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Abstract. We introduce sufficiently wide classes of non—linear
functionals preserving normal (Gaussian) distribution and estab-
lish various conditions under which a sequence of such functionals
is asymptotically normal. As a consequence, we obtain a gen-
eralization and sharpening of known results on the central limit
theorem for weighted sums (linear functionals) of independent
random variables.
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Introduction

Limit theorems for sums of independent random variables form a complete
theory which presents one of the main parts of the probability theory (see,
for instance, [4,/11]). At the same time, the question of the validity of the
central limit theorem (CLT') for wider classes of random processes is still very
actual. There are two main directions for researches: the validity of the CLT
for sums of dependent random variables, for example, processes with weakly
dependent components ( [2,/6,/10]), martingales ( [5]), and the asymptotic
normality of different classes of non—linear functionals on independent as
well as dependent random variables.

The present paper is concerned with the second problem. Namely, we
introduce sufficiently wide classes of non—linear functionals on random vari-
ables which have the following property: in the case when random variables
are independent and standard normally (Gaussian) distributed, the distri-
bution of the functional is standard Gaussian too, or, in our terminology,
the functional preserves the normal distribution (Section 1). In the second
section, we consider functionals, which preserve the normal distribution, on
independent, but not necessarily Gaussian random variables, and obtain con-
ditions under which a sequence of such functionals is asymptotically normal.
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As a consequence, we also obtain a generalization and sharpening of known
results on the CLT for weighted sums (linear functionals) of independent
random variables (Section 3).

1 Functionals preserving the normal distri-
bution

Denote by f, = fu(z1,9,...,x,) a real-valued functional defined in R™,
n > 2. We say that the functional f,, preserves the normal distribution, if for
random variables &1, &, ..., &, which are independent and standard normally
distributed, the random variable f, (1,8, ...,&,) has the standard normal
distribution .47(0, 1) too.

Here are several simple examples of functionals preserving the normal
distribution (see, for instance, [8] and [12]).

T1 + T2
ol

\/§'$1$2

T1To + T3

V1+ 2?2

It is obvious that any superposition of functionals preserving the normal
distribution is again a functional which preserves the normal distribution.
This observation gives us an approach to the construction sequences f,,
n > 2, of such functionals. For instance, Example 1 gives rise to the
following sequence of functionals preserving the normal distribution

Example 1 fo(zq,72) =

Example 2 fo(z1,15) =

Example 3 f5(x1, 79, x3) =

fn<x17x27 737n) = f2 (3717 fn,1(1'2, >:CTL)> =

Ty T T3 Tp—2 Tp_1+ Ty

Vit e v
If we consider the functional
A 1T
f2($1,$2) = %
\V T+ 75
similar to the one in the Example 2, we obtain a sequence
A o I1;
(1, oy s y) = folxy, fuoa(22, oy my)) = = , n>2,

S O«

J=11<i<n :i#j
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of random variables normally distributed with parameters 0 and n~!. Hence,
functionals

n
v l:[lfj
fo(T1, 2oy oy y) = = , n> 2,

> I«

j=11<i<n:i#j

preserve the normal distribution.
Starting from the functional from the third example, we obtain the fol-
lowing sequence of functionals preserving the normal distribution

fol@1, @, ) = f3(x1, 22y fuo1 (21, 23, T4y ooy ) =

T1T2 123 L1y N T1Tp—-1 i T,
Vitap Taf T4 aPR T IR (1 eI

n > 3.

Sequences of preserving the normal distribution functionals can be ob-
tained in other ways. For instance, Example 1 is a particular case of linear
functionals (weighted sums) with coefficients ozj(n), j=1,n,ie.

n
folz1, oy oy y) = Z agn)xj.
j=1

The classical case is obtained for ag-n) =n"Y2 j=1n.

For linear functionals the following statement is true.

Proposition 1 The linear functional f, with coefficients o\, j = T,n

j
preserves the normal distribution if and only if
n 2
> (o) =1 (1)
j=1

Proof. Let &,&, ..., &, be independent random variables with the standard
normal distributions. Consider the characteristic function ¢,, of the random

variable Z a§”)§ ;
=1

= n L () e
on(t) = Eexp {itza§ QJ} ~[[ e,
Jj=1 j=1
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To prove the proposition we need to show that ¢, (t) = et/ 2 t € R. Since
a;.")gj ~ (0, aj(»n)), we have

1 2
Eexp {itozé")gj} = exp {—5 <a§-n)t> } .
Hence

- —(al™p)2 t? - n) 2
pult) =T e ™™ /QZGXP{_EZ(@- ) }

Jj=1

o 2
From here it follows that ¢, (t) = ¢~*"/? if and only if Z <ozj(-")> =10

j=1

Next proposition shows how one can construct linear functionals preserv-
ing the normal distribution using a superposition.

Proposition 2 Consider the functional
fola1, 22) = ax + B, a, B € R\{0, 1},
and the superposition
falzr, o, ooy xy) = fo (1, fuo1(T2, 3, o0y )) n> 2. (2)

1. For anyn > 2, f, is the linear functional with coefficients aén) of the
form

o = gt ag-n) —aft, 1<j<n-—1. (3)

Conversely, any linear functional f, with coefficients given by can be
represented as the superposition where fy has coefficients o and f3.

2. The linear functional preserves the normal distribution if and only
if the coefficients o and 3 of the functional fo are such that o + 3% = 1.

Proof. 1t is easy to see that
n
f2 (1’1, fn—1<x27 L3y -eny xn)) = Z Oé'n)‘rj’
j=1

where a§"), 1 < j < n, are some coefficients. Let us show that these coeffi-
cients have the form . Indeed, for n = 3 we have

fa(x1, w2, 23) = fo(a1, f2(w2, 73)) = w1 + afzs + a3
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Assume now that the statement is true for the functional f,,_;. Then

n—1
fn(xlax% axn) = f2 (xla fn71($271‘37 7$n)) = QI + Bza§'nil)$]’+1 =
j=1

n—2 n—1
a8 (z 0B + B) P

j=1 j=1

and hence coefficients of f, have the form . Conversely, for any linear
functional f,, with coefficients given by we can write

n n—1
folz1, Toy oy ) = Z ozgn)xj = Z aBity; + e, =
j=1 j=1

n—2
=ax; + (Z Oéﬁj_l%url + 5n_2$n> = fa (xl, fn—1($2, L3y -eny xn)) .
j=1

To prove the second statement of the proposition note that for any n > 2

we have
n n—1 . o\n—1
> (o) = e () () et T ()
=1 j=1

If a? + 3% = 1 then the right-hand side of the expression above equals to 1,
and hence for f,, condition (/1)) holds. On the other hand, if linear functionals
frn with coefficients preserve the normal distribution then condition (/1)
is fulfilled for n = 2 as well, and hence o? + 32 =1. O

Functional f3; from the Example [3| can be generalized in the following
way

:x0$1+x2+...+$n n>9.

Example 4 f,1(xg, 21,22, ..., T,) ., n>
vn—1+x3
We can write

ToT1+ To + ... + 1,

fn+1(:v0,x1,x2,...,xn) = 5
vn—14 2§

T n 1
. D ———
vn—1+a3 =2 \/n—1+x3

Note that for any zp € R

2, 2

To 1 T3 n—1
—— | + | = + =1
(\/n—l—l—x%) ;( n—1+x§> n—1l+af n—1+aj
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Below we prove a general result, from which, particularly, one can see that
considered functionals preserve the normal distribution.

The main class of non-linear functionals considered in the paper is de-
fined as follows. Let agn) (x), j =1,n, z € R, be a set of non—zero functions,
and put

fn+1(370,331,.172, ,In) = fgo(‘xl?x% 7$n) = Zagn)<x0)xj (4)
j=1

In the next theorem, a condition for such functional to preserve the normal
distribution is introduced.

Theorem 1 The functional preserves the normal distribution if
= ()
Z <04j (2)) =1 for any z € R. (5)
j=1

Proof. Let random variables &, &1, &9, ..., &, be independent and standard
normally distributed. We will show that

2k

2k—1
E (Z af )<£o>£j> =0, E (Z ol %)@) = fk,j, . k=12,
Jj=1 j=1 )

Since the normal distribution is uniquely determined by its moments, from

here it will follow that Z a§-n) (&0)&j ~ A(0,1).

j=1
First consider odd moments. Taking into account the independence of
0,61, 8, ..., &y, We can write

n 2k—1
E (Z oy (go)g) =
j=1

(2k —1)! " i
= b Z mylms! - ... my! H (ag )(§O)> i -

0<my,ma,....mn<2k—1:
mi+mo—+...+my,=2k—1

-y e e (T () "),

0<mai,...mn<2k—1: i=1
mi+...+mnp=2k—1

It remains to note that since my + ms + ... + m,, = 2k — 1, for any numbers
0<my,...m,; <2k —1 there exists 7, 1 <1 < n, such that m; is odd, and
hence E¢™ = 0.
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Now consider even moments. We have

" 2%
E (Z aﬁ”)(§0)§j> =

_ <2k) - m; - (n
- Y e s (T (@) )
0<mi,ma,...,mn <2k: =1 i=1
mi+ma+...+mn=2k

If there is at least one odd number among mq, ms, ..., m,, then H E¢M =

0. Hence only those summands remain in the sum for which all numbers
my, Mo, ...,m, are even. Therefore we can write

. 2%
E (Z al™ (€o)€j> =
=1

2k)! - 2m; " n 2my;
= 2 .(2m1)!§...)'(2mn)!11E£" ‘E<g<@§)<€o)) >=

0<msi,...,mn<k: o =1
mi+.. Amn=k

- (Z (a§”><§o>)2> .

=1

n

k
2
It remains to note that due to the condition (5)), F (Z <0z§n) (50)) ) =1

=1
for any k. [

It is not difficult to see that in the proof of the theorem above we do not
use any condition on the distribution of . Hence the result of the previous
theorem can be generalized in the following form.

Theorem 2 Let (,&1,&,...,&, be independent random variables, and let
& ~ A(0,1), j =1,n. The random variable

fg(é.l?g?? 7571) = Z a'En)(C)gz
=1
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has the standard normal distribution if condition 15 fulfilled.
Example 4 permits the following generalization.

Example 5 Let g : R — R be a Borel function, and put

1
o™ (z) = 9(2) al”(z) = ,1<j<n-—1

N S T M n—1+ 00

Then functionals

n—1

T Ty - g(2)
f;(xlax27"'axn): 2 + ) TLZQ,
; Vin—=1+¢*z) /n—1+g%2)

preserve the normal distribution.

Indeed, for any fixed n > 2

" (n) 2 n—1 9*(2) _
Z(ai (z)> Cn—1+¢2(2) +n—1+92(z) -

j=1

Hence the condition is fulfilled for any z € R.
Further generalization of this example one can find in [9].

2 Asymptotic normality of sequences of func-
tionals preserving the normal distribution

In this section we consider functionals f,, on independent random variables
M, 72, ..., n Which are not necessarily Gaussian. We say that a sequence of
functionals f,,(n1,m2,...,7n), n > 2, is asymptotically normal if their distri-
butions converge to the standard normal one as n — oo.

Conditions under which a sequence of preserving the normal distribution
functionals is asymptotically normal are given in the following technical
lemma.

Lemma 1 Let functions a;-n), j = 1,n, satisfying condition (5)), be such
that for independent random variables (, &, ..., &,, where § ~ A7(0,1), and

any € > 0,

> e ((o08) 1

" (0

>6>)—>0 as n — 00.
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Then for any independent random variables 1y, ...,n, which are independent
of ¢ and such that En; =0, Dn; =1, j = 1,n, and for any € > 0

S ((ecm)'

the sequence of functionals

s (O

>€)>—>O as n — 0o,

f'rg(nlan%"'?nn) :Zagn)<C)n]a 7122,

1s asymptotically normal.

Proof. We need to show that

. n 42
Eexp{thOz;- )(C)n]} —e /2
j=1

Let the standard normally distributed random variables &1, ..., &, be inde-
pendent of 71, ...,m,. Since the functionals under consideration f$ preserve
the normal distribution we have

Eexp {itza§")(g)§j} =2 >0
j=1

Hence we can write

—0 as n — oo.

Eexp {zt ) aé-”)(cm} — et =
j=1

= |Fexp {z't i a§-n)(§)77j} — Fexp {it i a§-n>(<)§j} .
=1 =1

J

Denote
n

7j=2
n—1
¢ = S0, ey M1, 0) = > S (),
=1
and for any k, 1 < k <n,
k-1 n

G = LSO, e 1, 0,601, 6) = Do (O + D ol (Q)g.

j=1 j=k+1
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Then

E exp {z‘t Z a§”)(C)nj} — Eexp {z‘t Z a§”><c>§j}
j=1 j=1

n

S~ (Bexp {it(¢!” + o (©Qm) } - Bexp it + (&) })

k=1

<

n
< Z ‘Eeitcl(cn) . eitalin)(C)nk — Ee ZtC<n) . ztozk )(C)Ek )

Since for any k

L) itc™  (n
Eeith a,g )(C)le — EeitG a,(c )(C) “En,=0=

) (n itc™  (n
— FEeit a( )(C) - B¢, = Ee 176 Oéli )(C)§k7

i (n) n 2 i (n) 2
25 (af(Om) = B (of(0) - Ent =

= 5 (o)) - B = B (0008

and |eitci”

< 1, further we can write

‘ Eeztc( Vit Qe _ ittt | gital™ (O

k=1

(n) L (n) L (n i),
Eeits” . (eltak ©Om _q —Ztoz,g )(C)Uk _ (2> (a! ( )(C>77k) ) _

k=1

_Eeit<;">.<mk><<>fk—1 itaf"(¢)6. — )2<a,i")<<>£k>2)‘ <

(it)*

<ZE e Om 1 —ita (O — (o (Om)?| +
- ital(cn)(osk . o (t)2 (n) 2

+ZE e 1— Ztoz (Of (Ozk (CO)&k)7| -
k=1
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Using the well-known estimation

N N N+1
g — 1 <m =
— k:' = NOowrn (o VE0bZe (0

for any € > 0 we obtain

ztoak (n) _ M (n) 2| <«
ZE = L—itey™ (e — ~5 (g (Qme)”| <
‘t’?) 3 2t2 n 2
< ar Z E‘O‘i(c)@)??k +§ Z E azi)(C)nk‘ <
k:)a](cn)(C)nk‘Ss k:‘a?)(C)nk’%

1<

<My B (o) Bt 4 238 (o8 m) 1 (o ><)) =

Similarly,

ez‘mf)(c)ﬁk _1_ z’ta,ﬁ”)(g)&g - g(a}ﬁ")(@fk)?

IN

k=1

<Meie 3B (( P06) 1 (o8] >e)).

Hence

=1

Eexp {z't ) a§”><<>m} et <

w0 28 (o om) 1 (o] > ) ) +

k=1

+t2kzi:1E ((a’in)(c)fk)Q[ <‘a,§")(C)€k‘ > 5)) )

which completes the proof. [

An application of the Lemma [I] brings to the following result.
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Theorem 3 Let functions a§n), j = 1,n, satisfying condition , be such
that

max sup a(n)(z)‘ —0 as m — oo.
1<j<n zer | 7

Then for any independent random variables C,m, ..., n, such that En; = 0,
Dn; =1, j=1,n, and for some § >0

’2+5

sup E|n; =(C5 < 0,

1<j<n

the sequence of functionals
fé(ﬁlaﬁ%---,nn) :Z&gn)<g)nﬁ n227

18 asymptotically normal.

Proof. We need to check that conditions of the Lemma [1] are fulfilled. For
any € > 0 we have
DIE

(o m,

>2)).

Bl (O,

246 (n)
> £ ([oom,

>@E(@@@my1(

and hence

" (O

2+6

¢ C
) )
E|n?* < EE

" (¢)

1 <j <n. Then

ZE ((a§”><<>m)2 1 (o (s

n

> e)) < % Y E (aﬁ-")((’)

J=1

‘ 2+0

Cs
< —5 nax sup
€% 1<j<n z€R

i K 2 0
(n) (n) _ 9 (n)
; (z)‘ E;(aj (C)) = (llgjag)%iléﬂg‘a] (z)D —0
j:
as n — o0.
Similarly, for independent standard normally distributed random vari-
ables &1, &, ..., &,, which are independent of (, we have

s ((oz;»")(C)fj)Ql( - 5)) < 3(2+6)/4E

eo

2+9

Y

o™ (0 M (¢)
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and hence

()¢

> ((a06) 1

3(2+6)/4
—(

>5>>§

5
aén)(z)D — 0

<

max sup
1<j<n zeR

€
as n — oo. [J
Another type of conditions on the functions agn)(z), 2€R,j=1,n, un-
der which the sequence of functionals given by is asymptotically normal,
is introduced in the following two theorems.
(n)

Theorem 4 Let random variable ¢ and functions o, j = 1,n, be such

that .
Y E
j=1

Let ny,m9, ..., np be independent random variables with finite second moments
which are independent of ¢ too and for which the CLT holds. Then the
sequence of functionals

— 0 as n — oo. (7)
n

oMy - L
P02

fé(nlan%---ﬂ?n) :Za§n)(g)n], nZQ,
=1

18 asymptotically normal.
Proof. For any n > 2 we can write

¢ R SNV B e SR N N I
£ 1,2,y ooy ) = Zaj (©m = Zm + Z (aj () - %) -
7j=1 7=1 7j=1

Since for random variables 7y, 7s, ..., n, the CLT is valid, the first summand
on the right-hand side of the obtained expression is asymptotically normal.
Therefore to complete the proof we need to show that the second summand
tends to 0 in probability.

Note that E|n;| < (En]?)l/2 = C < oo for any j = 1,n. Hence due to
the Chebychev inequality for any £ > 0 we have

P ( Zn: <a§">(<) - %) ;| > e) < éE Zn: <a§-")(<) - %) )

j=1 j=1
1 ¢ (n) 1 C <
<=Y Bl - —=|Elnl<—=) E
<2y B0~ Z2lEm < Y
7j=1 7=1

asn — oo. 4

n

ol (¢) - L
i (¢) n
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Example (continuation). Let us show that functions a( Mo =Tn,
considered in the Example |5] satisfy the condition . Indeed, let function
g be such that Fg?({) < co. For any fixed n we have

9(¢) 1 1
- — VE - —.
n—1+¢(C) n—1+g() Vn
For the first summand in the right—hand side of this expression we obtain
1 E 1
0o 9O Lo oo

Ml mcisa0 Vi~ vn-1"va

since E|g(¢)] < (Eg2(§))1/2 < 0o. For the second summand we can write

(n—1)E S B AL
0 v v ik
:(n—l) n_(n_1+g(C))

(Vi+ Va—T+¢0) va- m

_n—1 Bll- g
oon vn—1

as n — oQ.

—0

Theorem 5 Let functions 045»”), j = 1,n, satisfy the condition and let
random variable ¢ be such that

max F
1<j<n

and for some §, 0 < § < 1/2,

ag»")(C)‘ — 0 asn — 0

n 2

max Y B0 (Ozg-n)(C)> <0< oo
n>1 =

Let m1,m2, ...,n, be independent random variables which are independent of

¢ too and such that Em; = 0, Dn; = 1, j = 1,n. Then the sequence of

functionals
frg(nlﬂn%"'?nn) :Za§n)(g)77], nZQ,

18 asymptotically normal.
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Proof. Let &,&, ..., &, be independent standard normally distributed ran-
dom variables which are also independent of ¢, 71,72, ..., 7,. We have

£, cema) = 3 ol (Omy =Y ol (Qg + > () — &)
j=1 j=1 Jj=1

Since the condition is fulfilled, due to the Theorem 2| Zlogj(.")(g)gj ~
]:
A(0,1). Hence to prove the theorem we need to show that the last summand
in the expression above converges in probability to 0 as n — oo.
Successively applying Chebyshev and Minkowski inequalities, for any

e > 0 we can write
> 5) =P

P (
j=1

§5+5E

() — &)

Since random variables ¢, n; and &; are independent, for any j = 1,n we

have
146

0
Bl -] = Ba©) " Bl -1

Here
Eln—&|'™ < (B(n; —&)*) ® =272,

by virtue of Holder’s inequality

145
:E<a

and

since 0 < 26 < 1. Hence

n
1
§ Bt
j=1

")y — &)

<2 max E |«

1<5<n
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Finally we obtain

(|

S "o - &)

)
A©f) 0

1+6
> 6) < (C\/i> <max FE
€ 1<j<n

asn — oo.

3 Remarks on asymptotic normality of se-
quences of linear functionals

In this section we consider linear functionals
fa(m,nz, inn) = Zaﬁn)m, n>2.
j=1

Conditions under which a sequence of such functionals (weighted sums) is
asymptotically normal were obtained in several works. For example, Weber
in [13] introduced conditions on the 4-th power of the coefficients ag-n) as
well as existence of En? for p > 4. Fisher ( [3]) and Kevei ( [7]) used the
appropriate rate of convergence to 0 for the coefficients. It is also worth
noting that in the mentioned papers only identically distributed random
variables 1y, ng, ..., n, were considered.

Below we formulate the CLT for linear functionals on independent but
not necessarily identically distributed random variables under the condition
of the finiteness of their (2+0)- th moments for some 6 > 0 and the condition

on squares of corresponding coefficients.
Theorem 6 Let coefficients a§"), j = 1,n, of linear functionals f, satisfy
the condition and be such that

(n)

a;’| =0 asn — oo.

max

1<j<n
Let n1,m2, ...,nn be independent random variables such that En; = 0, En?- =
1, j=1,n, and for some § >0

|2+6

sup E|n;|”" = Cs5 < o0.

1<j<n
Then the sequence of linear functionals f,(n1,m2, ..., M), n > 2, is asymptot-
tcally normal.

This theorem can be obtained as a direct corollary of the Theorem 3| for

ozﬁ»n)(z) = a§”), 1 < j < n. On the other hand, it can be easily proved by

the use of the following general lemma.
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Lemma 2 Let the coefficients oz§n), j = 1,n, of the linear functionals f,

satisfy the condition and be such that for independent random variables

N1sM2,y s with En; =0, Dn; =1, j =1,n, and any € > 0
n 2
2o (o)1
j=1

Then the sequence of linear functionals f,(n1, M2, ...y M), 1 > 2, is asymptot-
ically normal.

o\

>5)>—>0 as n — 0.

The proof of the Lemma [2| can be obtained as a corollary of the CLT
for a series scheme of random variables independent in each series (see, for
instance, Theorem 7.2 in [1]). An application of the method used in the
proof of Lemma (1| allows us to give quite simple proof of this result.

Proof of the Lemma [2] First let us note that using mathematical induc-
tion, it is not difficult to show that for any two finite sequences of complex
numbers aq, as, ...,ay and by, by, ..., by such that

the following estimation is valid

N N
[Lor—T]0
k=1 k=1

Let &1, &, ...,&, be independent standard normally distributed random

N
§Z|ak_bk’- (8)
k=1

variables which are independent of 71,19, ...,m, as well. Then Za§")§j ~
j=1

A(0,1), and hence with the use of (8) we can write

& (n) n n

t N :

=R [T e — ] Be"s| <
j=1 j=1

i=1 _ o—t?/2
e e

< Z ’Ee”a;n)’“ _ BeitedVs

j=1

Since for any j
Eoz§n)77j = Eaﬁ-n)gj =0,

E(a(.n)nj)Q = E(a(.n)fj)Q = (a§n))2, E(oz(.n)gj)?’ =0,

J J
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further we have

o) . (n (it)* (o
ey i 1 — ztaj( )77]- o ( )773')2

(aj

n
S [peteln — petel’s| < 3 p

j=1 j=1

+iE e
j=1

o™ o (it)?, (it)®,
b8 1-— ztaé )éj - T< 5 )Sj)Q - T(O‘E )gj)g :

With application of the estimation @ for any € > 0 we can write

- n (it)?
ZE €t ZtOé( )7]j - T(Oég )77]')2 S
j=1 '
t° w12 20t |
S ST S
Jile (")77 |<e j:\a;n)nj|>€
5—}—2&22E(<a 77]> ]<a§n)nj >5>)
2 2
Since E¢; = 3 and <a§n)> =F (agn)nj> , we also have
& ™M . (n (i) o (it)?
DB —1—itaVe — o (afV6)? — - (0V)°| <
j=1 '
0 t' m)* ot @3N ()
SZ;E ; §; —aj:?)(a] ) Sgﬁfé(%) ;<a] ) =

Oé nj

>5>)§
>5>>.

! (n)
5 I%E((% w) 1 (Jo

<beyl ZE(@ ) 1 (

Oé§n> T]j




NON-LINEAR FUNCTIONALS PRESERVING NORMAL DISTRIBUTION AND THEIR ASYMPTOTIC NORMALITY

Finally we obtain

ity a{"y

Fe 7= —e P2 <

|t|3 4

" 5 2 "\« ), \?
< et ge +(t +§);E((aj nj) I(

which completes the proof. [J

a§n)nj

>2)).

The authors are grateful to the referee for careful reading of the paper
and valuable suggestions.
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