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Introduction

The Gibbs formula (probability distribution), which relates the probability
of a given state of a physical system to the energy (Hamiltonian) of that
state, was the foundation upon which classical statistical physics was built.
Much attention has been paid to the justification of the Gibbs formula using
physical reasoning, and this process still continues. However, this formula
can be justified based on mathematical reasonings as was illustrated in [§].
More precisely, in [8], it was shown that any finite-volume probability distri-
bution necessarily admits the Gibbs form and any function can be considered
as a Hamiltonian.

The mentioned results are based on the concept of a transition energy
field introduced in [§] as part of the development of a new approach to
the mathematical foundations of the statistical physics of infinite-volume
systems. This concept proved useful in studying systems in both infinite [8]
121518 and finite [13}|14] volumes.

At the core of our approach is the following idea: instead of the Hamilto-
nian, which is a function of one variable, we consider the transition energy,
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that is, a function of two variables whose value can be interpreted as the
amount of energy required to change the state of the system from one state
to another.

In this paper, we study the additivity property of the transition energy
in a finite volume and show how this property can be applied to solve the
following well-known problem from probability theory: to find conditions
under which a given system of probability distributions parameterized by
boundary conditions is a system of conditional probabilities for some finite
random field (joint probability distribution). Such (intrinsic) conditions are
usually called compatibility conditions or, following Dobrushin [6], consis-
tency conditions, and the corresponding random field is called compatible
with the given system[l]

There is a large number of works devoted to the above mentioned problem
(see, for example, [1-5,9]). As it was mentioned by Geman and Geman [10],
“it is extremely difficult to spot local characteristics, i.e., to determine when
a given set of functions ... are conditional probabilities for some (necessarily
unique) distribution.” The relevance of these studies is connected not only
with theoretical interest but also with the huge number of practical problems
discussed, for example, in works by Besag [3] and Geman and Geman [10].
We will show that this problem has a simple and natural solution using the
existing fundamental relationship between energy and probability.

1 Notations

Let A be a finite subset of the integer lattice Z?, d > 1. Following physical
terminology, A is sometimes called the finite volume. We write V' C A to
denote a proper subset V' of A. For one-point sets {t}, t € A, braces will be
omitted.

Let each point ¢t € A be associated with a set X, which is a copy of some
finite set X, 1 < |X| < co. By X* we denote the set of all configurations
on A, that is, the set of all functions on A taking values in X: X* = {z =
(w4, t € A): 2, € Xt t € A}. We assume that X? = {@} where @ denotes
an empty configuration. By zy = (z,t € V) we denote the restriction of
configuration z € X* on V. C A. For any V,I C A, VNI = @ and any
r € XV, y € X!, by 2y we denote the concatenation of x and y, that is,
the configuration on V' U I equal to x on V and to y on I. In particular, for
y =@, we put 20 = z.

I'Note that, in the formulation of this problem, some authors use the term compatible
to mean that there exists a random field compatible with the system, although the term
more naturally refers to a system satisfying the compatibility conditions.
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2 Transition energy

We start by the definition of the transition energy (of a physical system) in A.
This concept was introduced in [8] and was further developed in [13,/14].
A real-valued function Ay on XA x X* is called a transition energy in A if

AA<:E7U) = AA(xay) + AA(y>u)7 T, u,y € XA' (1)

The following statement provides the representation for the transition
energy which allows it to be constructed from any positive function on X*.

Theorem 1 A function Ay on X* x X* is a transition energy in A if and
only if it has the following form.:

r,u € X*, (2)

where py 15 a positive function on XN,

Proof. Tt is obvious that function A, defined by (2)) satisfies (I]), and thus,
is a transition energy.

Now, let A, be a transition energy in A. Then, due to , for any
z,u,y € X, we have

Ap (y,u) AA(y»I) eAA(x’u)_

€ =€

Taking sum over all y € X*, we obtain

Z eAA(y,u) _ €AA($,U) Z GAA(%&?),

yeXA yeXA

and therefore,
Z eA/\ (yvu)

eAA(J:,u) _ yeXA _ SOA(’I.)
> S~ ()’
yeXA

-1
where ¢, (7) = ( 3 eAA(W)> .0

yeXA

2.1 Additivity of transition energy

Transition energy in A possess an important and useful additivity property.
Namely, it can be calculated as the sum of transition energies with boundary
conditions in the elements of some partition of A.
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Let A, be a transition energy in A. For a proper subset (sub-volume) V/
of A and configuration Z € X™\V| consider the following function:

AL (z,u) = Ay (27, uT), z,u€ X", (3)

In the case V = (), we assume that AZL(@, @) = 0 for any € X*. It is not
difficult to see that for each € X*\V A¥ is a transition energy in V, that
is, for all z,u,y € XV, we have

AV (x,u) = Ay (z,y) + AL (y, u).
Indeed, due to (|1,
AV (z,u) = Ap (27, ul) = Ap(2Z, yT) + Ap(yZ, ul) = AL (2, y) + AT (y, u).

The value of the function A{,(z,u) corresponds to the amount of energy
required to transfer the system from state x to state u in part V' of volume A,
considering the unchangeable part z of the configuration of the system as a
fixed boundary condition (environment). The function A{, will be called a
transition energy in V with boundary condition & € XMV,

Note that if we take V = A in (3], we will have

AR (z,u) = Ap (20, uD) = Ap(z,u), r,u € XA (4)

The following result shows that a sum of transition energies in two dis-
joint sub-volumes of A forms a transition energy in the union of these sub-
volumes.

Proposition 1 For any disjoint Vi, Vs C A and any & € XMNV1YV2) it holds
A@? (21, u1) + Af};l(b; Ug) = A‘\T_/EUVQ (2129, urus),
X1, U € le, To, Uz € XVQ.

Proof. Let Vi, V, C A be such that V; NV, = @ and let 7 € XM(V1iU12),
Then, using (3) and (1), for any z1,u; € X** and x5, us € X2, we can write

A%/TQ (ZEl,ul) + A%};l (ZEQ,UQ) = AA(ZL‘1$2£E',U1£L‘253) + AA(Ull'QIE,UlUQ[f)
= AA<I1[EQJ_],U1U2ZE‘)

= A:‘E}lqu (.1'11'2, u1u2).

0

Varying V C A and 7 € XMV we see that each transition energy Ay
in A defines the family D(A,) = {A%, 7 € XMV V C A} of transition
energies in sub-volumes V C A with boundary conditions 7 € X*\V.

Proposition [1| allows us to conclude that the elements of D(A,) possess
the following property.
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Proposition 2 For any transition energy Ap in A, the elements of D(Ay)
are consistent in the following sense: for any disjoint Vi, Vo C A and con-
figuration T € X"\V1YY2) it holds

AV (1, w) + AR (w2, up) = AF (22, up) + AV (21, w), (5)
T1,up € XV, mo,up € X2,

Consistency conditions have a simple physical meaning. In order
to change the state of the system in V; U V5 from = to w under condition
7 € XMW1U%) one can proceed in two ways. First, change the state of the
part of the system in sub-volume V; from zy, to uy, with the state zzy, in
A\V; remaining unchanged, and thus, considering as a boundary condition,
and then change the state in V5 from zy, to uy, under the boundary condition
Zuy, in A\Va. Or change the state in V5 from xy, to uy, under the boundary
condition Zzy, in A\Va, then change the state in V; from zy, to uy, under
the condition that in A\V; we have Zuy,. Naturally, the same amount of
energy is required in both cases.

Now let IT = {V3, V5, ..., V,,} be a partition of the set A, i.e., V;NV, =0

n

for j # k and |J Vi, = A. Consider the family

7=1
Dp(Ay) = {AL, z € XMWV eI}

of transition energies with boundary conditions in the elements of the par-
tition II defined by formula . Using Proposition , it is not difficult to
obtain the following result.

Theorem 2 Let Ay be a transition energy in A. Then for any partition
IT={Vi, Vs, ..., Vi, } of A, it holds

Ap(z,u) =
= AU (2, un) + AR (2 ) + o+ A (@, u,)  (6)
for all z,u € XA,

Proof. Let Il = {V}, Vs, ..., V,,} be a partition of A. Then for any z,u € X*,
subsequently applying Proposition [1} we can write

Af/f\w ('rV1 ) uVl) + AI\L/;/N?A\WIU‘/Q) ('TV27 qu) +ot A;:\Vn (ana an)

— ATA\(ViUVR) UV UV TA\(V1UVRUV3)
- AV1LJV2 (xleVw uV1UV2) + AVg (xvsv uVs)

o AN (2, uy,) ==

o TA\(V1U...UV,, _1) UA\Vp,
- Avlu...uvn,l (TVAU.. V1 UViU V) T AVH (xv,,uy,)

= A?(z,u) = Ap(z,u).
In the last equality, we used notation . O
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From Theorem [2| we obtain the following important result.

Corollary 1 For any transition energy Ax in A, it holds
AA (‘7:7 U) = AZA\tl (:Utl ’ ut1) + Aglm/\\{tlytz} (xt2 ) th) +...F A?:\tn (xtnv utn)?

z,u € XN, where A = {t1,ta, ..., 1.} is some enumeration of points in A,

n = |Al|.

2.2 Transition energy field

The following natural question arises: is it possible to construct a transition
energy in A by means of some family of consistent transition energies in the
elements of partition of A parameterized by boundary conditions? Below,
we show that the answer to this question is positive.

Let IT = {V}, V4, ..., V,,} be a partition of A. Denote by #1; the family
of all sets obtained as unions of the elements of II.

Consider an a priory (autonomously) given family Dy = {0f,, & €
XMW W € #4} of transition energies parameterized by boundary con-
ditions, that is, functions 6%, on X" x XW W € #4, such that for any
z € XMW it holds

Oy (x,u) = Oy (2. y) + O (y.w),  zuy € X (7)

The family Dy will be called a transition energy field in A under partition
I1 if for any Wy, Wy € #4 and 7 € XMNW1UW2) it holds

(55;12 (1’1, U,l) + 5%;21 (.CEQ, u2) = (Sagl (.172, UQ) + 5%2(331, Ul), (8)

z1,up € XM 29, uy € XW2,

The family Dy = {0%,7 € X*\V,V € II} of transition energies in the
elements of II parameterized by boundary conditions and consistent in the
sense (8) will be called an elementary transition energy field in A under
partition I1.

It is clear, that each transition energy field Dy contains the elementary
transition energy field Dy. The following result shows that any elementary
transition energy field Dy can be uniquely extended to the corresponding
transition energy field Dy .

Theorem 3 Let I be a partition of A and Dy be the corresponding elemen-
tary transition enerqgy field. Then there exists the unique transition energy

field Dy = {6%,,7 € XMW W € #4} in A under partition 11 such that for
k
any W= UV, Vi, €ll, 7 € XMW and x,u € XW, it holds

R
Jj=1

Oy (2, u) = Oy (wr, ua) + Oy ™ (g, up) + oo + 53;1“‘”“ (hs k),
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where z; denotes the restriction of configuration z € XV on Vi, 1< <k,
and therefore, Dy C Dy .

Proof. Let Dy = {6¢,2 € X"V V ¢ II} be an elementary transition
energy field corresponding to partition IT of A. To construct Dy, we proceed
by induction as follows.

For any Vi, Vs € IT and any z € X"\(1U%2) " consider the function

0w, (T122, urtin) = 6372 (21, 1) + Oy (2, us),

x1,u; € XV1, 29, u9 € X2, This function is correctly defined since, accord-
ing to (), we have

OTuv: (Tox1, uguy) = (5‘”?;“ (w2, u2) + 6{”}?2 (21, uq)
Oy, (21, ) + Oy, (2, us)

= 5‘1_;1Uv2($1{[‘2,U1UQ>.
For any y; € X1, yo € X"2, using (), we can write

5V1UV2 (1‘11‘2, ylZUZ) + 5V1UV2 (y1y27 U1U2)
= 5@? (z1,91) + (5% (z2,92) + 5xy1 (Y2, ug) + 2(3/1, uy)

= 0y (21, 31) + 5@31(9627162) 092 (y1, ur)
= 00 @y, 1) + Oy (y1, ua) + Oy (w2, ug)

= 5%2 (21, u1) + 5V2 (w2, us2)

= 5?/1UV2 <I1$2, U1U2>.

Hence, for each z € X"\V192) | function 67, ,, is a transition energy in
ViU Vs,

Further, for any Vs € I, Vi # Vi, Vo, & € XMWVUV2UY) and 2y, uy € X",
To,uy € X2, w3, u3 € X3, applying consistency conditions (8)), we can write

Oriy, (T2, wrug) + 072 (23, ug) =
= Oy (@, ug) + O30 (e, ug) + 072 (23, ug)
= 02 (2, up) + (3, uz) + 07" (2, ug)
= 0y, " (23, u3) + 5m2u3 (w1, ur) + 67, (22, up)
) + (

__ STx1T2 a:ug
—5V3 ($3,U3 V1UV2 $1$27U1U2)

5wu1x2

Hence, transition energies oy, and d7;'** are consistent in the sense ().
In general, if we have already defined transition energies parameterized
by boundary conditions in the disjoint sets Wi, Wy € #41, then, using the

similar arguments, we show that the function

O, (T122, urig) = Oy (1, uy) + Ot (22, up),
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z,u; € XM, 2g,uy € XW2, 7 e XMNWUW2) g correctly defined, forms
a transition energy in W; U W, and is consistent with any other defined
transition energy in W5 € #4, WsN'W, =0, j =1,2.

k
Thus, forany W = |J V;,, V;, €Il 7 € XMWoand z,u € XV, we obtain
j=1
S (0, 0) = 6372 (1) + G375 (g, ) + e+ SR (g, ),

where z; denotes the restriction of configuration z € X" on V;,, 1 <
j < k. The values of dj;, do not depend on the enumeration of the sets
Viys Vig, ..., Vi, from II. Indeed, any permutation of V;,,Vi,,...,V;, can be
decomposed into a finite number of transpositions of adjacent elements V;,_,
and Vi, j = 2,..., k. Conditions guaranties that for each such trans-
position, the value of dj;, does not change. Hence, we have constructed the

unique transition energy field Dy = {6%,,7 € X*\W W € #4}. O

In particular, since for any partition IT = {V}, V5, ..., V,} of A, we have

A = | V; € #u, the system Dy contains the transition energy A2 = A,
j=1

in A (see notations (4])). Therefore, the following result holds true.
Corollary 2 Any elementary transition energy field Dy corresponding to

some partition I1 of A uniquely determines transition energy Ap in A such
that for any V € Il and & € X*\V, it holds

Ap (27, uT) = 6% (z,u), r,u€ XV,
In this case, for all x,u € X",
A/w_\<x7 U’) = 5€TA\V1 (le ) UV1) + 63’2‘/1 e (IVzv UV2) +ot 53:/\\‘/” (‘Z‘Vna an)‘

The case when the elements of I are one-point subsets of A is of a special
interest.

A set Dy = {67,7 € XMt € A} of real-valued functions 67 (z,u),
z,u € X!, parameterized by boundary conditions z € XA\, ¢t € A, is called
a one-point transition enerqy field in A if
1. for each t € A and 7 € X\ the function 67 is a transition energy, that
is,

0f (x,u) = 6 (x,y) + 0t (y,u),  z,u,y € X5

2. forallt,s € A and € X \{s} the following consistency conditions hold:
§7Y () + 67 (y, v) = 07 (y,v) + 67 (w, u), r,u€ Xy ve X°. (9)

It is clear that if the elements of II are one-point subsets of A, the family
#n contains all subsets of A. The direct consequence of Theorem |3 are the
following results.
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Corollary 3 Let Dy be a one-point transition enerqgy field in A. Then there
exists a unique family D = {05, 7 € X™\V.V C A} of transition energies in
the subsets of A parameterized by boundary conditions and consistent in the
sense . In this case, for any V. C A, T € XMV and z,u € XV, it holds

56(1’, u) = 51:51A\t1 (wt1 ) utl) + 5;;'5111\\“1,@} (Itm utz) +..+ 6Z€A\tn (:L‘tm utk)a

where V- = {t1,ta, ..., tx } is some enumeration of points in V, k = |V]|.

Corollary 4 Let Dy be a one-point transition enerqgy field in A. Then there
exists a unique transition emergy Ap in A such that for any t € A and
z € XM it holds

Ap(z7,uT) = 67 (x,u), r,u€ X'
In this case, for any x,u € X,
Ap(z,u) = (SZA\” (:Utl,utl)+(5Zt1$"\{t1,t2}(xt2,th) R O N (g, uy, ), (10)

where A = {t1,ts, ..., t,} is some enumeration of points in A, n = |A|.

3 'Transition energy and finite random fields

A finite random field in A is a probability distribution Py on X*, that is, a
non-negative function, sum of whose values is equal to one:

Py(z) >0, z € X*, > Pi(z)=1.

e XA

In what follows, we will consider only (strictly) positive finite random fields,
that is, random fields for which Py (z) > 0 for all z € X™.

There is a deep connection between two fundamental objects, transition
energy and probability (see [§] as well as [13],14]).

Theorem 4 For a function Py to be a (positive) probability distribution on
XA, it is necessary and sufficient that it has the following form:

exp{Ax(z,u)}
ST exp{Aa(z,u)}’

zeXA

Py(z) = re Xh (11)

where Ay is the transition energy in A and v € X* is an arbitrary configu-
ration.
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Proof. Suppose P, is a probability distribution on X* and put

-

(z) _— A
(w)’ ,u e X5, (12)

By Theorem , AP is a transition energy. From it follows that

Al (z,u) =In

-

Py(x) = exp{ A} (z, u) } Pa(u). (13)

Hence,

—1
Pa(u) = (Z exp{Af;(z,u)}) .
zeXA
Substituting the value of Py(u) in (13)), we obtain ({L1)).
Now let A, be a transition energy. Define function P, by formula .
This function is well-defined since its values do not depend on u € X*.
Indeed, for any y € X*, using we can write

Py(z) = exp{Ax(z,u)} _ exp{Ax(z,y) + Ax(y,u)}
A z);,\ exp{Aa(z,u)} ZXA exp{Ax(z,y) + An(y,u)}

exp{Aa(z, y)}
> exp{Aa(z,)}

zeXA

It remains to note that P, is a probability distribution on X*. O

3.1 Markov—Dobrushin scheme

In practical problems, information about a probability distribution is often
specified by means of conditional probabilities. This raises the problem of
describing distributions using systems of conditional distributions.

The idea of characterization of a multivariate probability distribution by
means of conditional probabilities is very old and goes back to the concept of
the finite Markov chain. Already here, from the very beginning, we are faced
with two fundamentally important characterization problems: the problem
of restoring a chain from the system of its transition probabilities and the
problem of the existence of a Markov chain corresponding to a given initial
distribution and a stochastic matrix.

Both of these problems are relevant in the general setting, when one deals
with an arbitrary random field in a finite or infinite volume. Having solved
the problem of restoring a random field from the system of its conditional
probabilities, we can establish the general properties of the random field
in these terms. The existence of a random field with a given system of
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conditional distributions allows constructing models of random fields with
the required properties.

There is a large number of works devoted to these problems in the case
of finite volumes (see, for example, [1-5,9]). The main issue considered here
is to find the conditions under which a given system of probability distri-
butions uniquely determines a random field whose conditional probabilities
coincide with the elements of the given system. Finding such conditions
(consistency conditions of the elements of the system) will allow one to de-
fine a conditional distribution autonomously, that is, regardless to any joint
probability distribution generating it.

Dobrushin [6] was the first to consider the problem of characterization
of a random field on an infinite integer lattice by specification — a system
of consistent probability distributions parameterized by infinite boundary
conditions. He obtained criteria for both the existence and uniqueness of a
random field with a given specification.

The methods used to solve the above mentioned characterization prob-
lems in finite and infinite volumes are fundamentally different. Apparently,
this difference led to the situation where the research in these two directions
(finite and infinite cases) was carried out independently. At the same time,
as it was shown in [13], the methods developed in [7] and [§] for infinite
random fields can be successfully applied to random fields in finite volumes.

We now proceed to a rigorous formulation of the aforementioned prob-
lems. Let P, be a finite random field. By Py, = (Py)y we denote the
restriction of Py on XV, V C A, that is, Py(z) = >, Py(ay), z € XV.

yeXA\V
For P,, conditional probability on XV under condition z € X*\V is defined
as
F () — PA($£Z‘) _ PA(l’f)
PA\V(ZZ‘) Z PA(uf)’

ueXV

re XV,

Following Dobrushin, the family Q(Py) = {Q%,7 € XMV, V ¢ A} will be
called the conditional distribution of the finite random field P,.

Since by Theorem ({4 distribution P, can be represented in the Gibbs
form with transition energy function A, defined by , we can write

Qv(r) _ Palez) _ exp{Aa (27, uz)} = exp{ A (z,u)}, (14)

Qy(u)  Pa(uz)

z,u € XV, where Ay, is defined by . Therefore, the following statement
holds true.

Theorem 5 For any finite random field Py, the elements of its conditional

11
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distribution Q(Py) have the Gibbs form:

o e{A(w)
> expl A (e, )}

zeXV

re XV ze XM VCA,

where AY is the transition energy in V with boundary condition = € X*\V
and uw € XV is an arbitrary configuration.

Using the additivity of transition energy, we prove the following result
(for the proof based solely on the probabilistic arguments, see [13]).

Theorem 6 Conditional distribution Q(Py) restores its generating random
ﬁeld PA.

Proof. By Theorem [4] we have

Py () = exp{Ax(z,u)} _ 1
ZXAeXp{AA(z,u)} ZXAeXp{AA(z,:U)}’

r,u € X*. Further, for any fixed V C A, using Proposition [1] and rela-
tion ({14]), we can write

-1
PA(x) = ( Z eXp{Af/A\V(ZV’ {EV)} + Af\‘\/v(ZA\Xh mA\V))
zeXA
_ QZA\V (2v) QA\V( v) -
= <Z ZA\V xv) QA\V< )

zeXA

The obtained in Theorem [f] formula for restoration of Py by Q(Ps) can
be further simplified in the following way:

-1
- QA v ZA\V z
Pa(r) = Qvaw) | Y me Y @M

ZA\VEXA\V 1% ( 2y EXV
—1

x A V
= QW (zavw) Z \

ZEXA\V

r € X", Note also that since by the multiplication law of probability, for
any V C A and z € X4,

Py(r) = Pv@v)QfKV(IA\V),



ADDITIVITY OF TRANSITION ENERGY AND ITS APPLICATIONS

we see that

-1

Py(x) = Z QAZ\—V(Z) : re XV VCA.
Le XAV Qi (z)

The following theorem shows that for the restoration of the random field
Py, it is sufficient to consider its one-point conditional distribution only, that
is, the system Q,(Py) = {Q%,7 € X*\',t € A} of conditional probabilities
on X! under conditions # € X*\, ¢+ € A. Such conditional probabilities are
called local characteristics and are usually considered in practice (see, for

example, [10,11}/19]).

Theorem 7 One-point conditional distribution Q,(Py) restores its gener-
ating random field Py.

Proof. Let A = {t,ts,...,t,}, n = |A|, be some enumeration of the points
in A. Then for any configuration z € X*, by successively using Theorem ,
Corollary [I] and formula (14)), we can write

Py(z) = (Z eXP{AA(ZafL’)}>

zeXA

ZA\t Tty ZA\{t1,t2}
= ( E exp{Atl 1(2t1axt1)+At21 b (thvxtz)—i_

zeXM
TA\tn, =
+"'+Atn (Ztn,l'tn)}>
-1
(G @) G )
QT ) QT ) T QE T )

Now let us consider an a priory given system Q, = {¢7, 7 € X*\',t € A}
of probability distributions ¢ on X* parameterized by boundary conditions
T € XM t € A. The following natural question arises: when for a given
system Q,, there exists a finite random field P, for which Q; is its one-
point conditional distribution, that is, Q,(Py) = Q;. In other words, when
a system Q; forms a conditional distribution?

In [13], necessary and sufficient conditions were obtained under which a
given system Q; of distributions is a one-point conditional distribution of a
finite random field Py, and an explicit formula expressing Py through the el-
ements of this system was given. To obtain this result, we used the approach
developed in [7], where a solution to Dobrushin’s problem of describing a

13
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random field (in infinite volume) by a consistent system of one-point distri-
butions was obtained. Below, we will show how this problem can be solved
by using the fact that transition energy possess the additivity property.

Consider now an autonomously given system Q, = {¢7,7 € X"\t € A}
of probability distributions ¢ on X* parameterized by boundary conditions
T € XM ¢t € A Since for each t € A and 7 € XV, function ¢7 is a
probability distribution on X*, by Theorem [1| the function

67 (z,u) = In Z’;Ez;, z,u € X', (15)
¢

is a transition energy in t. Thus, for the system D1(Q,) = {67,7 € X\t t €
A} to be a one-point transition energy field, it is necessary and sufficient that
the elements of D1 (Q;) satisfy (9)), that is,

zy Tu Tx Zv
In qu(x) cn B EW) qgv(x)’
@' (u) i (v) ¢t (v) gt (u)

or, equivalently,

4" (2)gZ" (0) g (W) (y) = ¢/ (W) (V)" (2) 2" (y) (16)

for all t,s € A and z,u € X!, y,v € X*, & € X M\tsh,
A system Q, = {¢7,7 € X\t € A} of probability distributions satis-
fying consistency conditions is called a I-specification in A (see [13]).
The previous considerations show that the following statement holds
true.

Theorem 8 For a system Q, = {qF,7 € X"\t € A} of functions on X*
parameterized by boundary conditions T € X\t t € A, to be a 1-specification
in A it is necessary and sufficient that its elements have the Gibbs form

o op{0F )}
> exp{dF (2w}

zeX?

re X

where Dy = {67, 7 € XM t € A} is a one-point transition energy field and
ue Xt

Now we present the necessary and sufficient condition for a system Q;
to be a one-point conditional distribution of a unique finite random field Py
(the probabilistic proof of this result was given in [13]).

Theorem 9 For a system Q, = {¢F,7 € X"\t € A} of functions on X*
parameterized by boundary conditions T € XM, t € A, to be a one-point
conditional distribution of a unique finite random field Py, it is necessary
and sufficient that it be a 1-specification in A.
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Proof. Let P, be a probability distribution on X* and Q,(Py) = {Q%,7 €
XM ¢ € A} be its one-point conditional distribution. Then, using and
Proposition , for any t,s € A and z,u € X!, y,v € X°, & € X"\ we
can write

M) Q)
) Q)

= exp{AY(z,u) + AT"(y,v)}

= ep{A () + A )} = o

that is, conditions are satisfied.

Now, let Q, = {¢7,7 € X*\*,t € A} be a 1-specification in A. Then
the system D1(Q,) = {67,7 € XA\ ¢ € A} of functions defined by is
a one-point transition energy field. By Corollary [4] it uniquely determines
the transition energy A, in A, which, in its turn, uniquely determines the
probability distribution P, on X* (see Theorem [4). Further, using
and (15)), for any enumeration A = {t1,%s,...,t,}, n = |A], of the points in
A, we can write

Py(z) = <Z eXp{AA(z,x)})

zEXA

2 : ZA\t Ti1ZA\{t1,t2}
= ( exXp {(Stl ! (Zt17xtl> + 6t2 v (zt2> $t2) +

zEXA

= -1
+...+ 5tnA\tn (Ztn, .Ttn)})

-1
(Z qz\\tl (Ztl) QZHZA\{H’Q}(Z@) ] . C]an\tn (Ztn))

0 wn) gt ) g ()

2EXA qtl to

It remains to show that Q,(Py) = Q. First note that the the expression
in parentheses on the right side of the obtained formula for Py can be written
in the following way:

Z q;ﬁzlA\tl (Zh) qz;tlzjx\{tlh}(ztz) anA\t" (ztn) . 1 f(xA\ )
z C Tz et T — Tz tn )y
S @) o, P (@) a, (@) @, ()
where
x n}Ztn "
fla \ ) = Z f;lzm{tl’m(zm) Tl tnA,\l{tn_lyt ” (2t,1) 'lenA\t (2t,)
A\tn) — z T2 ) TA\{ty—1,tn}?tn :
2EX Mt QtlA\tl (:L‘h) : qtgtl A tz}(‘rh) et tnflt o (xtnfl)

Further, by the consistency conditions (9) of the elements of D1 (Q; ), values
of P, do not depend on the way of enumeration of points in A. Thus, for any
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t € A, assuming t,, = t in the above formula, for any z € X* and z € XA\,

we obtain
T . Pr(2T) _ q; (v) — & (x
Qt (‘T) - Eth PA(UZf) - GZXt qf(u> - Qt( )
O

It is clear that after construction of Py by l-specification Q;, one can
easily construct its conditional distribution Q(P,). At the same time, using
Theorem , it is possible to construct Q(Py) directly starting from Q;.

Conclusion

In this paper, we showed that transition energy has the property of additiv-
ity. We demonstrated how this property can be applied to the well-known
problem of describing a finite random field (joint probability distribution) by
a set of consistent conditional distributions, as well as to finding consistency
conditions under which a set of functions, parameterized by boundary con-
ditions, forms a conditional distribution for a finite random field. Here we
also used the fact that there is a deep connection between transition energy
and probability: for a function to be a probability distribution, it is neces-
sary and sufficient that it has a Gibbs form in terms of the corresponding
transition energy.

Another application of the above results is in the method of correla-
tion equations. For example, in [15,/16], it was shown how to determine
finite-volume correlation functions in terms of transition energies. Under a
physically justified supplementary requirement on the transition energy, we
derived a recurrence relation for such correlation functions.

It should be noted that, unlike the transition energy, the Hamiltonian
does not exhibit additivity. This is why working with the transition en-
ergy instead of the Hamiltonian is not only theoretically correct (since there
is no one-to-one correspondence between probability and the Hamiltonian)
but also much more convenient and allows for obtaining non-obvious results.
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