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Abstract.  The notion of a subnexus based on N-function
(briefly, N-subnexus) is introduced, and related properties are
investigated. Also, the notions of A-subnexus of type («,f3),
where (o, 8) is (€,€), (€,9), (€,€Vq), (¢,€), (¢,9), (¢, €V q),
(€,€) and (€,€ V q), are introduced, and their basic proper-
ties are investigated. Conditions for an A -structure to be an
N-subnexus of type (¢, € Vq) are given, and characterizations
of N-subnexus of type (€,€ Vq) and (€,€ V q) are provided.
Homomorphic image and preimage of N/-subnexus are discussed.
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Introduction

M. Bolourian in [4] defined nexus and studied properties of this structure
algebra such as subnexuses, cyclic nexuses and homomorphism of nexuses.
D. Afkhami et al. [I] defined the notion of fraction over a nexus and studied
its basic properties. Moreover D. Afkhami et al. [2] defined soft nexuses over
a nexus and studied the prime and maximal soft subnexuses over a nexus.

"The generalization of the crisp set to fuzzy sets relied on spreading pos-
itive information that fit the crisp point {1} into the interval [0, 1]. Because
no negative meaning of information is suggested, we now feel a need to deal
with negative information. To do so, we also feel a need to supply mathe-
matical tool. To attain such object, Jun et al. [I1] introduced a new func-
tion which is called negative-valued function, and constructed A/-structures.
They discussed A-subalgebras and N-ideals in BCK/BCI/BC H-algebras”
(see [11], [12], [13], [14]).

The notion of (€, € Vg)-substructure, based on the concepts of belong-
ingness and quasi-coincidence for a (fuzzy) point of a (fuzzy) subset, was
defined and studied on many algebraic structures which some of them can
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be seen in [3], [B], [7], [8], [9] and [10]. Now, in this paper, we introduce
the notion of a subnexus based on N-function (briefly, A-subnexus), and
investigate related properties. We discuss characterization of N -subnexus.
We also introduce the notion of A-subnexus of type (a, 8) with

(o, B) € {(€,€),(€,9),(€,€ Vq), (¢, €), (¢:9), (¢, € Va) },

and investigate their basic properties. We provide conditions for an N-
structure to be an N-subnexus of type (¢, € Vq). We give characterizations
of N-subnexus of type (€, € Vq). We consider a condition for an A/-subnexus
of type (€, € Vq) to be an N-subnexus of type (€, €). We discuss homomor-
phic image and preimage of N-subnexus. We also introduce the notions of
N-subnexus of types (€,€) and (€,€ V q), and establish characterizations
of N-subnexus of type (€, €V 7).

1 Preliminaries

In this section we give some definitions and results which we need to develop
our paper. They have been brought of |2} [0, [16], in connection with nexuses,
and [12, 14] in connection with N -structures.

An address is a sequence of N* = N U {0} such that a; = 0 implies
that a; = 0 for all © > k. The sequence of zero is called the empty address
and denoted by (). In other word, every nonempty address is of the form
(ay,as,...,a,,0,0,...) where n € N, and it is denoted by (ay, as,...,a,). A
set X of addresses is called a nexus if

(1) (ay,aq,...,a,) € X implies that (a1, ...,a,-1,t) € X forall0 <t < a,.
(2) (a;)$2, € X implies that (aq,as,...,a,) € X for all n € N.

Example 1 4 set X = {(), (1), (2),(3),(1,1),(1,2),(3,1),(3,2)} is a nezus.
But, X' ={(),(1),(2),(2,2)} is not a nexus since (2,2) is an element of X'
but (2,1) is not in X',

Let X be a nexus and w € X. The level of w, denoted by [(w), is said
to be: 0 if w = (), n if w = (a1, as,...,a,) for some a, € N, and co if w is
an infinite sequence of N.

Definition 1 Let v = (a;) and w = (b;) be addresses where a;,b; € N. Then
v <w if l(v) =0 or one of the following cases is satisfied:

(i) If l(v) =1, i.e., v = (a1) fora; € N, then l(w) > 1 and a; < by.

(ii) If 1 < l(v) < oo, then l(v) < l(w) and aywy < by and for every
1 <1< i(v) we have, a; = b;.

(iii) If l(v) = oo, then v = w.
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Definition 2 A nonempty subset S of a nexus X 1is called a subnexus of X
if S itself is a nexus. The set of all subnezuses of X is denoted by SUB(X).

Note that a subset S of a nexus X is a subnexus of X if and only if it
satisfies:
VM,weX)v<w, weS = veld). (1)

Example 2 Consider a nexus
X ={0,(1),(2),3).(1,1),(2,1),(3,1),(3,1,1),(3,1,2)}.

)
Then Xy ={(),(1),(2),(3), (2, 1)}, Xo = {(), (1),(2),(1,1),(2,1)} and X3 =
{0), (1), (2), (3), (3,1)} are subnezuses of X.

For any family {a; | i € A} of real numbers, we define

s | max{a; | i € A} if A is finite,
\/{al [i€A):= { sup{a; | i € A} otherwise.

‘ min{a; | i € A} if A is finite,
/\{ai [i€ A= { inf{ii | |Z € A}} otherwise.

Let F(X,[—1,0]) be the set of all functions from the set X to [—1,0]
(for briefly every element of F(X,[—1,0]) is said to be N -function on X).
An N-structure is a pair (X, f) of X and an N-function f on X. For any
N-structure (X, f) and a € [—1,0), the set C(f;a) ={z € X | f(z) < a}
is called the closed support of (X, f) related to «, and the set O(f; o) =
{z € X | f(z) < a} is said to be the open support of (X, f) related to .

Let o € [-1,0) and (X, f) be an N-structure in which f is given by

f(y)z{ 0 tyze,

a ify=ux.

In this case, f is denoted by x,, and (X, z,) is said to be a point N -structure
with support x and value . For any N-structure (X, g), we say that a point
N-structure (X, z,) is an Ne-subset (resp. Ny-subset) of (X, g) if g(z) < a
(resp. g(z) + a + 1 < 0). If a point N-structure (X, z,) is an Nc-subset or
an N -subset of (X, g), then we say (X, z,) is an Ney,-subset of (X, g).

2 Subnexus based on N-function
In what follows, let X be a nexus unless otherwise specified.

Definition 3 By a subnezus of X based on N -function f (briefly, N -subnezus
of X ), we mean an N -structure (X, f) in which w < v implies that f(w) <
f(v), for allv,w € X.
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Example 3 Let (X, f) be an N-structure in which f is defined as f(()) =
—1 and f(w,) = ﬁ for any w, = (ay,as,...,a,) € X with w, # ().
Then (X, f) is an N -subnezus of X.

Example 4 Let (X, f) be an N -structure in which

X = {()7 (1)7 (2)7 (Zv 1)7 (27 2)}7

is a nexus and f is defined by f(()) = —0.9, f((1)) = =0.7, f((2)) = —0.6,
f((2,1)) = =04 and f((2,2)) = —0.2. Then (X, f) is an N -subnezus of X.

Proposition 1 If (X, f) is an N -subnexus of X, then f(()) < f(v) for all
veX.

Proof. Since [(()) = 0, we have () < v for every v € X. It follows that
f(0)) < f(v) forallv e X. O

Theorem 1 An N -structure (X, f) is an N -subnexus of X if and only if
for ever a € [—1,0), the non-empty closed support of (X, f) related to « is
a subnexus of X.

Proof. Assume that (X, f) is an AN-subnexus of X and o € [-1,0) be
such that C(f;a) # 0. Let w € C(f;«a) and v < w. Then f(w) < «
and f(v) < f(w). Hence f(v) < a and so v € C(f;«). Therefore C(f; )
is a subnexus of X. Conversely, let C(f, ) be a subnexus of X for any
a € [-1,0) and v < w for any v,w € X. Taking f(w) = « implies that
w € C(f;a) and so v € C(f;a). Thus f(v) < a = f(w) and so (X, f) is an
N-subnexus of X. [J

Theorem 2 For any N -structure (X, f), the following are equivalent:
(1) (X, f) is an N -subnezus of X .

(2) For anyv,w € X withv < w and a € [—1,0), if the point N -structure
(X, weq) is an Ne-subset of (X, f), then the point N -structure (X, v,)
is an Ne-subset of (X, f).

Proof. Assume that (X, f) is an N-subnexus of X. For any v,w € X
with v < w, let @ € [—1,0) be such that (X, w,) is an Ne-subset of (X, f).
Then f(w) < «, and so f(v) < a. Hence (X, v,) is an Ne-subset of (X, f).
Conversely suppose that (2) is valid and let v,w € X be such that v < w.
Note that (X, w) is an Ne-subset of (X, f). It follows from (2) that the
point A-structure (X, vy,) is an Ne-subset of (X, f). Thus f(v) < f(w),
and consequently (X, f) is an N-subnexus of X. [J

Definition 4 An N -structure (X, f) is said to be an N -subnexus of type
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(i) (€,€) (resp., (€,q) and (€, € Vq)) if whenever the point N -structure
(X, wy) is an Ne-subset of (X, f) then the point N -structure (X, v,)
is an Ne-subset (resp., Ny-subset and Ney,-subset) of (X, f) for all
v,w € X with v < w and a € [—1,0).

(i) (g, €) (resp., (q,q) and (q,€ Vq)) if whenever the point N -structure
(X, wy) is an Ny-subset of (X, f) then the point N -structure (X, v,)
is an Ne-subset (resp., Ny-subset and Neyg-subset) of (X, f) for all
v,w e X withv <w and o € [—1,0).

It is easy to show that the notion of A/-subnexus of type (€, €) is equiv-
alent to the notion of N-subnexus.

Example 5 (1) It is easy to see that N -structure (X, f) defined in Example
[3, is an N -subnezus of type (€, €).

(2) Let (X, f) be an N -structure in which X = {(),(1),(2,1),(2,2)} is

: _( 0 @ 21 (22

a nexus and f is defined by f = ( 121 21 o093

to verify that (X, f) is an N -subnexus of type (€,q) and (¢, €).

. It is routine

Example 6 Let (X, g) be an N -structure in which
X = {07 (1)7 (2)7 (17 1)7 (17 2)}’

0 @O (2 @ (1,2)>
~09 —0.8 —0.7 —06 —05 )
Then (X, g) is an N-subnexus of type (¢, €), (¢,q) and (g, € Vq).

1s a nexus and g is defined by g =

Example 7 Consider an N -structure (X, h) in which
X ={0,(1),(1,1),(1,2),(1,3)},
0 @O @O (12) (1,3) >

1s a nexus and h is defined by h = C01 —092 —03 —04 —045
Then (X, h) is not an N -subnezxus of type (¢, €), (¢,q) and (¢, € Vq). For
example () < (1) and the point N -structure (X, (1)_os1) is an Ny-subset
of (X,h) since h((1)) =081 +1 = —02—-0.81+1 = —0.01 < 0. But
the point N -structure (X, ()—os1) is neither an Ny-subset nor an Ne-subset
of (X,h), because of h(()) —0.81+1 = —0.1—-0.814+1 = 0.09 > 0 and

h(()) = —0.1 > —0.8L.

Example 8 Let (X, g) be an N -structure in which
X = {07 (1)) (2)7 (27 1)7 (2a 2)}7

0O @ @ &) (22
-0.63 —-0.67 —0.65 —0.83 —-0.72 J°
It is easy to see that (X, g) is an N -subnezus of type (€, € Vq).

s a nexus and g 1s defined by g =
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Theorem 3 If (X, f) is an N -subnezus of type (€, €), (€,q) or (q,€), then
the open support of (X, f) related to 0 is a subnexus of X.

Proof. Let (X, f) be an N-subnexus of type (€,€). If f(z) = 0 for all
x € X, then O(f;0) = () which is a subnexus of X. Assume that f is
nonzero and let v,w € X be such that v < w and w € O(f;0). Then
f(v) < f(w) < 0, and so v € O(f;0). Thus O(f;0) is a subnexus of X.
Secondly, assume that (X, f) is an N -subnexus of type (€, q). Let v,w € X
be such that v < w and w € O(f;0). Note that (X, w(,) is an Ne-subset
of (X,f). If f(v) = 0, then f(v) + f(w) +1 = f(w)+1 > 0. Thus
(X, vsw)) is not an NMy-subset of (X, f), a contradiction. Hence f(v) < 0,
that is, v € O(f;0). Hence O(f;0) is a subnexus of X. Finally, suppose that
(X, f) is an N-subnexus of type (¢, €). Let v,w € X be such that v < w
and w € O(f;0). Then (X,w_1) is an N-subset of (X, f). If f(v) = 0,
then (X,v_;) is not an Ne-subset of (X, f). This is a contradiction, and so
f(v) <0, 1ie., veO(f;0). Therefore O(f;0) is a subnexus of X. [

We provide conditions for an AV -structure to be an N -subnexus of type
(¢, € Vq).

Theorem 4 Let S be a subnerus of X and let (X, f) be an N -structure
such that

(1) Vze X)(xze S = f(xr) <-0.5),
(2) Vee X)(xg S = f(x)=0).
Then (X, f) is an N -subnezus of type (q, € Vq).

Proof. Let v,w € X with v < w and « € [—1,0) be such that the point
N-structure (X, w,) is an N -subset of (X, f). Then f(w)+ a+1 < 0.
Thus v € S because if v ¢ S, then w ¢ S. Hence f(w) = 0 and so
f(w)+a+1=a+1 <0, that is, « < —1, this is a contradiction. Therefore
f(v) < —=0.5. If « < —0.5, then f(v)+a+1< —0.5—-0.5+1=0 and thus
the point N-structure (X,v,) is an N -subset of (X, f). If a > —0.5, then
f(v) < —0.5 < a and so the point N-structure (X, v,) is an Ne-subset of
(X, f). Thus the point N-structure (X, v,) is an Ney,-subset of (X, f), and
therefore (X, f) is an AN -subnexus of type (¢, € Vq). O

Theorem 5 Let (X, f) be an N -subnezus of type (¢, € Vq). If [ is not
constant on the open support of (X, f) related to 0 and f(()) > f(z) for
all x € X, then there exists y € X such that f(y) < —0.5. In particular,

f(0) £ -0.5.
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Proof. Assume that f(z) > —0.5 for all x € X. Since f is not constant on
O(f;0), there exists y € O(f;0) such that o, = f(y) # f(()) = . Then
ag > ay. Choose f < —0.5 such that ap+ 5 +1>0 > o, + S+ 1. Then
the point N-structure (X,yz) is an N -subset of (X, f). Since () < y, it
follows that (X, ()g) is an Neyg-subset of (X, f). But f(()) > —0.5 >
implies that the point N-structure (X, ()5) is not an Nc-subset of (X, f).
Also f(())+B8+1=ap+S+1> 0implies that (X, ()z) is not an N, -subset
of (X, f). This is a contradiction, and thus f(y) < —0.5 for some y € X. We
now prove that f(()) < —0.5. Assume that o := f(()) > —0.5. Note that
there exists y € X such that oy, := f(y) < —0.5 and so o, < . Choose
a; < ap such that o, + a1 +1 <0 < ay+a; + 1. Then f(y) +aoq +1 =
a, + oy +1 < 0, and thus the point N-structure (X, y,,) is an N-subset
of (X, f). Since () <y, we know that (X, ()a,) is an Ney,-subset of (X, f).
But f(())+ar+1=ap+a;+1>0and also f(()) = ap > oy which is a
contradiction. Therefore f(()) < —0.5. O

Theorem 6 If (X, f) is an N -subnexus of type (q,q) such that f(()) > f(z)
for all x € X, then f is constant on the open support of (X, f) related to 0.

Proof. Assume that f is not constant on the open support of (X, f) related
to 0. Then there exists © € O(f;0) such that a, = f(x) # f(()) = ap. Then
ag > . and so f(z) + (=1 —ap) +1 =a, —ap < 0. Hence (X,2_1_4,)
is an M -subset of (X, f). Note that () < z and f(()) + (-1 —ap) +1 =
ap — o = 0, which implies that (X, ()-1-a,) is not an N -subset of (X, f).
This is impossible, and therefore f is constant on the open support of (X, f)
related to 0. [J

In the following, we give some characterizations for an A/-subnexus of
type (€, € Vq).

Theorem 7 An N-structure (X, f) is an N -subnezus of type (€,€ Vq) if
and only if the following assertion is valid.

(Yo, w € X) (v <w = fv) <\ {fw), —0.5}> . 2)

Proof. Suppose that (X, f) is an N -subnexus of type (€, € Vq). For any
v,w € X such that v < w, assume that f(w) > —0.5. If f(v) > f(w),
then there exists 8 € [—1,0) such that f(v) > 8 > f(w). Thus the point
N-structure (X, wg) is an Ne-subset of (X, f), but the point N-structure
(X,vg) is not an Ne-subset of (X, f). Also f(v) +p+1 > 28+1 >
2f(w) +1 > 0 and so (X,vg) is not an N -subset of (X, f). Therefore
(X, vg) is not an Neyg-subset of (X, f), which is a contradiction. Hence
f(v) < f(w) whenever f(w) > —0.5. Now, suppose that f(w) < —0.5. Then
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the point N-structure (X, w_q35) is an Ne-subset of (X, f) and so (X, v_g5)
is an Neyg-subset of (X, f) by hypothesis. If (X,v_g5) is an Nc-subset
of (X, f) then f(v) < —0.5 and so f(v) < V{f(w),—0.5}. If (X,v_g5)
is an N -subset of (X, f), then f(v) — 0.5+ 1 < 0, that is, f(v) < —0.5.
Comnsequently f(v) < \/{f(w),—0.5}. Conversely, assume that is valid.
Let v,w € X and 8 € [—1,0) be such that v < w and the point N-
structure (X, wg) is an Ne-subset of (X, f). If f(v) < f8, then the point
N-structure (X, vg) is an Ne-subset of (X, f). Suppose that f(v) > 5. Then

fw) <8 < f(v) < V{f(w),—0.5}, and therefore \/{f(w),—0.5} = —0.5.
It follows that

)+ B+1 < 2f(0) +1 <2 (\/{f(w),~0.5}) +1=0.

Thus (X,vg) is an N -subset of (X, f). Consequently (X,vz) is an Ney,
subset of (X, f) and thus (X, f) is an A -subnexus of type (€, € Vq). O

Theorem 8 An N -structure (X, f) is an N -subnezus of type (€, € Vq) if
and only if for every a € [—0.5,0] the nonempty closed support of (X, f)
related to « is a subnerus of X.

Proof. Assume that (X, f) is an N-subnexus of type (€,€ Vq) and let
a € [—0.5,0] such that C(f;a) # 0. Let v < w and w € C(f;«). Then
f(v) < V{f(w),—0.5} by Theorem 3.16. If \/{f(w),—0.5} = f(w), then
f(v) < f(w) < a and thus v € C(f;a). Also, if \/{f(w),—0.5} = —0.5,
then f(v) < —0.5 < o, and thus v € C(f; ). Hence C(f; «) is a subnexus of
X. Conversely, let (X, f) be an N-structure such that the nonempty closed
support of (X, f) related to « is a subnexus of X for all « € [—0.5,0]. If there
exist v,w € X such that v < w and f(v) > \/{f(w),—0.5}, then we can
take 5 € [—1,0] such that f(v) > 8 > \/{f(w),—0.5}. Thus w € C(f; )
and f > —0.5. Since C(f; () is a subnexus of X, we have v € C(f;f3).
Hence f(v) < 3, a contradiction. Therefore f(v) < \/{f(w),—0.5} for all
v,w € X. It follows from Theorem 3.16 that (X, f) is an N-subnexus of
type (€, € Vq). O

Theorem 9 Let S be a subnezus of X. For any a € (—0.5,0), there exists
an N -subnezus of type (€,€ Vq) for which S is represented by the closed
support of (X, f) related to o.

Proof. Let (X, f) be an N-structure in which f is given by
a ifzxes,
f(""”)_{o ifod S,

for all x € X where a € (—0.5,0). Assume that f(v) > \/{f(w),—0.5} for

some v, w € X with v < w. Since the cardinality of the image of f is two,
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we have f(v) = 0 and \/{f(w),—0.5} = a. Since a > —0.5, it follows that
f(w) = a. Sow € S. Since S is a subnexus of X, we obtain v € S and so
f(v) = a < 0 which is a contradiction. Therefore f(v) < \/{f(w),—0.5} for
all v,w € X. Hence (X, f) is an N-subnexus of type (€, € Vq) by Theorem
3.16. Obviously, S is represented by the closed support of (X, f) related to
a. O

Note that every N-subnexus of type (€, €) is an AN -subnexus of type
(€,€ Vq). But the converse is not true in general as seen in the following
example.

Example 9 Let (X, f) be an N -structure in which

X ={0,(1),(2),(1,1),(1,2),(1,3),(1,3,1),(1,3,2)}

15 a nexus and [ is defined as follows:

h:(() @ @Yy L2 1,3 (131 (1,372))
~1 —0.9 —093 —0.95 —0.94 —0.96 —0.97 —0.99

Then (X, h) is an N -subnezus of type (€, € Vq). But it is not an N -subnexus
of type (€,€). In fact, set o« = —0.92. Note that (1) < (2) and h((2)) =
—0.93 < « but h((1)) = -0.9 £ «.

Now, we give a condition for an N-subnexus of type (€, € Vq) to be an
N -subnexus of type (€, €).

Theorem 10 Let (X, f) be an N-subnexus of type (€,€ Vq) such that
f(z) > —=0.5 for all z € X. Then (X, f) is an N -subnezus of type (€, €).

Proof. Let v,w € X such that v < w and (X, w,) is an Nc-subset of
(X, f) for @ € [-1,0). Then f(w) < a. It follows from Theorem 3.16 and
the hypothesis that f(v) < \/{f(w),—0.5} = f(w) < a. Thus (X,v,) is an
Ne-subset of (X, f). Therefore (X, f) is an N -subnexus of type (€, €). O

Lemma 1 If {(X, f;) | i € I} is the class of N -subnezuses, then its union
(X, Ufz> and its intersection (X, ﬂfl) are also N -subnexuses where | f;

i€l iel iel
and () fi are given as follows:

iel
Ufﬁ : X — [-1,0], z— \/fl(x), and (]fz : X = [-1,0], z— /\fz(x)
iel iel iel iel

(3)
Proof. Straightforward. [
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Theorem 11 If {(X, f;) | i € I} is the class of N -subnezuses of type (€, €

Vq), then <X, Uﬁ) and (X, ﬂfz> are also N -subnezuses of type (€, € Vq).
iel iel

Proof. Let v,w € X be such that v < w and let € [—1,0). Assume that

(X, fi) is an N-subnexuses of type (€, € Vq) for all i € I. Then (X, Ufl)
i€l

is an N-subnexus by Lemma 3.21 and f;(v) < \/{f;(w),—0.5} for all i € T

by Theorem 3.16. Hence

(Ufz) () =\ fiw) <\ (VAsitw), -05}) = \/ {\/fxw), \/ - 0.5}

el el iel i€l i€l

v{(y)od

and therefore (X , U fi> is an N -subnexus of type (€,€ Vq). Similarly,
el
we can show that <X, N fi> is an AN-subnexus of type (€,€ Vq) since
iel
([-1,0],V, A) is a distributive lattice. O

A mapping ¢ : X — Y of nexuses is called a homomorphism if v < w
implies p(v) < @(w) for all v,w € X.

Definition 5 Let ¢ : X — Y be a mapping of nexuses. Given an N -
subnezus (X, f), its image under ¢ is defined to be an N -subnezus (Y, p(f))
for which o(f) is defined by

Vo flz) if o7 (y) #£0,
Sp(f) Y — [_1a0]7 Y = r€p~1(y) (4)
0 if p~'(y) =0.
Also the preimage of an N -subnezus (Y, g) under ¢ is defined to be an N -
subnezus (X, 071 (g)) where p=(g) : X — [=1,0], by x — g(p(x)).

Theorem 12 Let ¢ : X — Y be an onto homomorphism of nexuses. If
(X, f) is an N -subnexus, then so is its image (Y, p(f)) under ¢.

Proof. Let v',w' € Y be such that v" < w’. Then there exist v, w € X such
that v = p(v) and w' = p(w), that is, v € = 1(v') and w € = (w’). Since
¢ is a homomorphism, we have v < w and so f(v) < f(w). It follows that

PNE = VS V)= 7)) Therefore (V. p()
an N —Subnexss. O :
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Theorem 13 Let ¢ : X — Y be a homomorphism of nexuses. If (Y, g) is
an N -subnexus, then so is its preimage (X, o~ (g)) under .

Proof. Let v,w € X such that v < w. Since ¢ is a homomorphism, we
have ¢(v) < p(w). It follows that g(¢(v)) < g(p(w)) because (Y, g) is N-
subnexus. Thus ¢~ 1(g)(v) < ¢ (g)(w), and therefore (X, p'(g)) is an
N-subnexus. [J

For any N-structure (X, f) and « € [—1,0), the g-support and the € Vg-
support of (X, f) related to « are defined as follows:

N, (f;a) ={z € X | (X,x,) is an N-subset of (X, f)}, and
Nevg(f;a) ={z € X | (X, z4) is an Ney,-subset of (X, f)}.

Note that the € Vg-support is the union of the closed support and the
g-support, that is, Neyy(f; ) = C(f;a) UN,(f; o).

Theorem 14 An N -structure (X, f) is an N -subnexus of type (€, € Vq) if
and only if the € Vq-support of (X, f) related to « is a subnexus of X for
all v € [-1,0).

Proof. Suppose that (X, f) is an N-subnexus of type (€, € Vq). Let v,w €
X such that v < w and w € Ney,(f;a) for a € [-1,0). Then (X, w,)
is an Ngygsubset of (X, f). Thus f(w) < aor f(w)+a+1 < 0. If
f(w) < «, then (X,w,) is an Ne-subset of (X, f) and so (X,v,) is an
Nevg-subset of (X, f) by hypothesis. Hence v € Ney,(f;«). Suppose that
f(w)+a+1<0. If @ > —0.5, then f(w) < —0.5 which implies from
that f(v) < V{f(w),—0.5} = —0.5 < a. Thus v € C(f;a) C Ney,(f; ).
If a < —0.5, then f(v) +a+1 < f(v)+0.5 < V{f(w),—0.5} + 0.5 = 0
whenever \/{f(w),—0.5} = —0.5, and f(v) + a+1 < V{f(w),—0.5} +
a+1= f(w)+a+1 < 0 whenever \/{f(w),—0.5} = f(w). Hence v €
N, (f;a) € Nevg(f;a). Therefore Neyy(f;a) is a subnexus of X for all
a € [—1,0). Conversely, let (X, f) be an N-structure for which € Vg-
support of (X, f) related to « is a subnexus of X for all & € [—1,0). Assume
that there exist v,w € X such that v < w and f(v) > V{f(w),—0.5}.
Then f(v) > > V{f(w),—0.5} for some 8 € [—0.5,0). It follows that
we C(f; B) € Newa(f38) but v & C(f; B). Also f(v) +B+1> 284120,
that is, v & N,(f;5). Thus v & C(f; ) UN(f;5) = Nevy(f; ) which
is a contradiction. Therefore f(v) < \/{f(w), —0.5} for all v,w € X with
v < w. It follows from Theorem 3.16 that (X, f) is an A -subnexus of type
(e,eVvq). O

11
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3 MN-subnexus of type (€,€ V7q)

For any N-structure (X, g), we say that a point A-structure (X, z,) is an
Ne-subset (resp., Ng-subset) of (X, g) if g(x) > « (resp., g(x) + a+1 > 0).
If a point N-structure (X, z,) is an Nz-subset or an Ng-subset of (X, g), we
say (X, x,) is an Ngyg-subset of (X, g).

Definition 6 An N -structure (X, f) is called an N -subnezxus of type (€, €V
q) (resp., (€,€)) if whenever (X, v,) is an Ne-subset of (X, f) then (X, wy)
is an Ngyg-subset (resp., Ne-subset) of (X, f) for all v,w € X withv < w
and o € [—1,0).

Example 10 Let (X, f) be an N -structure in which
X = {07 (1)’ (2)7 (27 1)7 (2’ 2)}’
0O @O @ &) 22 >

—-0.32 —-0.41 —-043 —-0.5 —-0.48
It is easy to see that (X, f) is an N -subnexus of type (€,€ V q).

1s a nexus and [ is given as f =

Theorem 15 An N -structure (X, f) is an N -subnexus of type (€, €) if and
only if it is an N -subnezus of type (€, €).

Proof. Let (X, f) be an N-subnexus of type (€,€) and v,w € X with
v < w such that (X,v,) is an Ng-subset of (X, f) for @ € [-1,0). Then
f(v) > a. If f(w) < a, then (X,w,) is an Ng-subset of (X, f). Hence
(X, v,) is an Ne-subset of (X, f), and so f(v) < a which is a contradiction.
Thus f(w) > a, that is, (X, w,) is an Nez-subset of (X, f). Therefore (X, f)
is an N -subnexus of type (€, €). Conversely, we can prove it by the similar
way. [

Theorem 16 An N -structure (X, f) is an N -subnexus of type (€, €V 7q) if
and only if the following condition is valid:

(Vw,weX)wv<w = A{f(v),-0.5} < f(w)). (5)

Proof. Suppose that (X, f) is an N-subnexus of type (€,€ V q). If there
exist v,w € X such that v < w and A{f(v),—0.5} > f(w) = «, then
a € [—1,—0.5). Tt follows that (X, w,) is an Ne-subset of (X, f) and (X, v,)
is an Ne-subset of (X, f). Hence (X, w,) is an Ng-subset of (X, f). Therefore
f(w) + a+1 >0, which implies that 2ac + 1 > 0, that is, « > —0.5. This
is contradiction, and so A{f(v),—0.5} < f(w) for all v,w € X with v < w.
Conversely, assume that an N-structure (X, f) satisfies the condition (5]).
Let v < w for v,w € X and a € [—1,0) such that a point N-structure
(X,v,) is an Ng-subset of (X, f). Then f(v) > . If f(v) < f(w), then
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a < f(w). Thus (X,w,) is an Ngsg-subset of (X, f). If f(v) > f(w),
then A{f(v),—0.5} = —0.5 by (5). Hence —0.5 < f(w). Suppose that
(X, w,) is an Ne-subset of (X, f). Then o > f(w) > —0.5. It follows that
fw)+a+1>2f(w)+1> 0 and so that (X, w,) is an Ng-subset of (X, f).
Therefore (X, f) is an N-subnexus of type (€,€Vg). O

Proposition 2 If (X, f) is an N -structure of type (€,€V q), then f(w) >
f(0) or f(w) > —0.5 for allw € X.

Proof. 1t is straightforward by . O

Theorem 17 An N -structure (X, f) is an N-subnezus of type (€, €V Q) if
and only if the nonempty closed support of (X, f) related to « is a subnexus
of X for every a € [—1,—0.5).

Proof. Suppose that (X, f) is an N -subnexus of type (€,€V7q). Let v,w €
X with v < w and w € C(f;a) for a € [-1,-0.5). Then f(w) < a. It
follows from that A{f(v),—0.5} < f(w) < «a. Since a < —0.5, we
have f(v) < a and so v € C(f;a). Therefore C(f;a) is a subnexus of
X. Conversely, let (X, f) be an N-structure such that the nonempty closed
support of (X, f) related to « is a subnexus of X for all & € [—1,—-0.5).
Assume that there exist v,w € X such that v < w and A{f(v),—0.5} >
f(w). If we take 8 := 1 (A{f(v),—0.5}) + f(w), then B € [~1,-0.5) and
N{f(v),—0.5}) > B > f(w). Thus w € C(f;p) but v € C(f; ) which is
a contradiction. Therefore A{f(v),—0.5}) < f(w) for all v,w € X with
v < w. Using Theorem 4.4, we conclude that (X, f) is an N-subnexus of
type (€,€V7g). O

Obviously, every AN -subnexus of type (€, €) is an N-subnexus of type
(€,€ VvV q), but the converse is not true in general as seen in the following
example.

Example 11 Let X = {(),(1),(2),(1,1),(1,2),(1,2,1)} be a nexus. Con-
sider an N -structure (X, h) in which h is defined by

h:< 0O o @ @y (L2 (1,2,1)>
—04 —045 —033 —03 —0.34 —0.2

It is routine to verify that (X, h) is an N -subnexus of type (€,€ Vq). But
it is not an N -subnezus of type (€, €) since () < (1) and (X, (1)_g.42) is an
Ne-subset of (X, h), but (X, ()_o.42) is not an Ne-subset of (X, h).

We provide conditions for an N-subnexus of type (€,€ V q) to be an
N-subnexus of type (€, €).
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Theorem 18 Let (X, f) be an N-subnexus of type (€,€ V q) such that
f(x) < =05 for all z € X. Then (X, f) is an N -subnezus of type (€, €).

Proof. Let v,w € X and a € [—1,0) be such that v < w and (X, w,) is
an Ne-subset of (X, f). Then f(w) < . Since f(x) < —0.5 for all z € X,
it follows from (f]), f(v) = A{f(v),—0.5}) < f(w) < a. Thus (X,v,) is an
Ne-subset of (X, f). Therefore (X, f) is an N -subnexus of type (€, €). O
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