qo = ¢ Ge = 4.
Since
Qe + Go = 24,

these two inequalities hold simultaneously if and only if

de = Go = (. (36)

Conversely, under , both Vg and V are ordinary ¢ x ¢ Vander-
monde matrices. Since the indices ny,...,ng, are distinct, the eigenval-
ues Apy, .., Any,, and hence the nodes ..., x,,, , are pairwise distinct.
Therefore, both Vg and Vp are non-singular. Since the row and column
transformations used above are invertible, it follows that

det AO 7é 0.

Thus, the strict parity balance is necessary and sufficient for the
leading-order matrix Ay to be non-singular. This conclusion concerns Ay
only; the invertibility of the actual KEG-D coefficient matrix Ay requires

17
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a separate comparison with Ag. In particular, explains the choice of
exactly ¢ even and ¢ odd indices.

We now study the leading-order structure of the error system (33)). Re-
placing mg) and /qu;) by their leading terms from and dividing by Ky,
we are led to the linear evaluation map

E:P,x P, — C*,
defined by

2q

s=1’

5((1)*’7 q)_) = ((_1>nsq)+(xns) - CI)_(xns))

where P, denotes the space of polynomials of degree at most g.
A pair (®*, ) belongs to ker £ if and only if

Wg(z,,) =0, s€FE,
Wol(z,,) =0, s€O,

where
Wg(z) := &% (z) — & (z), Wo(x) = —®H(x) —d (x).  (37)

Both Wg and Wy have degree at most g. We also define

Mp(z) = [[(z—2n),  Tolz):= ][] —xa,) (38)

seEE s€O

Lemma 1 (Kernel dimension) The kernel of £ has dimension 2 if and
only if
Ge<q+l, g=qg+tl

Proof. The correspondence
(@1, ®7) «— (Wg, Wo)

defined by is a linear bijection of P, x P, onto itself.

For a pair (®*,®7) € ker€&, the corresponding polynomial Wy € P,
must vanish at the ¢. distinct nodes xz,_ , s € E. Therefore, the space of
possible W has dimension

max{0,qg+ 1 —q.}.
Similarly, the space of possible Wy has dimension
max{0,q+ 1 — q,}.

Hence,
dimker £ = max{0,q + 1 — ¢.} + max{0,¢ +1 — ¢, }.
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If
e < q+1, o < q+1,

then
dimker€ = (¢+1—¢q)+(¢g+1—q,) =2,

because ¢. + ¢, = 2q.
If, for example, g, > g + 2, then the first term vanishes and

dimker£ =q¢+ 1 — q,.

Since Qo = 2q — e,
q+1—-¢p=¢—q+1=>3.

The case g, > q + 2 is analogous. This proves the claim. [J
Under the strict-balance condition (36)),
|E| = 10| =q.
Hence, for every (@1, ®7) € ker £,
Wg = cpllg, Wo = collp

for some constants cg, co. Since IIg and Il are monic of degree ¢, if

q

dE(z) = Z ik,

k=0
then by ,
CE:(I);——(I);, CO:—CI);_—(I);.
Thus, if
(@5, @) =(97,97),
then

Wg=(9"—g )lp, Wo=(—g"—g )lo.
Conversely, these formulas determine ®* uniquely through

W =Wo o WetWo

o+ =
2 ’ 2

Therefore, the map
(©,07) — (@],8)

is a linear bijection from ker £ onto C2.

We may therefore define (UT,U~) to be the unique element of ker &

satisfying

19
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and (V*,V7) to be the unique element satisfying

where U and V= denote the coefficients of 29 in U* and V=, respectively.

By 7

0% () = A¥(x) — ggat,
and since deg AT < g — 1, the coefficients of 27 in ®* are

oy =—g,, O =-g,

q q-

Hence, the kernel element having the same leading coefficients as the error
pair (&1, ®7) is
_g;(U—i_a U_) - gq_(v+7 V_)

This suggests the approximation
£, v ot 7E —1/E

which is made precise in Lemma [3] and Theorem [ below.
The marginal distributions

(¢e, ) = (¢+1,g—1) or  (¢q)=(¢—1,g+1)

also give
dimker & = 2,

but they do not satisfy the leading-order non-singularity condition .
They will therefore be considered separately in Case B below.
Case A: strict balance ¢. = ¢, = ¢

Lemma 2 Under the strict-balance condition q. = q, = q,

Ut () = 5 [p(@) +To(a)], U7 (2) = —3 [Ma(e) ~ Tlo()] -
V() = _% Mp(e) - Ho(2)], V- (z) = %[HE@;)  Tlo(2)].

Proof. For a kernel element with coefficients of 2 given by (¢7,¢7), the
preceding characterization of ker £ gives

We=(9" =g )Me,  Wo=(=g"—g o
For (U*,U~), we have (¢%,¢97) = (1,0), and hence,

WE — HE, WO = —Ho.
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For (V*,V ™), we have (g7, ¢7) = (0,1), and hence,
Wg = —lg, Wo = —llo.

Using , equivalently,

ot = Ve—Wo _ _We+Wo
2 ’ 2 ’
gives . 0

Case B: marginal imbalance ¢ = ¢+ 1 or ¢, =q¢+ 1

Suppose first that
ge=q+1l,  G@=qg-1

Since Wy € P, vanishes at ¢ + 1 distinct nodes, Wy = 0. Hence, by ,
Ot = &, and therefore,
DF =0,

Using , this gives the compatibility condition
gq - g(;7

which need not hold for a general f. Thus, the leading-order system is
degenerate; equivalently, Aq is singular.

Any invertibility of the full KEG-D matrix must therefore come from the
O(1/n)-corrections in (35)). For p = r = 0, these corrections vanish, so the
coefficient matrix remains singular for every N.

The case ¢, = ¢+ 1, g = q¢ — 1 is analogous. Hence, the subsequent
analysis is restricted to the strict-balance condition ¢. = ¢, = q.

Finally, for odd ¢, the symmetric choice

N, £(N —1),...

falls into the marginal case: among the 2¢q selected indices, ¢ + 1 have the
same parity as N, while ¢ — 1 have the opposite parity.

3.4 Asymptotic estimates for @’,f — gj

We now restrict to the strictly balanced case and assume, in addition, that
the limiting nodes are distinct within each parity class. Under these assump-
tions, the following lemma shows that a solution of remains quantita-
tively close to the unique element of ker £ whose coefficients of x? are —gF
and —g,".

21
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Lemma 3 (Stability) Assume q. = q, = q, and let the indices satisfy
with n
lim ﬁszcs#o, s=1,...,2q.

N—oo

Assume that the numbers {cs : s € E} are pairwise distinct, as are {cs : s €
O}. Let

satisfy with

and put
€ 1= max |gg4].
S

Then, for all sufficiently large N,
OF + g U +g,VE=O(N* e+ N1 k=0,...,q—1, (40)

where U,;t and VkjE denote the coefficients of x* in the polynomials U* and
V* given by . Moreover, the matriz Ay is invertible for all sufficiently
large N.

Proof. Define
Rg :=®" =& + (97 — g, ), Rp = -+ =&~ — (g + g, )o, (41)
where II5 and Ilp are given by . Since
A R
and Ilg, IIp are monic polynomials of degree ¢, we have
deg Rg,deg Rp < q — 1.
Using , we obtain

1
DT+ gUT +g, VT = 5(RE — Rp),
: (42)
o +gq+U7 +gq’V’ = _é(RE + Ro).
Thus, it suffices to estimate the coefficients of Rg and Rp.
By and , we may write
D = (=)™ Ko +6F,  —x()=—-Ko+6;

Ns Ns s

where
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uniformly in s. Substituting these expressions into , and using [ g(x,,) =
0 for s € E and Ilp(z,,) =0 for s € O, gives

KORE(xns) =E&s — 5S+®+<xns> - 57(1)7(1’715)7 s€Fk,

s 43
KoRo(x,,) = €5 — 5;“(13+(an) -0, 0 (x,,), s€O. (43)
Set
e maX{Isneag|RE(%S)|J§1€&OX|RO(%S)|} | (44)
By @. N 9
Nz,, = — — .
An. TCq

Hence, there exist constants C,d > 0 such that, for all sufficiently large N,

C
S N’ |xns - l‘ntl >~ (45)

|‘/an

whenever s # t belong to the same parity class.
Let /£t € E, be the Lagrange basis polynomials associated with the
E-nodes. Writing

q—1

gtE('r) - ngkxkv

k=0

the node estimates imply

C
FWI<CL S5 =005, k=0..¢-1 (46)

The same estimates hold for the Lagrange basis polynomials (¢, ¢t € O.
Since deg Rg, deg Rp < q — 1, Lagrange interpolation gives

Rp(x) =Y Rp(z, )l (x),  Ro(x) = Rolz,)l{(x).

tek teO

By and ,
If

then also gives

RE,knRO,k ZO(me), k:(),...,q— 1. (47)
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For every selected node y = z,,,, the definitions of R and Ro give

dF(y) = %[RE(y) — Ro(y) — (95 — 9, Me(y) — (9, + 9, )Ho(y)],
(y) = 5 [Relw) + Roly) ~ (9 — 6, Ms(y) + (65 + 9;)To(v)].

By (1) and 3.
e(y)l, MHo(y)| = O(N™),

and therefore,
D (y)| < C5(N~"+m),  y=uan,. (48)

Combining with and using 6 = O(N~!), we obtain
Kom S e+ C4N71(N7q —i—m)

Hence, for all sufficiently large NV,

m < Cs(e+ N1, (49)
Combining with , we obtain
Rpk, Roy =O(Nfe+ N*=o°1)  k=0,...,¢— 1. (50)

Combining with yields .
It remains to prove that Ay is invertible for all sufficiently large N.
Suppose that the homogeneous version of has a solution

A* € P,y
Then holds with

Hence, by ,
Rp=A"T — A", Rp=—-AT - A",
Since € = 0 and gqjE = 0, the estimate reduces to
2% (y)| < Cym.

Substituting this into gives

< C
m
- KoN

m.

For sufficiently large N, this forces m = 0. Thus, Rg and Rp vanish at the
g nodes of their respective parity classes. Since

degRE7degRO S q— ]-)
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we have
Hence,
AT =A" =0.

Thus, the homogeneous system has only the trivial solution, and Ay is
invertible for all sufficiently large N. [J

Combining Lemma [3| with , we obtain the decomposition

O (2) = —g U (2) — g, V¥ () + p*(2), (51)
where
q—1
pE(x) =Y piat, P = o(N*71), k=0,...,q—1.
k=0

In particular, the coefficient of 27 in p* is exactly zero.
Theorem 4 Suppose
feCy(-1,1;R?,  p,reCl-1,1],

with f9 absolutely continuous, where ¢ > 1. Assume that the indices n, =

ns(N) satisfy with

n
lim -2 = ¢, £ 0 =1,...,2,
im cs # 0, s q

N—oo

that the strict-balance condition holds, and that the limits {cs: s € E'}
are pairwise distinct, as are {cs: s € O}. Then

G =0k — 95U =g, Vid +o(N*9),  k=0,....¢—1,  (52)

where U,ci and Vki denote the coefficients of x* in the polynomials U and
VE given by . In particular,

gE — gf = O(N*F79), k=0,...,q—1.

Proof. By Lemma [3| the matrix Ay is invertible for all sufficiently large
N, so the KEG-D system has a unique solution. Moreover, by ,

e = max |g5]| = o( N79).
S

Hence, gives
() = —gf U (2) — g, VF(2) + p(2),
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where

By ,fork;zO,...,q—l,

Py =0 — 9%
Comparing the coefficients of 2* therefore gives .
Finally, by and the node estimates (45)),

U VE=0ON"), k=0,...,q— 1
The final assertion follows. O

Remark 2 The distinctness assumption on the limits within each parity
class excludes configurations in which several of the ratios ng/N converge to
the same limit within E or within O. This is analogous to the trigonomet-
ric case considered in [1], where a multiplicity o among the limiting values
requires

f c Cq-i—a—l

with £t absolutely continuous.

One expects that and the corresponding Lo-error asymptotics remain
valid for clustered configurations when the maximal multiplicity o is counted
separately within each parity class, provided

f e ([-1,1);R?),

with =Y absolutely continuous, and p,r are sufficiently smooth for the
asymptotic expansions in to be continued to the required order in 1/n.

We do not prove this extension here. As in [1, Theorem 3.3/, further
integrations by parts extending would introduce the additional reduced
boundary values

+ +
gq+17 e )gq—i-a—]_?

which would enter the interpolation equations through higher powers of x,, .

4 Asymptotic L, error estimates

As in , define

Sen(f) =P()+ > Foa(z),

In|<N
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where
q—1

ﬁ(l‘) = Z[Gk(‘ra 170)]?16(1) - Gk(xa —1,0)};(—1)].

k=0
For the reduced boundary values ”gv,f obtained from , we choose
~ [ cosyt
fk(il) :gzi( . )7 VJr:ﬁa V- =aQ,
—sinyy

so that, consistently with @,

(cosyy —sinvy) ﬁ(:l:l) =G

We then set

P, = (]3, Un) Los F,:=c,—P,.
The KEG-D error is defined by

4.1 Main theorem

Theorem 5 Under the hypotheses of Theorem |4 (in particular, the strict
parity balance q. = q, = q),

2q

lim NP Ry ()P = [(A+B)*Jo+ (A= B)*Jo],  (53)

7T2q+2

where A, B are the Dirac jump constants (18)) and

Jg = /_111_[(;15 — 6—18)2d$, Jo = /_jH(x — Clsfdx.
seE s€0

Proof. Since F, is the generalized Fourier coefficient of f — ﬁ, we have

Ron(f) = > Fuvn.

n|>N

Hence, by Parseval,

|Ran (HIF = 1F

[n|>N

Since
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we first compute the second term. By the definitions of P, and ﬁn,

where we used . Define
Q, = /igf)(I)’L(xn) — m(_)q)_(xn).
Then gives
P,— P, = 2,9, — F, + 1y, In| > N,

where
rn = o(In| 77"

uniformly for [n| > N. Therefore,
By (p1),

Since

and |x,| = O(N™') uniformly for |n| > N, it follows that
P (wn) = o(N7%)

uniformly for [n| > N as N — oc.
Using and , we now distinguish the parity of the tail index n.
For |n| > N, we have

U*(z,), VE(2,) = O(NT9).
Hence, if n is even,
KOUT (2,) — 67U (2,) = Kollp(w,) + o(N79)

and
OV (2,) — kOV T (2,) = —Kollg(z,) + o(N~9).
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If n is odd,
51(1+)U+<xn) - ﬁéi)Ui(xn) = —Kollo(w,) + O(Niq) )

and
KOV (2,) — KV (2,) = = Kolo(7,) + o(N79) .

n

Hence,

—Ko(g; — g, )g(x,) +0o(N79), n even,
Q, = v (55)
Ko(gF + g, )o(xn) +o(N77), n odd.

Combining and , and using , we obtain

K T —g; g+l 1— ﬁ nUn
N olg, —9,) %} H ( o +x,0,N, T even,
E, = el < (56)

n
—Ko(g; + gq_) :zc?fl H 1— —) + Tpop N, N oodd,
s€O

s

where

sup [0 n| = o(N71).
In|>N

Here we used and @ Indeed,

and hence, uniformly for |n| > N,
N
It follows that
nll n) = g+l 1- E nO Nt
rg(x,) = 2 g( ns)—i—x ( ),

and analogously for Ilp.
The remainders in are of the form z,0, n, where

sup (o] = o(N71).
In|>N

Since

Z |95n|2 = O(N_l)a

[n|>N
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we have

3" Jzaoun]? = o(N 72,

In|>N

The squared sum of the leading terms in is O(N2771), so the corre-
sponding cross terms are also o(N~271) by the Cauchy—Schwarz inequality.
Thus, only the leading terms in contribute to the limit.

For the even indices, the Riemann-sum argument gives

~ 2 2q+2 2
NN | F P — K (g — g;)Q—< /72 / w2 (1 - 3) du.
Ju|>1

C
[n|>N seE $
n even

The factor 1/2 accounts for the density of the even integers. With the change
of variables u = 1/,

2 1 2
/ T H (1 — g) du = / H (x - cl> dv = Jg.
[u|>1 s 1 s

SsER T selk
Similarly,
2g+1 2 2/ + - 2(2/7T)2q+2
NS R — KB(g) + 6, — o,
In|>N
n odd

Using K2 = 1/2, we conclude that

224 _ _
— s 90 = 9, Te + (9 +9,)" o]

N Ry ()11

Finally, by ,
g;—g;:A—l—B, g;+g;:A—B,

and this is precisely (53). O

Remark 3 For comparison, applying the same Riemann-sum argument to
the exact-jumps coefficients F,, gives (19):

22q+2

: 2g+1 2 —

(A% + B?).
Thus, so long as the parity balance holds, computing the boundary values

from the generalized Fourier coefficients does not degrade the rate of conver-
gence, but changes the asymptotic constant.
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