
Armenian Journal of Mathematics

Volume 18, Number 12, 2026, 1–37

https://doi.org/10.52737/18291163-2026.18.12-1-37

Viscosity Supersolution Barriers to a
Non-local Free Boundary Problem

A. Arakelyan and L. Poghosyan

Abstract. We study a parabolic obstacle partial integro-
differential equation with a dynamically moving bilateral free
boundary. This type of problem arises in the mathematical
modeling of speculative asset bubbles with Lévy jump processes.
We investigate the existence of viscosity supersolution barriers
within the class of functions exhibiting linear asymptotic growth
(O(|g|) at infinity) across three distinct parametric regimes. Our
intention is to determine when such a barrier can be constructed
by analyzing the balance between the stabilizing local drift, de-
fined by the discount rate r and mean-reversion ρ, and the non-
local jump dispersion, characterized by the large-jump intensity
λ and Lipschitz constant Lγ. First, when r + ρ >

√
λLγ, we

prove the global existence of non-negative viscosity supersolu-
tions. Second, in the deficit regime (r+ρ <

√
λLγ), we construct

non-negative supersolutions for every finite horizon T > 0. How-
ever, by utilizing an asymptotic slope envelope, we prove that
these barriers cannot be bounded by a fixed, pre-determined lin-
ear growth ceiling Cmax across arbitrarily large horizons; rather,
the required linear growth constant must inflate exponentially as
the horizon length increases. Finally, at the exact critical bound-
ary (r + ρ =

√
λLγ), we show the existence of a supersolution

with a uniform spatial growth bound, provided an additional
spatial no-crossing condition holds on the negative tail.
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Introduction
This paper investigates the construction of viscosity supersolution barriers
for a non-local free boundary problem. Equations of this class arise natu-
rally in the mathematical modeling of speculative asset bubbles, where the
literature has increasingly shifted from classical arbitrage-free martingale
frameworks toward equilibrium models driven by heterogeneous beliefs and
limits to arbitrage. Based on the seminal works of Miller [13] and Harrison
and Kreps [12], this approach posits that when short-selling is constrained,
the owner of an asset is willing to pay a premium above the fundamental
dividend value because they hold an American-style option to resell the asset
to a more optimistic investor in the future.

This microstructural trading mechanism was carried over to continuous-
time diffusions by Scheinkman and Xiong [15], and was further studied by
Chen and Kohn [8]. Berestycki, Monneau, and Scheinkman (BMS) [7] sub-
sequently reduced this mechanism to a macroscopic model, demonstrating
that the speculative bubble’s value satisfies a parabolic free boundary prob-
lem governed by a partial differential equation (PDE) with an obstacle. In
the BMS framework, the evolution of investor disagreement is modeled by a
pure diffusion process, and the bilateral free boundary explicitly represents
the optimal trading threshold between the two groups of agents. For the
numerical treatment of such problems, we refer to [4, 5].

However, relying strictly on continuous diffusion paths fails to capture the
sudden, discontinuous shifts in market sentiment that characterize modern
financial crises. Empirical evidence overwhelmingly indicates that liquidity
shocks and macroeconomic news manifest as abrupt price jumps, generating
heavy-tailed return distributions [9]. To capture the true endogenous mecha-
nisms of bubble bursts and sudden optimism, the disagreement process must
accommodate discontinuous trajectories.

Motivated by [7], the recent work [3] extended the BMS framework to in-
corporate Lévy jump-diffusion dynamics. By applying the Itô–Lévy formula
to the optimal stopping problem, they demonstrated that the speculative
premium satisfies a non-local partial integro-differential equation (PIDE)
with a dynamically moving obstacle. Their work established the viscosity
solution theory for this non-local free boundary problem. Specifically, be-
cause the non-negative obstacle profile max(0, ψ(g, t)), where ψ(g, t) is a
payoff function, is a viscosity subsolution in both the classical BMS PDE
[7, Lemma 4.1] and the non-local Lévy PIDE [3, Lemma 5.1], providing a
valid bounding viscosity supersolution barrier is a fundamental prerequisite
for proving global existence via Perron’s method.

Although in [3] the authors formulate this non-local free boundary prob-
lem with Lévy jump processes, the precise mathematical conditions for such
a bounding barrier to exist were left open. The obstacle profile inherently
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provides a natural subsolution. To establish a foundation for existence via
Perron’s method, one needs to construct a valid viscosity supersolution bar-
rier. However, constructing such a barrier is non-trivial.

The primary goal of this paper is to determine when such a supersolution
barrier can be built. We show the conditions under which a globally bounded
barrier can be constructed across three distinct regimes. Let the discount
rate be denoted by r and mean-reversion by ρ. Assume also that the non-
local dispersion generated by the Lévy measure is characterized by the large-
jump intensity λ and Lipschitz constant Lγ.

First, in the stable regime (r + ρ >
√
λLγ), where the drift term dom-

inates the non-local jump dispersion, we prove the global existence of the
required viscosity supersolution barrier. We construct this barrier within the
class of functions with linear asymptotic growth, using a smooth, piecewise
polynomial profile.

Second, we analyze the unstable regime (r + ρ <
√
λLγ). When the

jump term dominates, we show that a non-negative supersolution barrier
can still be constructed for every finite time horizon T > 0. However,
by analyzing the evolution of the asymptotic slope, we prove that these
barriers cannot be uniformly bounded by a fixed, pre-determined linear-
growth ceiling Cmax across arbitrarily large horizons. Instead of an absolute
critical horizon, we establish that the required linear-growth constant CT
must inflate exponentially as the horizon length increases, satisfying a lower
bound proportional to

sup
t
eβtα(t),

where β =
√
λLγ − (r + ρ) > 0, and α(t) is given deterministic time profile.

Finally, we examine the critical boundary (r + ρ =
√
λLγ). At this

threshold, the local drift and non-local dispersion are balanced. We establish
the existence of a globally bounded supersolution barrier for this case by
imposing a “no-crossing” condition on the negative jump tail, providing that
negative states cannot jump directly to large positive states. For this case,
we were able to construct an asymmetric global supersolution barrier.

The rest of the paper is organized as follows. Section 2 formally defines
the jump-diffusion disagreement model, the admissible class of Lévy mea-
sures, and the PIDE free boundary framework. Section 3 contains the main
results of the paper. We first prove the global existence of the supersolu-
tion barrier in the stable parameter regime. Then, we study the unstable
regime, where we construct a supersolution for any finite time horizon and
prove that the required linear-growth bound expands exponentially, preclud-
ing the existence of a uniformly bounded barrier as T → ∞. Finally, we
address the critical boundary case, proving that a globally bounded super-
solution barrier still exists when we apply the no-crossing condition to the
jump measure.
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1 Preliminaries
This section introduces the structural assumptions of the model and for-
mulates the corresponding non-local obstacle problem. We first specify the
payoff function, the Lévy measure, and the admissible state-dependent jump
amplitude. We then introduce the stochastic dynamics of the disagreement
process, formulate the associated optimal stopping problem, define the cor-
responding integro-differential operator, and state the notion of viscosity
solution used throughout the paper.

1.1 Assumptions and the Payoff function
The payoff obtained from reselling the asset depends on the disagreement
variable gt and on a deterministic time profile α(t). We assume that α ∈
C1([0, T ]), α(t) ≥ 0 for all t ∈ [0, T ], with α 6≡ 0, α(T ) = 0. In addition,
we assume that α is non-increasing, that is α′(t) ≤ 0; this is convenient for
the construction of the supersolution, and it reflects the fact that the resale
premium decays as maturity approaches.

Let c > 0 denote the fixed transaction cost of a trade. The net payoff
ψ(g, t) at exercise is the affine function

ψ(g, t) := gα(t)− c.

This choice provides the complementarity condition needed for the well-
posedness of the free-boundary problem. Indeed, the sum of the payoffs of
the two groups at any state g is a negative constant

ψ(g, t) + ψ(−g, t) =
(
gα(t)− c

)
+
(
−gα(t)− c

)
= −2c < 0.

This condition implies that the two groups cannot find it optimal to exercise
their resale options at the same time, so that the exercise regions are disjoint
and no instantaneous trading loop can occur.

The disagreement process gt is governed by the mean-reversion rate
ρ ≥ 0, the diffusion volatility σ > 0, and the Lévy jump measure ν(dz).
Together with the discount rate r > 0, these parameters determine the bal-
ance between the stabilizing effects of discounting and mean reversion and
the non-local effects generated by the jumps. The precise relation between
these quantities will play a central role in the supersolution constructions
below.

Let
R0 := R \ {0},

and let ν(dz) be a Lévy measure on R0. We denote the intensity of large
jumps by

λ := ν
(
{z ∈ R0 : |z| > 1}

)
= ν

(
|z| > 1

)
<∞.
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The finiteness of λ follows directly from the defining integrability condition
for a Lévy measure.

We further assume that the state-dependent jump amplitude

γ : R× R0 → R

is admissible if it satisfies the following conditions:

• For every g ∈ R, the map z 7→ γ(g, z) is Borel measurable on R0, and,
for every z ∈ R0, the map g 7→ γ(g, z) is continuous.

• There exists a constant Lγ > 0 such that∫
R0
|γ(x, z)− γ(y, z)|2ν(dz) ≤ L2

γ|x− y|2, x, y ∈ R, and

∫
R0
|γ(0, z)|2ν(dz) <∞.

• There exists a constant K1 > 0 such that

sup
0<|z|≤1

|γ(g, z)|
|z|

≤ K1
(
1 + |g|

)
, g ∈ R.

• There exists ε ∈ (0, 1) such that

lim sup
|g|→∞

sup
0<|z|≤1

|γ(g, z)|
|g|

≤ 1− ε.

1.2 The setting of the problem
Let W be a standard Brownian motion and N(dt, dz) a Poisson random
measure with compensator ν(dz) dt and compensated measure Ñ(dt, dz).
The disagreement process g follows the jump-diffusion [2]

dgs = −ρgs− ds+σ dWs+
∫

0<|z|≤1
γ(gs−, z) Ñ(ds, dz)+

∫
|z|>1

γ(gs−, z)N(ds, dz).

Let Tt,T denote the set of stopping times, with respect to the underly-
ing filtration, taking values in [t, T ]. When an investor exercises the resale
option at time τ , they receive the payoff ψ(gτ , τ) plus the opposing group’s
continuation value u(−gτ , τ). Following [7, 3], the bubble value satisfies the
coupled optimal stopping problem

u(g, t) := sup
τ∈Tt,T

E
[
e−r(τ−t) [u(−gτ , τ) + ψ(gτ , τ)]+

∣∣∣ gt = g
]
, (1)

where
[x]+ := max{x, 0}.
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For the general theory of optimal stopping problems for jump-diffusion pro-
cesses, we refer to [14]. In particular, (1) implies that

u(g, t) ≥ 0, (g, t) ∈ R× [0, T ].

As established in [3, Theorem 2.1], the stochastic optimal stopping problem
(1) is associated with the non-local obstacle problem

min(−Lνu(g, t), u(g, t)− u(−g, t)− ψ(g, t)) = 0, (g, t) ∈ R× [0, T ), (2)

with terminal condition

u(g, T ) = 0, g ∈ R. (3)

For a sufficiently smooth function w for which the non-local integral
below is well defined, the operator Lν is given by

Lνw := wt +Aw − rw, (4)

where

Aw(g, t) : = −ρg wg(g, t) + σ2

2 wgg(g, t)

+
∫
R0

[
w
(
g + γ(g, z), t

)
− w(g, t)− γ(g, z)wg(g, t)1{|z|≤1}

]
ν(dz).

Here the jump amplitude γ satisfies the standing admissibility conditions
introduced above.

The operator in (4) is written in its classical form only to identify the
PIDE associated with the stochastic optimal stopping problem. In jump
models, the value function need not possess the regularity required for a
classical interpretation of the associated PIDE; see, for example, [10].

Throughout this paper, the obstacle problem is interpreted in the vis-
cosity sense. We use the general viscosity framework of [11], adapted to
non-local integro-differential equations as in [1, 6]. We next introduce the
corresponding notions of viscosity subsolution, supersolution, and solution.

1.3 Viscosity solutions
Classical solutions require u ∈ C2,1, which need not hold across the free
boundary. We therefore work with viscosity solutions in the sense of Crandall–
Ishii–Lions [11], adapted to non-local equations following Barles–Imbert [6].

The first argument of the minimum in (2) is

−Lνu = −ut −Au+ ru,

which vanishes in the continuation region and is nonnegative in the exercise
region. Since the Lévy measure may have infinite mass near the origin,
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the non-local term is evaluated by splitting the jumps at a radius δ ∈ (0, 1).
The test function is used for the small jumps, where smoothness is needed to
control the singularity, while the actual function is retained for the remaining
jumps and in the obstacle.

For ϕ ∈ C2,1(R× [0, T )), define

I1,δ[ϕ](g, t) :=
∫

0<|z|≤δ

[
ϕ
(
g + γ(g, z), t

)
− ϕ(g, t)− γ(g, z)ϕg(g, t)

]
ν(dz),

and, for a function w,

I2,δ[w,ϕ](g, t) :=

=
∫
|z|>δ

[
w
(
g + γ(g, z), t

)
− w(g, t)− γ(g, z)ϕg(g, t)1{|z|≤1}

]
ν(dz).

We assume that I1,δ[ϕ] and I2,δ[w,ϕ] are satisfying Assumption(NLT) given
in [6]. See [6, Example 2] for such appropriate Lévy operator that satisfy
this Assumption.

We then define the split test operator by

Lν,δ[ϕ,w](g, t) : = ϕt(g, t)− ρg ϕg(g, t) + σ2

2 ϕgg(g, t)− rw(g, t)

+ I1,δ[ϕ](g, t) + I2,δ[w,ϕ](g, t).
(5)

We formulate the viscosity definitions in the class of functions with uniform
linear growth, i.e. there exists a constant C > 0 such that

|u(g, t)| ≤ C(|g|+ 1), (g, t) ∈ R× [0, T ]. (6)

Definition 1.1 (Viscosity subsolution) An upper semicontinuous func-
tion u : R × [0, T ] → R, satisfying (6), is a viscosity subsolution of (2)–(3)
if

u(g, T ) ≤ 0, g ∈ R,

and, whenever ϕ ∈ C2,1(R × [0, T )) is such that u − ϕ attains a global
maximum at (g0, t0) ∈ R × [0, T ), with u(g0, t0) = ϕ(g0, t0), one has, for
every δ ∈ (0, 1),

min
{
−Lν,δ[ϕ, u](g0, t0), u(g0, t0)− u(−g0, t0)− ψ(g0, t0)

}
≤ 0.

Definition 1.2 (Viscosity supersolution) A lower semicontinuous func-
tion v : R× [0, T ]→ R, satisfying (6), is a viscosity supersolution of (2)–(3)
if

v(g, T ) ≥ 0, g ∈ R,



8 A. ARAKELYAN AND L. POGHOSYAN

and, whenever ϕ ∈ C2,1(R× [0, T )) is such that v − ϕ attains a global min-
imum at (g0, t0) ∈ R × [0, T ), with v(g0, t0) = ϕ(g0, t0), one has, for every
δ ∈ (0, 1),

min
{
−Lν,δ[ϕ, v](g0, t0), v(g0, t0)− v(−g0, t0)− ψ(g0, t0)

}
≥ 0. (7)

Definition 1.3 (Viscosity solution) A continuous function u : R×[0, T ]→
R is a viscosity solution of (2)–(3) if it is both a viscosity subsolution and a
viscosity supersolution.

Throughout the paper, we consider nonnegative viscosity supersolutions
satisfying (6).

2 Main results
In this section we distinguish three regimes according to the relation between
r + ρ and

√
λLγ. When r + ρ >

√
λLγ, we construct a global supersolution

without additional horizon-dependent parameters. When r + ρ <
√
λLγ,

supersolutions exist for every finite horizon, but the construction depends
explicitly on T , and uniform linear-growth bounds may fail for large horizons.
The critical boundary case r+ ρ =

√
λLγ is treated under an additional no-

crossing condition on the large jumps.

Theorem 2.1 Let ν(dz) be a Lévy measure on R0 with finite large-jump
intensity λ := ν({|z| > 1}) < ∞. Let γ be an admissible jump amplitude
satisfying

r + ρ >
√
λLγ.

Then there exist constants m > 1/2, a > 0, and K > 0, with K sufficiently
large, such that the function

ũ(g, t) := α(t)f(g), f(g) := h(g) +K,

where

h(g) :=


m

(
3g2

4a −
g4

8a3

)
+ g

2 , |g| ≤ a,

m|g| − 3a
8 m+ g

2 , |g| ≥ a,

is a nonnegative global viscosity supersolution of the obstacle problem (2)–
(3). Moreover, h ∈ C2(R), and therefore f ∈ C2(R).

Proof. We first verify that h ∈ C2(R). By definition, h is smooth on each
of the open intervals (−∞,−a), (−a, a), and (a,∞). At the right junction
g = a, evaluating the interior and exterior formulas shows continuity:

h(a−) = m

(
3a2

4a −
a4

8a3

)
+ a

2 = 5ma
8 + a

2 = ma− 3a
8 m+ a

2 = h(a+).
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Similarly, continuity holds at the left junction g = −a:

h((−a)+) = m

(
3a2

4a −
a4

8a3

)
− a2 = 5ma

8 − a2 = ma− 3a
8 m−

a

2 = h((−a)−).

We now compute the first and second derivatives. On the interior region
|g| < a, we have

h′(g) = m

(
3g
2a −

g3

2a3

)
+ 1

2 , h′′(g) = 3m
2a

(
1− g2

a2

)
, (8)

while on the exterior regions,

h′(g) =


m+ 1

2 , g > a,

−m+ 1
2 , g < −a,

h′′(g) = 0. (9)

Evaluating the one-sided limits at g = a, we obtain

h′(a−) = m+ 1
2 = h′(a+), h′′(a−) = 0 = h′′(a+).

Similarly, at g = −a,

h′((−a)+) = −m+ 1
2 = h′((−a)−), h′′((−a)+) = 0 = h′′((−a)−).

Therefore, h, h′, and h′′ are continuous across the junction points g = ±a,
and hence h ∈ C2(R). Since f = h+K, we also have f ∈ C2(R).

Next, we verify the obstacle condition. By construction, h(g)−h(−g) =
g. Since the constantK cancels in the difference, we also have f(g)−f(−g) =
g. Therefore,

ũ(g, t)− ũ(−g, t) = α(t)
(
f(g)− f(−g)

)
= α(t)g.

Since c > 0, it follows that

ũ(g, t)− ũ(−g, t) = α(t)g ≥ α(t)g − c = ψ(g, t).

Hence, the obstacle condition is satisfied for all (g, t) ∈ R× [0, T ].
We next verify the supersolution inequality involving the operator Lν .

For convenience, we separate its local and non-local parts. For a sufficiently
smooth function w, define

Pw(g, t) := wt(g, t)− ρg wg(g, t) + σ2

2 wgg(g, t)− rw(g, t),
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and

Jw(g, t) :=
∫
R0

[
w
(
g + γ(g, z), t

)
− w(g, t)− γ(g, z)wg(g, t)1{|z|≤1}

]
ν(dz).

Then Lνw = Pw + Jw.
Since ũ(g, t) = α(t)f(g), we have ũt(g, t) = α′(t)f(g), ũg(g, t) = α(t)f ′(g),

and ũgg(g, t) = α(t)f ′′(g). Therefore,

−Pũ(g, t) = −α′(t)f(g) + ρg α(t)f ′(g)− σ2

2 α(t)f ′′(g) + rα(t)f(g).

Moreover, since the constant K cancels from the jump increments and f =
h+K, we have

Jũ(g, t) = α(t)Jh(g), (10)
where

Jh(g) :=
∫
R0

[
h
(
g + γ(g, z)

)
− h(g)− γ(g, z)h′(g)1{|z|≤1}

]
ν(dz).

Hence, −Lν ũ = −Pũ− Jũ.
We estimate the local part −Pũ and the non-local part Jũ separately.

Because f = h + K, we have f ′ = h′ and f ′′ = h′′. On the positive tail
g ≥ a, using (9), we obtain

−Pũ =
(
m+ 1

2

) (
(r+ρ)α(t)−α′(t)

)
g+

(
rα(t)−α′(t)

)(
K − 3a

8 m
)
. (11)

Similarly, on the negative tail g ≤ −a, since g < 0, we obtain

−Pũ =
(
m− 1

2

) (
(r+ρ)α(t)−α′(t)

)
|g|+

(
rα(t)−α′(t)

)(
K − 3a

8 m
)
. (12)

We now split the non-local operator into its small- and large-jump parts.
Define

Jsmallh(g) :=
∫
{0<|z|≤1}

[
h
(
g + γ(g, z)

)
− h(g)− γ(g, z)h′(g)

]
ν(dz),

and
Jlargeh(g) :=

∫
{|z|>1}

[
h
(
g + γ(g, z)

)
− h(g)

]
ν(dz).

Then Jh(g) = Jsmallh(g) + Jlargeh(g), and by (10),

Jũ(g, t) = α(t) (Jsmallh(g) + Jlargeh(g)) .

By (8) and (9), ‖h′‖∞ = m+ 1
2. Hence h is globally Lipschitz, and

∣∣∣h(g + γ(g, z)
)
− h(g)

∣∣∣ ≤ (m+ 1
2

)
|γ(g, z)|.
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Therefore,
Jlargeh(g) ≤

(
m+ 1

2

) ∫
{|z|>1}

|γ(g, z)| ν(dz).

By the Cauchy–Schwarz inequality and λ = ν({|z| > 1}), we obtain

∫
{|z|>1}

|γ(g, z)| ν(dz) ≤
√
λ

(∫
{|z|>1}

|γ(g, z)|2 ν(dz)
)1/2

.

Set

Clarge :=
(∫
{|z|>1}

|γ(0, z)|2 ν(dz)
)1/2

. (13)

By the admissibility assumption on γ, we have Clarge < ∞. Furthermore,
Minkowski’s inequality gives
(∫
{|z|>1}

|γ(g, z)|2 ν(dz)
)1/2

≤
(∫
{|z|>1}

|γ(g, z)− γ(0, z)|2 ν(dz)
)1/2

+ Clarge

≤ Lγ|g|+ Clarge,

where in the last inequality we used the L2(ν)-Lipschitz condition for γ.
Combining these estimates yields

Jlargeh(g) ≤
(
m+ 1

2

)√
λ (Lγ|g|+ Clarge) . (14)

We next estimate the small-jump part. By Taylor’s formula,

h
(
g + γ(g, z)

)
− h(g)− γ(g, z)h′(g) = γ(g, z)2

∫ 1

0
(1− θ)h′′

(
g + θγ(g, z)

)
dθ.

By (8) and (9), we have 0 ≤ h′′(x) ≤ 3m
2a , and h′′(x) = 0 whenever |x| ≥ a.

Therefore,

0 ≤ h
(
g + γ(g, z)

)
− h(g)− γ(g, z)h′(g)

≤ 3m
4a γ(g, z)21{{g+θγ(g,z):0≤θ≤1}∩(−a,a)6=∅}.

It follows that

Jsmallh(g) ≤ 3m
4a

∫
{0<|z|≤1}

γ(g, z)21{{g+θγ(g,z):0≤θ≤1}∩(−a,a)6=∅} ν(dz).

We now use the small-jump asymptotic condition. Since

lim sup
|g|→∞

sup
0<|z|≤1

|γ(g, z)|
|g|

≤ 1− ε,
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there exists R1 > 0 such that

|γ(g, z)| ≤
(

1− ε

2

)
|g|

for all |g| ≥ R1 and 0 < |z| ≤ 1. Set

R := max
{
R1,

2a
ε

}
.

Then, for |g| ≥ R, 0 < |z| ≤ 1, and θ ∈ [0, 1],

|g + θγ(g, z)| ≥ |g| − θ|γ(g, z)| ≥ |g| − |γ(g, z)| ≥ ε

2 |g| ≥ a.

Hence, the segment {g + θγ(g, z) : 0 ≤ θ ≤ 1} does not intersect (−a, a).
Therefore,

Jsmallh(g) = 0, |g| ≥ R. (15)
Combining (10), (14), and (15), we obtain

Jũ(g, t) ≤ α(t)
(
m+ 1

2

)√
λ (Lγ|g|+ Clarge) , |g| ≥ R. (16)

For g ≥ R, using the local estimate (11) and the tail estimate (16), we obtain

−Lν ũ(g, t) ≥ α(t)
(
m+ 1

2

) [(
r + ρ−

√
λLγ

)
g −
√
λClarge

]
+
(
rα(t)− α′(t)

) (
K − 3a

8 m
)
.

By assumption, r + ρ −
√
λLγ > 0. Since Clarge < ∞, the positive linear

term in g dominates the constant
√
λClarge for sufficiently large g. Thus,

enlarging R if necessary so that

R ≥
√
λClarge

r + ρ−
√
λLγ

,

we obtain (
r + ρ−

√
λLγ

)
g −
√
λClarge ≥ 0, g ≥ R.

We now consider the negative tail. Choose m > 1/2 sufficiently large so that

δm :=
(
m− 1

2

)
(r + ρ)−

(
m+ 1

2

)√
λLγ > 0.

Such a choice is possible because r+ρ >
√
λLγ. Indeed, the above inequality

is equivalent to

m >
(r + ρ) +

√
λLγ

2
(
(r + ρ)−

√
λLγ

) .
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For g ≤ −R, using (12) and (16), we then obtain

−Lν ũ(g, t) ≥ α(t)
[
δm|g| −

(
m+ 1

2

)√
λClarge

]
+
(
rα(t)− α′(t)

)(
K − 3a

8 m
)
.

Since δm > 0 and Clarge <∞, we may enlarge R once more, if necessary, so
that

R ≥

(
m+ 1

2

)√
λClarge

δm
.

Then
δm|g| −

(
m+ 1

2

)√
λClarge ≥ 0, g ≤ −R.

Thus, after enlarging R if necessary, the terms multiplied by α(t) are non-
negative on both tails. The constant K will be chosen later to control the
remaining terms and the bounded spatial region.

It remains to control the operator on the bounded region |g| ≤ R and to
make the final choice of K. From the definition of P and J , we can write

−Lν ũ(g, t) =
(
rα(t)−α′(t)

)(
h(g)+K

)
+α(t)

[
ρgh′(g)− σ2

2 h
′′(g)− Jh(g)

]
.

On the interval [−R,R], the functions h, h′, and h′′ are bounded. Moreover,
Jh is bounded on [−R,R]. Indeed, by (8) and (9),

‖h′′‖∞ ≤
3m
2a .

Hence, by Taylor’s formula,

|Jsmallh(g)| ≤ 3m
4a

∫
{0<|z|≤1}

|γ(g, z)|2 ν(dz).

Using Minkowski’s inequality and the admissibility assumptions,(∫
{0<|z|≤1}

|γ(g, z)|2 ν(dz)
)1/2

≤ Lγ|g|+ C0,

where

C0 :=
(∫
{0<|z|≤1}

|γ(0, z)|2 ν(dz)
)1/2

<∞.

Therefore, for |g| ≤ R,

|Jsmallh(g)| ≤ 3m
4a (LγR + C0)2.
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Together with (14), this shows that Jh is bounded on [−R,R]. Hence, we
may define

MR := sup
|g|≤R

∣∣∣∣∣ρgh′(g)− σ2

2 h
′′(g)− Jh(g)

∣∣∣∣∣ <∞
and

HR := max
|g|≤R

|h(g)| <∞.

It follows that, for |g| ≤ R,

−Lν ũ(g, t) ≥
(
rα(t)− α′(t)

)
K −

(
rα(t)− α′(t)

)
HR − α(t)MR.

Since α′(t) ≤ 0, we have

−Lν ũ(g, t) ≥
(
rα(t)− α′(t)

) (
K −HR −

MR

r

)
, |g| ≤ R.

Thus, choosing
K ≥ HR + MR

r
implies that

−Lν ũ(g, t) ≥ 0, |g| ≤ R.

We now make the final choice of K. Recall that on both tails the estimates
obtained above contain the term(

rα(t)− α′(t)
) (

K − 3a
8 m

)
.

Therefore, it is enough to require in addition that

K ≥ 3a
8 m.

With this choice, together with the preceding choices of m and R, we have

−Lν ũ(g, t) ≥ 0

for all (g, t) ∈ R× [0, T ).
Finally, we verify the nonnegativity of ũ. Since m > 1/2, the definition

of h on the two tails gives h(g) −→ +∞ as |g| −→ ∞. Hence h, being
continuous on R, is bounded from below and attains a finite global minimum.
Set

Knonneg := max
{

0,−min
g∈R

h(g)
}
.

Then K ≥ Knonneg implies f(g) = h(g) + K ≥ 0, g ∈ R. Since α(t) ≥ 0, it
follows that

ũ(g, t) = α(t)f(g) ≥ 0, (g, t) ∈ R× [0, T ].
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We may therefore choose K sufficiently large so that

K ≥ max
{
HR + MR

r
,
3a
8 m,Knonneg

}
.

For this choice of K, the function ũ is nonnegative and satisfies

−Lν ũ ≥ 0

throughout R × [0, T ). Together with the obstacle inequality established
above and the terminal condition

ũ(g, T ) = 0,

which follows from α(T ) = 0, and since ũ ∈ C2,1(R × [0, T ]) with the non-
local integral well defined, the classical inequalities imply the corresponding
viscosity supersolution inequalities. Hence ũ is a nonnegative global viscosity
supersolution of (2)–(3). �

Remark 2.2 Observe that the spatial profile f and the constants appear-
ing in the construction of ũ(g, t) = α(t)f(g) do not require any additional
horizon-dependent parameters. In particular, for each finite horizon T > 0
and each admissible profile α on [0, T ], the same spatial construction applies.

Remark 2.3 We note that in [3, Lemma 5.2], the authors derive a bound
with an extra 1

2L
2
γ term. This difference stems from the larger class of ad-

missible jump amplitudes γ treated in their work, as they do not assume the
condition

lim sup
|g|→∞

sup
0<|z|≤1

|γ(g, z)|
|g|

≤ 1− ε.

Theorem 2.4 Let ν(dz) be a Lévy measure on R0 with finite large-jump
intensity λ := ν({|z| > 1}) < ∞. Let γ be an admissible jump amplitude
satisfying r + ρ <

√
λLγ, and set

β :=
√
λLγ − (r + ρ) > 0. (17)

Then, for every finite horizon T > 0, there exists a nonnegative global vis-
cosity supersolution

vT : R× [0, T ]→ [0,∞)
of the PIDE (2).

Proof. We first introduce the spatial profile used in the construction. Fix
a > 0 and define

Φa(g) :=


3g2

4a −
g4

8a3 , |g| ≤ a,

|g| − 3a
8 , |g| ≥ a.
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As in the construction of Theorem 2.1, the interior and exterior formulas,
together with their first and second derivatives, match at g = ±a. Hence
Φa ∈ C2(R). Moreover,

‖Φ′a‖∞ = 1, Φ′′a(g) ≥ 0, 0 ≤ Φa(g) ≤ |g|, g ∈ R.

Recall that β =
√
λLγ − (r + ρ) > 0. Choose η > β and set

d := η − β > 0. (18)

Next, choose

m > max
{

1
2 ,

β

2d

}
,

and define q(t) := Ae−ηt, where A > 0 will be chosen below. For K > 0,
also to be chosen later, define

vT (g, t) := mq(t)Φa(g) + α(t)
2 g +Kq(t). (19)

Since Φa ∈ C2(R), α ∈ C1([0, T ]), and q ∈ C1([0, T ]), we have vT ∈ C2,1(R×
[0, T ]). Moreover, since Φa(g) ≤ |g| and α and q are bounded on [0, T ], the
function vT satisfies the linear-growth condition (6).

We now choose A > 0 sufficiently large so that

A ≥ max
t∈[0,T ]

eηtα(t). (20)

Then q(t) = Ae−ηt ≥ α(t) for all t ∈ [0, T ].
Now, we verify the nonnegativity of vT . Since q(t) ≥ α(t), we have

vT (g, t) = mq(t)Φa(g) + α(t)
2 g +Kq(t) ≥ q(t)

(
mΦa(g)− |g|2 +K

)
.

Because m > 1
2 and Φa(g) = |g| − 3a

8 for |g| ≥ a, the function mΦa(g)− |g|2
tends to +∞ as |g| → ∞. Hence, being continuous on R, it is bounded from
below and attains a finite global minimum. Set

Knonneg := max
{

0, −min
g∈R

(
mΦa(g)− |g|2

)}
.

Then K ≥ Knonneg implies vT (g, t) ≥ 0 for all (g, t) ∈ R× [0, T ].
Next, we verify the obstacle condition. Since Φa is even, we have Φa(g)−

Φa(−g) = 0. Moreover, the term Kq(t) cancels in the difference. Therefore,
vT (g, t)− vT (−g, t) = α(t)g. Since c > 0, it follows that

vT (g, t)− vT (−g, t) = α(t)g ≥ α(t)g − c = ψ(g, t).
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Hence, the obstacle condition is satisfied for all (g, t) ∈ R× [0, T ].
We next estimate the large-jump part of the non-local operator. Since

∂gv
T (g, t) = mq(t)Φ′a(g) + α(t)

2

and ‖Φ′a‖∞ = 1, we have

∣∣∣∂gvT (g, t)
∣∣∣ ≤ mq(t) + α(t)

2 .

Hence, by the mean value theorem,

∣∣∣vT(g + γ(g, z), t
)
− vT (g, t)

∣∣∣ ≤ (mq(t) + α(t)
2

)
|γ(g, z)|.

Therefore,

Jlargev
T (g, t) ≤

(
mq(t) + α(t)

2

)∫
{|z|>1}

|γ(g, z)| ν(dz).

As in Theorem 2.1, the Cauchy–Schwarz inequality, followed by Minkowski’s
inequality and the L2(ν)-Lipschitz condition for γ, gives∫

{|z|>1}
|γ(g, z)| ν(dz) ≤

√
λ (Lγ|g|+ Clarge) ,

where Clarge is defined in (13). Therefore,

Jlargev
T (g, t) ≤

(
mq(t) + α(t)

2

)√
λ (Lγ|g|+ Clarge) . (21)

We next estimate the small-jump part. Since the terms α(t)
2 g and Kq(t)

are affine in g, they do not contribute to the compensated jump difference.
Hence,

Jsmallv
T (g, t) = mq(t)

∫
{0<|z|≤1}

[
Φa

(
g+γ(g, z)

)
−Φa(g)−γ(g, z)Φ′a(g)

]
ν(dz).

As in the proof of Theorem 2.1, the small-jump asymptotic condition implies
that there exists R0 > 0 such that, for |g| ≥ R0 and 0 < |z| ≤ 1, the segment

{g + θγ(g, z) : 0 ≤ θ ≤ 1}

does not intersect (−a, a). Since Φ′′a(x) = 0 for |x| ≥ a, Taylor’s formula
gives

Φa

(
g + γ(g, z)

)
− Φa(g)− γ(g, z)Φ′a(g) = 0.



18 A. ARAKELYAN AND L. POGHOSYAN

Therefore,
Jsmallv

T (g, t) = 0, |g| ≥ R0, t ∈ [0, T ]. (22)

We now verify the supersolution inequality on the tails. Recall that q′(t) =
−ηq(t) and η = β + d.

On the positive tail g ≥ a, we have

Φa(g) = g − 3a
8 , Φ′a(g) = 1, Φ′′a(g) = 0.

Therefore,

−PvT (g, t) =
[
mq(t)(η + r + ρ) + 1

2
(
(r + ρ)α(t)− α′(t)

)]
g

+ (η + r)q(t)
(
K − 3a

8 m
)
.

Combining this with (21) and (22), we obtain, for g ≥ R0,

−LνvT (g, t) ≥ (η + r)q(t)
(
K − 3a

8 m
)
−
(
mq(t) + α(t)

2

)√
λClarge+

+
[
mq(t)

(
η + r + ρ−

√
λLγ

)
+ 1

2
(
(r + ρ−

√
λLγ)α(t)− α′(t)

)]
g.

(23)
Taking into account (17) and (18), the coefficient of g in (23) becomes

mdq(t)− β

2α(t)− 1
2α
′(t).

By the choice of A above, q(t) ≥ α(t) for all t ∈ [0, T ]. Since α′(t) ≤ 0, it
follows that

mdq(t)− β

2α(t)− 1
2α
′(t) ≥

(
md− β

2

)
q(t) > 0,

where the last inequality follows from the choice m >
β

2d .
We next consider the negative tail. For g ≤ −a, we have

Φa(g) = |g| − 3a
8 , Φ′a(g) = −1, Φ′′a(g) = 0.

Using q′(t) = −ηq(t) and g = −|g|, we obtain

−PvT (g, t) =
[
mq(t)(η + r + ρ)− 1

2
(
(r + ρ)α(t)− α′(t)

)]
|g|

+ (η + r)q(t)
(
K − 3a

8 m
)
.
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Combining this with (21) and (22), we obtain, for g ≤ −R0,

− LνvT (g, t) ≥ (η + r)q(t)
(
K − 3a

8 m
)
−
(
mq(t) + α(t)

2

)√
λClarge

+
[
mq(t)

(
η + r + ρ−

√
λLγ

)
− 1

2
(
(r + ρ+

√
λLγ)α(t)− α′(t)

)]
|g|.

(24)

Taking into account (17) and (18), the coefficient of |g| in (24) becomes

mdq(t)− 1
2
[(
r + ρ+

√
λLγ

)
α(t)− α′(t)

]
.

Set
Bα := 1

2 max
t∈[0,T ]

[(
r + ρ+

√
λLγ

)
α(t)− α′(t)

]
<∞.

Then

mdq(t)− 1
2
[(
r + ρ+

√
λLγ

)
α(t)− α′(t)

]
≥ mdq(t)−Bα.

Since q(t) = Ae−ηt is decreasing, we may further enlarge A so that

A ≥ 2Bαe
ηT

md
. (25)

It follows that

mdq(t)−Bα ≥
md

2 q(t) > 0, t ∈ [0, T ].

We will require in addition that K ≥ 3a
8 m. Since q(t) ≥ α(t), we also have

mq(t) + α(t)
2 ≤

(
m+ 1

2

)
q(t).

Thus, enlarging the tail radius if necessary, choose

R ≥ max

R0,

(
m+ 1

2

)√
λClarge

md− β
2

,
2
(
m+ 1

2

)√
λClarge

md

 .
With these choices, the positive linear terms dominate the remaining large-
jump constants on both tails. Therefore,

−LνvT (g, t) ≥ 0, |g| ≥ R, t ∈ [0, T ].

It remains to control the operator on the bounded region |g| ≤ R and to
make the final choice of K. Write

vT (g, t) = wT (g, t) +Kq(t), where wT (g, t) := mq(t)Φa(g) + α(t)
2 g.
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Since the term Kq(t) is independent of g, its spatial derivatives and jump
increments vanish. Using q′(t) = −ηq(t), we obtain

−LνvT (g, t) = −LνwT (g, t) + (η + r)Kq(t).

On the compact cylinder [−R,R]×[0, T ], the local terms involving wT , ∂gwT ,
and ∂ggw

T are uniformly bounded. Moreover, as in the proof of Theorem
2.1, the admissibility assumptions on γ, together with the boundedness of
Φ′a and Φ′′a, imply that both Jsmallw

T and Jlargew
T are uniformly bounded on

[−R,R]× [0, T ]. Hence, there exists a constant MR <∞ such that

−LνwT (g, t) ≥ −MR, |g| ≤ R, t ∈ [0, T ].

Since q is decreasing, q(t) ≥ q(T ) = Ae−ηT for all t ∈ [0, T ]. Therefore,
choosing

K ≥ MRe
ηT

(η + r)A
gives

(η + r)Kq(t) ≥MR, t ∈ [0, T ],
and hence

−LνvT (g, t) ≥ 0, |g| ≤ R, t ∈ [0, T ].
Together with the tail estimates established above, this yields

−LνvT (g, t) ≥ 0, (g, t) ∈ R× [0, T ).

We may therefore choose K sufficiently large so that

K ≥ max
{

3am
8 ,

MRe
ηT

(η + r)A,Knonneg

}
.

For this choice ofK, the function vT is nonnegative and satisfies−LνvT (g, t) ≥
0 throughout R × [0, T ). Together with the obstacle inequality established
above and the terminal condition vT (g, T ) ≥ 0, and since vT ∈ C2,1(R ×
[0, T ]) with the non-local integral well defined, the classical inequalities im-
ply the corresponding viscosity supersolution inequalities. Hence vT is a
nonnegative global viscosity supersolution of (2). �

Corollary 2.5 Unlike the supersolution constructed in Theorem 2.1, the
specific supersolution vT constructed here depends on the time horizon T .
Moreover, if CT is any valid constant satisfying the linear-growth bound

vT (g, t) ≤ CT (1 + |g|), (g, t) ∈ R× [0, T ],

then CT necessarily satisfies

CT >
1
2

(
max
t∈[0,T ]

eβtα(t) + α(0)
)
.
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Proof. Let CT be any valid bounding constant such that vT (g, t) ≤ CT (1 +
|g|) holds globally on R × [0, T ]. We consider the asymptotic slope at the
initial time t = 0. For any g > 0, dividing the bound by g yields

vT (g, 0)
g

≤ CT

(
1
g

+ 1
)
.

Taking the limit as g → +∞, the term 1
g

vanishes. Our explicit construction
(19) implies Φa(g) = g − 3a

8 for all g ≥ a. Thus, the asymptotic slope
evaluates exactly to

lim
g→+∞

vT (g, 0)
g

= mq(0) + α(0)
2 = mA+ α(0)

2 .

Therefore, any valid linear-growth constant must satisfy

CT ≥ mA+ α(0)
2 .

Recall from our parameter selection in proof of Theorem 2.4 that the slope
parameter m must satisfy m > max

{
1
2 ,

β
2d

}
≥ 1

2 . Thus,

CT ≥ mA+ α(0)
2 >

A+ α(0)
2 .

In the construction above, according to (20) and (25), the constant A is
chosen sufficiently large so that

A ≥ max
{

max
t∈[0,T ]

eηtα(t), 2Bαe
ηT

md

}
.

In particular,
A ≥ max

t∈[0,T ]
eηtα(t) ≥ max

t∈[0,T ]
eβtα(t),

where the last inequality follows from η > β and α(t) ≥ 0. Combining these
bounds proves that the linear-growth constant necessarily satisfies

CT >
A+ α(0)

2 ≥ 1
2

(
max
t∈[0,T ]

eβtα(t) + α(0)
)
.

�

As shown in Theorem 2.4 and Corollary 2.5, the constructed superso-
lution in this regime requires a linear slope which is bounded from below
by 1

2

(
maxt∈[0,T ] e

βtα(t) + α(0)
)

as the horizon T increases. We now prove
that if we impose a uniform upper bound Cmax on the linear growth no
supersolution can exist beyond a critical, finite time threshold Tcrit.
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Theorem 2.6 Let ν(dz) be a Lévy measure on R0 with finite large-jump
intensity λ := ν({|z| > 1}) <∞. Let for given constant M > 0 holds

r + ρ <
√
λM, and set β :=

√
λM − (r + ρ) > 0.

Fix a uniform linear-growth ceiling constant Cmax > 0. Suppose that there
exist τ ∈ (0, T ) and α∗ > 0 such that α(t) ≥ α∗, t ∈ [0, τ ]. Then whenever
τ satisfies

τ > Tcrit := 1
β

log
(
Cmax

α∗

)
,

there exists an admissible jump amplitude γ∗, with L2(ν)-Lipschitz constant
M , for which there is no nonnegative lower semicontinuous function vT :
R× [0, T ]→ [0,∞) satisfying the uniform linear-growth bound

vT (g, t) ≤ Cmax(1 + |g|), (g, t) ∈ R× [0, T ], (26)

that simultaneously satisfies the obstacle inequality

vT (g, t)− vT (−g, t) ≥ α(t)g − c, (g, t) ∈ R× (0, T ), (27)

and the viscosity supersolution inequality for the integro-differential operator
on R× (0, T ).

Proof. Since r + ρ <
√
λM and r > 0, we necessarily have λ > 0. Define

γ∗(g, z) :=


M√
λ
g, |z| > 1,

0, 0 < |z| ≤ 1.
(28)

For every g ∈ R, the map z 7→ γ∗(g, z) is Borel measurable on R0, and, for
every z ∈ R0, the map g 7→ γ∗(g, z) is continuous.

For every g, h ∈ R, we have∫
R0
|γ∗(g, z)− γ∗(h, z)|2 ν(dz) = M2

λ

∫
{|z|>1}

|g − h|2 ν(dz) = M2|g − h|2.

Moreover, ∫
R0
|γ∗(0, z)|2 ν(dz) = 0 <∞.

Finally, since γ∗(g, z) = 0 for 0 < |z| ≤ 1, we get

sup
0<|z|≤1

|γ∗(g, z)|
|z|

= 0 ≤ K1(1+|g|), and lim sup
|g|→∞

sup
0<|z|≤1

|γ∗(g, z)|
|g|

= 0 ≤ 1−ε,

for any ε ∈ (0, 1). Thus, γ∗ is admissible with L2(ν)-Lipschitz constant M .
We argue by contradiction. Suppose that there exists a nonnegative viscosity
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supersolution vT satisfying the linear-growth bound (26). For every g > 0
and t ∈ (0, T ), the obstacle condition (27) and the nonnegativity of vT imply

vT (g, t) ≥ α(t)g − c,

and hence,
vT (g, t)

g
≥ α(t)− c

g
, g > 0, t ∈ (0, T ). (29)

On the other hand, (26) gives

vT (g, t)
g

≤ Cmax

(
1 + 1

g

)
, g > 0, t ∈ [0, T ]. (30)

Introduce the logarithmic variable g = ex and define

W T (x, t) := vT (ex, t)
ex

, (x, t) ∈ R× [0, T ]. (31)

Since vT is lower semicontinuous and nonnegative, W T is lower semicontin-
uous on R× [0, T ]. By (29) and (30),

α(t)− ce−x ≤ W T (x, t) ≤ Cmax(1 + e−x), x ∈ R, t ∈ (0, T ).

Define the asymptotic slope envelope by

LT (t) := lim inf
(x,s)→(+∞,t)

W T (x, s), t ∈ (0, T ). (32)

By continuity of α, taking the joint limit inferior as (x, s)→ (+∞, t) in the
bounds obtained from (29) and (30) gives

α(t) ≤ LT (t) ≤ Cmax, t ∈ (0, T ). (33)

The bounds in (33) alone do not yet yield a contradiction. We therefore
study the time evolution of the asymptotic slope envelope LT . We will show
that LT satisfies, in the viscosity sense,

−∂tLT − βLT ≥ 0, t ∈ (0, T ).

This inequality will yield an exponential lower bound for LT , which will lead
to the desired contradiction.

Let t0 ∈ (0, T ), and suppose that ζ ∈ C1((0, T )) touches LT from below
at t0. Thus,

LT (t0) = ζ(t0),
and there exists δ > 0 such that Iδ := [t0 − δ, t0 + δ] ⊂ (0, T ) and LT (t) ≥
ζ(t), t ∈ Iδ. For some κ > 0, define

ζ̃(t) := ζ(t)− κ(t− t0)2.
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Then
ζ̃(t0) = ζ(t0), ζ̃ ′(t0) = ζ ′(t0),

and, since LT (t)− ζ(t) ≥ 0 on Iδ,

LT (t)− ζ̃(t) = LT (t)− ζ(t) + κ(t− t0)2 ≥ κ(t− t0)2, t ∈ Iδ.

Replacing ζ by ζ̃, we may therefore assume that

LT (t)− ζ(t) ≥ κ(t− t0)2, t ∈ Iδ. (34)

By the definition (32), there exists a sequence (yn, sn) such that

yn → +∞, sn → t0, W T (yn, sn)→ LT (t0).

Passing to a subsequence if necessary, and relabeling, we may assume that
yn ≥ 2n. Set

An := yn − n.

Then
An → +∞, yn − An = n.

For all sufficiently large n, we have sn ∈ Iδ. On the closed cylinder

Qn := [An,∞)× Iδ,

define
Gn(x, t) := W T (x, t)− ζ(t) + (t− t0)2 + (x− yn)2

n
.

Since W T is lower semicontinuous, Gn is lower semicontinuous on Qn. More-
over, by (29),

W T (x, t) ≥ α(t)− ce−x ≥ −ce−An , (x, t) ∈ Qn.

Since ζ is bounded on the compact interval Iδ, it follows that

Gn(x, t) −→ +∞ as x→ +∞,

uniformly in t ∈ Iδ. Hence Gn attains its minimum on Qn. Let (xn, tn) be a
minimizer.

At the comparison point (yn, sn),

Gn(yn, sn) = W T (yn, sn)− ζ(sn) + (sn − t0)2.

Since

W T (yn, sn)→ LT (t0), ζ(sn)→ ζ(t0) = LT (t0), sn → t0,
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we obtain
Gn(yn, sn)→ 0.

Since (xn, tn) minimizes Gn on Qn, we have

Gn(xn, tn) ≤ Gn(yn, sn).

Therefore,
lim sup
n→∞

Gn(xn, tn) ≤ 0. (35)

We next show that tn lies in the interior of Iδ for all sufficiently large n. Fix
t = t0 ± δ. By the definition (32),

lim inf
x→+∞

W T (x, t) ≥ LT (t).

Moreover, since An → +∞,

lim
n→∞

inf
x≥An

W T (x, t) = lim inf
x→+∞

W T (x, t).

Consequently,
lim
n→∞

inf
x≥An

W T (x, t) ≥ LT (t).

Moreover, the spatial penalty is nonnegative. Hence,

lim inf
n→∞

inf
x≥An

Gn(x, t0 ± δ) ≥ LT (t0 ± δ)− ζ(t0 ± δ) + δ2 ≥ (κ+ 1)δ2 > 0,

where the last inequality follows from (34). On the other hand, by (35),
lim supn→∞Gn(xn, tn) ≤ 0. Since the values of Gn on either time boundary
are bounded away from zero for all sufficiently large n, the minimizer cannot
lie on either time boundary. Therefore,

tn ∈ (t0 − δ, t0 + δ)

for all sufficiently large n.
We next identify the asymptotic behavior of the minimizing sequence.

Since xn ≥ An and An → +∞, we have xn → +∞.
Let (tnj

) be any convergent subsequence of (tn), with tnj
→ t∗ ∈ Iδ.

Along the same subsequence of indices, we also consider (xnj
), (ynj

), and
(Gnj

). Since xnj
→ +∞, the definition of the joint limit inferior gives

lim inf
j→∞

W T (xnj
, tnj

) ≥ LT (t∗).

Therefore,

lim inf
j→∞

Gnj
(xnj

, tnj
) ≥ LT (t∗)− ζ(t∗) + (t∗ − t0)2 + lim inf

j→∞

(xnj
− ynj

)2

nj

≥ (κ+ 1)(t∗ − t0)2 + lim inf
j→∞

(xnj
− ynj

)2

nj
,
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where the last inequality follows from (34).
On the other hand, (35) implies lim supj→∞Gnj

(xnj
, tnj

) ≤ 0. Hence,

0 ≥ lim sup
j→∞

Gnj
(xnj

, tnj
) ≥ lim inf

j→∞
Gnj

(xnj
, tnj

) ≥

≥ (κ+ 1)(t∗ − t0)2 + lim inf
j→∞

(xnj
− ynj

)2

nj
≥ 0.

Therefore, t∗ = t0. Since tn ∈ Iδ and every convergent subsequence of
(tn) has limit t0, we obtain tn → t0.

Since xn ≥ An → +∞, we also have xn → +∞. Hence, by the definition
of the joint limit inferior,

lim inf
n→∞

W T (xn, tn) ≥ LT (t0).

Moreover,
ζ(tn)→ ζ(t0) = LT (t0),

and therefore,
lim inf
n→∞

(
W T (xn, tn)− ζ(tn)

)
≥ 0.

Recalling that

Gn(xn, tn) = W T (xn, tn)− ζ(tn) + (tn − t0)2 + (xn − yn)2

n
,

and using (35), we obtain

0 ≤ lim sup
n→∞

(xn − yn)2

n
≤ lim sup

n→∞
Gn(xn, tn)− lim inf

n→∞

(
W T (xn, tn)− ζ(tn)

)
≤ 0.

Hence,

tn → t0,
(xn − yn)2

n
→ 0. (36)

In particular,
|xn − yn| = o(

√
n).

Since xn → +∞ and tn → t0, the definition of the joint limit inferior yields

lim inf
n→∞

W T (xn, tn) ≥ LT (t0). (37)

On the other hand, by the minimizing property,

W T (xn, tn)− ζ(tn) ≤ Gn(xn, tn) ≤ Gn(yn, sn)→ 0.

Since
ζ(tn)→ ζ(t0) = LT (t0),
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combining this with the lower bound (37) yields

W T (xn, tn)→ LT (t0). (38)

Finally, (36) and the relation yn − An = n imply

xn − An = (yn − An) + (xn − yn) ≥ n− |xn − yn| = n− o(
√
n) > 0

for all sufficiently large n. Hence (xn, tn) lies in the interior of Qn for all
sufficiently large n.

Rearranging Gn(x, t) ≥ Gn(xn, tn) for all (x, t) ∈ Qn, we obtain

W T (x, t) ≥ W T (xn, tn) + ζ(t)−

− ζ(tn)−
(
(t− t0)2 − (tn − t0)2

)
− (x− yn)2 − (xn − yn)2

n
=: µn(x, t).

Therefore, the test function µn ∈ C2,1 touches W T from below at (xn, tn) on
Qn, with

µn(xn, tn) = W T (xn, tn).
Its partial derivatives evaluate to

∂tµn(xn, tn) = ζ ′(tn)− 2(tn − t0), ∂xµn(xn, tn) = −2(xn − yn)
n

,

∂xxµn(xn, tn) = − 2
n
,

(39)

giving the deterministic asymptotic limits

∂tµn(xn, tn)→ ζ ′(t0), ∂xµn(xn, tn)→ 0, ∂xxµn(xn, tn)→ 0. (40)

In terms of the original variable g = ex, define the local spacetime test
function

ϕn(g, t) := g µn(log g, t), g > 0.
It follows from (31) that ϕn touches vT from below at

(gn, tn) := (exn , tn)

on (eAn ,∞)× Iδ, with

ϕn(gn, tn) = vT (gn, tn).

To apply the viscosity supersolution definition, we globalize this test func-
tion. Since (gn, tn) lies in the interior of (eAn ,∞)×Iδ for all sufficiently large
n, choose cutoff functions

χn ∈ C∞c
(
(eAn ,∞)× (t0 − δ, t0 + δ)

)
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such that 0 ≤ χn ≤ 1 and χn ≡ 1 in a neighborhood of (gn, tn). Fix Mn > 0
and define

ϕ̂n(g, t) := χn(g, t)ϕn(g, t)−
(
1− χn(g, t)

)
Mn,

where χnϕn is extended by zero outside the support of χn. Then ϕ̂n ∈
C2,1(R× [0, T )). In particular,

ϕ̂n = ϕn in a neighborhood of (gn, tn),

while
ϕ̂n = −Mn outside the support of χn.

Since ϕn ≤ vT on the support of χn and vT ≥ 0, we have

ϕ̂n ≤ vT on R× [0, T ).

Furthermore,
ϕ̂n(gn, tn) = ϕn(gn, tn) = vT (gn, tn).

Thus vT − ϕ̂n attains a global minimum at (gn, tn). Since ϕ̂n = ϕn in a
neighborhood of (gn, tn), their derivatives agree at the contact point. For
simplicity, we therefore compute the derivatives using ϕn. At the contact
point (gn, tn), we have

−∂tϕn(gn, tn) = −exn∂tµn(xn, tn),
gn∂gϕn(gn, tn) = exn

(
µn(xn, tn) + ∂xµn(xn, tn)

)
=

= exn

(
W T (xn, tn) + ∂xµn(xn, tn)

)
,

∂ggϕn(gn, tn) = e−xn

(
∂xµn(xn, tn) + ∂xxµn(xn, tn)

)
.

(41)

By (28), γ∗(g, z) = 0 for 0 < |z| ≤ 1, while for |z| > 1,

gn + γ∗(gn, z) =
(

1 + M√
λ

)
gn =: ξ · gn.

Set b := log ξ. Hence, for every δ ∈ (0, 1), the small-jump contribution
vanishes and

I2,δ[vT , ϕ̂n](gn, tn) = λ
[
vT (ξgn, tn)− vT (gn, tn)

]
.

Applying (7) and (5), and using that ϕ̂n and ϕn have the same derivatives
at the contact point, gives

0 ≤− ∂tϕn(gn, tn) + rvT (gn, tn)+

+ ρgn∂gϕn(gn, tn)− σ2

2 ∂ggϕn(gn, tn)− λ
[
vT (ξgn, tn)− vT (gn, tn)

]
.
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Using (41), gn = exn , and vT (ξexn , tn) = ξexnW T (xn + b, tn), and dividing
by exn , we obtain

∂tµn(xn, tn) ≤ (r + ρ+ λ)W T (xn, tn) + ρ∂xµn(xn, tn)

− σ2

2 e
−2xn

(
∂xµn(xn, tn) + ∂xxµn(xn, tn)

)
− λqW T (xn + b, tn). (42)

By (39) and (36),

∂xµn(xn, tn) + ∂xxµn(xn, tn) = − 2
n

(
(xn − yn) + 1

)
→ 0.

Since xn → +∞, it follows that

−σ
2

2 e
−2xn

(
∂xµn(xn, tn) + ∂xxµn(xn, tn)

)
→ 0. (43)

Since xn + b → +∞ and tn → t0, our definition of LT (t) as the joint limit
inferior at spatial infinity immediately gives

lim inf
n→∞

W T (xn + b, tn) ≥ lim inf
(x,s)→(+∞,t0)

W T (x, s) = LT (t0). (44)

Taking the limit superior in (42) as n→∞, and using (40), (43), (38), and
(44), we obtain

ζ ′(t0) ≤
(
r + ρ+ λ

)
LT (t0)− λξ lim inf

n→∞
W T (xn + b, tn)

≤
(
r + ρ+ λ

)
LT (t0)− λξLT (t0)

=
(
r + ρ− λ(ξ − 1)

)
LT (t0).

Since
λ(ξ − 1) = λ

M√
λ

=
√
λM,

it follows that

ζ ′(t0) ≤
(
r + ρ−

√
λM

)
LT (t0) = −βLT (t0).

Since this holds for every ζ ∈ C1((0, T )) touching LT from below at any
t0 ∈ (0, T ), we conclude that LT satisfies

−∂tLT − βLT ≥ 0

in the viscosity sense on (0, T ). By the exponential change of variables and
the standard comparison principle for viscosity solutions [11], it follows that
the rescaled function

t 7→ eβtLT (t)
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is non-increasing on (0, T ). Hence, for every 0 < t < s < T ,

eβtLT (t) ≥ eβsLT (s),

or equivalently,
LT (t) ≥ eβ(s−t)LT (s) ≥ eβ(s−t)α(s).

Taking s = τ and using α(τ) ≥ α∗ together with (33), we obtain, for every
0 < t < τ ,

eβ(τ−t)α∗ ≤ LT (t) ≤ Cmax.

Letting t ↓ 0 gives
eβτα∗ ≤ Cmax,

and therefore
τ ≤ 1

β
log

(
Cmax

α∗

)
= Tcrit.

This contradicts the assumption τ > Tcrit and completes the proof. �

Corollary 2.7 (Non-Existence Threshold) Let for given constant M >
0, we have β > 0, and let α ∈ C1([0, T ]) be a non-increasing obstacle profile
(α′(t) ≤ 0) with α(0) > 0. If a fixed linear-growth ceiling constant CT > 0
satisfies

CT < sup
t∈[0,T )

[
eβtα(t)

]
,

then there exists an admissible jump γ∗ with L2(ν)-Lipschitz constant M , for
which there is no nonnegative lower semicontinuous viscosity supersolution
vT : R × [0, T ] → [0,∞) satisfying both the parabolic integro-differential in-
equality on R×(0, T ) and the bilateral obstacle condition vT (g, t)−vT (−g, t) ≥
α(t)g − c across R× [0, T ] within the growth class vT (g, t) ≤ CT (1 + |g|).

Proof. Because CT lies strictly below the supremum, there exists a time
slice in [0, T ) where eβtα(t) exceeds CT . If this supremum is attained at
t = 0, the continuity of the mapping t 7→ eβtα(t) (provided by α ∈ C1([0, T ]))
ensures that we can always select a strictly positive time τ ∈ (0, T ) such
that eβτα(τ) > CT remains true. Defining the strictly positive constant
α∗ := α(τ) > 0, the monotonicity hypothesis (α′(t) ≤ 0) gives that α(t) ≥ α∗
for all t ∈ [0, τ ]. Furthermore, the strict inequality can be rewritten as
α∗e

βτ > CT , which is equivalent to

τ >
1
β

log
(
CT
α∗

)
= Tcrit.

Thus, all hypotheses of Theorem 2.6 are satisfied, ruling out the existence
of any nonnegative LSC viscosity supersolution bounded by CT (1 + |g|). �
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Next, we address the exact critical boundary case r + ρ =
√
λLγ. To

establish global existence in this setting, we must impose an additional
structural constraint on the large jumps, which we call the “no-crossing”
condition. Economically, this means that when the market is in a state of
extreme pessimism (large negative g), a single shock cannot instantaneously
transport investor sentiment across the threshold into extreme optimism.
Mathematically, this restriction ensures that jumps originating far in the
negative axis do not cross over to evaluate the linearly growing positive tail
of the supersolution, which keeps the non-local integral bounded.

Theorem 2.8 Let ν(dz) be a Lévy measure on R0 with finite large-jump
intensity λ := ν({|z| > 1}) <∞, and let γ be an admissible jump amplitude
satisfying

r + ρ =
√
λLγ.

In addition, assume that the large jumps satisfy the following no-crossing
condition on the negative tail: there exist constants ∆ ∈ (0, 1) and R0 > 0
such that, for every g ≤ −R0 and for ν-a.e. z with |z| > 1,

g + γ(g, z) ≤ −∆|g|. (45)

Then there exists a nonnegative continuous global viscosity supersolution ũ
of (2)–(3) with at most linear growth in the spatial variable. More precisely,
there exists a constant C > 0 such that

0 ≤ ũ(g, t) ≤ C(1 + |g|), (g, t) ∈ R× [0, T ].

Proof. At the critical threshold r + ρ =
√
λLγ, consider

ũ(g, t) := α(t)f(g), f(g) := 1
2

(
g +

√
g2 + b2

)
+K,

where b > 0 and K > 0 will be chosen below. Since

|g| <
√
g2 + b2 ≤ |g|+ b,

we have
0 < K < f(g) ≤ |g|+ b

2 +K.

Hence, using 0 ≤ α(t) ≤ α(0),

0 ≤ ũ(g, t) ≤ α(0)
(
|g|+ b

2 +K

)
≤ C(1 + |g|)

for some C > 0 and all (g, t) ∈ R× [0, T ].
Since

√
g2 + b2 is even, then f(g)− f(−g) = g, and therefore,

ũ(g, t)− ũ(−g, t) = α(t)g ≥ α(t)g − c = ψ(g, t).
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Thus, ũ is nonnegative, has at most linear growth, and satisfies the obstacle
condition.

We next verify the differential inequality. Since

f ′(g) = 1
2

(
1 + g√

g2 + b2

)
, f ′′(g) = b2

2(g2 + b2)3/2 ,

we have 0 < f ′(g) < 1, f ′′(g) > 0. Using α′(t) ≤ 0 and f(g) > 0, we obtain

−Pũ ≥ α(t)
[
rf(g) + ρgf ′(g)− σ2

2 f
′′(g)

]
.

We first consider the positive tail. As g → +∞,

f(g) = g +K +O(g−1), gf ′(g) = g +O(g−1), f ′′(g) = O(g−3).

Hence, using r + ρ =
√
λLγ, we get

−Pũ ≥ α(t)
[√
λLγg + rK + o(1)

]
. (46)

For the large-jump part, the inequality 0 < f ′(g) < 1 and the mean value
theorem give ∣∣∣f(g + γ(g, z)

)
− f(g)

∣∣∣ ≤ |γ(g, z)|.
Thus, by the same Cauchy–Schwarz and Minkowski estimates as in Theo-
rem 2.1,

Jlargeũ(g, t) ≤ α(t)
√
λ (Lγ|g|+ Clarge) .

For the small-jump part, the admissibility condition on γ implies, as in
Theorem 2.1, that for all sufficiently large |g|,

|g + θγ(g, z)| ≥ ε

2 |g|, 0 < |z| ≤ 1, θ ∈ [0, 1].

Therefore,
f ′′
(
g + θγ(g, z)

)
= O(|g|−3),

uniformly in 0 < |z| ≤ 1 and θ ∈ [0, 1]. Moreover, by Minkowski’s inequality
and the admissibility assumptions,(∫

{0<|z|≤1}
|γ(g, z)|2 ν(dz)

)1/2

≤ Lγ|g|+ C0,

where

C0 :=
(∫
{0<|z|≤1}

|γ(0, z)|2 ν(dz)
)1/2

<∞.

Hence, ∫
{0<|z|≤1}

γ(g, z)2 ν(dz) = O(g2).
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Taylor’s formula then yields

Jsmallũ(g, t) = α(t)O(|g|−1) = α(t)o(1), |g| → ∞. (47)

Therefore, as g → +∞, we get

Jũ(g, t) ≤ α(t)
[√
λLγg +

√
λClarge + o(1)

]
.

Combining this with (46), the linear terms cancel and

−Lν ũ(g, t) ≥ α(t)
[
rK −

√
λClarge + o(1)

]
.

Thus, if K >
√
λClarge
r

, there exists Rpos > 0 such that

−Lν ũ(g, t) ≥ 0, g ≥ Rpos, t ∈ [0, T ].

We now consider the negative tail. As g → −∞, we have

f(g) = K +O(|g|−1), gf ′(g) = O(|g|−1), f ′′(g) = O(|g|−3).

For g ≤ −R0, the no-crossing condition (45) implies that the segment joining
g and g+γ(g, z) lies in {y ≤ −∆|g|} for ν-a.e. z with |z| > 1. On this region,
we have

0 < f ′(y) = b2

2
√
y2 + b2

(√
y2 + b2 + |y|

) ≤ b2

4∆2g2 .

Hence, by the mean value theorem and the large-jump estimate above,

|Jlargeũ(g, t)| ≤ α(t) b2

4∆2g2

∫
{|z|>1}

|γ(g, z)| ν(dz)

≤ α(t) b2

4∆2g2

√
λ (Lγ|g|+ Clarge) = α(t)O(|g|−1).

Together with (47), this gives

|Jũ(g, t)| = α(t)O(|g|−1), g → −∞.

Therefore,
−Lν ũ(g, t) ≥ α(t) [rK + o(1)] as g → −∞.

Since rK > 0, there exists Rneg ≥ R0 such that

−Lν ũ(g, t) ≥ α(t)rK2 ≥ 0, g ≤ −Rneg, t ∈ [0, T ].

It remains to control the operator sign on the bounded region. Set

R := max{Rpos, Rneg}, f(g) = f0(g) +K, f0(g) := 1
2

(
g +

√
g2 + b2

)
.
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Since K does not contribute to the spatial derivatives or the jump operator,
and α′(t) ≤ 0,

−Lν ũ(g, t) ≥ α(t) [rK + Ψ(g)] ,

where
Ψ(g) := rf0(g) + ρgf ′0(g)− σ2

2 f
′′
0 (g)− Jf0(g).

We verify that Jf0 is uniformly bounded on [−R,R]. Since 0 < f ′0(g) < 1,
the mean value theorem gives

|Jlargef0(g)| ≤
∫
{|z|>1}

|γ(g, z)| ν(dz) ≤
√
λ (Lγ|g|+ Clarge) .

For the small-jump part, since

0 < f ′′0 (g) = b2

2(g2 + b2)3/2 ≤
1
2b,

Taylor’s formula gives

|Jsmallf0(g)| ≤ 1
4b

∫
{0<|z|≤1}

γ(g, z)2 ν(dz) ≤ (Lγ|g|+ C0)2

4b .

Hence, Jf0 is uniformly bounded on [−R,R]. Since f0, f ′0, and f ′′0 are also
bounded there, there exists MR <∞ such that

Ψ(g) ≥ −MR, |g| ≤ R.

Therefore,
−Lν ũ(g, t) ≥ α(t)(rK −MR), |g| ≤ R.

Finally, choose K sufficiently large so that K > max
{√

λClarge

r
,
MR

r

}
.

Then
−Lν ũ(g, t) ≥ 0, (g, t) ∈ R× [0, T ).

Increasing K only improves the tail estimates established above.
Finally, since α(T ) = 0,

ũ(g, T ) = 0, g ∈ R.

Thus ũ is nonnegative, satisfies the linear-growth bound, the obstacle in-
equality, and the differential inequality. Since ũ ∈ C2,1(R × [0, T ]) and the
non-local integral is well defined, these classical inequalities imply the cor-
responding viscosity supersolution inequalities. Hence ũ is a nonnegative
global viscosity supersolution of (2)–(3). �
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Corollary 2.9 Let γ be an admissible jump amplitude. If

r + ρ ≥
√
λLγ,

and γ satisfies the no-crossing condition (45), then by Theorem 2.1 and
Theorem 2.8 for every finite horizon T > 0, there exists a nonnegative global
viscosity supersolution of (2)–(3) with at most linear growth. Moreover, the
spatial profile f in the construction

ũ(g, t) = α(t)f(g)

can be chosen independently of the horizon T .
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