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Abstract. We study a parabolic obstacle partial integro-
differential equation with a dynamically moving bilateral free
boundary. This type of problem arises in the mathematical
modeling of speculative asset bubbles with Lévy jump processes.
We investigate the existence of viscosity supersolution barriers
within the class of functions exhibiting linear asymptotic growth
(O(]g|) at infinity) across three distinct parametric regimes. Our
intention is to determine when such a barrier can be constructed
by analyzing the balance between the stabilizing local drift, de-
fined by the discount rate r and mean-reversion p, and the non-
local jump dispersion, characterized by the large-jump intensity
A and Lipschitz constant L.. First, when r +p > \/XLA,, we
prove the global existence of non-negative viscosity supersolu-
tions. Second, in the deficit regime (r+p < \/XLV), we construct
non-negative supersolutions for every finite horizon T" > 0. How-
ever, by utilizing an asymptotic slope envelope, we prove that
these barriers cannot be bounded by a fixed, pre-determined lin-
ear growth ceiling Cl.x across arbitrarily large horizons; rather,
the required linear growth constant must inflate exponentially as
the horizon length increases. Finally, at the exact critical bound-
ary (r+p = \/XLV), we show the existence of a supersolution
with a uniform spatial growth bound, provided an additional
spatial no-crossing condition holds on the negative tail.
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Introduction

This paper investigates the construction of viscosity supersolution barriers
for a non-local free boundary problem. Equations of this class arise natu-
rally in the mathematical modeling of speculative asset bubbles, where the
literature has increasingly shifted from classical arbitrage-free martingale
frameworks toward equilibrium models driven by heterogeneous beliefs and
limits to arbitrage. Based on the seminal works of Miller [I3] and Harrison
and Kreps [12], this approach posits that when short-selling is constrained,
the owner of an asset is willing to pay a premium above the fundamental
dividend value because they hold an American-style option to resell the asset
to a more optimistic investor in the future.

This microstructural trading mechanism was carried over to continuous-
time diffusions by Scheinkman and Xiong [I5], and was further studied by
Chen and Kohn [§]. Berestycki, Monneau, and Scheinkman (BMS) [7] sub-
sequently reduced this mechanism to a macroscopic model, demonstrating
that the speculative bubble’s value satisfies a parabolic free boundary prob-
lem governed by a partial differential equation (PDE) with an obstacle. In
the BMS framework, the evolution of investor disagreement is modeled by a
pure diffusion process, and the bilateral free boundary explicitly represents
the optimal trading threshold between the two groups of agents. For the
numerical treatment of such problems, we refer to [4] [5].

However, relying strictly on continuous diffusion paths fails to capture the
sudden, discontinuous shifts in market sentiment that characterize modern
financial crises. Empirical evidence overwhelmingly indicates that liquidity
shocks and macroeconomic news manifest as abrupt price jumps, generating
heavy-tailed return distributions [9]. To capture the true endogenous mecha-
nisms of bubble bursts and sudden optimism, the disagreement process must
accommodate discontinuous trajectories.

Motivated by [7], the recent work [3] extended the BMS framework to in-
corporate Lévy jump-diffusion dynamics. By applying the It6-Lévy formula
to the optimal stopping problem, they demonstrated that the speculative
premium satisfies a non-local partial integro-differential equation (PIDE)
with a dynamically moving obstacle. Their work established the viscosity
solution theory for this non-local free boundary problem. Specifically, be-
cause the non-negative obstacle profile max (0,1 (g,t)), where ¥(g,t) is a
payoff function, is a viscosity subsolution in both the classical BMS PDE
[7, Lemma 4.1] and the non-local Lévy PIDE [3, Lemma 5.1], providing a
valid bounding viscosity supersolution barrier is a fundamental prerequisite
for proving global existence via Perron’s method.

Although in [3] the authors formulate this non-local free boundary prob-
lem with Lévy jump processes, the precise mathematical conditions for such
a bounding barrier to exist were left open. The obstacle profile inherently
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provides a natural subsolution. To establish a foundation for existence via
Perron’s method, one needs to construct a valid viscosity supersolution bar-
rier. However, constructing such a barrier is non-trivial.

The primary goal of this paper is to determine when such a supersolution
barrier can be built. We show the conditions under which a globally bounded
barrier can be constructed across three distinct regimes. Let the discount
rate be denoted by r and mean-reversion by p. Assume also that the non-
local dispersion generated by the Lévy measure is characterized by the large-
jump intensity A and Lipschitz constant L.,.

First, in the stable regime (r + p > v/AL,), where the drift term dom-
inates the non-local jump dispersion, we prove the global existence of the
required viscosity supersolution barrier. We construct this barrier within the
class of functions with linear asymptotic growth, using a smooth, piecewise
polynomial profile.

Second, we analyze the unstable regime (r + p < \/XLW). When the
jump term dominates, we show that a non-negative supersolution barrier
can still be constructed for every finite time horizon T > 0. However,
by analyzing the evolution of the asymptotic slope, we prove that these
barriers cannot be uniformly bounded by a fixed, pre-determined linear-
growth ceiling C,.x across arbitrarily large horizons. Instead of an absolute
critical horizon, we establish that the required linear-growth constant Cr
must inflate exponentially as the horizon length increases, satisfying a lower
bound proportional to

sup e’ a(t),
t

where 8 = VAL, — (r 4+ p) > 0, and a(t) is given deterministic time profile.

Finally, we examine the critical boundary (r + p = v/AL,). At this
threshold, the local drift and non-local dispersion are balanced. We establish
the existence of a globally bounded supersolution barrier for this case by
imposing a “no-crossing” condition on the negative jump tail, providing that
negative states cannot jump directly to large positive states. For this case,
we were able to construct an asymmetric global supersolution barrier.

The rest of the paper is organized as follows. Section 2 formally defines
the jump-diffusion disagreement model, the admissible class of Lévy mea-
sures, and the PIDE free boundary framework. Section 3 contains the main
results of the paper. We first prove the global existence of the supersolu-
tion barrier in the stable parameter regime. Then, we study the unstable
regime, where we construct a supersolution for any finite time horizon and
prove that the required linear-growth bound expands exponentially, preclud-
ing the existence of a uniformly bounded barrier as T" — oo. Finally, we
address the critical boundary case, proving that a globally bounded super-
solution barrier still exists when we apply the no-crossing condition to the
jump measure.
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1 Preliminaries

This section introduces the structural assumptions of the model and for-
mulates the corresponding non-local obstacle problem. We first specify the
payoff function, the Lévy measure, and the admissible state-dependent jump
amplitude. We then introduce the stochastic dynamics of the disagreement
process, formulate the associated optimal stopping problem, define the cor-
responding integro-differential operator, and state the notion of viscosity
solution used throughout the paper.

1.1 Assumptions and the Payoff function

The payoff obtained from reselling the asset depends on the disagreement
variable g; and on a deterministic time profile «(t). We assume that o €
CH[0,T]), a(t) > 0 for all t € [0,T], with o # 0, a(T) = 0. In addition,
we assume that « is non-increasing, that is o/(¢) < 0; this is convenient for
the construction of the supersolution, and it reflects the fact that the resale
premium decays as maturity approaches.

Let ¢ > 0 denote the fixed transaction cost of a trade. The net payoff
¥(g,t) at exercise is the affine function

Y(g,t) = ga(t) —c.

This choice provides the complementarity condition needed for the well-
posedness of the free-boundary problem. Indeed, the sum of the payoffs of
the two groups at any state g is a negative constant

¥(g,t) +¥(—g,t) = (ga(t) — c) + (—ga(t) — c) = —2¢ < 0.

This condition implies that the two groups cannot find it optimal to exercise
their resale options at the same time, so that the exercise regions are disjoint
and no instantaneous trading loop can occur.

The disagreement process ¢; is governed by the mean-reversion rate
p > 0, the diffusion volatility o > 0, and the Lévy jump measure v(dz).
Together with the discount rate » > 0, these parameters determine the bal-
ance between the stabilizing effects of discounting and mean reversion and
the non-local effects generated by the jumps. The precise relation between
these quantities will play a central role in the supersolution constructions
below.

Let

Rp :=R\ {0},
and let v(dz) be a Lévy measure on Ry. We denote the intensity of large
jumps by
A= V({z eRy: |z > 1}) = 7/(|z| > 1) < 00.
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The finiteness of A follows directly from the defining integrability condition
for a Lévy measure.
We further assume that the state-dependent jump amplitude

v:RxRy— R
is admissible if it satisfies the following conditions:

e For every g € R, the map z — 7(g, z) is Borel measurable on Ry, and,
for every z € Ry, the map g — (g, z) is continuous.

e There exists a constant L. > 0 such that

[ 1w, 2) =y, 2) Poldz) < Lo — P, 2,y € R, and
Ro

| (0, 2)Pu(dz) < oo.
Ro
e There exists a constant K; > 0 such that

, 2
sup hig. 2l < K1(1+Igl), geR

0<|2|<1 |Z‘
e There exists € € (0,1) such that

limsup sup M <l-—e

lgl—o00 0<|z|<1 |g|

1.2 The setting of the problem

Let W be a standard Brownian motion and N(dt,dz) a Poisson random
measure with compensator v(dz)dt and compensated measure N(dt,dz).
The disagreement process g follows the jump-diffusion [2]

dgs = —pgs_ ds+o dW+ Y(gs—, 2) N(ds,dz)+ Y(gs—, 2) N(ds, dz).
0<|z|<1 |z|>1
Let T;r denote the set of stopping times, with respect to the underly-
ing filtration, taking values in [t,T]. When an investor exercises the resale
option at time 7, they receive the payoff ¥(g,,7) plus the opposing group’s
continuation value u(—g., 7). Following [7, [3], the bubble value satisfies the
coupled optimal stopping problem

u(g,t) = sup B[ [u(=g,,7) + 09 D" o =9, (1)

T€T, T

where
[z]" := max{z,0}.
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For the general theory of optimal stopping problems for jump-diffusion pro-
cesses, we refer to [14]. In particular, implies that

u(g,t) >0, (g,t) € Rx[0,T].

As established in [3 Theorem 2.1], the stochastic optimal stopping problem
(1)) is associated with the non-local obstacle problem

min(—L"u(g,t), u(g,t) —u(—g,t) —¥(g,1)) =0, (g,t) e Rx[0,T), (2)
with terminal condition
u(g,T) =0, geR (3)

For a sufficiently smooth function w for which the non-local integral
below is well defined, the operator L£” is given by

L' = w, + Aw — rw, (4)

where

2
g
Aw(gﬂf) =Py wg(gat) + ?wgg@at)

+ /RO [w (9+7(9.2),t) = wlg,t) = (g, 2)wy(g, )1 pzj<ry | v(d2).

Here the jump amplitude v satisfies the standing admissibility conditions
introduced above.

The operator in (4]) is written in its classical form only to identify the
PIDE associated with the stochastic optimal stopping problem. In jump
models, the value function need not possess the regularity required for a
classical interpretation of the associated PIDE; see, for example, [10].

Throughout this paper, the obstacle problem is interpreted in the vis-
cosity sense. We use the general viscosity framework of [I1], adapted to
non-local integro-differential equations as in [Il 6]. We next introduce the
corresponding notions of viscosity subsolution, supersolution, and solution.

1.3 Viscosity solutions

Classical solutions require v € C?!, which need not hold across the free

boundary. We therefore work with viscosity solutions in the sense of Crandall—-

Ishii-Lions [I1], adapted to non-local equations following Barles—Imbert [6].
The first argument of the minimum in is

—Lu = —uy — Au + ru,

which vanishes in the continuation region and is nonnegative in the exercise
region. Since the Lévy measure may have infinite mass near the origin,
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the non-local term is evaluated by splitting the jumps at a radius d € (0, 1).
The test function is used for the small jumps, where smoothness is needed to
control the singularity, while the actual function is retained for the remaining
jumps and in the obstacle.

For o € C*1(R x [0,T)), define

7] (9,1) == [

0<|2|<6

[90(9 +7(9,2),t) = 99 t) = ¥(9, )4 (9, t)] v(dz),

and, for a function w,

2275[,“]’ 90] (gv t) =

" Jiepss [w(g +7(9:2); t) —w(g,t) = 7(9,2)¢g(9; t)l{z|<1}] v(dz).

We assume that Z'°[p] and Z%°[w, @] are satisfying Assumption(NLT) given
in [6]. See [6, Example 2| for such appropriate Lévy operator that satisfy
this Assumption.

We then define the split test operator by

2

L71p,w](g,t) 1 = 0u(g,t) — pg g(g.t) + %%g(g, t) —rw(g,t) (5)

+ I [el(g,t) + T [w, ¢] (g, 1).

We formulate the viscosity definitions in the class of functions with uniform
linear growth, i.e. there exists a constant C' > 0 such that

u(g, )] < C(lgl + 1), (g,t) € Rx[0,T7]. (6)

Definition 1.1 (Viscosity subsolution) An upper semicontinuous func-
tion u : R x [0,T] — R, satisfying (0), is a viscosity subsolution of (2)-(3)
if

u(g,T) <0, geER,

and, whenever ¢ € C*Y(R x [0,T)) is such that u — ¢ attains a global
mazximum at (go,to) € R x [0,T), with u(go,t0) = ¢(go,t0), one has, for
every § € (0,1),

min{—ﬁ”’é[go,u] (90, t0), u(go,to) — u(—go,to) — 1 (go, tO)} < 0.

Definition 1.2 (Viscosity supersolution) A lower semicontinuous func-
tion v : R x [0,T] — R, satisfying (0), is a viscosity supersolution of (2)-(3)
if

v(g,T) >0, geER,
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and, whenever ¢ € C*Y(R x [0,T)) is such that v — ¢ attains a global min-
imum at (go,to) € R x [0,T), with v(go,to) = ©(g0,t0), one has, for every
J€(0,1),

min{—ﬁy’d[% v](go,t0), v(g0,to) — v(—go,to) — @/J(gmto)} > 0. (7)

Definition 1.3 (Viscosity solution) A continuous functionw : Rx[0,T] —
R is a viscosity solution of f if it is both a viscosity subsolution and a
viscosity supersolution.

Throughout the paper, we consider nonnegative viscosity supersolutions

satisfying @ .

2 Main results

In this section we distinguish three regimes according to the relation between
r 4+ p and \/XLV. When r + p > \/XLV, we construct a global supersolution
without additional horizon-dependent parameters. When r + p < \/XLV,
supersolutions exist for every finite horizon, but the construction depends
explicitly on 7', and uniform linear-growth bounds may fail for large horizons.
The critical boundary case r 4 p = \/XL7 is treated under an additional no-
crossing condition on the large jumps.

Theorem 2.1 Let v(dz) be a Lévy measure on Ry with finite large-jump
intensity A := v({|z| > 1}) < co. Let v be an admissible jump amplitude
satisfying

r+p> VA L.,.
Then there exist constants m > 1/2, a > 0, and K > 0, with K sufficiently
large, such that the function

i(g,t) == at)f(g), [f(g):=h(g)+ K,

where ) A
3
(4 2) 5 wze
h(g) =
mlgl - 2m+ 2, g >a
g 8 2’ b)

is a nonnegative global viscosity supersolution of the obstacle problem f

[@B). Moreover, h € C*(R), and therefore f € C*(R).

Proof. We first verify that h € C*(R). By definition, h is smooth on each
of the open intervals (—oo, —a), (—a,a), and (a,00). At the right junction
g = a, evaluating the interior and exterior formulas shows continuity:

3a?2 at a bSma a 3a a
h ) = _ _ = — —_ = _— —_ = h + .
@) m(&z wJ*@ 5 tgomaTgmig=hla)
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Similarly, continuity holds at the left junction g = —a:

3a*>  a* a dSma a 3a a
— + — _— —_— = —_— = _— —_— = — -
h((—a)™)=m < 1 8a3> 5 3 5 =Mma= om=g h((—a)™).

We now compute the first and second derivatives. On the interior region
lg| < a, we have

3g ¢ 1 3m g°
h/(9)=m<2a—2a3>+27 h"(g):%< T2 (8)

while on the exterior regions,

1
m + Bk g > a,
(g) = ' H'(g) = 0. (9)
—m + 57 g < —a,

Evaluating the one-sided limits at ¢ = a, we obtain
1
h'(a™) =m+ 5= h'(a™), h"(a”)=0=h"(a").

Similarly, at ¢ = —a,

W((=a)") = —m+ ; =1 ((=a)7), N'((=a)") =0="n"((-a)7).

Therefore, h, h', and h” are continuous across the junction points g = +a,
and hence h € C*(R). Since f = h + K, we also have f € C*(R).

Next, we verify the obstacle condition. By construction, h(g) —h(—g) =
g. Since the constant K cancels in the difference, we also have f(g)—f(—g) =
g. Therefore,

i(g,t) — i(—g,t) = a(t) (f(9) — f(=9)) = alt)g.

Since ¢ > 0, it follows that

i(g,t) —u(—g,t) = a(t)g > a(t)g —c = (g, ).

Hence, the obstacle condition is satisfied for all (g,¢) € R x [0,T].

We next verify the supersolution inequality involving the operator L.
For convenience, we separate its local and non-local parts. For a sufficiently
smooth function w, define

2

g
Pw(g,t) == wi(g,t) — pgwy(g,t) + 5%9(9, t) —rw(g,t),



10 A. ARAKELYAN AND L. POGHOSYAN

and
Jw(g,t) = /RO {w(g +(g,2),t) — w(g, t) = (g, 2)wy(g, )11y [v(d2),

Then LYw = Pw + Jw.

Since t(g,t) = a(t) f(g), we have @, (g,t) = o/(t) f(9), U4(g,t) = a(t) f'(9),
and tgy(g,t) = a(t)f"(g). Therefore,
~Pilg.1) = —a/()(9) + pga(t)f ) — Ta(t)"(a) + rat)f o).

Moreover, since the constant K cancels from the jump increments and f =
h + K, we have
Ju(g,t) = a(t)Jh(g), (10)

where

Jh(g) := /RO [h(g +7(9,2)) = hlg) = (g, )M (9) 111y [(d2).

Hence, —L"u = —Pu — Ja.

We estimate the local part —Pu and the non-local part Ju separately.
Because f = h + K, we have f' = h/ and f” = h”. On the positive tail
g > a, using @, we obtain

P = (m + ;) ((r+p)alt) (1)) g+ (ra(t) —a'(r)) <K - 38“m> . (11)

Similarly, on the negative tail g < —a, since g < 0, we obtain

3a

P = (m _ ;) ((r+p)alt)—a' () lgl+ (ra(t)—a/(1)) <K _ 8m> L (12)

We now split the non-local operator into its small- and large-jump parts.
Define

Toih(9):= [ [h(g+7(s.2)) = hla) = 1(g. 20 (9)]v(c2).

and

Jargeh(g) = /{Z|>1} [h(g +7(9,2)) — h(g)} v(dz).

Then Jh(g) = Jsmanh(g) + Jiargen(g), and by ,
Ju(g,t) = a(t) (Jsmanh(g) + Jargeh(9)) -

1
By () and (9), [|A]|c = m + 7 Hence h is globally Lipschitz, and

h(g+7(g,2)) = hlg)] < (m + ;) (g, 2)l.



VISCOSITY SUPERSOLUTION BARRIERS TO A NON-LOCAL FREE BOUNDARY PROBLEM 11

Therefore,
1
Sargeh S(m‘i‘)/ , % v(dz).
targeR(9) 3) Sy 17(9, 2)| v(dz)

By the Cauchy—Schwarz inequality and A = v({|z| > 1}), we obtain

1/2
/{|z>1} (g, 2)l v(dz) < VA ( /{ oy 1902 y(dz)) ,

Set
1/2
Clarge := 0,2)]2v(d . 13
= ([, PO v(a) (13

By the admissibility assumption on 7, we have Ciage < 00. Furthermore,
Minkowski’s inequality gives

(/{|z>1} 1v(g,2)|? V(dz)) 1/2

IN

1/2
(/ |7(97 Z) - 7(07 Z)|2 V(dZ)) + Clarge
{lz|>1}
S L’y|g| + Clargea

where in the last inequality we used the L?(v)-Lipschitz condition for 7.
Combining these estimates yields

Jlargeh(g) S <m + ;) \/X<L’Y’g’ + Clarge) : (14)

We next estimate the small-jump part. By Taylor’s formula,

h(g+(9,2)) = hlg) — (g, 2)W'(9) = (g, 2)° /01(1 —0)1" (g +67(g,2)) db.

By (§) and (9)), we have 0 < h”(z) < 2% and h”(x) = 0 whenever |z| > a.
Therefore,
0 < h(g+7(9,2)) = hlg) = (g, 2)(9)
m 2
< 10 119 ) Lggrovg 0202 n(-a.a) 20}

It follows that

3m

Jsmanh < — ,z21 2): —aa v(dz).
uhl9) < - {O<|Z‘S1}’y(9 ) 1 {{g+6+(g.2)0<6<1}n(~a.a)20) V(d2)

We now use the small-jump asymptotic condition. Since

limsup sup (g, 2)]

S 1— €,
gl—oo 0<|sl<1 |9
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there exists R; > 0 such that
€
g2 < (1-5) 1o
for all |g| > Ry and 0 < |z] < 1. Set
2
R := max {Rl, a} :
€
Then, for |g| > R, 0 < |z| <1, and 6 € [0, 1],
€
l9+07(9.2)] = g = Olr(g, 2)] = gl = (9, 2)| = ;9] = a.

Hence, the segment {g + 6v(g,2) : 0 < 6 < 1} does not intersect (—a,a).
Therefore,

Jsmallh(g) = 07 ’g’ Z R (15)
Combining , , and , we obtain
- 1
Jilgt) < at) (m+ 3) VA(LyJgl + Cu) . gl =R (16)

For g > R, using the local estimate ([11) and the tail estimate (16|, we obtain

—L%u(g,t) > aft) <m + ;) [(r +p— \/XLV) g9— \/Xclarge}
+ (raft) - (1)) <K - 38%) |

By assumption, r + p — \/XL7 > (0. Since Clage < 00, the positive linear
term in g dominates the constant \/XClarge for sufficiently large g. Thus,
enlarging R if necessary so that

\/X Clarge

R> ——————,
_7“+p—\/XL7

we obtain

(T+p—\/XL»y)g_\/XCIarge207 QZR
We now consider the negative tail. Choose m > 1/2 sufficiently large so that

O 1= (m—;) (r+p)—(m+;) VAL, > 0.

Such a choice is possible because r+p > \/XLW. Indeed, the above inequality
is equivalent to

_ )+ VAL,
2((7" +p) — \/XLA,)‘
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For ¢ < —R, using and , we then obtain
1
_LVi(g,t) > alt) [5m|g| _ (m 4 2) N6 clarge]
3a
£ — o't (K _ ) |
+ (ra(t) - o'(t)) o
Since 0,, > 0 and Clarge < 00, we may enlarge R once more, if necessary, so

that
R> (m + %) \/Xclarge '
= 5m

Then ]
5m|g| - (m + 2) \/Xclarge > 07 g < —R.

Thus, after enlarging R if necessary, the terms multiplied by «(t) are non-
negative on both tails. The constant K will be chosen later to control the
remaining terms and the bounded spatial region.

It remains to control the operator on the bounded region |g| < R and to
make the final choice of K. From the definition of P and .J, we can write

~Lala.) = (ra(t) -/ (0) (o) ) () gl (a) ~ G 1(a) — 1)

On the interval [— R, R], the functions h, h’, and h” are bounded. Moreover,
Jh is bounded on [—R, R]. Indeed, by and (9)),

3m
h// o < -
1l < 5

Hence, by Taylor’s formula,

3m

| Jsmanth(g)] < — (g, 2)] v(dz).

da J{o<|z|<1}

Using Minkowski’s inequality and the admissibility assumptions,

1/2
([ 82002 < Lol + G
{0<|2|<1}

where /2
Cy = </ |7(0,z)|2y(dz)> < 0.
{0<z[<1}
Therefore, for |g| < R,

3m

| Jsmanh(g)] < E(LWR + 00)2-
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Together with (14), this shows that Jh is bounded on [—R, R]. Hence, we
may define

pgh’(g) — th”(g) — Jh(g)

<
5 o0

Mp := sup
lgI<R

and

Hp :=max|h < 0.
R |g|SR| (9)]

It follows that, for |g| < R,
—L(g,) > (ra(t) — o/ (1)) K — (ra(t) — o/ (t)) Hr — a(t) Mg.

Since o/(t) < 0, we have

—L¥u(g,t) = (ra(t) — /(1)) (K — Hp— TR) g <R

Thus, choosing
M
K> Hp+ —2
,

implies that
—L"u(g,t) >0, 9] <R

We now make the final choice of K. Recall that on both tails the estimates
obtained above contain the term

With this choice, together with the preceding choices of m and R, we have
—L"u(g,t) >0

for all (g,t) € R x [0, 7).

Finally, we verify the nonnegativity of @. Since m > 1/2, the definition
of h on the two tails gives h(g) — 400 as |g| — oo. Hence h, being
continuous on R, is bounded from below and attains a finite global minimum.
Set

Kronneg = max {O, — min h(g)} .

geR

Then K > Kyonneg implies f(g) = h(g) + K >0, g € R. Since «a(t) > 0, it
follows that

u(g,t) =a(t)f(g) =0, (g,t) e Rx[0,T].
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We may therefore choose K sufficiently large so that

Mg 3
K Z max {HR + 7Ra gama Knonneg} .
T

For this choice of K, the function @ is nonnegative and satisfies
—L"1 >0

throughout R x [0,7"). Together with the obstacle inequality established
above and the terminal condition

u(g,T) = 0,

which follows from a(T) = 0, and since u € C**(R x [0,T]) with the non-
local integral well defined, the classical inequalities imply the corresponding
viscosity supersolution inequalities. Hence u is a nonnegative global viscosity

supersolution of f. O

Remark 2.2 Observe that the spatial profile f and the constants appear-
ing in the construction of u(g,t) = a(t)f(g) do not require any additional
horizon-dependent parameters. In particular, for each finite horizon T > 0
and each admissible profile « on [0, T], the same spatial construction applies.

Remark 2.3 We note that in [3, Lemma 5.2/, the authors derive a bound
with an extra %Li term. This difference stems from the larger class of ad-
missible jump amplitudes v treated in their work, as they do not assume the
condition

limsup sup L(g,z)l

<1l-—e
glooo 0<lzl<1 9]

Theorem 2.4 Let v(dz) be a Lévy measure on Ry with finite large-jump
intensity A == v({|z| > 1}) < oo. Let v be an admissible jump amplitude
satisfying r + p < \/XLW, and set

B:=VAL,—(r+p) > 0. (17)

Then, for every finite horizon T > 0, there exists a nonnegative global vis-
cosity supersolution
vT R x [0,T] — [0, 00)

of the PIDE ({2)).

Proof. We first introduce the spatial profile used in the construction. Fix
a > 0 and define

3¢ ¢
da  8a® 9l = a,
(I)a(g) - 3(1
_ >
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As in the construction of Theorem [2.] the interior and exterior formulas,
together with their first and second derivatives, match at ¢ = +a. Hence
®, € C*(R). Moreover,

|9, ]|c =1, DPi(g) >0, 0<P,(9)<|g], geR.

Recall that 8 = VAL, — (r + p) > 0. Choose n > 3 and set

d:=n—p£>0. (18)
Next, choose
> L 6
m > max< —, —
2°2d |’

and define ¢(t) := Ae™", where A > 0 will be chosen below. For K > 0,
also to be chosen later, define
T a(t)
v (g, 1) = mg(t)@a(9) + =~ + Kq(t). (19)
Since ®, € C*(R), a € C*([0,T)), and g € C*(]0,T]), we have vT € C*'(R x
[0,77). Moreover, since ®,(g) < |g| and a and ¢ are bounded on [0, T, the
function v” satisfies the linear-growth condition @
We now choose A > 0 sufficiently large so that
> " (t).
A> trer%&% e a(t) (20)
Then ¢(t) = Ae™ > a(t) for all ¢t € [0, T].
Now, we verify the nonnegativity of v7. Since ¢(t) > a(t), we have
a(t)

(g.8) = malt),(g) + "y + Ka(t) > a(t) (m¢>a<g> _, K) .

Because m > % and ®,(g) = |g| — %‘1 for |g| > a, the function m®,(g) — @

tends to +00 as |g| — oo. Hence, being continuous on R, it is bounded from
below and attains a finite global minimum. Set

geR 2

o s 0, i () ).

Then K > Kyonneg implies v” (g, t) > 0 for all (g,t) € R x [0, T].

Next, we verify the obstacle condition. Since @, is even, we have ®,(g) —
®,(—g) = 0. Moreover, the term Kq(t) cancels in the difference. Therefore,
vT(g,t) —vT(—g,t) = a(t)g. Since ¢ > 0, it follows that

v (g,t) —v"(=g,t) = alt)g > at)g — c = ¢(g, t).
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Hence, the obstacle condition is satisfied for all (g,t) € R x [0, T7.
We next estimate the large-jump part of the non-local operator. Since

0,07 (9.1) = ma(1)®) () + “

and [|®] || = 1, we have

‘@vT(g,t)‘ < mq(t) + Ozét)'

Hence, by the mean value theorem,

’UT<g—|—’y(g, z),t) — vT(g,t)’ < (mq(t) + aét)) (g, 2)|-

Therefore,

et (0:0) < (a0 + ) [ a2 vlas)

As in Theorem [2.1] the Cauchy—Schwarz inequality, followed by Minkowski’s
inequality and the L?(v)-Lipschitz condition for v, gives

/{Z|>1} h/(g’ 2)’ V(dZ) < \/X (L'Y‘g‘ + Clarge) 5

where Clarge is defined in . Therefore,
t
JlargevT(gp t) < (mQ(t) + Q‘;)) \/X(L7|g| + Clarge) . (21)

We next estimate the small-jump part. Since the terms @g and Kq(t)
are affine in ¢, they do not contribute to the compensated jump difference.
Hence,

Jomanv” (g, ) = mC](t)/

{0<(z[<1}

{fba (9+7(9.2)) —@al9) —7(9. 2) ¥ (9) |v(d2).

As in the proof of Theorem the small-jump asymptotic condition implies
that there exists Ry > 0 such that, for |g| > Ry and 0 < |z| < 1, the segment

{g+6v(g,2) :0<6 <1}

does not intersect (—a,a). Since ®”(x) = 0 for |z| > a, Taylor’s formula
gives
o (g +7(9,2)) — Balg) = 7(9, %), (g) = 0.
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Therefore,
JsmallUT(gat) = 07 |g| Z R07 te [07 T] (22)

We now verify the supersolution inequality on the tails. Recall that ¢'(t) =
—nq(t) and n = 5+ d.
On the positive tail g > a, we have

3a

Do(9) =9 — < ®l(g)=1, @(g)=0.

Therefore,

=P (g,8) = [ma(®)n + 7+ p) + 5 ((r+ ) — ')

+ (n+1)q(t) (K — ?;lm) .

Combining this with and , we obtain, for g > Ry,
T 3a a(t)
L (g;t) 2 (77 + T)Q(t) (K - 8m> - mQ(t) + T \/Xclarge—i_

+ [mq(t) (7] +r4+p— \/XLW) + ;((r +p—VAL)a(t) — o/(t))} g.

(23)
Taking into account and , the coefficient of g in becomes
1
mda(t) ~ S o(t) ~ 2a'(1)

By the choice of A above, q(t) > a(t) for all ¢t € [0,T]. Since /(t) < 0, it
follows that

1
mda(t) - Za(t) - 2a(t) > <md - ﬁ) 1) > 0.
2 2 2
where the last inequality follows from the choice m > QBd

We next consider the negative tail. For ¢ < —a, we have

3a

Du(g) = gl — rE Pl (g)=—-1, P(g)=0.

Using ¢/(t) = —nq(t) and g = —|g|, we obtain
P (g,0) = [malt)n-+ -+ ) = 5((r+ p)a(t) — a'(9)] Io

+ (n+1)q(t) (K — ?m) :
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Combining this with and , we obtain, for g < — R,

v, T a(t)
—£T(0,1) = 0+ 1) (K 18m) (a0 + 252} VA Ci "
+ [mq(t)(n +r+p— VAL, - 5((r +p+ VALa(t) — o/(t))] lq].

Taking into account and , the coefficient of |g| in becomes
1
mdq(t) — 5 [(r +p+ \/XLV)a(t) - a'(t)} :

Set
B, = 1 max Kr +p+ \/XLv)oz(t) — o/(t)} < 0.

R te[0,T]
Then

mdq(t) — ; [(r +p+ \/XLW)Oé(t) - o/(t)} > mdq(t) — Ba.

Since ¢(t) = Ae " is decreasing, we may further enlarge A so that

2B
A>T (25)

md
It follows that

mdg(t) — Bo > "La(t) >0, te 0,7

\)

We will require in addition that K > 3*m. Since q(t) > a(t), we also have

a(t)

ma(t) + %5 < <m + ;) a(b).

Thus, enlarging the tail radius if necessary, choose

(m + %) \/Xclarge 2 (m + %) \/Xclarge}

md — 2 md

R > max {RO,

With these choices, the positive linear terms dominate the remaining large-
jump constants on both tails. Therefore,

—L""(g,t) >0, |g| >R, tel0,T].

It remains to control the operator on the bounded region |g| < R and to
make the final choice of K. Write

v (g,t) = w’ (g, t) + Kq(t), where w’(g,t) :=mq(t)®.(g) + a;t)g.
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Since the term K¢(t) is independent of g, its spatial derivatives and jump
increments vanish. Using ¢/(t) = —nq(t), we obtain

—L""(g,t) = —L"w (g, 1) + (n +7r)Kq(t).

On the compact cylinder [— R, R]x [0, T, the local terms involving w’, d,w™,
and 9,,w” are uniformly bounded. Moreover, as in the proof of Theorem
2.1] the admissibility assumptions on 7, together with the boundedness of
@’ and ®”, imply that both Jypaw? and Jiugew” are uniformly bounded on
[—R, R] x [0,T]. Hence, there exists a constant M < 0o such that

—L'wT(g,t) > —Mpg, |g| <R, te][0,T].

Since ¢ is decreasing, q(t) > q(T) = Ae ™ for all t € [0,T]. Therefore,
choosing

Mpe™
~“(n+nrA
gives
(n+r)Kq(t) > Mg, te]l0,T],
and hence

—L""(g,t) >0, g/ <R, tel0,T].
Together with the tail estimates established above, this yields

—L" (g, t) >0, (g,t) e Rx[0,T).
We may therefore choose K sufficiently large so that

3am Mpe™
) ) Knonneg .
8 "(n+nr)A

For this choice of K, the function v* is nonnegative and satisfies —L*v? (g, t) >
0 throughout R x [0,7). Together with the obstacle inequality established
above and the terminal condition v*(g,T) > 0, and since v € C**(R x
[0,77]) with the non-local integral well defined, the classical inequalities im-
ply the corresponding viscosity supersolution inequalities. Hence v”
nonnegative global viscosity supersolution of . O

KZmax{

is a

Corollary 2.5 Unlike the supersolution constructed in Theorem the
specific supersolution vT constructed here depends on the time horizon T.
Moreover, if Cr is any valid constant satisfying the linear-growth bound

v (g,t) < Cr(1+1gl), (g.t) € Rx[0,T],

then Cr necessarily satisfies

Cr > 1 (max ela(t) + a(O)) .

2 \te0,1]
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Proof. Let Cr be any valid bounding constant such that v (g,t) < Cp(1+
lg]) holds globally on R x [0,7]. We consider the asymptotic slope at the
initial time ¢ = 0. For any g > 0, dividing the bound by g yields

T
g g

Taking the limit as g — +o00, the term ; vanishes. Our explicit construction

(19) implies ®,(g) = g — %“ for all ¢ > a. Thus, the asymptotic slope
evaluates exactly to

vT(g,0 a(0

lim v (9,0) :mq(0)+2) =mA+ —=.

g——+oo g

Therefore, any valid linear-growth constant must satisfy

a(0)

Recall from our parameter selection in proof of Theorem that the slope
parameter m must satisfy m > max { 1 B } > 1. Thus,

272d ) =
a(0) - A+ a(0)

2 2 '
In the construction above, according to (20 and , the constant A is
chosen sufficiently large so that

Cr>mA+

2B,
A > max { max e a(t), ‘ } .
t€[0,T] md

In particular,
A > max e™a(t) > max e’a(t),
te[0,T] t€[0,T]
where the last inequality follows from 1 > 5 and a(t) > 0. Combining these
bounds proves that the linear-growth constant necessarily satisfies
A+a(0) _ 1 (

Cp>tt20 5 2

5 > 5 | max ePla(t) + a(0)> :

te(0,7)

As shown in Theorem and Corollary [2.5] the constructed superso-
lution in this regime requires a linear slope which is bounded from below
by 3 (maxte[o,T] ePla(t) + a(O)) as the horizon T increases. We now prove
that if we impose a uniform upper bound C),.. on the linear growth no
supersolution can exist beyond a critical, finite time threshold 7T,;.
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Theorem 2.6 Let v(dz) be a Lévy measure on Ry with finite large-jump
intensity A == v({|z| > 1}) < oco. Let for given constant M > 0 holds

r4+p<VAM, and set 3 :=VAM — (r+p) > 0.

Fiz a uniform linear-growth ceiling constant Crax > 0. Suppose that there
exist T € (0,T) and o, > 0 such that a(t) > an, t € [0,7]. Then whenever

T satisfies
1
7> Ty = B log (

there exists an admissible jump amplitude 7., with L?(v)-Lipschitz constant
M, for which there is no nonnegative lower semicontinuous function v’ :
R x [0,7] — [0,00) satisfying the uniform linear-growth bound

Cmax >

*

v'(9,t) < Cnax(L+1g]),  (9,1) € Rx [0, 77, (26)
that simultaneously satisfies the obstacle inequality
vi(g,t) =v"(=g.t) 2 alt)g — ¢, (g:t) €Rx (0,T), (27)

and the viscosity supersolution inequality for the integro-differential operator
on R x (0,T).

Proof. Since r+ p < VAM and r > 0, we necessarily have A > 0. Define

M |z| > 1
—= 9, z )
Y(g,2) = ¢ VA (28)

0, 0<|z] <1

For every g € R, the map 2z — 7,(g, z) is Borel measurable on Ry, and, for
every z € Ry, the map g — ~.(g, z) is continuous.
For every g,h € R, we have
M2
[ g, 2) = (b )P wldz) = == [ g =P w(dz) = Mg~ b
Ro A J{z>1}

Moreover,
/|%mﬁwyu@=0<m.
Ro

Finally, since 7.(g,z) = 0 for 0 < |z| < 1, we get

Sup |’Y*(g72)| :0 S Kl(l‘i_‘g‘), and hmsup Sup |fy*(g7z)’

TAS 2/l =0<1—e¢,
o<lzl<t 2] gl—oo 0<lzl<1 gl

for any € € (0,1). Thus, 7, is admissible with L?(v)-Lipschitz constant M.
We argue by contradiction. Suppose that there exists a nonnegative viscosity
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supersolution v? satisfying the linear-growth bound . For every g > 0
and ¢ € (0,7, the obstacle condition and the nonnegativity of v* imply

v"(g,t) > a(t)g —c,

and hence,
T
t
v (gg’ ) >a) -5, g>0. te(.1) (29)
On the other hand, gives
T(g,t 1
U(gg’)scmax (Hg), g>0, t€0,T]. (30)

Introduce the logarithmic variable g = e* and define

vl (e, t)

e.I

WT(x,t) = , (z,t) e R x [0, 7). (31)

Since v? is lower semicontinuous and nonnegative, W7 is lower semicontin-
uous on R x [0,7]. By and (30),

aft) —ce ™ <WH(z,t) < Cpax(1 +e7), z€R, te(0,T).
Define the asymptotic slope envelope by

LT(t) == liminf W7'(x,s), te(0,7). (32)

(z,8)—=(H00,t)
By continuity of «, taking the joint limit inferior as (x,s) — (+o0,t) in the
bounds obtained from and gives

aft) < LY(t) €< Cpax, t€(0,7). (33)

The bounds in (33) alone do not yet yield a contradiction. We therefore
study the time evolution of the asymptotic slope envelope LT. We will show
that LT satisfies, in the viscosity sense,

—0,L" — LT >0, te(0,T).

This inequality will yield an exponential lower bound for L”, which will lead
to the desired contradiction.

Let to € (0,7, and suppose that ¢ € C*((0,T)) touches L from below
at tg. Thus,

L (to) = ¢(to),
and there exists 6 > 0 such that Is := [ty — d,ty + 6] C (0,7) and LT (t) >
¢(t), te€ Is. For some k > 0, define

Ct) = C(t) — Kt — o).
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Then

((to) = C(to),  ¢'(to) = ¢'(to),
and, since LT (t) — ¢(t) > 0 on I5,

LT) = C(t) = LT(t) — C(t) + Kt —t0)> > Kt — to)%,  te Iy
Replacing ¢ by E , we may therefore assume that
LT(t) = C(t) > (t —t)?, tels. (34)
By the definition , there exists a sequence (y,, S,,) such that
Yn — +00, 5, —to, W (yn,s,) — L (to).

Passing to a subsequence if necessary, and relabeling, we may assume that
Yn > 2n. Set
A, =y, —n.

Then
A, = +o0, y,— A, =n.

For all sufficiently large n, we have s,, € I5. On the closed cylinder
Qn = [Am OO) X ]67
define

(‘T B yn)Q'

Gn(z,t) == WT(2,t) = C(t) + (t — to)* +

Since W7 is lower semicontinuous, G,, is lower semicontinuous on Q,,. More-

over, by ,

WT(z,t) > a(t) —ce ™ > —ce™™,  (x,1) € Q.
Since ( is bounded on the compact interval I, it follows that

Gn(z,t) — 400 as x — +o0,
uniformly in ¢ € I5. Hence G,, attains its minimum on Q,,. Let (z,,t,) be a
minimizer.
At the comparison point (y,, s,),
Gr(Yn, $n) = W (Yn, $n) — ((50) + (50 — o).

Since

WT(yna Sn) — LT(tO)a C(Sn) — C(tO) = LT(t‘J)» Sp — th
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we obtain
Gn(Yn, sn) — 0.

Since (z,, t,) minimizes G, on Q,,, we have
Gn(Tn, tn) < Gr(Yn, Sn)-

Therefore,
lim sup Gy (xy,, t,) < 0. (35)

n—oo
We next show that t,, lies in the interior of I for all sufficiently large n. Fix
t =ty £ 0. By the definition (32)),

liminf W (z,t) > L ().

T—+00

Moreover, since A,, — +00,

lim inf W% (z,t) = liminf W7 (2,1).

n—oo x>A, T—r+00

Consequently,
lim inf W' (x,t) > LT ().

n—oo x>A,

Moreover, the spatial penalty is nonnegative. Hence,

lim inf ir 1nf Gulx,tg£0) > LT (tg £ 6) — ((tg £ 6) + 0% > (k + 1)6* > 0,
where the last inequality follows from . On the other hand, by ,
limsup,,_,o, Gn(zn,t,) < 0. Since the values of G,, on either time boundary
are bounded away from zero for all sufficiently large n, the minimizer cannot
lie on either time boundary. Therefore,

t, € (to—(s,to—F(S)

for all sufficiently large n.

We next identify the asymptotic behavior of the minimizing sequence.
Since z,, > A, and A,, — +00, we have z,, — +00.

Let (t,;) be any convergent subsequence of (t,), with t,, — t. € I;.
Along the same subsequence of indices, we also consider (z,;), (yn;), and
(Gy;). Since x,; — +00, the definition of the joint limit inferior gives

liminf W (z,,,t,,) > L (t.).

J—00

Therefore,

)2
lim inf G, (25, t0,) > LT (1) = ((t) + (B — t0)* + liminfM

> (k+ 1)(t, — to)* + lim inf ﬂ,
Jj—00 n;
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where the last inequality follows from ([34]).
On the other hand, implies limsup;_, ., G, (Tn,, tn;) < 0. Hence,

0 > limsup G, (Tn;, tn;) > liminf Gy, (2, t5,) >

j—o0 J—00

B 2
> (k4 1) (ks — to)? + lim inf " —Yns)°

J—0 n;

> 0.

Therefore, t* = ty. Since t,, € I5 and every convergent subsequence of
(t,) has limit ¢y, we obtain ¢, — to.

Since z,, > A,, — +00, we also have x,, — +00. Hence, by the definition
of the joint limit inferior,

lim inf W (z,,t,) > LT (tg).

Moreover,
C(ta) = C(to) = LT (to),

and therefore,
lim inf(WT(xn,tn) — C(tn)) > 0.

n—oo

Recalling that

Gn(xn:tn> == WT(xnatn) - C(tn) + (tn - t0)2 + ;7

and using , we obtain

2
0 < lim sup M < limsup G, (zp,t,) — lim inf(WT(xmtn) — C(tn)) <0.
n— 00 n n—00 n—o00
Hence,
2
P Tt 1) N (36)
n

In particular,
|2 — Y| = 0o(v/).

Since x,, — +o00 and t,, — tg, the definition of the joint limit inferior yields

liminf W (z,,t,) > L (to). (37)

n—o0

On the other hand, by the minimizing property,
W (@, tn) = C(tn) < Gul@n, tn) < Gu(Yn, 50) — 0.

Since

((tn) = C(to) = LT (to),
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combining this with the lower bound yields
W (20, t,) = L (to). (38)
Finally, and the relation y,, — A,, = n imply
Tp— Ay = (Yo — An) + (2 —yn) >0 — |20 — yu| =1 — 0(v/n) >0

for all sufficiently large n. Hence (z,,t,) lies in the interior of Q, for all
sufficiently large n.
Rearranging G, (z,t) > Gp(x,, t,) for all (z,t) € Q,,, we obtain

WT(%Q > WT(:Envtn) +¢(t)—
_ C(tn) — ((t - t0)2 — (tn — tO)Q) . ('T - yn) - (xn - yn)

n

2

=: pin(z,1).

Therefore, the test function p,, € C?%! touches W7 from below at (z,,t,) on
Q,,, with
,Un(xm tn) = WT(xm tn)

Its partial derivatives evaluate to

2 Tn — Yn
atﬂn(ajnatn) = C/<tn) - z(tn - t0>7 ar,un(mnatn) = _w,
) ! (39)
aa:x n n»tn = T
pon(Tn, o) = =
giving the deterministic asymptotic limits
Oppin (T tn) — C'(t0), Ouptn(Tn,tn) — 0, Opupin(Tn, tn) — 0. (40)

In terms of the original variable g = €%, define the local spacetime test
function

©n(g,t) == gpua(logg,t), g>0.
It follows from that ¢, touches T from below at
(gmtn) = (exn>tn)

on (efn, 00) x I5, with

gpn(gny tn) = UT(gny tn)

To apply the viscosity supersolution definition, we globalize this test func-
tion. Since (gy, t,) lies in the interior of (e, 00) x I for all sufficiently large
n, choose cutoff functions

Xn € C2((e™,00) X (to — 6,0 + ) )
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such that 0 < x,, < 1 and x,, = 1 in a neighborhood of (g,,t,). Fix M, > 0
and define

2n(9:1) = Xn(9,)en(9,1) = (1= Xalg,1)) My,

where x,p, is extended by zero outside the support of x,. Then @, €
C*Y(R x [0,7)). In particular,

~

@n = ¢n in a neighborhood of (g,,t,),
while
o, = —M, outside the support of x,,.

Since ¢,, < vT on the support of x,, and vT > 0, we have
oo <0’ onRx[0,7T).
Furthermore,

@n(gna tn) = Spn(gna tn) = UT(gna tn)

Thus vT — @, attains a global minimum at (g,,t,). Since @, = ¢, in a

neighborhood of (g,,t,), their derivatives agree at the contact point. For

simplicity, we therefore compute the derivatives using ¢,. At the contact

point (gy,t,), we have

_8t90n(gna tn) = _ewnatﬂn(mna tn)a

gnag(pn(gna tn) err (Nn (wm tn) + ar,un(xna tn))

= & (W (@, tn) + Oupin (s t) ).

aggwn(gna tn) =e ™ (a’cﬂn(xm tn) + axxﬂn<xna tn))

By (28), 7.(g,2) = 0 for 0 < |z| < 1, while for || > 1,

M

Set b := log&. Hence, for every 6 € (0,1), the small-jump contribution
vanishes and

[0, @l (gns tn) = A[0" (Egns ta) = 07 (gus )]

Applying (7) and (5)), and using that @, and ¢, have the same derivatives
at the contact point, gives

0<— atSOn(gm tn) + TUT(gm tn)"‘
2

g
+ 090 0gn (G tn) — ?&qg%(gn,tn) — /\[UT(fgn,tn) — 0" (gn, tn)]
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Using (1)), g, = e*, and vT(e®™,t,) = ™ W (z,, + b, t,), and dividing
by e®*, we obtain

at/“tn(mn7 tn) S (r + p + A)WT('Q:”? tn) _I_ pafﬂ’n(’x'fh tn)

02

- 36—2% (Outtn (s tn) + Onapin (T, 1)) = AGWT (2 + b, 1) (42)
By and ,

2
Outin (Tny tn) + Ouafin (Tn, tn) = _ﬁ((x" —Yn) + 1) — 0.

Since x,, — +00, it follows that

2
—%6_21” (ar,un(xn, tn) + Opatin(Tn, tn)) — 0. (43)

Since x,, + b — +oo and t,, — tg, our definition of LT (¢) as the joint limit
inferior at spatial infinity immediately gives

liminf W* (2, +b,t,) > liminf W7 (2, s) = L (o). (44)

n—0oo (m,s)—>(+oo,t0)

Taking the limit superior in as n — 00, and using , , , and
, we obtain

Clto) < (r+ p+ A)LT(to) = A liminf W (, +b.t,)
< (r +p+ A) T(to) — AL (o)
(r+p = A€ = 1) L7 (ko).

L
L

Since

M
ME—1) =A== VAM,

it follows that
¢(to) < (r+p — VAM)L" (tg) = —BL" (o).

Since this holds for every ¢ € C*((0,T)) touching LT from below at any
to € (0,T), we conclude that LT satisfies

—0,LT — LT >0

in the viscosity sense on (0,7"). By the exponential change of variables and
the standard comparison principle for viscosity solutions [I1], it follows that
the rescaled function

t s PLT(t)
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is non-increasing on (0,7"). Hence, for every 0 <t < s < T,
PILT(t) > P LT (s),

or equivalently,
LT(t) > P LT (5) > Pla(s).

Taking s = 7 and using «(7) > a, together with , we obtain, for every
O<t<r,
PN, < LT(t) < Crax.

Letting t | 0 gives
" ov, < Cruax,

1 Cmax
T < B lOg < ) = Tcrit-

*

and therefore

This contradicts the assumption 7 > T,;; and completes the proof. [

Corollary 2.7 (Non-Existence Threshold) Let for given constant M >
0, we have 8> 0, and let « € C1([0,T]) be a non-increasing obstacle profile
(/(t) < 0) with a(0) > 0. If a fixed linear-growth ceiling constant Cp > 0
satisfies
Cr < sup {eﬁta(zﬁ)},
te[0,T)

then there exists an admissible jump . with L*(v)-Lipschitz constant M, for
which there is no nonnegative lower semicontinuous viscosity supersolution
v R x [0,T] — [0,00) satisfying both the parabolic integro-differential in-
equality on Rx (0, T) and the bilateral obstacle condition v™ (g,t)—vT (—g,t) >
a(t)g — ¢ across R x [0, T] within the growth class v*(g,t) < Cp(1 + |g|).

Proof. Because Cr lies strictly below the supremum, there exists a time
slice in [0,T) where e a(t) exceeds Crp. If this supremum is attained at
t = 0, the continuity of the mapping t — e*a(t) (provided by a € C*([0,T)))
ensures that we can always select a strictly positive time 7 € (0,7) such
that e’7a(r) > Cp remains true. Defining the strictly positive constant
a, = a(7) > 0, the monotonicity hypothesis (¢/(t) < 0) gives that a(t) >
for all ¢ € [0,7]. Furthermore, the strict inequality can be rewritten as
a,e’™ > Cp, which is equivalent to

1 C
T > 510g< T) = Tcrit'

Thus, all hypotheses of Theorem are satisfied, ruling out the existence
of any nonnegative LSC viscosity supersolution bounded by Cr(1+ |g|). O




VISCOSITY SUPERSOLUTION BARRIERS TO A NON-LOCAL FREE BOUNDARY PROBLEM 31

Next, we address the exact critical boundary case r + p = \/XLV. To
establish global existence in this setting, we must impose an additional
structural constraint on the large jumps, which we call the “no-crossing”
condition. Economically, this means that when the market is in a state of
extreme pessimism (large negative g), a single shock cannot instantaneously
transport investor sentiment across the threshold into extreme optimism.
Mathematically, this restriction ensures that jumps originating far in the
negative axis do not cross over to evaluate the linearly growing positive tail
of the supersolution, which keeps the non-local integral bounded.

Theorem 2.8 Let v(dz) be a Lévy measure on Ry with finite large-jump
intensity A := v({|z] > 1}) < oo, and let v be an admissible jump amplitude
satisfying

r+p= VA L,.

In addition, assume that the large jumps satisfy the following no-crossing
condition on the negative tail: there exist constants A € (0,1) and Ry > 0
such that, for every g < —Ry and for v-a.e. z with |z| > 1,

g+(g,2) < —Algl. (45)

Then there exists a nonnegative continuous global viscosity supersolution
of — with at most linear growth in the spatial variable. More precisely,
there exists a constant C' > 0 such that

0<a(g,t) <C(1+lgl), (9,t) e Rx[0,T].

Proof. At the critical threshold 7 + p = VA L., consider

i(9.0) = a)f(o). £o)i=5 9+ VF+ 1) + K,

where b > 0 and K > 0 will be chosen below. Since

lg] < /g2 + 0% < |g| +0,

b
0<K<f@hﬂm+§+K

we have

Hence, using 0 < a(t) < a(0),

OSmeSM®Qw+S+K>SCﬂ+W)

for some C' > 0 and all (g,t) € R x [0, 7.
Since /g2 + b? is even, then f(g) — f(—g) = g, and therefore,

i(g,t) —u(—g,t) = a(t)g > a(t)g — c = (g, 1).
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Thus, @ is nonnegative, has at most linear growth, and satisfies the obstacle
condition.
We next verify the differential inequality. Since

1 g b?
! -1+ -7 " -z
f (g) 9 < + g2+b2>’ f (g) 2<g2+b2)3/2’
we have 0 < f'(g) <1, f"(g) > 0. Using o/(t) <0 and f(g) > 0, we obtain

2

—Pi > a(t) [rf(g) +p9f'(9) - =

5 f”(g)] :

We first consider the positive tail. As g — +oo,
flo)=g+K+0(g™"), gf(9)=g+0(g™"), f'(9)=0(g7").
Hence, using r + p = \/XLW, we get
—Pu > at) {\/Xng +rK + 0(1)] : (46)

For the large-jump part, the inequality 0 < f’(¢g) < 1 and the mean value
theorem give

Fla+7(9.2) = £9)] < (g2l
Thus, by the same Cauchy—Schwarz and Minkowski estimates as in Theo-

rem [2.1],
Jlargea(ga t) S O‘(t)\/X (L’Y|g| + Clarge) :

For the small-jump part, the admissibility condition on v implies, as in
Theorem 2.1} that for all sufficiently large |g],

€
9+ 099, ) = Slgl, 0<lsl <1, 0€[0,1],

Therefore,
"(g+67(9,2)) = O(lg] ™),

uniformly in 0 < |z| < 1 and € € [0, 1]. Moreover, by Minkowski’s inequality
and the admissibility assumptions,

1/2
([ P20V < Lol + G
{0<]z|<1}

where

1/2
._ 2
Co = </{0<z|<1} |7(0, 2)| V(dz)> < 00.

/{0<|Z§1}7(9, 2)?v(dz) = O(g?).

Hence,
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Taylor’s formula then yields
Jamanti(g,t) = a(t)O(|g]™") = a(t)o(1), |g| — oo (47)
Therefore, as g — +00, we get
Jii(g,t) < at) [VALyg + VA Clarge + 0(1)]
Combining this with , the linear terms cancel and

—L"u(g,t) > aft) {T’K — \/XClarge + 0(1)] )

Thus, if K > %, there exists Rpos > 0 such that
—L"u(g,t) >0, g> Ry, te€]0,T].
We now consider the negative tail. As ¢ — —oo, we have

flg)=K+0(gl™), gf'(9) =0(gl™"), f"(g9) =0(g|™).

For g < —Ry, the no-crossing condition implies that the segment joining
gand g+7(g, 2) lies in {y < —Alg|} for v-a.e. z with |z| > 1. On this region,
we have
b? b?
0<f'(y)= < :
2V TP (VP 4 Jyl) A0

Hence, by the mean value theorem and the large-jump estimate above,

b2
Jar e~ 7t S ti/ ) d
[Farsei(9, )] < 00) 5 [ (g, 2) ()

2

< a(t)w\/x([/ﬂgl + Clarge) = a(t)O(|g| ™).

Together with , this gives
[ Ta(g, )] = a(t)O(lg]™"), g — —oo.

Therefore,
—L"u(g,t) > a(t) [rK +0o(1)] as g — —oc.

Since rK > 0, there exists Ryeq > [y such that

K
—L%a(g,t) 2 a) 5 20, g < ~Ru, 1€ [0,7)

It remains to control the operator sign on the bounded region. Set

R = max{ Ry Rucgh, 119) = Jolg) + K. folg) 1= 5 (-4 /@ +12)
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Since K does not contribute to the spatial derivatives or the jump operator,
and o/(t) <0,
—L%u(g,t) = a(t) [rK + ¥(g)],

where )

W(g) = rfolg) + pafile) = % () = Thalg).

We verify that Jfy is uniformly bounded on [—R, R]. Since 0 < f{(g) < 1,
the mean value theorem gives

|Jlargef0(g>’ S "‘)/(gaz)’ V(dZ) S \/X<L’Y|g‘ + Clarge) :

{lz[>1}
For the small-jump part, since

b? 1
0< fl9) =5 < =

fO (g) 2(92 +b2)3/2 = 2b7
Taylor’s formula gives

1

< = (Lylg] + CO>2
— 4b Jio<|z|<1} ’

Y(g,2)?v(dz) < 0

|Jsma11f0(g)‘

Hence, J fy is uniformly bounded on [—R, R]. Since fo, f}, and f{/ are also
bounded there, there exists Mpr < oo such that

U(g) > —Mpg, |g| <R.

Therefore,

r r

\/X C115»1"ge ]\4}%}

Finally, choose K sufficiently large so that K > max{

Then
—L"u(g,t) >0, (g,t) e Rx[0,T).

Increasing K only improves the tail estimates established above.
Finally, since a(T") = 0,

i(g,T) =0, g€R.

Thus @ is nonnegative, satisfies the linear-growth bound, the obstacle in-
equality, and the differential inequality. Since @ € C*!'(R x [0,T]) and the
non-local integral is well defined, these classical inequalities imply the cor-
responding viscosity supersolution inequalities. Hence « is a nonnegative
global viscosity supersolution of ([2)—-(3). O
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Corollary 2.9 Let v be an admissible jump amplitude. If
r+p> VAL,

and 7y satisfies the mo-crossing condition , then by Theorem and
Theorem[2.§ for every finite horizon T > 0, there exists a nonnegative global
viscosity supersolution of f with at most linear growth. Moreover, the
spatial profile f in the construction

u(g,t) = a(t)f(g)

can be chosen independently of the horizon T.
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