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Abstract.  Let I' be a discrete subgroup of PSp(n,1). We
realize H"*! as C?"*2 and study the induced action of I' on
P(AZT2C2"+2) where 0 < k < n — 1, into which the quaternionic
Grassmannian Gry, 1 (H""!) embeds equivariantly. We determine
all pseudo-projective limits of the action. Their images are the
linear spans of the (k + 1)-planes tangent to the boundary at
points of the Chen—Greenberg limit set, and their kernels are
the orthogonal complements of such spans. As a consequence,
we describe the equicontinuity region explicitly, identify the k-
Chen—Greenberg limit set with the set of tangent (k+1)-planes at
limit points, and show that the equicontinuity region is contained
in the Kulkarni domain of discontinuity. For non-elementary
groups, we also give a lower bound for the Kulkarni limit set in
terms of the k-Chen—Greenberg limit set.
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1 Introduction

Limit sets are the basic objects in the study of Kleinian groups. For a
discrete group of Mobius transformations of the Riemann sphere, the limit
set is a closed invariant set, and the group acts properly discontinuously on
its complement. In higher dimensions, and for groups acting on spaces that

1


http://armjmath.sci.am/
https://doi.org/10.52737/18291163-2026.18.14-1-31

2 VANLALRUATKIMI, S. DUTTA AND J. RAMDIKPUIA

are not boundaries of hyperbolic spaces, there is no single natural notion
of limit set. Seade and Verjovsky [I7] began the study of discrete groups
of projective transformations of CP", the compler Kleinian groups; see the
monograph [5]. Two notions have proved most useful there. The first is the
equicontinuity region Eq(G), the set of points near which the group forms a
normal family. The second is the Kulkarni limit set Ay (G) [14], built from
points with infinite isotropy, cluster points of orbits, and cluster points of
images of compact sets; its complement Qk,(G) is an open set on which G
acts properly discontinuously. Both sets are described effectively by pseudo-
projective maps, i.e., limits of sequences of distinct group elements in the
compactification P(My(C)) of PSL(N, C): by [4, Proposition 2.5], Eq(G) is
the complement of the union of the kernels of these limits.

A rich source of examples comes from hyperbolic geometry. Let I' be a
discrete subgroup of PU(1,n), the holomorphic isometry group of complex
hyperbolic space HE C CP" [12]. Its Chen—Greenberg limit set A(T") is the
set of accumulation points in OHZ of an orbit in HE [7]. Cano and Seade [6]
showed that the complement of the equicontinuity region of I' acting on CP"
is the union of the complex hyperplanes p* tangent to OHZ at the points
p € A(T'). For non-elementary I', Cano, Liu and Lépez [3] proved that this
union is also the Kulkarni limit set, and that its complement is the largest
open set on which I'" acts properly discontinuously; for n = 2, this is due
to Navarrete [15]. Cyclic subgroups of PSL(n + 1, C) were treated in detail
in [4].

The quaternionic case is still developing. Let PSp(n, 1) be the isometry
group of quaternionic hyperbolic space H}y C P} [7, 13]. Cano and Castro
Morales [2] proved a Cartan decomposition for PSp(n, 1) and used it to show
that, for a non-elementary discrete I' C PSp(n, 1), the set Pf \ UpeA(F) ptis
the equicontinuity region of I" and the largest open set on which I" acts prop-
erly discontinuously. Kulkarni limit sets of cyclic subgroups of PSL(3, H)
acting on P% were computed in [8], where quaternionic pseudo-projective
transformations were also introduced. Kulkarni limit sets of cyclic quater-
nionic projective groups were further studied in [10], and quaternionic pro-
jective transformations were classified by their equicontinuity regions in [11].

Instead of points of the projective space one can consider the action on
projective k-planes. Zuniga [19] studied the action of a discrete I' € PU(1, n)
on the Grassmannian of k-planes in CP", by passing through the Pliicker
embedding to the linear action of A*™'T' on P(A*' C*™'). She showed
that /\kHF is a discrete subgroup of a pseudo-unitary group PU(R,S),
and that its equicontinuity region is the complement of the union of the
projective subspaces spanned by the k-planes that pass through, or lie in
the tangent hyperplane at, a point of A(I'). In [20], she introduced the
k-Chen—Greenberg limit set, the closure of the union of the images of the
pseudo-projective limits of /\kH I', and showed that the Kulkarni limit set
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of /\chrl [' is the union of the orthogonal complements of its components;
for non-elementary I' it coincides with the complement of the equicontinuity
region.

The purpose of this paper is to carry out this programme for discrete
subgroups of PSp(n,1). The main difficulty is that the Pliicker embedding
has no direct quaternionic analogue. FExterior powers of right H-modules
do not have the expected properties, and Alesker [I] showed that there is
not even a map from the quaternionic Grassmannian to HIP> which be-
haves like a Pliicker map at the level of the first Pontryagin class. We avoid
this problem by passing to the complex realization Ve = C?"+2 of H"'.
A quaternionic (k + 1)-plane U becomes a complex (2k + 2)-plane Uc in-
variant under the quaternionic structure J,, and U — Uc followed by the
ordinary complex Pliicker embedding gives an injective equivariant map

Pyt Grjyy (H) — ]P’( (2ck+2 VC). The group PSp(n,1) acts on the tar-

get through &, = ék“, which preserves a Hermitian form hy induced from

the complex part of the quaternionic Hermitian form.

The main tools are the Cartan decomposition of [2] and a weight de-
composition of ®(a;), where a; is the Cartan subgroup. Since the complex
realization of a; has the eigenvalue e’ with multiplicity two, ®(a;) has (for
n > 2) five weights e’t, —2 < j < 2, rather than three as in the complex
case. This determines all pseudo-projective limits of ®;(T"): their images
and kernels are the spans <Hzlf) of the Pliicker points of the k-planes tangent
to OHJ at limit points p, and the orthogonal complements of such spans.
The equicontinuity region then follows from the kernels by a second-order
perturbation argument, and the Kulkarni sets from proper discontinuity.

Let hc be the complex part of the quaternionic Hermitian form; it has
signature (2n,2). Put W = ékﬂ Ve, and let hy be the Hermitian form
on Wy induced by h¢; orthogonal complements in W), are taken with respect
to hy. For U € Gry,( (H"™), let Pp(U) € P(Wy) be its complexified Pliicker
point. For p € OHY,, let

Hllf = {U € Grk+1(H”+1) :p C U C pJ_}

be the set of projective k-planes tangent to OHj; at p, and let (H;f> C Wi be
the complex linear span of Pk(HIf). For a pseudo-projective map p = [T],
we write Jm(p) = P(JmT') and Ker(p) = P(KerT'), and Lim(G) is the set of
limits of sequences of distinct elements of G (Section [2.6)).

The notion of the k-Chen—Greenberg limit set was introduced in [20] for
discrete subgroups of PU(1,7n). We use the following quaternionic version.

Definition 1 Let I' C PSp(n, 1) be a discrete subgroup and 0 < k <n — 1.
The k-Chen—Greenberg limit set of I' is

L= |J Imp) cBW),

pELim(® (I'))
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and its Grassmannian version is Ag(T') := P ' (Li(T')) C Gryyr (H™).
The main result of the current work is the following statement.

Theorem 1 Let I’ C PSp(n, 1) be a discrete subgroup with Chen—Greenberg
limit set A(T'), and let 0 < k <n —1. Then ®4(I') is a discrete subgroup of
PU(h), and the following hold.

(a) (Limit maps) Let p = lmPi(y,) € Lim(Px(T)), and put pt =
limv,,(0) and p~ := lim~,'(0) for some o € HY. Then p* € A(T)
and

Jm(p) =P((Hy:)),  Ker(p) = P((Hy-)"),
where dim@(HZ‘?) = (27;;2) for every p. Conversely, every p € A(L)
arises as p* for some element of Lim(®y(T")) and as p~ for another.

(b) (k-Chen—-Greenberg limit set)

L) = |J P(HES)) and A= | H)

peA(D) peA(D)
(¢) (Equicontinuity region)

Eq(@(D)) =P(Wi)\ | P((HH).

peA(T)
(d) (Kulkarni) Eq(®4(I")) C Qxu(Px(T)); equivalently,

A (®x(D) € | P(HS)).

peA(D)

If, moreover, I' is non-elementary or infinite cyclic, then

U B(H) = Li(D) € Awa(@:(D) © | B((HY).

pEA(T) peA(l)
The unions in (b), (c) and (d) are closed.

Corollary 1 Under the hypotheses of Theorem |1, for U € Gry,(H"),
we have Pp(U) € Eq(®r(T)) if and only if p ¢ U and U ¢ p* for every
p € AI'). The set

Ok(T) :={U € Grp (H"™) : p ¢ U and U ¢ p* for all p € A(I')}

15 open and I'-invariant. T acts properly discontinuously on it, and it is
contained in the equicontinuity region of the action of T' on Gry (H" ™).
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For k = 0, Theorem [Ifa) contains the A-lemma of [2], and Corollary
recovers the region Piy \ U e p* of [2, Theorem 1.2].

Remark 1 Three features distinguish the quaternionic case from the com-
plex one [19, [20)].

(i) The limit maps have rank (2’;;2) No non-elementary hypothesis is needed
in Theorem [1(a)-(c).

(i1) The space (H))* is strictly larger than the span of the Plicker points of
the k-planes through p or contained in pt (Remark . Therefore, part (c)
is not the literal analogue of [19, Theorem 4.14], which would be false here;
only on the Grassmannian do the two descriptions agree (Corollary .

(#i) In the complex case, equality holds in (d) [20, Theorem 1.1]. Here
Oy (a;) has five weights instead of three, and the argument of [20] does not
carry over (Remark[7). We do not know whether the upper bound in (d) is
an equality in general. The lower bound in (d) comes from the recurrence
of ®r(g) on ]P’(H;f) for limit points p fized by elements g of infinite order
(Proposition[§).

The rest of the paper is organised as follows. Section[2]collects the prelim-
inaries: quaternionic hyperbolic space, the complex realization, the Pliicker
map P, and the induced form hy, and pseudo-projective maps. Section
computes all limit maps of @, (') and proves Theorem [If(a),(b). Section
proves Theorem [Ij(c) and Corollary [1} and Section [5| proves Theorem [1|(d)
and the lower bound for the Kulkarni limit set.

2 Preliminaries

In this section, we fix some notation and recall the necessary background
that will be used throughout this paper.

Let H := R + Ri 4+ Rj + Rk denote the division algebra of Hamilton’s
quaternions, where i = j2 = k> =ijk = —1. If ¢ = ag + a1i + asj + azk,
then its conjugate is ¢ = ag — a11 — asj — ask, real part of ¢ is Re(q) = ao
and imaginary part is Jm(q) = a1i + asj + agk. For an elaborate discussion
on the theory of quaternions and matrices over the quaternions, see [18] [16].

2.1 Quaternions and right-module conventions

Throughout the paper, H"*! is considered as a right quaternionic vector
space [16, Sect. 3.1] of dimension (n+1). We write V := H""'. Thus, scalar
multiplication is written on the right, and H-linear maps T'(vq) = T'(v)q are
given by left multiplication by matrices in M, 1 (H). We write GL(n,H)
as the set of all matrices with non-zero Dieudonné determinant, SL(n, H)
as the set of all matrices with Dieudonné determinant 1 and PSL(n,H) =
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SL(n,H)/{+I,}. Consider the quaternion (right) space H"*'. The quater-
nion projective space P4 is formed by taking the quotient of H"™\ {0} under
the equivalence relation ~ in H™™ \ {0}, where z ~ w if 2 = w « for some
non-zero quaternion «. Let P : H"™ \ {0} — P% be the corresponding
quotient map. A non-empty set W C PJ; is said to be a projective subspace
of dimension k if there exists a (k + 1)-dimensional H-linear subspace W of
H™*! such that P(W \ {0}) = W. The projective subspaces of dimension
(n — 1) are called hyperplanes and the quaternion projective subspaces of
dimension 1 are called lines (cf. [I8, [I6]). Denote by [z] the points in P}.
Note that [z] = [za] for all 2 € H*™ and a € H* = H \ {0}. We define a
hyperplane H(«) in P} using the quaternionic Hermitian pairing,

H(a) ={[z] € Py : (z,a) =0}

This definition is strictly invariant under right scalar multiplication. We fix

the quaternionic Hermitian form of signature (n, 1) (see [13] for details) as
0 0 1
(v,w) = w*Jv, where J = |0 I,_1 0
1 0 0

It satisfies (vq, w) = (v, w)q, (v,wq) = ¢(v,w) and (w,v) = (v,w). For a
quaternionic subspace U C H"*!, define

Ut ={vecH""": (v,u) =0 for all u € U}.

Hence, a projective hyperplane is written as P(U1), rather than by a co-
ordinate equation, so that it is independent of the choice of quaternionic
representative.

For a right H-linear map 7', we use

KerT = {v: T(v) = 0}, Im7T = T(H"),
and for T" # 0,

2.2 Quaternionic hyperbolic space and discrete groups

Let V_, Vi, Vi be the sets of vectors v with (v, v) negative, zero or positive,
respectively. Then Hf; = P(V_) and 0H}, = P(V; \ {0}).

Let Sp(n,1) = {¢g € GL(n + 1,H) : ¢*Jg = J} and PSp(n,1) =
Sp(n,1)/{£I}, which acts on H}; by isometries; for n > 2 it is the full
isometry group. Let

o=ler —en1] € Hy, K =Sp(n,1)NSp(n+ 1) = Sp(n) x Sp(1),

where Sp(n) = {g € GL(n,H) : ¢*¢g = gg* = I}; K is the stabilizer of 0 and
a maximal compact group.



EQUICONTINUITY AND KULKARNI LIMIT SETS ON GRASSMANNIANS 7

Lemma 1 Let p # q be points of OHF.

(i) p C pt, and the form is positive semidefinite on p™ with radical p. In
particular, P(pt) NHE = {p}, i.e., P(p*) is the tangent hyperplane to
OHy; at p.

(ii) q ¢ p*. Consequently, V = p® (p* Nq*) @ q, and the form is positive
definite on p* N g, which has dimension n — 1.

(i1i) There is g € Sp(n, 1) with g(e;H) = p and g(e,s1H) = q. In particular
Sp(n, 1) acts transitively on ordered pairs of distinct points of OHE.

Proof. We use two elementary facts. First, (v,v) € R for every v € V, since
(v,v) = (v,v). Second, for right subspaces S,T" C V we have dimy(S+7) =
dimyg S 4 dimyg 7" — dimg (S N T'), as over any division ring. Write p = pH
and ¢ = ¢H with (p,p) = (¢,G) = 0. Since (v,pa) = a(v,p), we have
pt = {v: (v,p) = 0}, and similarly for q.

Step 0. If S C 'V is a right subspace with (s,s) < 0 for all s € S, then
dimg S < 1. Put fi = (e1 & e,41)/v/2. From the definition of J,

<f+7f+>:17 <f*7f*>:_17 <f+7f*>:07
(ei,e5) = 0y, (es, fr) =0 (2<4,5<n).

Let P = fiH+eH+---+e,H; then dimyg P =n. Forv = fia+Y . ,eb; €
P, the cross terms vanish and (v, v) = |a]?*+>_, |b;|?; thus, the form is positive
definite on P. Hence, SN P =0, and dimg S < (n+1) —n=1.

Step 1. Ifv € p* and a,b € H, then (pa+uvb, pa+vb) = |b]*(v,v). Indeed,
(pa,pa) = a(p,p)a = 0, (vb, pa) = af{v,p)b = 0, (pa,vd) = (vb, pa) = 0, and
{(vb, vb) = b(v,v)b = |b|*(v,v) because (v, v) is real.

Proof of (i). Since (pa,p) = (p,p)a = 0, we have p C pt. The map
v — (v, p) is right H-linear and nonzero (because J is invertible and p # 0),
hence, surjective onto H. Therefore, dimy p™ = n.

Let v € p \ p. Then S = pH + vH has dimension 2, and by Step 1,
(s,8) = |b|*(v,v) for s = pa + vb € S. If (v,v) < 0, this contradicts Step 0;
hence, (v,v) > 0. Thus, the form is positive semidefinite on p*, and its null
vectors in p* are exactly the vectors of p.

Let R = {v € p* : (v,w) = 0 for all w € pt} be the radical. Every
v € R is null; hence, R C p. Conversely, for w € p*, we have (pa,w) =
(p,wya = (w, p) a = 0; thus, p C R. Hence, R = p.

For the last assertion, note that {[v] : (v,v) < 0} is well defined, because
(vq,vq) = |q|*(v,v). Tt is closed in P, since its preimage in V'\ {0} is closed,
and it contains Hf. Therefore, by the above, P(pt)NHg C {p}. Conversely,
choose u € V' with (u,p) = 1. For real t,

(p 4 ut,p+ut) = 2t + t*{(u,u) <0 for small t < 0,
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and [p + ut] — p as t — 0. Hence p € Hy,.

Proof of (). If ¢ C p*, then G is a null vector in p*; hence, ¢ € p by (i)
and ¢ = p, a contradiction. Hence (g, p) # 0, and also (p, q) = (¢, p) # 0.

Put W = pt Ngt. Since ¢ C ¢+ but ¢ ¢ p*, the hyperplanes p* and ¢+
are distinct. Therefore, p +¢- =V and dimy W =n+n—(n+1) =n—1.

The sum p + W + ¢ is direct. Suppose pa + w + ¢b = 0 with w € W and
a,b € H. Pairing with p gives (g, p)b = 0, which gives b = 0. Pairing with ¢
gives (p,¢)a = 0, which gives a = 0. Hence, w = 0. Counting dimensions,
V=poWdq.

Finally, let w € W. By (i), (w,w) > 0, with equality only if w € p. But
pNqgt =0, since (pa,q) = (p,§)a. Therefore, the form is positive definite
on W.

Proof of (iii). Replacing ¢ by ¢ (G, p)~
hence, (p,q) = 1.

Since the form is positive definite on W, the Gram—Schmidt process gives
a basis ws,...,w, of W with (w;,w;) = 0;;. It works over H: normalize
by the real scalar (v,v)"1/2, and replace v by v — >, w;(v,w;), which is
orthogonal to the w; already chosen.

Let g € M, 1(H) have columns ¢; = p, ¢; = w; (2 <i <n)and ¢,11 = q.
The (i, j)-entry of g*Jg is ¢;Je; = (¢j,¢;). By the choices made and since
W C pt N g, this matrix is exactly J. Hence, g € Sp(n, 1); it is invertible
by (ii). Moreover, g(e;H) = p and g(e,+1H) = q.

If (p,q) is another ordered pair and ¢’ the corresponding element, then

/

g'g~! maps (p,q) to (p/,q'). This proves the transitivity. (]

1 we may assume (G,p) = 1, and

Non-trivial elements of PSp(n, 1) are classified as (see [13], 9])

1. loxodromic if they fix no point of Hfj and exactly two points of OHj;;
2. parabolic if they fix no point of Hy; and exactly one point of OHp;
3. elliptic if they fix at least one point of Hyj.

Definition 2 Let I' C PSp(n,1) be a subgroup and v € Hf;. The Chen—
Greenberg limit set of I' is A(I') = T -2 N OHY, the closure being taken
in P [7]. We call T elementary if it has a finite orbit in H, and non-
elementary otherwise.

Proposition 1 Let I' C PSp(n,1) be a subgroup.

(i) A(T') is closed, T'-invariant and independent of x. More precisely, if
Ym(x) — q € OH}, for some x € H, then v,(z") — ¢ for every
x' € Hy.
(i1) If T is discrete, then A(T') = 0 if and only if T is finite.
(iii) If T is non-elementary, then T - p = A(T) for every p € A(T).
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Proof. (i) It is [7, Lemmas 4.3.1, 4.3.2(a)]; closedness is clear from the
definition.

(ii) If A(T') = 0, then I fixes a point of H}; [7, Lemma 4.3.5(a)]; therefore,
it lies in a conjugate of the compact group K and, being discrete, is finite;
the converse is clear.

(iii) If T" is non-elementary, then T - p is a closed invariant subset of OH}
with more than one point; hence, A(T) C T -p by [7, Lemma 4.3.3] and
I'-pCA) by (i). O

For discrete T, it is classical that A(T") is empty, has one or two points,
or is infinite, and that I" has a finite orbit in H_{}LH exactly in the first three
cases [7] (see [6, Theorem 4.5] for the complex case). Thus, Definition
agrees with the convention of [6, Definition 4.6] and [3}, §1.3], where I' is called
elementary when A(I") has at most two points. One direction is immediate:
if A(T') = 0, then I is finite by Proposition [If(ii); if A(I') has one or two
points, it is a finite -invariant set. Cartan decomposition in Sp(n,1) is
already discussed in [2, Theorem 1.1]. We briefly describe it here.

Let K = Sp(n+1)NSp(n, 1) be a maximal compact subgroup of Sp(n, 1).
By the Cartan decomposition, every g € Sp(n,1) can be written as g =
kiazko, where ki, ko € K, t > 0, and

et 0 0
Ay = 0 In—l 0
0O 0 et

We denote t by A(g) and call it the Cartan projection of g. Thus, g =
kla)\(g)kg.

Proposition 2 Fort € R, let a; = diag(e', 1,...,1,e7"); then a; € Sp(n, 1).
Let || - || be the operator norm for ||v||* = v*v.

(i) K is the stabilizer of o in Sp(n,1). It is compact and isomorphic to
Sp(1) x Sp(n).

(ii) Every g € Sp(n,1) can be written as g = kiaxgks with ki, ks € K
and X(g) > 0. Here A(g) = log||gl|; in particular \(g) is unique and
depends continuously on g.

(iii) A sequence () in Sp(n,1) leaves every compact set if and only if
AYm) — 0.

(iv) a;(0) — [e1] and a_i(0) = [eni1] ast — oc.

Proof. The existence of the decomposition in (ii) is [2, Theorem 1.1]. The
group called Sp(1,n) there preserves the same form (z,w) = w*Hz with
H = J (the signature is written as (1,n) in [2]); therefore, it is our Sp(n, 1).
Also, Sp(n 4+ 1) N'Sp(1,n) is our K and pu(g) is our ayg). We prove the
remaining assertions.
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Let fo = (e1 £ €ny1)/V2, N = f_Hand P = f H + e;H + --- + ¢, H.
The basis B = (f_, f1,ea,...,€,) is orthonormal for the standard product
w*v. By Step 0 in the proof of Lemma [l the Gram matrix of (-,-) in B is
diag(—1,1,...,1). Moreover, N and P are the (—1)- and (+1)-eigenspaces
of J,P=N* and o= [f_] since e; —e,p1 = V2 f_.

(i) Let k € K. From k! = k* and k*Jk = J we get Jk = kJ; hence, k
preserves N; in particular k(o) = o.

Conversely, let g € Sp(n, 1) with g(o) = o. Then gf_ = f_c with |c| = 1,
and g preserves N+ = P. Therefore, g is block diagonal with respect to
V = N & P and preserves the form on each block. On N and on P the form
agrees, up to the sign on N, with the standard product. Hence g*g = I and
g€ K.

Thus K = Stab(o) = U(N) x U(P) = Sp(1) x Sp(n), which is closed and
bounded, hence compact.

(ii) Since K C Sp(n + 1) preserves | - |, any decomposition g = kja;ks
with ¢ > 0 gives ||g|| = ||a¢|| = €'. Hence, t = log||g|| is unique and depends
continuously on g.

(iii) By (ii), A is continuous, hence bounded on compact sets. There-
fore, if A(7y,,) — 00, the sequence leaves every compact set. Conversely, if
AYm) 7 00, a subsequence satisfies A(7,,) < T for some T. It then lies in
the compact set K - {a; : 0 <t <T}- K.

(iv) We have a,(e; — eny1) = ete; — e tenr = V2 (f- cosht + f, sinht),
and thus a;(0) = [f_ + fy tanht]. Hence, a;(0) — [f- + fi] = [e1] and
a_i(o) =[f- — fitanht] — [f- — fi] = [ens1] as t — 00. O

2.3 The complex realization

We now describe the complex realization of V. Write v € V uniquely as
v =a+ jb with a,b € C"™, and put x(v) = (a,b) € C**2 =: V. Define

J‘](aa b) = (_B7 d)a Me = (g _AB) for M = A +JjB € Mn+1(H)7

(J 0

For a right subspace U C V put Uc = x(U), and for g € Sp(n, 1), write g¢
for its complex matrix.

Lemma 2 (i) x(ve) = x(v)e for ¢ € C, x(vj) = Jyx(v) and x(Mv) =
Mcx(v). The map J, is antilinear with Jq2 = —1, and M — Mg is an
injective ring homomorphism with (M*)c = (Mc)*.

(1t) Forv,w €V, we have

(v, w) = he(xv, xw) +j he(xv, x(wj)). (1)
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The form h¢ has signature (2n,2), and {gc : g € Sp(n,1)} = {T €
Ulhe) : TJ, = J,T}.

(i1i)) U — Uc is a bijection from right H-subspaces of V' onto J,-invariant
complex subspaces of Ve. It satisfies dime Ue = 2dimg U, (Ut)c =
(Uc)th and (QU)(C = g@Uc.

() (a;)c has singular values €' (twice), 1 (2n — 2 times) and e~ (twice),
and k¢ 1s unitary for every k € K.

Proof. We use that every ¢ € H is uniquely representable as ¢ = z + jw
with z,w € C, that ¢j = j¢ for ¢ € C (entrywise for complex vectors and
matrices), and that jec = —jc.

(i) For v = a+jb and ¢ € C, we have vc = ac+ j(bc) and vj = aj + jbj =
—b + ja. These give the first two identities. For M = A + jB,

Mv = Aa + Ajb+ jBa + jBjb = (Aa — Bb) + j(Ba + Ab),

ie., x(Mv) = Mcx(v). Clearly, Jy(zc) = Jy(x)¢ and JZ = —1. Since y is
bijective, x(Mv) = Mcx(v) shows that M — Mc is additive, multiplicative
and injective. Finally, (jB)* = —jBT; hence, M* = A* + j(—BT) and
(M*)c = (_%T i:r
complex representation w(M) of [16, Sect. 3.4] by a fixed signed permutation
matrix, and these properties are [16, Sect. 3.4(i),(ii),(iv)].)

(ii) Write w = ¢ + jd. Then w* = ¢* — jd*, and the rules above give

w*Jv = (¢*Ja + d*Jb) +j (" Jb — d" Ja).

= (Mc¢)*. (Equivalently, Mc is conjugate to the

The first bracket is he(xv, yw). Since x(wj) = (—d, &) by (i), the second
is hc(xv, x(wj)). This proves (I). As J has signature (n, 1), diag(J/, J) has
signature (2n, 2).

If g € Sp(n, 1), then gc commutes with J; by (i) and preserves h¢ by ().
Conversely, let T € U(hc) commute with J,. Then g = x~'T'x is additive
and commutes with right multiplication by C and by j, hence by H = C+jC.
Therefore, g is H-linear and gc = T'. Since x(g(w)j) = J,Tx(w) = Tx(wj),
identity shows that g preserves (-, -), i.e., g € Sp(n, 1).

(iii) By (i), Uc is a complex subspace and is J,-invariant. Conversely, if
W C Vg is a Jy-invariant complex subspace, then x (W) is closed under
right multiplication by C and by j, hence is a right H-subspace.

If uy,...,u,, is an H-basis of U, then uy, ..., up,uij,...,uyj is a C-
basis of U. Indeed, u(z + jw) = uz + (uj)w, and >, w;iz + >, (wj)w; =
> ui(z + jw;). Hence, dime Ue = 2m (cf. [16, Proposition 3.4.2]).

Next, v € U~ if and only if (v,u) = 0 for all u € U. By (ii), and since
Uj = U, this is equivalent to hc(xv, xu) = 0 forallu € U, i.e., yv € (Ug) "c.
Finally, (¢U)c = gcUc by (i).

(iv) (ar)c = diag(at, ar), and for k € K, we have (kc)*kc = (k*k)c = I
by (i). O
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We write v = a + jb rather than v = a + bj because (a + bj)c = ac + b j
for ¢ € C; with that convention the second coordinate would transform
antilinearly.

2.4 Complexified exterior powers and the Pliicker map

Our construction parallels that of Zuniga [20] 19] for discrete subgroups
of PU(1,n) acting on P(A"*' C"*1). The difference is that a quaternionic
(k+1)-plane U is recorded through the complex (2k+2)-plane Ug; therefore,
we work in /\%’Wr2 Ve rather than in an exterior power over H (compare with

Remark [2).

Definition 3 For 0 < k < n — 1, let Gy (H"™) be the set of right H-
subspaces of dimension k + 1 (equivalently, projective k-planes of P} ). Put
Wi = A2V, Ny = dime Wi = (515), Oi(g) = A" gc.

2k+-2

Since ®p(—1I) = I, ® is defined on PSp(n,1). For U € Grjy (H"™) with
basis uy, ..., Uky1, put

vol(Uc) = x(u1) A -+ A X(uprr) A X(urd) A A x(uksad),
Pr(U) = [vol(Ug)] € P(Wy).

Lemma 3 (i) Px(U) does not depend on the choice of basis of U.
(ii) Py is injective.
(iii) Py is continuous with closed image, hence a homeomorphism onto a
compact subset of P(Wy).
(v) @x(g) Pi(U) = Pr(gU) for all g € PSp(n,1).
(W) o = N*J, is an antilinear involution of Wy commuting with
¢, (PSp(n, 1)), and o(volUc) = volUc.

Proof. (i) By the proof of Lemma [2(iii), the vectors x(u1),...,x (1),
X(u1j), .-, X(ugs1j) form a C-basis of Ug. Therefore, vol(Ug) # 0, and
another H-basis of U multiplies vol(Uc) by the determinant of the corre-
sponding change of C-basis of Uc.

(ii) For linearly independent z1,...,x,, we have {x :z Axy A--- ANz, =
0} = spang(z1,...,2,). In particular, Uz = {z € V¢ : = A vol(Uc) = 0}.
Hence, Py (U) determines Uc, and Uc determines U by Lemma [2[(iii).

(iii) We give Grjq(H™"!) the quotient topology from the set of (n +
1) x (k + 1) quaternionic matrices of rank k£ + 1. By Gram-Schmidt, it is
the image of the compact set of matrices with orthonormal columns, hence
compact. The map (uy, ..., ury1) — [vol(Uc)] is continuous (its coordinates
are polynomials in the entries of the x(u;) and x(u;j)); therefore, Py is
continuous. A continuous injection from a compact space into the Hausdorff
space P(W},) is a homeomorphism onto its image, which is compact.
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(iv) By Lemma [2{i), gex(u:) = x(gu;) and gex(wij) = x((gus)j). Since
gui, ..., guky is a basis of gU, we get @ (g)vol(Uc) = vol((gU)c).

(v) The map (z1,...,x,) — Jo1 A--- A J,x, is alternating and additive
in each variable, with J,(zc) = Jy(x)¢. It therefore induces an antilinear
map o of Wy (r = 2k +2). We have 6 = \"(J7) = (=1)" =1, and o
commutes with ®(g) because gcJ, = J,gc. Finally, J,x(u) = x(uj) and
Jox(uj) = —x(u). Moving the block x(u1j) A--- A x(ur+1j) to the front costs
the sign (—1)#+D*; hence, o (volUg) = (—=1)¥1(=1)*+1*volU¢ = volUe. O

Remark 2 Alesker [1, Theorem 1] proved that for m > 2 and N > m + 2,
there is mo continuous map n: Gr,(HY) — P such that n* maps the first
Pontryagin class of the tautological bundle over Py to that of the tautological
bundle over Gr,,(H"™); hence, a quaternionic Plicker map U — N™ U does
not exist, even up to homotopy. With m = k+ 1 and N = n + 1, this is
exactly the range 1 < k <n—2; fork=0 and k =n —1, the maps U — U
and U — U™ take values in P

The map Py does not contradict this. It takes values in the complex
projective space P(Wy.): it is the ordinary complex Plicker embedding Uc
[vol(Ug)], restricted to Jy-invariant subspaces, and by Lemmal[5(v) its image
even lies in the real points P(W7). It pulls back the tautological line bundle to
detc(Uc), which is topologically trivial because H?*(Gry,(H");Z) =0 (all
Schubert cells have real dimension divisible by 4). Therefore, Py, carries no
characteristic-class information; we use it only as a PSp(n,1)-equivariant
embedding. No exterior power of right H-modules is used in this paper.

2.5 The induced Hermitian form and discreteness

Lemma 4 The formula

Pi(z1 A A ogera, Y1 A+ A yaiya) = det (he(zs,y5)) (2)

(an ordinary complex determinant) defines a nondegenerate Hermitian form
on Wy, with ®(Sp(n, 1)) C U(hy). Its signature (negative, positive) is

2 (%22 1)’ (2/31 2) * @Z)) (3)

Proof. Putr = 2k+2. The right-hand side of ({2)) is alternating and linear in
(x1,...,2,), and alternating and conjugate-linear in (y1,...,¥,). Therefore,
it defines a sesquilinear form h; on Wj. Since

det (h(c(yi, xj)) = det (hc(xj, yl)) = det (h@(aci, yj)),

the form hy, is Hermitian. If g € Sp(n, 1), then gc € U(h¢) by Lemma [2[(ii);
hence, det (hc(g@xi,g@yj)) = det (hc(xi, yj)), i.e., Dr(g) € U(hy).
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By Lemma [2(ii) there is a basis by, . . ., byt2 of Vi with he (b, b;) = €6y,
where ¢; = —1 for exactly two indices. For increasing multi-indices I, J of
length 7, the matrix (hc(bi, bj))ie],jeJ has a zero row if I # J. Hence,

hi(br,by) =0 (I # ), h(br,br) = [[ e = (=)™,
iel
where m(I) is the number of negative indices in I. Therefore, hy is non-
degenerate. This proves : it is negative on the 2( 2n ) vectors by with

2k+1

m(I) = 1, and positive on the (21322) + () vectors with m(I) € {0,2}. O

Lemma 5 For0 <k <n—1, the homomorphism ®;: PSp(n,1) — PU(hy)
15 injective, continuous and proper. Consequently, for every discrete sub-
group I' C PSp(n, 1), ®4(T') is a discrete subgroup of PU(hy) and ®g|r is an
1somorphism onto it.

Proof. Put r = 2k + 2; then 2 < r < 2n. By Lemma [f] and ®(—1) = I,
®y, is a well-defined continuous homomorphism into PU(hy).

Injectivity. Suppose ®x(g) is scalar. Let X C V¢ be any r-dimensional
subspace, with volume vector vol(X). Then A" gcvol(X) = vol(gcX) is a
multiple of vol(X); hence, gcX = X as in Lemma [3{ii). Since r < 2n + 2,
every complex line is an intersection of r-dimensional subspaces; therefore,
gc preserves every line and gc = Al with A € C*. Now gc¢J, = J,gc gives
A=\, and g¢ € U(he) gives A2 = 1. Thus, g = +1.

Properness. For an invertible h, put £(h) = Syax(h)/Smin(h), the ratio
of its largest and smallest singular values. It is invariant under scalars. A
closed subset of PGL(W}) is compact if and only if x is bounded on it since
the lifts of norm 1 with sy, > 1/C form a compact subset of GL(W}).

Write g = kyasks with t = A(g) (Proposition [2). Then ®(k;) = A" (ki)c
is unitary by Lemma [fiv). Moreover ®4(a;) is diagonal in the standard
basis of W}, with entries e®=9*, where a and ¢ count the factors with (at)c-
eigenvalue €' and e'. Since 2 < r < 2n, both (a,c) = (2,0) and (a,c) =
(0,2) occur. Hence, x(®y(g)) = e,

Therefore, if C C PU(hy) is compact, then A < T on the closed set
@, 1(C) for some T. By Proposition (ii), this set lies in the image of the
compact set K - {a; : 0 <t < T} - K; hence, it is compact.

Discreteness. Let 7, € I' be distinct with ®4(7,,) convergent in PU(hy).
By properness, a subsequence of (7,,) converges in PSp(n, 1). This is impos-
sible for distinct elements of the discrete (hence closed) subgroup I'. Since
®y. is injective, ®|r is an isomorphism onto @ (T"). O

2.6 Pseudo-projective maps, equicontinuity and Kulka-
rni sets

In this subsection, N > 2 and G C PSL(N,C) acts on PNt = P(CV). We
apply it to CV = Wy, and G = &, ().
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Definition 4 For a nonzero T € My(C), the pseudo-projective map p =
[T] is PN=1\ Ker(p) — PN! [2] — [Tx], where Ker(p) = P(KerT); we
write Jm(p) = P(ImT'). Let QP(N,C) = P(My(C)) D PSL(N,C). For
G C PSL(N,C), let Lim(G) be the set of p € QP(N,C) with p = lim g, for

some sequence of distinct elements g, € G.

Lemma 6 (i) QP(N,C) is compact; hence, every sequence of distinct el-
ements of PSL(N,C) has a subsequence converging in QP(N,C).
(i) If gm — p in QP(N,C), then g, — p uniformly on compact subsets of
PN=1\ Ker(p).
(i11) If G is discrete, then every p € Lim(G) is singular, i.e., Ker(p) # 0.

Proof. (i) and (ii) are [4, Proposition 1.1]; see also [5, Proposition 7.4.1].

(iii) PSL(N,C) = {[T] : detT # 0} is open in QP(N,C), and its group
topology is the subspace topology. If p = lim g,, with distinct g,, € G were
invertible, the g,, would converge in PSL(N,C). This is impossible for a
discrete subgroup. Hence, p is singular. [

Definition 5 Let G act by homeomorphisms on a compact metric space X .
A family F of continuous maps U — X is normal if every sequence in F has
a subsequence converging uniformly on compact subsets of U. The equicon-
tinuity region Eq(G) is the set of x € X having an open neighbourhood U
such that {g|v : g € G} is normal.

We use this for X = P(W},) and for X = Gry,1 (H"*!) (Corollary [1)).

Definition 6 ([14]) Let G act on a compact metric space X. A point x is
a cluster point of a family {As}sep of subsets of X if every neighbourhood
of x meets Ag for infinitely many 3. Let

(a) Lo(G) be the closure of the set of points with infinite isotropy group;

(b) Li(G) be the closure of the set of cluster points of orbits G - x with
reX \ LQ(G),

(¢) La(G) be the closure of the set of cluster points of {g(C)}sec, where
C' runs over the compact subsets of X \ (Lo(G) U L1(Q)).

The Kulkarni limit set is Ak (G) = Lo(G)UL1 (G)ULy(G), and the Kulkarni
domain of discontinuity is Qxu(G) = X \ Aku(G).

G acts properly discontinuously on Qg (G) [14].

Proposition 3 ([4, Proposition 2.5]) For every subgroup G C PSL(N, C),

Eq(@)=P" '\ ] Ker(p);

p€Lim(G)

i particular, this union is closed.
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This is reproved in Section 4 (proof of Theorem [Ifc)).

Pseudo-projective transformations go back to Myrberg; see [5] for the
complex case and [8], §2.3, Lemma 2.8] for their quaternionic analogue on PZ,
where the Kulkarni sets of cyclic subgroups of PSL(3, H) are computed. We
do not need the quaternionic version: all dynamics below takes place in the
complex projective space P(W}), where Lemma |§] is the classical statement.

3 Limits of the exterior-power action

In this section, we determine all pseudo-projective limits of ®,(I") and prove
parts (a) and (b) of Theorem Everything reduces to an explicit com-
putation for the diagonal elements a;, which is then transported by the
transitivity results of Section 2] Throughout, 0 < k <n—1and r = 2k + 2.

3.1 Weights of ®y(a;)

Let €1,...,€2,42 be the standard basis of Vg = C**2. Then x(¢;) = &; and
X(@zj) = Ent1+i- Put

E, = Spaﬂ(gb 5n+2) = X(€1H)7 E_, = Span(€n+17 €2n+2) = X(%HH),

and let Ey be the span of the remaining 2n — 2 basis vectors. Put vol(E;) =
€1 N nte and vol(E_1) = €,41 A €9,42. For an increasing multi-index I of
length r, put €7 = A\,;€i- Let a(I) and c¢(/) be the numbers of indices of /
in {1,n+ 2} and in {n + 1,2n + 2}, respectively. For j € {—2,...,2}, let
W; C Wy be spanned by the ¢; with a(f) — ¢(I) = j, and let P.x be the
projection of W, onto W5 along @j<1 W;.

Lemma 7 (i) W, = @°__,W,, and ®(a;) acts on W; by e*. Moreover,

j=—2

Wie = vol(Eiy) A /\% Ey, and both have dimension (27;;2)

(i1) e *'®p(as) — Prax ast — 0o. The kernel @,y W of Puax contains
every ey with a(l) =2 and ¢(I) > 1.

(111) he(W;, W;) =0 unless i+ j = 0, and hy, pairs W; and W_; nondegen-
erately. Hence, le = @#_j Wi, in particular, Ker Py, = W4,

Proof. (i) By Lemma 2{iv), (a;)c = diag(a;, a;) acts by €', 1 and e~ on
E\, Ey and E_j; hence, ®;(ay)e; = e D=t We have a(I) — c(I) = 2
exactly when [ contains both indices of E'j, none of E_;, and 2k of the 2n—2
indices of Fy. This is possible since 2k < 2n — 2, and gives the description
of W5 and its dimension; W_5 is analogous.

(ii) This follows from (i) since eV=2* — 0 for j < 2.

(iii) Let 7 be the involution of {1,...,2n+ 2} exchanging 1 <» n+1 and
n+2 <> 2n + 2 and fixing the other indices. Since he(z,y) = y*diag(J, J)z,
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we have hc(ei,€1) = dinp). Hence, hy(er,er) = det (5l,ﬂ(i))iel jers Which
is 0 unless L = 7([), and +1 if L = =(/). Since a(n(I)) = ¢(I) and
c(n(I)) = a(I), the map I — m(I) matches the basis of W; with that of

W_;, and all claims follow. [J

Note that, by part (ii), the kernel of P,.x also contains wedges that
contain both expanding directions together with a contracting one.

3.2 Tangent planes and their spans

Recall that for p € OHy, H = {U € Grj 1 (H"™') : p C U C p*}, and (H})
is the complex span of Py(HE) in W,,. By Lemma (i), the form is positive
semidefinite on p* with radical p. Therefore, P(U) meets H only in p for
U e H;f; these are the projective k-planes tangent to OHp at p. The map
U — U/p identifies Hzlf with the Grassmannian of k-dimensional subspaces
of pt/p = H"'. We have H) = {p}, H}~' = {p*}, and H) is the space
mg(p) of [2, Lemma 5.1]. Write pc for (p)c, and vol(pc) = x(p) A x(pj) for
any p € p \ {0}.

Lemma 8 Let p € OH}, and g € Sp(n, 1).

(1) <H1£> = vol(pc) A Aik(pL)@, and dime(HE) = (*%%). In particular,
<H[e1]> = W2 and <H[en+1}> = W,Q.

(it) For U € Gry (H"™), Po(U) € P(H)) if and only if U € Hy.
(iii) Pr(g)(HY) = (HL), and the map p — (HE) from 0Hy to the Grass-

2n—2

ok )—dimensional subspaces of Wy, is continuous.

mannian of (
Proof. (i) Put A = vol(pc) A AN (ph)e.

IfU e Hlf, choose an H-basis p,us,...,uxs; of U. Then vol(Ug) =
£vol(pc) A x(uz) A -+ A x(urs1j) € A; hence, (H)) C A.

For the converse, pick ¢ € OHZ \ {p} and put W’ = pt ngq¢t. By
Lemmall[(ii), p* = p®W’ with dimg W’ = n— 1. Since vol(pc) Apc = 0, the
map & — vol(pe) A € is an isomorphism from A W{ onto A; in particular,
dim A = (2222) For a k-dimensional subspace U’ C W', we have padU’ € HI’f
and vol((p ® U’)¢) = £vol(pc) A vol(U¢:). Therefore, it suffices to show that
the span S of the vectors vol(U%) is all of A W

The subspace W(. is J,-invariant. Let X be a complex-linear map of
W¢ commuting with J,. Then exp(sX) (s € R) also commutes with J,;
hence, it is y-conjugate to an H-linear automorphism of W’ (cf. the proof
of Lemma [2[ii)). By Lemma [[(i) it maps each U{. to some U{ of the same
kind; therefore, A* exp(sX) preserves S. Differentiating at s = 0, S is
invariant under the induced derivation Dy of A W¢. Every complex-linear
Y on W( is X; + i X, with such X3, Xo, namely, X; = %(Y + J;lYJq) and
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iXy = 3(Y — J; 'Y J,); here X, commutes with .J, because J, is antilinear.
Therefore, S is invariant under Dy = Dx, + iDx, for all Y, hence under
GL(W{). This group is transitive on the 2k-dimensional subspaces of W{;;
hence, S contains every decomposable vector. Decomposable vectors span
AZ L.

For p = [e1], we have pc = E; and (pt)c = E; @ Ep; thus, A = Wy;
similarly for [e,41].

(ii) If vol(Uc) € A, then x A vol(Ug) = 0 for & € pc; hence, pc C Uc as
in the proof of Lemma [3ii). Also, vol(Uc) € A"(p*)c; hence, Ue C (p*)c
since a nonzero decomposable vector lying in A" Y has its span in Y. By
Lemma (iii), p C U C pt. The converse is contained in (i).

(iii) Since g preserves the form, g(p*) = (gp)*; hence, gHzgC = ij, and
Lemma (iv) gives p(g)(Hy) = (HY,).

For continuity, use the notation of the proof of Proposition A null
line has the form [f_ 4+ w] with w € P and (w,w) = 1. Since U(P) C K is
transitive on the unit sphere of P and [e;] = [f_ + f4], the continuous map
K — OH}, h — hley], is surjective; as K is compact, it is a quotient map.
By (i) and the equivariance, p (H;f) is induced by the continuous map
h — ®x(h)Ws, hence, continuous. [J

Lemma 9 Let p # q be points of OHY,.

(i) (HF) is totally isotropic for hy,.
(ii) (HEY: = pe A NP Ve + A (ph)e A Ve
iii) hy pairs (H*) and (H) nondegenerately. Hence, (H¥) N (H*) = 0,
p q p q
(HF) N (H)Y =0 and (HF)* # (HF)..
(iv) For U € Grp(H™™), Pp(U) € P((HF)*) if and only if ¢ C U or
UCqt.

Proof. By Lemmal[I[(iii), there is g € Sp(n, 1) with g[e;] = p and gle, 1] =
¢. By Lemma (i),(iii), (HFy = @4(g)W, and (HF) = ®4(g)W_,. Since
®,(g9) € U(hg) (Lemma [4]) and all statements are Sp(n, 1)-equivariant, we
may assume p = [e;] and ¢ = [e,,11]. Then (i) and (iii) are Lemma [7|(iii).

(i) By Lemma [7]iii), W3- is spanned by the e; with (a(1), c(I)) # (0,2),
i.e., with a(I) > 1 or ¢(I) < 1. These span By A A\~ Ve and N H(E, @
Ey) A Vg, respectively.

(iv) By Lemma (iii), (Hy)® = Wi = @,., Wi. Therefore, we must
show that the Ws-component of vol(Ug) vanishes if and only if ¢ C U or
U C ¢*. Note that gc = F_; and (¢t)c = Eo @ E_;.

If U C ¢, no factor of vol(Ug) has an Ej-component. If ¢ C U, then
vol(Ug) is divisible by vol(E_1). In both cases the Wj-component is 0.

Otherwise U N ¢* has dimension k& and meets ¢ trivially. Choose an
H-basis ui,...,ur of U N gt and ugyy € U\ gt Let 7 and 7y be the
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projections of V¢ onto E; and FEj, along the other two summands. Only
the factors x(ugs+1) and x(ugy17) have nonzero Fj-components. Hence, the
Wa-component of vol(Uc) is

£ mx (k1) A Tx(uerng) A mox(un) A -+ Amox (ug).
The first two factors are independent, because (ugy1H)c N (¢-)c = 0 and
kerm = (¢-)c. The others are independent, because 7, is injective on
(U N gt)e: its kernel in (¢F)c is gc. Therefore, the component is nonzero.

O

Part (iii) relies on the condition U C p* in the definition of H¥.

3.3 All limit maps

Proposition 4 Let I' C PSp(n, 1) be discrete and let (v,,) be a sequence of
distinct elements of I'. After passing to a subsequence:

(i) Ym = kmay,,lm with ky,l, € K, t,, = XNYm) — 00, kyn — k and
Iy — 1
(ii) e 2mPu(v) = T = ®p(k) Prax Pr(l) # 0; hence, ®x(ym) — p = [T]
(iii) Jm(p) = P(H;}Z) and Ker(p) = IP’((H;:,H), where pt = kle;] =
limv,,(x) and p~ = [7ten 1] = lim~y, 1 (z) for every x € HY; both
points lie in A(T).

FEvery element of Lim(®x (")) arises in this way. Conversely, every p € A(T)
is the point p™ of some element of Lim(®y(T")), and the point p~ of another.
In particular, Theorem [1](a) holds.

Proof. A discrete subgroup is closed; therefore, it meets every compact set
in a finite set. Hence, (7,,) leaves every compact set, and A(7,,) — oo by
Proposition [fiii). Write v, = kmay, ln as in Proposition [2[ii) for lifts to
Sp(n,1). Since K is compact, we may assume k,, — k and [,, — [. This
gives (i).

(i) By Lemma [f[ii), e72" @y (yn) = Ppo(km) (677 P (ay,,)) Pp(lm) — T,
and T # 0 since Ppax # 0.

(iii) By Lemma (i),(iii), JmT = @y (k)Wo = (Hfj, ). By Lemma (m)
and since @ (I71) € U(hy),

KerT = (17" )KerPpax = @1 (171 (W)
— 1
= (Qe(ITHYW_o) ™ = (Hlap, )

By Proposition [2[iv), Y (0) = kma,, (0) — klei] and 7,1 (0) = Ita—y,, (0) —
I7Y[e,41]. These limits lie in A(T"), and by Proposition [1[i) the same limits
are obtained from every z € Hyj.
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If p = lim g () with ®x(v,,) distinct, then the v, are distinct, and the
above applies to a subsequence with the same limit p.

Conversely, let p € A(I") and choose 7, € I' with 7,,(0) — p. Since
p ¢ Hf, the points v,,(0) take infinitely many values; hence, we may assume
the 7, distinct. Applying the above to (v,,) gives pt = p. Applying it to
(V52" gives p~ = lim5,,(0) = p. O

The limit p depends on (k, 1), not only on p*; only its image and kernel
are determined by p* and p~, respectively. The image is a single point if and
only if (2%2) =1, ie, k€ {0,n—1}. For k = 0, Lemma @(iv) shows that
Py ' (Kerp) = P((p~)*). Therefore, Proposition 4| contains the A-lemma [2,
Lemma 5.2] for the action on Pj. In the terminology of [3, Definition 3.1}, a
sequence as in (i), whose Cartan factors ky,, [, converge and whose Cartan
projections t,, tend to oo, tends simply to infinity, and the first step of
the proof shows that every sequence of distinct elements of I' has such a
subsequence. For every k, Proposition {4 is the analogue for ®(I") of the
A-lemma [3, Proposition 3.6] for discrete subgroups of PU(1, n).

3.4 The k-Chen—Greenberg limit set
Proposition 5 Let I' C PSp(n,1) be discrete.

(i) Ly(T) = UpeA(F)IP’(HIf}. This union and the union UpeA(F)P«HZf)l)
are closed.
(it) Me(T) = Upeam Hy. In particular, Ao(T) = A(T), and A,_1(T) =
{pt:pe A(T)} is the set of tangent hyperplanes at limit points.
(iii) If T is non-elementary, then for every p € A(T')

Li(T) = U, ep @i(y) P(H) and A () =T - H}.
In particular, Theorem [1|(b) holds.

Proof. (i) By Proposition {4} the images of the elements of Lim(®(I")) are
exactly the spaces P(H}}) with p € A(T).

For closedness, let y,, € P(Z,, ) with p,, € A(I') and y,, — y, where
Zy, = (HF) or Z, = (H})*". Passing to a subsequence, p,, — p € A(T)
since A(T) is compact. By Lemma [§(iii), Z,,, — Z,; taking hj-orthogonal
complements is continuous because hy, is nondegenerate. Hence, y € P(Z),).
Therefore, the closure in Definition (1] is not needed.

(i) By (i) and Lemma i), Ax(T) = Py (Li(T)) = Upeny Hy- For
k=0and k=n—1,use H) = {p} and H!"' = {p*}.

(iii) By Lemma §](iii), ®x(y)P(H}) = P(HE,) and yHF = HZ,. Therefore,
both right-hand sides are contained in the (closed) left-hand sides.
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Conversely, let ¢ € A(I'). By Proposition (iii) there are v, € I' with
Ymp — q. By Lemma (iii), (HY ) — (HF); hence, P(H) lies in the first
closure. Choose h,,, € K with h,, — 1 and h,,q = ¥,.p, using local sections of
the orbit map K — 0Hg, h — hq. Then for U € H;, we have h,U € HY |
and h,,U — U; therefore, H 5 lies in the second closure. [

Remark 3 The action of I' on Li(T') is in general not minimal. Indeed, for
1 <k<n—2and A(T') # 0, the set Py(Ax(T')) = Li(T) N Pr(Grypq (H1))
is a nonempty, closed, I'-invariant and proper subset of Ly(T'). It is proper
because, by Lemma @(@z}, its intersection with P(HY) is Py(HF). This is the
smooth image of a manifold of real dimension 4k(n—1—k), which is smaller
than dimg P(HF) = 2(*}%) — 2.

Remark 4 In the complex case [20, Proposition 3.9], <H;’f)l is spanned by
the Pliicker points of the k-planes through p and of those contained in p*.
This fails here: these Plicker points lie in vol(pc) A N** Ve + A2 (ph)e,
which is a proper subspace of (HY)*= by Lemma @(n) (form =3, k =1
it has dimension 24, against 64). Only the intersection of P((H))*") with
Pr(Grypr (H"Y)) is described by Lemma [d(iv).

4 The equicontinuity region

In this section, we prove Theorem (C) and Corollary |1, Throughout, I' C
PSp(n,1) is discrete and 0 < k < n — 1. By Lemma 5, ®x(I") is a discrete
subgroup of PSL(Vy, C). Put

Ke(D) = |J PUHN) CPWy).
peA(T)

This set is closed by Proposition [fl(i). It is invariant under ®4(T') by
Lemma [§iii), because A(T') is I-invariant by Proposition [Ii), and each
®,(7) preserves hy by Lemma [l By Proposition [ it is the union of the
kernels Ker(p) over all p € Lim(®,(I)).

4.1 Proper discontinuity

Lemma 10 Let G C PSL(N,C) be discrete, and let @ C PN~ be an open
G-invariant set that is disjoint from Ker(p) for every p € Lim(G). Then

G acts properly discontinuously on Q: for every compact C C €2, the set
{ge G:g9CNC #0} is finite.

For 2 = Eq(G), this is part of [4, Corollary 2.6]; we include the short proof,
which uses only Lemma [0}
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Proof. Suppose there are distinct ¢,, € G and ¢, € C with g,,¢,, € C.
By Lemma |§|(1) we may assume that g, — p and g,' — p/, where p =
[T] and p' = [T"] lie in Lim(G). We may also assume ¢,, — ¢ € C and
ImCm — x € C.

Since ¢,z € Q lie outside Ker(p) U Ker(p’), we can choose a compact
neighbourhood B of z disjoint from Ker(p'), and an open neighbourhood U
of ¢ with U N Ker(p) = . By Lemma E(ii), gm — p uniformly on U and

gt — p/ uniformly on B. In particular, z = p(c). Shrinking U, we may

assume p(U) C int B.

For z € U, we then have g,,z — p(z) € int B, hence, z = g, (gmz) —
P (p(z)). Therefore, p’ o p is the identity on the nonempty open set U. But
p(U) C P(ImT), and by Lemma [6[iii), T is singular. Hence, p'(p(U)) lies in

the proper projective subspace P(7"JmT'). This is a contradiction. [J

4.2 The equicontinuity region of ¢, (I

Proposition 6 Eq(®(I')) = P(W) \ Ki(). In particular, Theorem (c)
holds.

Proof. Step 1: points off Ky(I') are in Eq. Let y ¢ KCk(I'). Since ICx(I)
is closed, ¥ has an open neighbourhood U whose closure U is compact and
disjoint from fCx(T).

Let (7,) be a sequence in I'. If some element occurs infinitely often, a
constant subsequence converges uniformly. Otherwise, we may assume the
Y distinct. Then the ®5(v,,) are distinct by Lemmalf], and by Lemma [6{i)
we may assume that ®x(7y,) — p with p € Lim(Px(T")). Since Ker(p) C
Ki(I"), Lemma @(ii) gives uniform convergence on U. Therefore, {®1(7)|v}
is normal and y € Eq(®x(I")).

Step 2: points of Ky(T') are not in Eq. Let y = [g] € P((H))") with
p € A(I"). By Proposition , there are distinct v, € I' with v, = knay,ln,
tm — 00, ky — k, L, — 1, and [7Y[e, 1] = p. Hence, y € Ker(p) for
p = lm @ (v,,).

Write Tp,, = e 2 ®p(v,) = Pr (k) Dy @i (1) with D,, = e 2m®y(ay,).
By Proposition [(ii), p = [T with T = ®}(k)Punax®i(l); hence, KerT =
(1) "' KerP.c. Hence, 2z := ®.(1)y is a nonzero vector in KerP., =
@D, W; (Lemma (11)) Let z; be its W;-component, and put j, = max{; :
z; #0} < 1. Fix 0 # u € W5, and for s € C put

G (s) = Pr(lm) (2 + se(j°’2)tmu) — & ()2 =7
By Lemma (i), D,, acts on W; by eV~ Hence,
Toiim(s) = V0= 2tm & (k) (su+ zj, + O(e™™™)),

and therefore,
O (v [Gin (5)] — [Pi(k) (s + 25,) ]
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Since u € Wy and zj, € W;, with jo # 2 are linearly independent, different
values of s give different limits.

Suppose y € Eq(®r(I')). Then a subsequence of (®x(7,,)) converges
uniformly on a compact neighbourhood of y to a continuous map f. Along
it, @ (Ym)[Um(s)] = f(y) for every s since [(s)] — y. As the above limits
do not depend on the subsequence, this contradicts their being distinct.

Step 3. Steps 1 and 2 give Eq(® (")) = P(Wy) \ Ki(T'). O

The proof does not use that I' is non-elementary, and it also covers the
cases k € {0,n — 1}, in which the limit maps have rank one. For &4 (")
it gives a direct proof of Proposition [3| [4, Proposition 2.5], together with
an explicit description of the union of the kernels. It is the quaternionic
counterpart of [19, Theorem 4.14]. Note, however, that (H)* is strictly
larger than the span of the Pliicker points of the k-planes through p or
inside p~ (Remark ; therefore, the literal analogue of [19, Theorem 4.14]
would be false here.

Corollary 2 O, (I") acts properly discontinuously on Eq(®r(T")). Moreover,
for every compact set C C Eq(® (")), the cluster points of the orbit ®,(I')C
lie in Li(T).

This is the analogue of [0, Theorem 1] (see also [6, Corollary 5.2]).

Proof. This is a special case of [4, Corollary 2.6]. By Proposition |§|7
Eq(®(T)) = P(W;) \ Kx(I"). This set is open and invariant, and it is disjoint
from every Ker(p), p € Lim(®x(I")), because these kernels lie in IC (). It
remains to apply Lemma [10]

For the second statement, let y be a cluster point of ®x(I")C. Then
y = lim @4 ()¢ for some distinet 7, € T’ and ¢, € C. By Lemma [6f1)
and Proposition [l we may assume that ®4(v,,) — p € Lim(®,(I")) and
¢m — ¢ € C. Since Ker(p) C Kk(I') is disjoint from the compact set C,
Lemma @(ii) gives Or(vm)em — p(c). Hence, y = p(c) € Tm(p) = IP’(H;;Q
with p* € A(T), and y € Li(T") by Proposition [fi). O

4.3 The quaternionic Grassmannian

Corollary (1} is the quaternionic counterpart of [19, Theorem 4.15], where
equality with the equicontinuity region on the Grassmannian is stated in
the complex case.

Proof of Corollary [T By Proposition 6| P,(U) ¢ Eq(®(I")) if and only
if Pe(U) € P((H})") for some p € A(T'). By Lemma @(iv), this happens
if and only if p C U or U C p* for some p € A(T"). Therefore, Ox(T") =

P, ' (Eq(®(I))). It is open because Py is continuous, and I-invariant by
Lemma [3(iv).
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Proper discontinuity. Let C C Ok(T") be compact. If yC' N C # (), then
Py, (7)Pe(C)NPx(C) # 0. By Corollary 2] this happens for only finitely many
®;,(7), hence, by injectivity of ®; (Lemma[5)), for only finitely many 7.

Equicontinuity. Let U € Ok (T'), and let B be an open neighbourhood of
Pi(U) on which {®4(7)|p} is normal. Then P, *(B) is an open neighbour-
hood of U, and on it 7y = P} ! 0 ®4(7) o Py

Given (), pass to a subsequence with ®x(v,,) — f uniformly on com-
pact subsets of B. On Pk’l(B) the maps ®r(v,) © Py take values in the
closed set Py, (Gry1(H1)); hence, f o Py, does too. Since P; ! is uniformly
continuous on this compact set (Lemma (iii))7 Ym — P, *o f o Py uniformly
on compact subsets of P, '(B). Hence, U lies in the equicontinuity region
of T on Gryy (H"™). O

Remark 5 (i) For k = 0, H) = {p} and p € p*; hence, Oy(T') = P \
Upea P(pt). For non-elementary T, this is exvactly the equicontinuity re-
gion of I' on P, and the largest open set on which I' acts properly discon-
tinuously by [2, Theorem 1.2]. Therefore, Corollary (1| is sharp for k = 0.
Moreover, x — x*+ maps Oy(T') onto O,,_1(T') for every T': for a line x and
U = at, we have p C U if and only if v C p*, and U C p* if and only if
p=z.

(ii) Suppose A(T') = OHY, e.g., for a lattice. Since U C pt if and only
if p C UL, U € Ok(T) if and only if neither U nor U+ contains a null line.
A subspace S contains no null line if and only if the form is definite on S:
if u,v € S with (u,u) > 0> (v,v), then t — (u + vt,u + vt) changes sign
on R. If U is negative definite, then dimg U = 1 by Step 0 of the proof of
Lemma . If U is positive definite, then U+ has signature (n — k — 1,1);
hence, it is definite only if k = n — 1. Hence, for n > 2, we get Oy(T') = ()
for1 <k<n-—2and

Oo(T) = HE, O, (D) = {zt : v € HE},

while for n =1, we get Oy(T') = Py \ OH.

5 The Kulkarni limit set

In this section, we prove Theorem [Ifd), give a lower bound for the Kulkarni
limit set, and complete the proof of Theorem [I, As in Section ] ' C
PSp(n,1) is discrete, 0 < k <n —1, G = ®4(I') acts on X = P(W}), and

Ke@) = |J P((HS)T),  sothat  Eq(G) =X\ K(I)

peA(T)

by Proposition [} Lo(G), L1(G), Ly(G) are the sets of Definition [6]
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5.1 An upper bound

Proposition 7 Ak, (G) C Ki(T); equivalently, Eq(G) C Qxu(G). In par-
ticular, Theorem[1|(d) holds.

Proposition m is the quaternionic counterpart of one inclusion of [20, The-
orem 1.1]. The step for Ly below is a variant of the criterion [§, Lemma 2.9];
see also [4, Proposition 1.4(3)].

Proof. Put Q = Eq(G). It is open and G-invariant, and G acts properly
discontinuously on it by Corollary 2] Since Kix(I') = X \ Q is closed, it is
enough to show that the points with infinite isotropy and the cluster points
in Definition [f[(b),(c) lie in KCy(T').

If x € Q, proper discontinuity applied to C' = {x} shows that the isotropy
group of x is finite. Hence, Ly(G) C ICx(I).

Let y be a cluster point of an orbit G-x. Then g,,x — y for some distinct
gm € G. If x ¢ Q, then g,z ¢ Q for all m; hence, y ¢ Q. If x € Q and
y € Q, then C = {z,y} U{gnz : m > 1} is a compact subset of Q with
ImT € g,C N C for all m, contradicting proper discontinuity. Therefore,
y € Ki(T') in all cases, and L;(G) C K (D).

Let C C X \ (Lo(G) U L1(G)) be compact, and let y be a cluster point
of {g(C)}4ec. Then there are distinct g, € G and ¢, € C with g, = .
Suppose y € . By Lemma [f[i) we may assume that g,,! — p' € Lim(G)
and ¢,, = ¢ € C. Since Ker(p') C (") by Proposition |4 y has a compact
neighbourhood B disjoint from Ker(p'). By Lemma @(ii), gt — p/ uniformly
on B. As gncn, € B for large m, we get ¢ = limg, ' (gncm) = p'(y) =
lim g, 'y. Now y ¢ Lo(G), because Ly(G) C Ki(T'), and the g,,' are distinct.
Therefore, ¢ is a cluster point of the orbit G -y, ie., ¢ € Li(G). This
contradicts ¢ € C. Hence, y € Ki(I'), and Ly(G) C Kk (T"). O

Remark 6 The proof only uses that G is discrete and that Eq(G) is open,
G-invariant and disjoint from Ker(p) for every p € Lim(G) (via Lemmal10).
The last property holds for every discrete G C PSL(N,C) by Proposition @
therefore, the inclusion Eq(G) C Qgu(G) holds for every discrete G; com-
pare [4), Corollary 2.6/, where the Kulkarni sets are formulated slightly differ-
ently (with the closure of the cluster points of all orbits in place of LoU Ly ).
By part (c), it gives the explicit upper bound Axu(P(T)) C Ki(T); the lower
bound in Theorem [1](d) is Proposition [§ below.

5.2 A lower bound

Let Ao (I') be the set of points of A(T') that are fixed by some element of I
of infinite order, and let Hfj; be the closure of Hy in Pf.
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Lemma 11 (i) If g € T has infinite order, then A({g)) is a nonempty
subset of Aoo(T).
(i) If T is infinite cyclic, then A (') = A(T).
(i1i) If T is non-elementary, then I' contains an element of infinite order,

and A (I") is dense in A(T").

Proof. (i) The group (g) is infinite and discrete; hence, A({g)) # 0 by
Proposition [If(ii), and clearly, A({g)) € A(T). If ¢ = lim g™ (o), then g(q) =
lim g™ (g(0)) = ¢ by Proposition [I](i).

(ii) This follows from (i).

(iii) T" is infinite, since finite groups have finite orbits. Choose distinct
Ym € I' and apply Proposition 4| with £ = 0. After passing to a subsequence,
we get points p* € A(T') with @o(y,,) = p, Tm(p) = {Po(p*)} (as H) = {p})
and Ker(p) = P((H)_)"). If p* = p~, choose h € I with hp* # p*; it exists
because I' has no finite orbit. Replacing ~,, by h~,, replaces p by ®¢(h) o p,
which has image {Py(hp™)} (Lemma [3[(iv)) and the same kernel. Therefore,
we may assume pT # p~.

Let B be a closed neighbourhood of p* in H not containing p~. Then
BNP((p7)*) = 0 by Lemma [1i), and hence, Py(B) N Ker(p) = @ by
Lemma [J](iv). By Lemma [6{ii) and Lemma [(iii),(iv), 7, — p* uniformly
on B. Therefore, g := 7, satisfies g(B) C int B for some m, where the
interior is taken in Hg. Then ¢’(B) C g(B) C int B for all j > 1. Since Hf,
is connected and () # B # HE is closed, B is not open; hence, int B # B.
Hence, ¢/ # 1 for all j > 1.

Let po € A({g)). For v € T, the point vpy is fixed by vgy~!, which has
infinite order; therefore, I'-py C Ao (I"). By Proposition (iii), T-po=A).
O]

Proposition 8 P(H}) C Lo(G) U Li(G) for every p € Ax(T). Conse-
quently, if I is non-elementary or infinite cyclic, then

Li(T) € Lo(G) U L1 (G) € Aku(G) C Ki(T).

Proof. Step 1: p € A(I'). Let g € T" have infinite order with gp = p; lift
it to Sp(n,1). Then g preserves p and p*; hence, gc preserves pc and (p*)c
by Lemma [(iii). For every w € V, the number (w,w) is real; therefore,
Lemma [2(ii) and H = C @ jC give hc(xw, xw) = (w,w). By Lemma [Ii),
hc is therefore positive semidefinite on (p*)c with null vectors exactly pc; by
the Cauchy—Schwarz inequality these form its radical. Therefore, h¢ induces
a positive definite Hermitian form on Q = (p*)c¢/pc, and the map g induced
by gc on @ is unitary for this form. Hence, /\zk g is also unitary on /\zk Q.

By Lemma (i), w — vol(pe) A w maps A™(p*)c onto (HY). Tt vanishes

on pc A /\Qk_l(pL)(c; hence, it factors through /\% (). Both spaces have
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dimension (27;;2); therefore, we get an isomorphism ) : /\21C Q — <H§) (for

k=0, ¢(1) = vol(pe)). Since A? gevol(pe) = det(gely. )vol(pe),
i(g) 0 ¢ = det(gelpe) ¥ o A* .

The powers of the unitary map /\2]~C g lie in a compact group. Therefore,
there are m; — oo with ( /\Qk g)™ convergent. Passing to a subsequence, the
differences n; = m; 1 —m; are strictly increasing, and ( /\% g)™ — I. Hence,
Dp(g)™y — y for every y € P(H)). The elements $y(g™) are distinct,
because ¢ has infinite order and ®; is injective (Lemma [5). Thus, y is
a cluster point of G - y. Therefore, either y € Ly(G), or y € Li(G) by
Definition [6|(b).

Step 2: p € Ao(l). Let pp € Aoo(T) with p, — p. By Lemma [iii),
(Hy ) — (H); hence, every point of P(H}) is a limit of points of P(H} ).
These lie in the closed set Lo(G) U L1 (G) by Step 1.

Step 3. If T' is non-elementary or infinite cyclic, then A (I") = A(T
by Lemma . Therefore, Li(I') = U,ear) P(H)) € Lo(G) U Li(G) by

i) and Steps 1-2. The last inclusion is Proposition |7} O

~—

Proposition

Remark 7 If T is non-elementary or infinite cyclic, then Propositions [7
and |8 place Ak (P (L)) between the explicit sets Ly (I') and Ky (). Equality
in Theorem[1](d) means Axw(®x (L)) = Ki(T). Since G acts properly discon-
tinuously on Quw(G) [14)], this would follow if Eq(G) were the largest open
subset of P(Wy) on which G acts properly discontinuously. For the action of
a non-elementary I' on Py, the corresponding maximality is [2, Theorem 1.2]
(see Remark[3(i)). We do not know whether it holds for ®4(L') on P(W}).
Some hypothesis on " is needed here: for the cyclic group generated by a lox-
odromic element of PU(1,n) acting on P¢ one has Eq = Qxu, but this set
15 not the largest open set on which the group acts properly discontinuously;
there is no largest such set, and the mazimal ones are described in [3, §2].

For discrete subgroups of PU(1,n) acting on ]P’(/\’H1 C™), equality does
hold [20), Theorem 1.1]. The proof there uses sequences whose Cartan maps
are the identity [3]; the quaternionic analogue of this ingredient is [2, Theo-
rem 5.6]. The argument does not transfer directly. Since (a;)c has the eigen-
value €' with multiplicity two, ®i(a;) has five weights (Lemma@ instead of
three. Let Y = kmay, Ly, with p© = p~ = p, let wy = [Wo] € IP((H;“}L), and
let jo be the top weight of z = ®y(1)wy, with W, -component z;,. The com-
putation in Step 2 of the proof of Proposition[t] shows that the accumulation
points of Pr(Ym)Tm, Tm — wo, lie in P(@k(k)(@j>jo W; @® Cz,)). Since
Py (k) maps @, W; onto @, _; W, this set does not contain wo when
Jo = 1, which is the generic case.
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5.3 Proof of Theorem [

By Lemma [}, ®4(T) is a discrete subgroup of PU(hy). Part (a) is Propo-
sition , with the dimension of (H}) given by Lemma (1) There the
points p* are obtained along a subsequence; in fact, v,(0) — pt and
y-Yo) — p~ for the whole sequence. Indeed, every subsequence of (7,)
has a further subsequence to which Proposition 4 applies, with the same
limit p. Along it, y,(0) — ¢* and ~,,'(0) — ¢~ with Jm(p) = P(H},) and
Ker(p) = P((H} )*). By Lemma |§|(iii)7 the maps p — (H}) and p — (H})*
are injective; therefore, ¢* do not depend on the subsequence. Part (b) is
Proposition [5{(i),(ii), part (c) is Proposition [6} and part (d) is Propositions [7]
and . The unions | J, P(H}) and | J, P((H})") are closed by Proposition(i),
and Ax(T') = P, ' (Li(T)) is closed because Py is continuous.

6 Comparison with the complex case

For a discrete I' € PU(1, n) acting on P(A**' C*™1), the analogues of The-
orem [I[(a)—(c) and Corollary [1] were proved by Zuniga [19, 20]. Our results
follow the same pattern, but the passage through the complex realization
changes the picture in three ways. First, the representation is k2 of
Ve = C**2, the form hy, has signature (2 (2511), (2212) +(3)) (Lemma }
instead of ((Z), (kil)), and the limit maps have rank (2222) instead of ("; );
in both cases, they have rank one only for & € {0,n—1}. Second, in the com-
plex case, (Hl’fﬂ is spanned by the Pliicker points of the k-planes through
p or inside p [20, Proposition 3.9]; here this span is a proper subspace
(Remark ; hence, the complement of the equicontinuity region is strictly
larger than the naive analogue suggests, although on the Grassmannian the
two descriptions agree (Corollary [1)). Third, ®4(a;) has five weights instead
of three (Lemma/[7)). In the complex case, the Kulkarni limit set equals the
complement of the equicontinuity region [20, Theorem 1.1]; here we obtain
the two-sided bound of Theorem [I[(d), Li(T') € Akw(®x(T)) C Ki(T) for
non-elementary or infinite cyclic I', but not equality, since the extra weights
+1 break the argument of [20] (Remark [7)). Whether equality holds in The-
orem (d), and whether the equicontinuity region is the largest open set
on which ®4(T") acts properly discontinuously, as it is for & = 0 on P} [2]
Theorem 1.2], remain open for non-elementary I'; for elementary I', such
maximality can already fail in the complex case [3], §2].
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