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On Mixing Properties

of the Limiting Gibbs Process
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Abstract. We consider locally compact second countable
Abelian topological group E with Haar measure and pair po-
tentials in E satisfying some natural stability and regularity con-
ditions. We show that the limiting Gibbs process G with empty
boundary conditions is strongly Brillinger-mixing in the spirit of
Lothar Heinrich and thereby mixing with respect to the group
of translations and ergodic.

Key Words: Mixing, Strong Brillinger Mixing, Limiting Gibbs Process
Mathematics Subject Classification 2020: 82B05, 82B21, 60K35

Introduction

In statistical mechanics mixing conditions for weakly dependent Gibbs ran-
dom fields are an essential tool for establishing limit theorems. A large part
of the papers on the subject were using various mixing conditions to derive
central limit theorems for discrete systems. A valuable systematic presenta-
tion of different type mixing conditions for weakly dependent random fields
and their applications to central limit theorems for lattice gases was given
by Nahapetian [13].

The number of works on mixing properties of classical continuous sys-
tems is rather limited. The starting point is two papers of Minlos from
1967 [11,12]. In the first paper he gave a construction of the limiting Gibbs
process G in Rd with empty boundary conditions. In the second paper, un-
der quite general assumptions on the pair potential and for sufficiently small
activity, he established the regularity of G. This mixing property means that
events occurring in well-separated bounded domains become asymptotically
independent. To prove this the author considers the conditional limiting
Gibbs distribution, given that the particle positions of a finite configuration
are fixed. He then estimates the pointwise difference between the conditional
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and unconditional limiting correlation functions. This estimation is done us-
ing the Kirkwood–Salsburg equations for the respective limiting correlation
functions. The overall procedure is technically complex and cumbersome.

Next we mention the paper of Spohn from 1986 (cf. [22]) where he proved
exponential decay of correlations for positive potentials of finite range. This
result was then extended by Minlos in 1999 in collaboration with Kondratiev,
Rockner and Shchepan’uk [7].

We note also the paper by Rebenko and Tertychnyi in 2017, where the
authors establish the decay of correlations at low activity for strong super-
stable, finite-range pair potentials. They prove this by approximating the
classical system with a continuous cell gas model and using the Kirkwood–
Salsburg equations.

In the present paper, we consider stationary point processes generated by
interacting identical particles in locally compact second countable Abelian
topological group E with the Haar measure. For such processes, Brillinger
mixing conditions offer an ideal framework to quantify weak dependence us-
ing cumulants (also called truncated correlation functions or semi-invariants)
of all orders. Our primary objective is to establish strong Brillinger mixing
for the limiting Gibbs process G with empty boundary conditions by impos-
ing appropriate constraints on the interaction potential. To achieve this, we
employ direct point process methods, thereby avoiding artificial reliance on
lattice gas techniques.

Traditional α or β mixing conditions measure dependence between events
from two σ algebras. The Brillinger mixing is reflecting dependence between
points thus requiring certain decay of k-order, k > 1, joint cumulant func-
tions in terms of their integrability properties. Strong Brillinger mixing is
more restrictive since it requires, roughly speaking, absolute integrability
of joint cumulant densities. Our formulation of this condition is intimately
related to the work of Heinrich [3].

The main result of this paper is Theorem 1, in which we show that under
quite general conditions on the potential Φ, which we call strong normal,
G is strongly Brillinger-mixing. On the other hand, the property of strong
Brillinger-mixing implies in Theorem 2 that G is mixing and thereby ergodic.

1 Synopsis of notions and methods

Notions not explained here can be found in [18].

1.1 Point processes

The underlying phase space (X,B(X),B0(X)) is a lcscH, i.e., locally com-
pact, second countable Hausdorff topological space. B(X) denotes its Borel
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sets and B0(X) the bounded Borel sets. M(X) is the space of Radon mea-
sures (measures that are bounded on bounded measurable subsets) on X.
M(X) is Polish space with respect to vague convergence, and M·(X) the
Borel subspace of simple point measures, i.e., locally finite subsets of X.
X = M·

f (X) denotes the measurable subset of finite elements ξ in M·(X)
and X′ all ξ ∈ X with ξ 6= o, where o denotes the zero measure or vacuum.

For notational convenience, we often do not indicate the underlying space
in the sequel. ∆o is the Dirac measure on M· in o. Dirac measures on X
are denoted by εx.

Laws P on (M·,B(M·)) are called (simple point) processes in X (in
the sequel we call them processes). We use different function spaces: U is
the collection of all bounded, non-negative and measurable functions f on X
with bounded support, and F denotes the set of all non-negative measurable
functions on the underlying space which is not always indicated. For f ∈ U ,
the functional ζf : µ 7→ µ(f) =

∫
X
f(x)µ(dx) is a well-defined measurable

function on M·, which is vaguely continuous for continuous f ∈ U .
In general two types of bounded subsets in X are considered, the collec-

tion of all finite configurations in K, denoted by X(K), and the collection of
finite configurations that hit K, denoted by XK , XK = (ζK ≥ 1). Note that
X(K) ⊂ XK .

Functionals of point processes. LP (f) = P (e−ζf ), f ∈ U , denotes
the Laplace transform of process P . Another important functional is the
Campbell measure of P , defined by

CP (h) =

∫
M·

∫
X

h(x, µ) µ(dx)P (dµ), h ∈ F (X ×M·).

P is uniquely determined by both functionals. We also need the Campbell
measure of P of order n > 1. It is defined by

CnP (h) =

∫
M·(X)

∫
Xn

h(x, µ) µ⊗n(dx)P (dµ), h ∈ F (Xn ×M·),

where µ⊗n denotes the n-times product of µ with itself. The Campbell
measure of a process P determines all moments measures of P . Indeed, the
k-th moment measure of P is defined by

νkP (f1 ⊗ · · · ⊗ fk) =

∫
M·(X)

∫
Xk

f1 ⊗ · · · ⊗ fk(x)µ⊗n(dx)P (dµ),

then evidently

νkP (f1 ⊗ · · · ⊗ fk) = CP (f1 ⊗ (ζf2 · · · ζfk)), f1, . . . , fk ∈ F.
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If νkP is a Radon measure, in the sense that it is bounded on bounded events,
then P is called of order k. If P is of order k for all k ≥ 1, then P is called
of infinite order. The factorial measure of P of order k is defined as

ν̃kP (f) =

=

∫
M·

P (dµ)

∫
Xk

µ(dx1)(µ−εx1)(dx2) . . . (µ−
k−1∑
`=1

εx`)(dxk)f(x1, . . . , xk)

for f ∈ F (Xk). If P is of order k, then, obviously, also ν̃kP is a Radon
measure.

In case where P is simple, the factorial measure of P of order k can be
defined as the restriction of νkP to X̃k = {(x1, . . . , xk) : (i 6= j ⇒ xi 6= xj)}.

1.2 KMM-processes

The following construction of processes, which we call KMM-processes af-
ter Kerstan, Mecke and Matthes, is based on the concept of a generator,
similarly to the one in the theory of stochastic processes (cf. [8, 17]).

Denote by Esm the collection of all finite signed measures L on X. With
respect to convolution ∗ and the total variation norm, this space is a real
Banach algebra with unit ∆o.

For all L, the series

exp L =
∞∑
n=0

1

n!
L∗n

with (L∗o = ∆o) converges absolutely in Esm. Furthermore,

exp(L1 + L2) = exp(L1) ∗ exp(L2).

The finite case. We start the construction with a finite signed measure
L on X satisfying L{o} = 0. L generates within Esm the signed measure

=L = exp(L−L(1)∆o) =
1

Ξ
· exp L,

where Ξ = exp L(1). (Without confusing the reader, we use the same symbol
both for the convolution and usual exponent.) Its Laplace transform is given
by

L=L
f = exp(−KL f), f ∈ U,

where

KL f = L(1− e−ζf )
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is the modified Laplace transform of L of Mecke [9]. It determines the
measure L completely. Note that KL is real-valued, because the variation
|L | is a finite positive measure on X, and thereby,

K|L | f = |L |(1− e−ζf ) < +∞, f ∈ U.

If, particularly, L = k .Λ%, where % is a finite measure, k is real-valued
with k(o) = 0 and the measure Λ% is defined on X by

Λ%(ϕ) =
∞∑
n=0

1

n!

∫
Xn

ϕ(εx1 + · · ·+ εxn) %(dx1) . . . %(dxn), ϕ ∈ F,

then =L has the representation

=L =
1

Ξ
· Γ(k).Λ%,

where Γ(k) denotes the algebraic exponential of k (the details can be found
in [17]). Thus, a sufficient condition for =L to be a process is the condition

Γ (k) ≥ 0.

We then say that k is of positive type.

The infinitely extended case. We consider L of the form k .Λ% where %
is an infinite Radon measure, k is of positive type, k(o) = 0, and assume the
condition

K|L | f <∞, f ∈ U, (1)

which is due to Mecke (cf. [9], Formula (5.1)). A sufficient condition for (1)
is that |L | is of first order. Indeed, using 1− e−a ≤ a for a ≥ 0, we have

|L |(1− e−ζf ) ≤ |L |(ζf ) = ν1
|L |(f).

We will work under the condition that |L | is of first order since it implies
that L is a Radon measure.

Consider the variation of L, i.e., the positive measure |L | = | k |.Λ% on
X. It may be infinite. In this case, to construct the associated process =L,
we localize L and then go to the thermodynamic limit. To be more precise:
Let (Kn)n be an increasing sequence of bounded Borel sets in X exhausting
X if n→∞, i.e., Kn ↑ X. Consider

Ln = 1XKn
· L .

Ln is a finite signed measure since

|L(XKn)| ≤ |L |(ζKn ≥ 1) = ν1
|L |(Kn) <∞.

Here we used that k(o) = 0. Therefore, we are in the finite case and we
can consider the sequence of processes =Ln . By means of Mecke’s continuity
theorem (cf. [10]), one obtains
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Lemma 1 For functions k, k(o) = 0, of positive type and satisfying con-
dition (1), there exists a limiting process =L in X such that =Ln converges
weakly to =L if n → ∞. We then write =Ln ⇒ =L. The Laplace transform
of =L is given by exp(−KL).

Remark 1 It is worth to note that the condition (1) is the key assumption
for the construction of KMM process P = =L. On the other hand, |L | to
be of first order is a sufficient condition for (1) and can be proved under
normal conditions on Φ via cluster expansion method in case where k is the
Ursell function (see formula (5) below).

1.3 The cluster equation

Let L be some σ-finite signed measure on X with L{o} = 0 of first order.
Then =L is of first order and is a solution P of the cluster equation (cf.
Mecke [10])

CP = CL ? P. (2)

Here the operation ? is defined by

CL ? P (h) =

∫
M·

∫
X

∫
X

h(x, ξ + µ) CL(dx d ξ)P (dµ)

=

∫
M·

∫
X

∫
X

h(x, ξ + µ) ξ(dx) L(d ξ)P (dµ).

Conversely, if L is of first order and P a process which solves (2), then
P = =L (cf. [14]).

Below we consider KMM-processes P = =L, where L = k .Λ% with k of
positive type and k(o) = 0. We assume that % is a positive, diffuse measure
on X and |L | is of first order. In view of % being diffuse, L has this property
too. This implies that =L is simple (cf. [14], Proposition 2.6.).

Conditions on the underlying potential. Let Φ be a pair potential on
X, i.e., a measurable symmetric function Φ : X × X 7→ (−∞,+∞]. We
consider the following stability and regularity conditions:

(stability) There exists a non-negative, measurable function c : X →
[0,+∞) such that

EΦ(ξ) ≥ −ξ(c), ξ ∈ X.

Recall that ξ(c) =
∑

x∈ξ c(x).

If c is given, the regularity conditions are
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(weak c-regularity) There exists a non-negative, measurable function
a : X → [0,+∞) such that∫

X

(1− e−|Φ|(x,y)) e(c + a)(y) %(d y) ≤ a(x), x ∈ X.

(c-regularity) There exists a non-negative, measurable function a :
X → [0,+∞) such that∫

X

|ω|(x, y) e(c + a)(y) %(d y) ≤ a(x), x ∈ X,

where ω(x, y) = e−Φ(x,y)−1 is the Mayer function.

We assume also that the measure % with density ec + a is a positive Radon
measure on X.

1.4 Stationary processes

Let X = E be a lcscH space, which is also an Abelian group, and λ be
some Haar measure on it. Write λ(dx) = dx. We then use the notation
(E, λ) and have mainly in mind the Euclidean space E = Rd with Lebesgue
measure.

The group operation in E is written additively: Tx y = y− x. It induces
on the space of simple configurations M·(E) =M· the transformation

(Txµ)(B) = µ(B + x), B ∈ B0.

Write also Txµ = µ−x. This in turn induces on the level of processes P the
transformation TxP , i.e., the image of P under Tx. P is called stationary if

TxP = P, x ∈ E.

We shall consider below also σ-finite measures L on M·
f (E) which are sta-

tionary. If the first moment measure ν1
P of P is stationary Radon measure,

then it is of the form ıP · λ for some ıP > 0 (throughout processes are
assumed to be of first order without further mentioning). ıP thus is the
expected number of particles in a region B with λ(B) = 1.

To a stationary P there belongs the Palm measure defined by

P 0(ϕ) =

∫
M·

∫
E

g(x)ϕ(µ− x) µ(dx)P (dµ), ϕ ∈ F. (3)

Here g ∈ F is such that λ(g) = 1; and the right hand side does not depend
on the choice of g. P 0(M·) is called the intensity of P and is equal to
ν1
P (g) = ıP . Thus, in general, P 0 is not a distribution. We denote by

P0 =
1

ıP
· P 0

the associated Palm probability of P .
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Stationary classical continuous systems. Let Φ be a translation-invariant
pair potential. Thus, Φ(x, y) = φ(x− y) for some measurable function φ de-
fined on E with φ(−x) = φ(x). In this case, the stability function is a
constant c ≥ 0, and we take a ≡ 1.

We assume that Φ is c-stable and weakly c-regular:

C|φ| · ec +1 ≤ 1, C|φ| =

∫
E

(1− e−|φ|(y)) d y. (4)

These two conditions are called normal and in classical case include the
important class of the Lennard–Jones type potentials. If in (4) inequality is
strict, we speak about strong normal conditions.

Let L = κ.Λ% where κ is the Ursell function defined by κ(o) = 0,κ(x) ≡
1 and

κ(εx1 + · · ·+ εxn) =
∑
g∈Cn

∏
{i,j}∈g

(e−φ(xj−xi)−1),

where Cn denotes the set of all simple unoriented, connected graphs g with
n vertices, and the product is taken over all edges in g. It is well known (cf.
Ruelle [21]) that κ is the cluster function of the Boltzmann factor, i.e., the
Boltzmann factor is the algebraic exponential of κ, or explicitly written

e−Eφ(εx1+···+εxk ) =
∑
J∈℘[k]

∏
J∈J

κ((xj)j∈J),

where
Eφ(εx1 + · · ·+ εxk) =

∑
1≤i<j≤k

φ(xi − xj)

is the energy of the configuration εx1 + · · · + εxk and the sum is taken over
all partitions of [k] := {1, . . . , k} into disjoint non-empty subsets J . This
implies that κ is of positive type, so that =L is locally given by the Gibbs
process for φ with empty boundary conditions.

Let us see that L satisfies the integrability condition (1). It is enough to
show that L is of first order. Being of first order means

|L |(ζf ) =

∫
X′
ξ(f) · |κ|(ξ) Λ%(d ξ) < +∞, f ∈ U. (5)

This follows by partial integration:

|L |(ζf ) =

∫
X

∫
Rd
f(x)1X′(ξ)|κ|(ξ) ξ(dx)Λ%(d ξ)

=

∫
Rd
f(x)

∫
X

|κ|(ξ + εx) Λ%(d ξ)%(dx)

≤ %(f) · ec +1 < +∞.
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In the last step, we used that under normal conditions on φ the inner integral
can be estimated from above by ec +1. The proof of this result for the case of
c-stable and 2 c-regular potentials is given by Theorem 2.1 in [16] or Lemma
9 in [18]. For the case of c-stable and weak c-regular potentials this can
be proved with the help of improved tree-graph estimate of Procacci and
Yuhjtman [19] (see also [24]) following the same lines in proof of Theorem
2.1 in [16].

Then Lemma 1 implies the existence of the limiting Gibbs process =L

with empty boundary conditions, which will be denoted by G (in the sequel,
G is called shortly the Gibbs process).

On the other hand, since Φ is translation-invariant, the σ-finite measure
L is stationary too, and thereby, G has the same property. Indeed, the
Laplace transform of Tx G does not depend on x, as is easily seen.

If the potential Φ is c-stable and c-regular, then G is even a Gibbs process
for (Φ, %). This means that G is a solution P of the equation

CP h =

∫
X

∫
h(x, µ+ εx) e−WΦ(x,µ) P (dµ)%(dx), h ∈ F. (6)

This is the partial-integration equation of Nguyen and Zessin. It is equivalent
to the DLR-equation (cf. [15]). We then write P ∈ G(Φ, %).

If we know that P ∈ G0(Φ, %), i.e., P ∈ G(Φ, %) and stationary, and
% = zλ, z > 0, then the definition (3) implies, in view of its Gibbsian
character,

P0 ϕ =
z

ıP
·
∫
M·

ϕ(µ+ ε0) e−WΦ(0,µ) P (dµ), (7)

so that ıP is determined by

ıP = z ·
∫
M·

e−WΦ(0,µ) P (dµ). (8)

Equation (7) even characterizes stationary Gibbs processes (cf. Georgii [2]
and Takahashi [23]). Indeed, let P be a stationary process in E of first or-
der solving (7). Equation (7) implies condition (6). By Satz 2.3 in [9] one
obtains

CP h = ıP ·
∫
E

∫
M·

h(x, µ+ x) P0(dµ)λ(dx)

=

∫
E

∫
M·

h(x, µ+ εx) e−WΦ(x,µ) P (dµ)zλ(dx),

which shows that P ∈ G0(Φ, %).
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Mixing properties of stationary processes. We consider the dynam-
ical systems (M·(E), P, (Tx)x∈E), where P is a stationary process P in E.
(More generally, we shall consider below also σ-finite measures L which are
stationary.) Recall that P is always assumed to be of first order. Then it is
stationary and therefore of the form ıP · λ for some ıP > 0.

A process P is called ergodic if every invariant measurable set inM· has
probability 0 or 1. P is called mixing if for all events N1,N2 in M·,

lim
|y|→∞

P (N1 ∩ Ty N2) = P (N1) · P (N2).

Mixing implies ergodicity. We shall consider another mixing condition which
is due to Brillinger [1]: A stationary process P is Brillinger-mixing if all its
factorial cumulant measures, to be considered below in the next section,
exist and are σ-finite.

2 Moments and cumulants

Let P be a process in X of infinite order. Its cumulant measure of order k
is defined by the following cumulant-to-moments formula:

γkP (⊗kj=1fj) =
∑
J∈℘[k]

(−1)|J |−1(|J | − 1)!
∏
J∈J

ν
|J |
P (⊗j∈Jfj), (9)

f1, . . . , fk ∈ U . Conversely, the moment measure of order n can be expressed
in terms of its cumulant measures as follows:

νnP (⊗nj=1fj) =
∑
J∈℘[n]

∏
J∈J

γ
|J |
P (⊗j∈Jfj). (10)

Equations (9) or (10), respectively, express a one-to-one correspondence be-
tween moment and cumulant measures of a process P .

If we assume even that |L | is of infinite order, this implies that P = =L

is of infinite order too. Indeed, let n ≥ 1 and f ∈ U . It is enough to show
that νnP (f⊗n) < +∞ if f ∈ U(Xn). Using the cluster equation one obtains
by induction

νnP (f⊗n) = CP (f ⊗ ζf⊗(n−1)) ≤ C|L | ? P (f ⊗ ζf⊗(n−1))

=
∑

J⊂{2,...,n}

ν
|J |+1
|L | (f⊗(|J |+1))ν

|Jc|
P (f⊗|J

c|) <∞.

The following basic result is a general version of the cluster equation (2).

Lemma 2 (Nehring [14]) Assume that |L | is of infinite order. Let
f1, . . . , fn, g ∈ U . Then

CnP (⊗nj=1fj ⊗ e−ζg) = LP (g) ·
∑
J∈℘[n]

∏
J∈J

C|J |L

(
⊗j∈Jfj ⊗ e−ζg

)
.
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Taking g ≡ 0 implies directly the following formula, which we shall need
below:

νnP (⊗nj=1fj) =
∑
J∈℘[n]

∏
J∈J

ν
|J |
L (⊗j∈Jfj).

Proof. We indicate Nehring’s reasoning of his proof of Theorem 4.3.1 in [14].
The proof is given by induction with respect to n. If n = 1, the assertion
reduces to the cluster equation (2).

The induction hypotheses is introduced by means of the representation

CnP (⊗nj=1fj ⊗ e−ζg) = − d

d s
Cn−1
P ((⊗n−1

j=1 fj)⊗ e−ζsfn+g)|s=0. (11)

Interchanging differentiation and integration, which is admissible since |L |
and thereby P has moments of all orders, one has to evaluate the derivative
with respect to s of the following product for s = 0:

LP (sfn + g) ·
∑

J∈℘[n−1]

∏
J∈J

C|J |L ((⊗Jfj)⊗ e−ζsfn+g).

One obtains the sum of two terms. For the derivative of the first term, one
obtains at s = 0

LP (g) · CL(fn ⊗ e−ζg) ·
∑

J∈℘[n−1]

∏
J∈J

C|J |L ((⊗Jfj)⊗ e−ζg).

For the second term, one uses Leibniz’ rule combined with formula (11) with
P replaced by L. �

In view of the 1-1-correspondence between moment and cumulant mea-
sures in (9), equation (10) yields

Corollary 1 If |L | is of infinite order, then

γ`=L
= ν`L, ` ≥ 1.

Thus, the moment measure of L of order ` coincides with the cumulant
measure of =L of the same order. And this implies directly the same for the
associated factorial measures:

γ̃`=L
= ν̃`L, (12)

which are given by the restrictions of the measures in question to X̃`.
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We next evaluate the density of ν̃`|L | with respect to %`, without assuming

that |L | is of order `. We can write

ν̃`|L |(⊗`j=1fj)

=
∑
n≥`

1

n!

∫
Xn

6=∑
i1,...,i`∈[n]

f1(xi1) · · · f`(xi`)| k |(εx1 + · · ·+ εxn)%(dx1) . . . %(dxn)

=
∑
n≥`

1

(n− `)!

∫
Xn

f1(x1) · · · f`(x`) | k |(εx1 + · · ·+ εxn) %(dx1) . . . %(dxn)

=

∫
X`

f1(x1) · · · f`(x`) r`|L |(x1, . . . , x`) %(dx1) . . . %(dx`),

where the sum under the integral sign denotes the sum over all `-tuples
(i1, . . . , i`) with pairwise different ij. It follows from (12) that the cumulant
densities coincide with the correlation functions of L.

To summarize, we obtained

Lemma 3 The Radon–Nikodym derivatives of the factorial moment mea-
sures of |L | of order ` with respect to the measures %` are given by

dν̃`|L |
d%l

(x1, . . . , x`) = r`|L |(x1, . . . , x`) =

∫
X

| k |(ξ + εx1 + · · ·+ εx`) Λ%(d ξ).

It follows that this formula remains true without the modulus-sign if |L |
is of order `.

3 Strong Brillinger-mixing of G

Below we assume that k is given by the Ursell function κ and the Haar
measure λ is a diffuse Radon measure. We write shortly dx for λ(dx).

The following result is a generalized and improved version of Ruelle’s
bound (cf. [21], estimate (4.37) of Theorem 4.4.8). Note that the radius of
convergence in Lemma 4 is strictly larger then that of Ruelle’s bound.

Lemma 4 If Φ satisfies strong normal conditions

ec +1 C|φ| < 1,

then the following estimate holds uniformly in x:∫
Em−1

rm|L |(x,x2, . . . , xm) dx2 . . . dxm ≤ (m− 1)! ec

(
ec +1 C|φ|

)m−1(
1− ec +1 C|φ|

)m . (13)
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Proof. We give a proof which uses tree-graph estimate of the Ursell function
(cf. [16] or [17]). The left hand side of (12) satisfies∫

X

∫
Em−1

|κ|(ξ + εx + εx2 + · · ·+ εxm) d x2 . . . dxm Λλ(d ξ)

≤ ec(ec +1 C|φ|)
` · `!

Indeed,∫
E`
|κ|(εy0 + εy1 + · · ·+ εy`) d y1 . . . d y`

≤ e(`+1) c ·
∫
E`

∑
γ∈T (0,1,...,`)

∏
{i,j}∈γ

(
1− e−|φ(yi−yj)|

)
d y1 . . . d y` (14)

= ec(ecC|φ|)
` · (`+ 1)`−1 ≤ ec(ecC|φ|)

` · `! e` = ec(ec +1 C|φ|)
` · `!

Here we used that (` + 1)`−1 ≤ `` is the number of trees in T (0, 1, . . . , `)
combined with Stirling’s formula.

By means of (14), the left hand side of (13) can be estimated from above
as follows:∑

n≥0

1

n!

∫
En+m−1

|κ|(x, x2. . . . , xm, y1, . . . , yn) d x2 . . . dxm d y1 . . . d yn

≤ ec
(
ec +1 C|φ|

)m−1
∑
n≥0

(
ec +1 C|φ|

)n
n!

(n+m− 1)!

This implies the assertion because for ec +1 C|φ| < 1, the series on the right

hand side converges to
(m− 1)!

(1− ec +1 C|φ|)m
. �

Remark 2 Estimate (13) contains the mixing condition in the sense of
Brillinger [1], which means that the integral on the left hand side of (13) is
finite.

To be able to apply the results of Section 3, we need

Corollary 2 Under strong normal conditions the measure |L | = |κ|.Λλ is
of infinite order.

Proof. The moment measures of |L | can be represented as the sum of their
factorial moment measures of lower order (cf. Theorem 4 of Krickeberg [6]).
Thus, the assertion is reduced to showing that the factorial moment measures
of |L | are Radon measures.

Lemma 4 combined with Lemma 3 implies for every f1, . . . , fm ∈ U ,

ν̃m|L |(⊗mj=1fj) ≤ %(f1)‖f2‖ · · · ‖fm‖ · (m− 1)! ec (z ec +1 C|φ|)
m−1

(1− z ec +1 C|φ|)m
,

and thereby the assertion. Here ‖f‖, f ∈ U , denotes the sup norm of f . �
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Combining Corollary 1 with Corollary 2, we obtain

Theorem 1 Under strong normal conditions, G is strongly Brillinger mix-
ing in the following sense: for all f ∈ U ,

∞∑
m=1

1

m!
· γ̃mG (1− e−f )⊗m < +∞.

This notion of strong Brillinger-mixing is related to the work of Lothar
Heinrich (cf. [3], e.g.).

4 Mixing of G

In Theorem 1, we saw that the limiting Gibbs process G is strongly Brillinger-
mixing and thereby Brillinger-mixing. We will now show that strong Brillinger-
mixing implies that G is mixing and thereby ergodic. It has been shown
recently that Brillinger-mixing processes need not be ergodic (cf. [4]).

To verify the mixing property for the Gibbs process G = =L, we use
the following criterium due to Westcott [25]: the probability generating
functional of G is defined on the function space V = {v = 1−u|u ∈ U, u < 1}
by

WG(v) = LG(− log v), v ∈ V.

WG can be extended to V = {v = 1− u|u ∈ U, u ≤ 1} (cf. [20]).

Lemma 5 (Westcott [25]) G is mixing iff

lim
|y|→∞

WG(v Ty w) =WG(v) · WG(w), v,w ∈ V . (15)

Here Ty w(x) = w(x− y).

Since G is the KMM-process =L, its probability generating functional is
of the form

WG(v) = exp(−KL(− log v)), v ∈ V . (16)

In view of equation (16), an equivalent formulation of equation (15) in
terms of the modified Laplace transform of L is

lim
|y|→∞

KL(f1 + Tyf2) = KL(f1) +KL(f2)

for all functions fj ∈ U of the form fj = − log vj, vj ∈ V .
To evaluate the left hand side of (15), we use a representation of KL in

terms of the factorial moment measures of L of Mecke (cf. Proposition 22
in [10]) and obtain in view of Corollary 1
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Lemma 6 For every f ∈ U ,

KL f =
∞∑
m=1

(−1)m−1

m!
γ̃mL (1− e−f )⊗m (17)

=
∞∑
m=1

(−1)m−1

m!
ν̃mG (1− e−f )⊗m. (18)

Remark that the right hand side of (18) or (17) is absolutely convergent
by Theorem 1, which implies the identities.

We need to estimate ν̃mL (1 − e−f )⊗m for functions f = − log(v1 Ty v2)
with vj = 1− uj. Observe first that

ν̃mL (1− e−f )⊗m =

∫
Em

m∏
j=1

(u1 + Tyu2)(xj) r
m
L (x1, . . . , xm) d x1 . . . dxm.

Here we used the device of Ivanoff [5] that for |y| large enough

v1(x)Ty v2(xj) = 1− (u1 +Ty u2)(xj).

We expand the product under the integral and obtain a sum of three different
terms. One is of the form∫

Em

m∏
j=1

u1(xj) r
m
L (x1, . . . , xm) d x1 . . . % dxm.

Another is ∫
Em

m∏
j=1

(Tyu2)(xj) r
m
L (x1, . . . , xm) d x1 . . . dxm,

and does not depend on y because the Lebesgue measure is translation in-
variant and rmL is invariant under the diagonal group. And the remaining
third contribution is the sum of integrals of products containing at least
one term of the form u1(xj) and one of the form Tyu2(xk). It remains to
show that they vanish in the limit |y| → ∞ and that the right hand side
of (18) converges for the special functions f . The latter is clear because
u1 + Tyu2 ∈ U .

For this, we may use Theorem 1, i.e., that G is strongly Brilinger-mixing.
It implies that the integral of the third term vanishes in the limit |y| → +∞
on account of the dominated convergence theorem, because Tyu2 ∈ U .

To summarize, we obtained another important result of this note, namely

Theorem 2 Under strong normal conditions on the potential the limiting
Gibbs process G is mixing.

Acknowledgments. I am grateful to Hans Zessin for helpful discussions
and comments. I also thank the referee for remarks that helped improve this
paper.
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