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Abstract. In the present investigation, a new general sub-
class Mα,β (φ) of analytic functions is defined. Some subordina-
tion relations, inclusion relations, integral preserving properties,
convolution properties and some other interesting properties are
studied.
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Introduction

Let A denote the class of all functions of the form

f (z) = z +
∞∑
n=2

anz
n, z ∈ E. (1)

which are analytic and univalent in the open unit disk E = {z ∈ C : |z| < 1} .
For two functions f(z) and g(z) analytic in E, we say that f(z) is subor-

dinate to g(z), denoted by f ≺ g or f(z) ≺ g(z), if there exists an analytic
function w(z) with |w(z)| ≤ |z| such that f(z) = g (w(z)). If g(z) is univa-
lent in E then f(z) ≺ g(z) if and only if f (0) = g (0) and f (E) ⊂ g (E). The
idea of subordinations goes back to Lindelöf [16]. Subordination was more
formally introduced and studied by Littelwood [19] and later by Rogosinski
[17] and [18]. The concept of subordination was considered by Miller [11] and
further investigated by Noor et al [15] and many others, see [12, 13, 16, 20].
Let f, g ∈ A with g (z) = z+

∑∞
n=2 bnz

n, z ∈ E and f is given by (1) . Then
the convolution (Hadamard product) of f and g is defined by

(f ∗ g) (z) = z +
∞∑
n=2

anbnz
n, z ∈ E. (2)

We define the followings.
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Definition 1 Let P be the class of all functions φ which are analytic and
univalent in E and satisfies φ(0) = 1 and <φ (z) > 0 which maps the open
unit disc E onto a region starlike with respect to 1 and symmetric with respect
to real axis.

It can be easily verified that the class P is a convex set.

Definition 2 Let f ∈ A, and zf ′(z)
f(z)
6= 0 for z ∈ E. Let

(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1
≺ φ (z) , (3)

where α = 0, β > 0, φ ∈ P and the power are understood as principle value.
Then f is said to belong to the class Mα,β (φ) .

It is obvious that the subclass M1,β

(
1+z
1−z

)
is the subclass of Bazilevic

functions, which is the subclass of univalent functions S. The subclass

M1,β

(
1+(1−2ρ)z

1−z

)
(0 ≤ ρ < 1) has been studied by Bazilevic [4], Singh [5],

Owa [6], respectively. The subclass Mα,1

(
1+(1−2ρ)z

1−z

)
(0 ≤ ρ < 1) has been

studied by Chichra [7], Ding, Ling and Bao [8], respectively. Chen and

Liu [9] studied the subclass M0,1

(
1+(1−2ρ)z

1−z

)
(0 ≤ ρ < 1), and the subclass

M0,β

(
1+(1−2ρ)z

1−z

)
(0 ≤ ρ < 1) has been studied by Liu [10], while the sub-

class Mα,β (pk (z)) , for k ≥ 2, pk (z) maps E onto the conic regions Ωk ={
u+ iv : u > k

√
(u− 1)2 + v2

}
, have been studied by Noor [14]. The sub-

class Mα,β

(
1+Az
1+Bz

)
has been studied by Liu [2] and Mα,β (1 + λz) = Mα,β (λ)

has been studied by Ponnusamy [3].
In this article we shall study various properties of the class Mα,β (φ) .

The results obtained generalize the related works of some authors. We ob-
tained some new results too. To avoid repetition, it is admitted once that
α ≥ 0, β > 0, 0 < δ ≤ 1 and θ > 0. In order to derive our main results, we
need to recall the following Lemmas.

1 Preliminaries Results

Lemma 1 [1] Let the function h(z) be convex univalent in E with

h(0) = 1, γ 6= 0 and Reγ > 0, z ∈ E.

Suppose that the function

p(z) = 1 + p1z + p2z
2 + ...,
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is analytic in E and satisfy the following differential subordination

p(z) +
zp

′
(z)

γ
≺ h(z), z ∈ E,

then
p(z) ≺ q(z) ≺ h(z), z ∈ E,

where

q (z) =
γ

zγ

∫ z

0

h (t) tγ−1dt.

The function q(z) is convex and is the best dominant.

Lemma 2 [11] Let 0 < λ1 < λ < 1 and let Q ∈ H satisfy

Q (z) ≺ 1 + λ1z, Q (0) = 1.

(i) If p ∈ H, p (0) = 1, and

Q (z) [γ + (1− γ) p (z)] ≺ 1 + λz,

where

γ =


1−λ
1+λ1

, 0 < λ+ λ1 ≤ 1;

1−(λ2+λ21)
2(1−λ21)

, λ21 + λ2 ≤ 1 ≤ λ+ λ1,

(4)

then <p (z) > 0.
(ii) If w ∈ H, w (0) = 0, and

Q (z) [1 + w (z)] ≺ 1 + λz,

then ∣∣∣∣w (z) ≤ λ+ λ1
1− λ1

∣∣∣∣ = ρ ≤ 1 if λ+ 2λ1 ≤ 1. (5)

The bound (5) and the value of γ given by (4) are the best possible.

Lemma 3 [22] Let p (z) be an analytic function in E with p (0) = 1 and
p (z) 6= 0 (z ∈ E). If there exists a point z◦ ∈ E, such that,

|arg p(z)| < π

2
θ for |z| < |z◦| ,

and
|arg p(z◦)| =

π

2
θ,

for some θ > 0, then we have

z◦p
′(z◦)

p(z◦)
= ikθ,

where k ≥ 1, when arg p(z◦) = π
2
θ and k ≤ −1 when arg p(z◦) = −π

2
θ.
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Lemma 4 [23]If p(z) is analytic in E, p(0) = 1 and Re(p (z) > 1
2
, z ∈ E

then for any function F analytic in E, the function p ∗F takes values in the
convex hull of the image of E under F .

2 Main Results

Theorem 1 Let f ∈Mα,β (φ) . Then f ∈M0,β (φ) in E.

Proof. Let p (z) =
(
f(z)
z

)β
. We note that p is analytic with p (0) = 1. The

case α = 0 is trivial. So we suppose α > 0. Now

(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1
= p (z) +

α

β
zp′ (z) .

Since f ∈Mα,β (φ) , it follows from the definition that

p (z) +
α

β
zp′ (z) ≺ φ (z) ,

and applying Lemma 1, we have

p (z) ≺ q (z) ≺ φ (z) , z ∈ E,

where q is the best dominant given by

q (z) =
β

α
z−

β
α

∫ z

0

t
β
α
−1φ (t) dt. (6)

This proves that f ∈M0,β (φ) in E. �

We have the following special case obtained by Liu [2].

Corollary 1 For β > 0, α ≥ 0, φ (z) =
1 + Az

1 +Bz
, −1 ≤ B < A ≤ 1, the

following inclusion holds

Mα,β [A,B] ⊂M0,β [A,B] .

Theorem 2 For each β > 0, 0 ≤ α1 ≤ α2, we have

Mα2,β (φ) ⊂Mα1,β (φ) in E.

Proof. Let f ∈Mα2,β (φ) . Then

J (α2, β, f) = (1− α2)

(
f (z)

z

)β
+ α2f

′ (z)

(
f (z)

z

)β−1
≺ φ (z) .
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Now

(1− α1)

(
f (z)

z

)β
+ α1f

′ (z)

(
f (z)

z

)β−1
=(

1− α1

α2

)
J (α2, β, f) +

α1

α2

(
f (z)

z

)β
= (

1− α1

α2

)
p1 (z) + p2 (z)

α1

α2

.

Since p1, p2 ∈ P and P is a convex set, we obtain the required result that
f ∈Mα1,β (φ) in E. �

Theorem 3 Let f ∈Mα,β (φ) for α > 0, β > 0. Let

F (z) =

[
1

α
z(β− 1

α)
∫ z

0

t
1
α
−1−βfβ (t) dt

] 1
β

.

Then F ∈Mα,β (φ) in E.

Proof. We have [
αz( 1

α
−β)F β (z)

]′
= z

1
α
−1−βfβ (z) .

This implies

(1− αβ)

(
F (z)

z

)β
+ αβF ′ (z)

(
F (z)

z

)β−1
=

(
f (z)

z

)β
.

Now the result follows from Theorem 1. �

We have the following special case obtained by Noor [14].

Corollary 2 Let f ∈Mα,β (Pk (z)) for α > 0, β > 0. Let

F (z) =

[
1

α
z(β− 1

α)
∫ z

0

t
1
α
−1−βfβ (t) dt

] 1
β

.

Then F ∈Mα,β (Pk (z)) in E.

Theorem 4 Let f ∈Mα,β (1 + λz) . Then f ∈ S∗ (1− α) .
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Proof. Let

p (z) =

(
f (z)

z

)β
.

Then

(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1
= p (z) +

zp′ (z)
β
α

,

and

p (z) +
zp′ (z)

γ
≺ 1 + λz, γ =

β

α
.

Now

p (z) +
zp′ (z)

γ
= p (z) ∗ φ (z) ,

where

φ (z) = 1 +
∞∑
n=1

(
1 +

n

γ

)
zn.

Since

φ−1 (z) = 1 +
∞∑
n=1

zn(
1 + n

γ

)
is convex for γ > 0 and

φ (z) ∗ φ−1 (z) =
∞∑
n=1

zn,

it implies

p (z) ≺ γz−γ
∫ z

0

(1 + λz) tγ−1dt

= 1 +
λγ

γ + 1
z,

that is

p (z) ≺ 1 + λ1z.

Further, we can write(
f (z)

z

)β {
(1− α) + α

zf ′ (z)

f (z)

}
≺ 1 + λz.

That is

p (z) {(1− α) + αp1 (z)} ≺ 1 + λz,
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where

p (z) ≺ 1 + λ1z, p1 (z) =
zf ′ (z)

f (z)
.

We now use the Lemma 2, to have

<p1 (z) > 0,

and consequently f ∈ S∗ (1− α) , where (1− α) = γ is given in (4) . �

Theorem 5 Let f ∈Mα,β (φ) in E. Let for c > 0, F be defined as

F (z) =

[
β + c

zc

∫ z

0

tc−1fβ (t) dt

] 1
β

. (7)

Then F ∈Mα1,β (φ1) , where α1 = β
β+c

, and φ1 is given as

φ1 (z) =
β

α
z−

β
α

∫ z

0

t
β
α
−1φ (t) dt.

Proof. From (7), we have with some computations

c

β + c

(
F (z)

z

)β
+

β

β + c
F ′ (z)

(
F (z)

z

)β−1
=

(
f (z)

z

)β
.

Since f ∈Mα,β (φ) , it follows that(
f (z)

z

)β
≺ φ1 (z) ≺ φ (z) ,

with

φ1 (z) =
β

α
z−

β
α

∫ z

0

t
β
α
−1φ (t) dt.

Hence for α1 = β
β+c

, we have

c

β + c

(
F (z)

z

)β
+

β

β + c
F ′ (z)

(
F (z)

z

)β−1
≺ φ1 (z) ,

which proves F ∈Mα1,β (φ1) in E. �

Theorem 6 Let f ∈Mα,1 (φ) and <
(
ϕ(z)
z

)
> 1

2
for z ∈ E. Then

h (z) = (ϕ ∗ f) (z) ∈Mα,1 (φ) .
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Proof. Since f ∈Mα,1 (φ) , we can write

(1− α)
h (z)

z
+ αh′ (z)

=
ϕ (z)

z
∗
(

(1− α)
f (z)

z
+ αf ′ (z)

)
. (8)

From hypothesis f ∈ Mα,1 (φ) and <
(
ϕ(z)
z

)
> 1

2
in z ∈ E, therefore it

follows from (8) by using Lemma 4 that h (z) = (ϕ ∗ f) (z) ∈Mα,1 (φ) . This
completes the proof of Theorem 6. �

Theorem 7 Let f ∈ A, with zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1
≺
(

1 + z

1− z

)δ
, (9)

where

δ = δ (α, β, θ) =
π

2

(
θ +

2

π
tan−1

(
αθ

β

))
, (10)

then (
f (z)

z

)β
≺
(

1 + z

1− z

)θ
. (11)

Proof. Let (
f (z)

z

)β
= p (z) , (12)

where p (z) is analytic in E and p (0) = 1.Differentiating (12) and simplifying
we have

(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1
= p (z) +

α

β
zp′ (z) .

Let

h (z) =

(
1 + z

1− z

)δ
and q (z) =

(
1 + z

1− z

)θ
,

then

|arg h (z)| < δπ

2
and |arg q (z)| < θπ

2
.

Suppose that p (z) ⊀ q (z). Since p (0) = q (0) = 1 and p (z) 6= 0, there exists
a point z◦ ∈ E such that

|arg p (z)| < θπ

2
(|z| < |z◦|) and |arg p (z◦)| =

θπ

2
.
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(i) for the case arg p (z◦) = π
2
θ, we have

arg

(
p (z◦) +

α

β
z◦p
′ (z◦)

)
= arg p (z◦) + arg

(
1 +

α

β

z◦p
′ (z◦)

p (z◦)

)
= arg (iθ)θ + arg

(
β + iαkθ

β

)
≥ π

2
θ + tan−1

(
αθ

β

)
.

This contradicts our condition in the theorem.
(ii) for the case arg p (z◦) = −π

2
θ, the application of the same method as

in (i) shows that

arg

(
p (z◦) +

α

β
z◦p
′ (z◦)

)
≤ −

(
π

2
θ + tan−1

(
αθ

β

))
.

This also contradicts the assumption of the theorem, hence the theorem is
proved. �

Putting α = 1, we have the following special case obtained by Lashin
[21].

Corollary 3 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

f ′ (z)

(
f (z)

z

)β−1
≺
(

1 + z

1− z

)δ
,

where

δ = δ (β, θ) =
π

2

(
θ +

2

π
tan−1

(
θ

β

))
,

then (
f (z)

z

)β
≺
(

1 + z

1− z

)θ
.

Putting β = 1 we have the following special case obtained by Lashin [21].

Corollary 4 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

(1− α)
f (z)

z
+ αf ′ (z) ≺

(
1 + z

1− z

)δ
,

where

δ = δ (β, θ) =
π

2

(
θ +

2

π
tan−1 (αθ)

)
,

then
f (z)

z
≺
(

1 + z

1− z

)θ
.
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Theorem 8 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if(

f (z)

z

)β (
(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1)
≺
(

1 + z

1− z

)δ
,

where

δ = δ (α, β, θ) =
π

2

(
2θ +

2

π
tan−1

(
αθ

β

))
,

then (
f (z)

z

)β
≺
(

1 + z

1− z

)θ
.

Proof. Let (
f (z)

z

)β
= p (z) , (13)

where p (z) is analytic in E and p (0) = 1. Differentiation of (13) and simple
computation gives(

f (z)

z

)β (
(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1)
=

p (z)

(
p (z) +

α

β
zp′ (z)

)
.

Let

h (z) =

(
1 + z

1− z

)δ
and q (z) =

(
1 + z

1− z

)θ
,

so that

|arg h (z)| < δπ

2
and |arg q (z)| < θπ

2
.

Suppose that p (z) ⊀ q (z) , noting that p (0) = q (0) = 1 and p (z) 6= 0, there
exists a point z◦ ∈ E such that

|arg p (z)| < θπ

2
(|z| < |z◦|) and |arg p (z◦)| =

θπ

2
.

(i) for the case arg p (z◦) = π
2
θ, we have

arg

(
p (z◦)

(
p (z◦) +

α

β
z◦p
′ (z◦)

))
= 2 arg p (z◦) + arg

(
1 +

α

β

z◦p
′ (z◦)

p (z◦)

)
= 2 arg (iθ)θ + arg

(
β + iαkθ

β

)
≥ π

2

(
2θ +

2

π
tan−1

(
αθ

β

))
.
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This contradicts our condition in the theorem.
(ii) for the case arg p (z◦) = −π

2
θ, the application of the same method as

in (i) shows that

arg

(
p (z◦)

(
p (z◦) +

α

β
z◦p
′ (z◦)

))
≤ −π

2

(
2θ +

2

π
tan−1

(
αθ

β

))
.

This also contradicts the assumption of the theorem, hence the theorem is
proved. �

Putting α = 1, we have the following special case.

Corollary 5 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

f ′ (z)

(
f (z)

z

)2β−1

≺
(

1 + z

1− z

)δ
,

where

δ = δ (β, θ) =
π

2

(
2θ +

2

π
tan−1

(
θ

β

))
,

then (
f (z)

z

)β
≺
(

1 + z

1− z

)θ
.

Theorem 9 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1
≺
(

1 + z

1− z

)δ
,

where

δ = δ (α, β, θ) =
π

2

(
βθ +

2

π
tan−1

(
αθ

β

))
,

then
f (z)

z
≺
(

1 + z

1− z

)θ
.

Proof. Let
f (z)

z
= p (z) , (14)

where p (z) is analytic in E and p (0) = 1. The remaining part of the proof
of Theorem 9 is similar to that of Theorem 7 and so we omit it. �

Putting β = 1 we have the following special case obtained by Lashin [21].
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Corollary 6 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

(1− α)
f (z)

z
+ αf ′ (z) ≺

(
1 + z

1− z

)δ
,

where

δ = δ (α, θ) =
π

2

(
θ +

2

π
tan−1 (αθ)

)
,

then
f (z)

z
≺
(

1 + z

1− z

)θ
.

Theorem 10 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

(
f (z)

z

)β (
(1− α)

(
f (z)

z

)β
+ αf ′ (z)

(
f (z)

z

)β−1)
≺
(

1 + z

1− z

)δ
,

where

δ = δ (α, β, θ) =
π

2

(
2βθ +

2

π
tan−1

(
αθ

β

))
,

then
f (z)

z
≺
(

1 + z

1− z

)θ
.

Proof. Let
f (z)

z
= p (z) ,

where p (z) is analytic in E and p (0) = 1. The remaining part of the proof
of Theorem 10 is similar to that of Theorem 8 and so we omit it. �

Putting α = 1, we have the following special case.

Corollary 7 Let f ∈ A, and zf ′(z)
f(z)
6= 0. Suppose φ (z) =

(
1+z
1−z

)δ
, if

f ′ (z)

(
f (z)

z

)2β−1

≺
(

1 + z

1− z

)δ
,

where

δ = δ (β, θ) =
π

2

(
2βθ +

2

π
tan−1

(
θ

β

))
,

then (
f (z)

z

)β
≺
(

1 + z

1− z

)θ
.
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Conclusion

In this paper, we have used the techniques of differential subordination and
convolution to obtain inclusion theorems and subordination theorems. Many
interesting particular cases of the main theorems are emphasized in the form
of corollaries. The ideas and techniques of this work can motivate and inspire
others to further explore this interesting field.
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