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On Certain Subclass of Analytic Functions
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Abstract. In the present investigation, a new general sub-
class M, s (¢) of analytic functions is defined. Some subordina-
tion relations, inclusion relations, integral preserving properties,
convolution properties and some other interesting properties are
studied.
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Introduction

Let A denote the class of all functions of the form
f(z):z+2anz”, z e FE. (1)
n=2

which are analytic and univalent in the open unit disk E = {z € C: |z| < 1}.

For two functions f(z) and g(z) analytic in E, we say that f(z) is subor-
dinate to g(z), denoted by f < g or f(z) < g(z), if there exists an analytic
function w(z) with |w(z)| < |z| such that f(z) = g (w(2)). If g(z) is univa-
lent in E then f(z) < g(z) ifand only if f (0) = ¢ (0) and f (F) C g (F). The
idea of subordinations goes back to Lindel6f [16]. Subordination was more
formally introduced and studied by Littelwood [19] and later by Rogosinski
[17] and [18]. The concept of subordination was considered by Miller [11] and
further investigated by Noor et al [I5] and many others, see [12], 13}, 16}, 20].
Let f,g€ Awith g (2) =2+ -, b,2", z € E and f is given by (1)) . Then
the convolution (Hadamard product) of f and g is defined by

(fxg)(z) =2+ Zanbnz”, z€e k. (2)

We define the followings.
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Definition 1 Let P be the class of all functions ¢ which are analytic and
univalent in E and satisfies ¢(0) = 1 and Rp (2) > 0 which maps the open
unit disc 2 onto a region starlike with respect to 1 and symmetric with respect
to real axis.

It can be easily verified that the class P is a convex set.

Definition 2 Let f € A, and Z]’:ES) #0 for z € E. Let

10 (F) var o (F2) <o), ®)

where « 2 0, >0, ¢ € P and the power are understood as principle value.
Then f is said to belong to the class My 5 (o) -

It is obvious that the subclass M; g (%) is the subclass of Bazilevic
functions, which is the subclass of univalent functions S. The subclass

M 5 (%) (0 < p < 1) has been studied by Bazilevic [4], Singh [5],

Owa [6], respectively. The subclass M, ; (%) (0 < p < 1) has been
studied by Chichra [7], Ding, Ling and Bao [§], respectively. Chen and

Liu [9] studied the subclass M (%) (0 < p < 1), and the subclass

Mo (M> (0 < p < 1) has been studied by Liu [10], while the sub-

1—2

class M, 5 (px (2)), for k > 2, pi (2) maps E onto the conic regions Qf =
{u +iviu>ky/(u—1)+ 1)2} , have been studied by Noor [14]. The sub-
class M, 5 (142) has been studied by Liu [2] and M5 (1+ Az) = Mag ()

has been Stliéiilzii by Ponnusamy [3].

In this article we shall study various properties of the class M, g (¢).
The results obtained generalize the related works of some authors. We ob-
tained some new results too. To avoid repetition, it is admitted once that
a>0,>00<0<1and@ >0. In order to derive our main results, we

need to recall the following Lemmas.

1 Preliminaries Results

Lemma 1 [1] Let the function h(z) be conver univalent in E with
h(0)=1, v# 0 and Rey >0, z€ FE.

Suppose that the function

p(2) =1+piz+p2®+ ...,
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1s analytic in E and satisfy the following differential subordination

p(z) + zp:y(z) < h(z), z€FE,
then
p(z) < q(2) < h(z), z€E,

where

q(z) =L /0 h(t)t7"tdt.

v

The function q(z) is convex and is the best dominant.
Lemma 2 [71] Let 0 < A\ < A < 1 and let Q € H satisfy
Q(z)<1+XNz Q(0)=1.
(i) Ifpe H, p(0) =1, and
Q)+ A =7)p()] <1+
where

1-X .
Tra 0< A+ XA <1,

(4)

1-(A2+22)

2 1 \2
2(1-23) ALFATS TS A+,

then Rp (z) > 0.
(13) If w e H, w(0) =0, and

Q)[l+w(2)] <1+ Az,
then

< A+ A
T 1l-X)
The bound and the value of v given by are the best possible.

w (2) =p<1 if A+2)x <1 (5)

Lemma 3 [22] Let p(z) be an analytic function in E with p(0) = 1 and
p(z) #0 (z € E). If there exists a point z, € E, such that,

s
argp()| < S0 for |2 < =,

and -
|a‘rgp<zo)| = 597

for some 6 > 0, then we have

where k > 1, when argp(z,) = 50 and k < —1 when argp(z,) = —50.
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Lemma 4 [23]If p(z) is analytic in E, p(0) =1 and Re(p(z) > 3, z € E

then for any function F analytic in E, the function px F' takes values in the
convex hull of the image of E under F'.

2 Main Results
Theorem 1 Let f € M, g (¢). Then f € Myg(¢) in E.

B
Proof. Let p(z) = (@) . We note that p is analytic with p (0) = 1. The
case o = ( is trivial. So we suppose a > 0. Now

-0 () var o (F12) <o+ Sw e

Since f € M, 3(¢), it follows from the definition that

a
p(2)+ BZP' (2) < ¢ (2),
and applying Lemma [T we have

p(z) <q(2) <¢(2), z€kE,

where ¢ is the best dominant given by

1) =28 / 2 (1) (6)

«

This proves that f € My (¢) in E. O

We have the following special case obtained by Liu [2].

1+ A
Corollary 1 For g > 0,a > 0, ¢(2) = 1132, -1 < B< A<, the
z

following inclusion holds
M,3[A, Bl C Mygl|A, B].
Theorem 2 For each >0, 0 < a1 < an, we have
Mo, 5 (¢) C Moy 5 (¢)  in E.

Proof. Let f € M,, 5(¢). Then

s ) =0 -a) (F2) s (22) <o)
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Now
(1—aq) (@)5+a1f/(z) <@>B—1 )
(1 ) Z_) T (0 B ) 4 2 (M)ﬁ

Since pi,ps € P and P is a convex set, we obtain the required result that
f €My p(p)in E.O

Theorem 3 Let f € M, g (¢) for >0, 5> 0. Let

P =200 [ ]

«

Then F € M, (o) in E.

Proof. We have

1_

[az(é_ﬁ)Fﬁ (z)}, =za PP (2).

This implies

(1-aB) (@)BMW (=) (F(Z))Bl - (f(z))ﬁ.

zZ z

Now the result follows from Theorem 1. [J
We have the following special case obtained by Noor [14].

Corollary 2 Let f € M, g (Pg(2)) for a >0, > 0. Let

P =200 [ ]

«

Then F € M, g (P (2)) in E.

Theorem 4 Let f € Myg(1+ A2). Then f € S*(1—a).
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Proof. Let

Then

z
and /
@+ 2 oy 528
ol o)
Now (2)
zp' (2
p(2)+ m =p(2)*¢(2),
where .
o(z) = 1+Z (1—1—2) 2",
n=1 v
Since .
o) =14
n=1 (1 + ;)
is convex for v > 0 and
¢(z)x o7 (2) =D 2",
n=1
it implies
p(z) < 727 / (14 \2) £ dt
0
= 1+ Ay z,
v+1
that is

p(z) <1+ \z.
Further, we can write

e

That is
p(){(1—a)+api(2)} <1+ Az,
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where
()

p(z) <14+ XNz, pi(2) O

We now use the Lemma [2] to have
§Rpl (Z) > 07
and consequently f € S* (1 — «), where (1 — ) =y is given in ({4f). O

Theorem 5 Let f € M,pg(¢) in E. Let for c >0, F be defined as

Fz) = [BJFC/Oth‘lfﬁ(t)dt]ﬁ. (7)

ZC

Then F € My, 5 (1), where ay = 2

Fre and ¢, 1s given as

o) =2k [t

Proof. From ([7]), we have with some computations

e (FEY L e (FO) T (£9)

Since f € M, 3 (¢), it follows that

B
(@) 261(2) < 6(2),
with 5 B
_8 B_
b1 (2) = o7 a/o ta g (t)dt.
Hence for a; = %, we have
c (F\', 8 F(2)\"!
() 2 () <o

which proves F' € M,, g (¢1) in E. O

Theorem 6 Let f € My, (¢) and R (“’(Zz)> > 1 for z € E. Then

h(z) = (p*[)(2) € Moy (0)-
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Proof. Since f € M, (¢), we can write

h(2)

(1-a) — +ah' (2)
— (‘Oiz)*<(1—a)@+af'(z)). (8)

From hypothesis f € M, (¢) and R (‘P(Zz)) > 1 in z € E, therefore it
follows from (§) by using Lemma[d] that h (z) = (¢ * f) (2) € Ma,1 (¢) . This

completes the proof of Theorem [ O

Theorem 7 Let f € A, with % # 0. Suppose ¢ (z) = (Hz)é, if

f 1—2z
B 8—1 1 5
- () vare(H2) <(2). o
where
§=6(a,B,0) =~ (9+3tan—1 <O‘—9)) (10)
2 us
then 5 ,
() () w
Proof. Let
B
(F2) =, (12)
where p (2) is analytic in £ and p (0) = 1. Differentiating and simplifying
we have
B -1
-0 (F) varo (F2) =i+ G,
Let 5 ,
1 1
ve = (122) e = (125)
then 5 o
larg h (2)] < ; and |argq(z)| < g

Suppose that p (z) £ ¢ (2). Since p (0) = ¢ (0) = 1 and p (z) # 0, there exists
a point z, € E such that

O O
largp (2)] < o (l2] <[z]) and Jargp(zo)] = =~
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(i) for the case argp (z,) = 76, we have

arg (p (20) + %zop’ (zo)) = argp(z) + arg (1 n %%)

= arg(if)’ + arg ( 3

T af
> = L2
> 29—|—tan (5)

This contradicts our condition in the theorem.
(ii) for the case argp (z,) = —%50, the application of the same method as
in (7) shows that

arg <p (20)+ e (zo)> <— (ge + tan™! (%9» |

This also contradicts the assumption of the theorem, hence the theorem is
proved. [

Putting @ = 1, we have the following special case obtained by Lashin
[21].

Corollary 3 Let f € A, and % # 0. Suppose ¢ (z) = (%)6, if

o) ).
(9—1—%*5&11_1 <%))
(f(z)>’8 - Gtz)e

Putting 5 =1 we have the following special case obtained by Lashin [21].

where

5=35(8,0) =

| X

then

Corollary 4 Let f € A, and 22 £ 0. Suppose ¢ (2) = (ﬁ)(;, if

(=) 1—z
1)
-t rare« (152),
where )
§=30(8,0) = g (0 + = tan! (ae)) :
then

()
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(fiz))ﬂ <(1 —a) (fiz))BnLozf' (2) (fiz)>ﬂ_l> < (1J_rz>§,

where
§=6(a,p,0) = g <2e+ %tan 1 <%9>) ,
then 5 )
(f (z)) . (1 + z)
z 1—=2
Proof. Let ,
(£2) =0, (13)

where p (2) is analytic in £ and p (0) = 1. Differentiation of and simple
computation gives

(12 (s-a(12) ora(2)”):

p(2) <p (2) + %zp’ (z)) .

h<z>=(ifj)5 and q<z>:(1fj)9,

J 6
larg h (2)| < ; and |argq(z)| < ?ﬁ

Suppose that p (2) £ ¢ (2), noting that p (0) = ¢ (0) = 1 and p(z) # 0, there
exists a point z, € F such that

Let

so that

O O
larg p (2)] < > (|2] <|2]) and |argp(z.)| = -

(i) for the case argp (z,) = 50, we have

arg (p (2o) (p(zo) + %zop/ (zo))) = 2argp(z) + arg (1 + %Z;pgij;))

= 2arg (i)’ + arg <%>

> g (20+ %tan1 (%)) )
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This contradicts our condition in the theorem.
(ii) for the case argp (2,) = —%50, the application of the same method as
n () shows that

arg (p (2) (p (2) + %zop/ (ZO))) <-2 (29 + 2 tan? (%)) .

This also contradicts the assumption of the theorem, hence the theorem is
proved. [

Putting a = 1, we have the following special case.

Corollary 5 Let f € A, and 22 f() ) £ 0. Suppose ¢ (z) = (1+Z)6, if

142 0

re (") ()

0= :g(Q—F—tan <%>),
F )\’ 1+2)°
() <)

Theorem 9 Let f € A, and ZJ{ES) # 0. Suppose ¢ (z) = (1+z)6, if

o (1) ora () <25

where

then

where
§=6(a,p,0) = g (ﬂ9+ %tan_l <%9>) ,
then ,
()
Proof. Let
9 . (14)

where p (z) is analytic in E and p (0) = 1. The remaining part of the proof
of Theorem [ is similar to that of Theorem [7 and so we omit it. O

Putting 5 = 1 we have the following special case obtained by Lashin [21].

11
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Corollary 6 Let f € A, and ZJ{ES) # 0. Suppose ¢ (z) = (%)6, if

<1—a>@+aff<z><(”z)6,

1—2

where
T

6 =06(a,0) =3 (9 + %tan_l (ae)) ,

L)

Theorem 10 Let f € A, and % # 0. Suppose ¢ (z) = (ﬁ)a, if

(12 (10 () wora(2)”) (22
|

then

where
§=6(a,f3,0) = g <259+ < tan~! (%9 ) ,
then
fz)  (1+2)
z (1 — Z)
Proof. Let
59 b,

where p (z) is analytic in £ and p (0) = 1. The remaining part of the proof
of Theorem [1(] is similar to that of Theorem [§] and so we omit it. [J

Putting v = 1, we have the following special case.

Corollary 7 Let f € A, and Z]{é’j) # 0. Suppose ¢ (z) = (Hz)é, if

ro(fE) ()
(o504 2 (1))
(F) = ()

where

5=35(8,6) =

bo| 3

then
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Conclusion

In this paper, we have used the techniques of differential subordination and
convolution to obtain inclusion theorems and subordination theorems. Many
interesting particular cases of the main theorems are emphasized in the form
of corollaries. The ideas and techniques of this work can motivate and inspire
others to further explore this interesting field.
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