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Introduction

In this paper we study Weyl multipliers for almost everywhere unconditional
convergence of orthogonal series with respect to general Haar and general
Franklin systems generated by admissible partitions of [0, 1]. While for clas-
sical Haar and Franklin systems the sharp criterion for a nondecreasing
sequence {w,} to be a Weyl multiplier is known to be > ., (nw,)™ < oo,
the situation for general systems depends essentially on the geometry of the
underlying partition and on possible rearrangements.

Recall that a functional series Y~ | g,(x) is called almost everywhere
(a.e.) unconditionally convergent on a set E if, for every permutation {o,}
of the natural numbers, the series

Zgan (z)

converges almost everywhere on E.
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The series 7| g(z) is called almost everywhere absolutely convergent
on a set F if

S lgn(a)] < o0

almost everywhere on F.

It is well known that a numerical series converges absolutely if and only
if it converges unconditionally. For functional series, however, the notions of
almost everywhere unconditional convergence and almost everywhere abso-
lute convergence are not equivalent, since the exceptional set of divergence
may vary.

For example, if {R,,(x)}2, is the Rademacher system,

o [e.e]

2 _
E a, < oo and E la,| = oo,
n=1 n=1

then the series
Z an R ()
n=1

converges almost everywhere unconditionally (see [16], p. 36), but diverges
almost everywhere absolutely.
Recall one definition from the theory of orthogonal series (see [16]).

Definition 1 Let vp = {¢, : n = 1,2,...} be an orthonormal system in
L?(0,1). A monotonically increasing sequence of positive numbers w, is
called a Weyl multiplier for a.e. unconditional convergence (for ¢) if any

series
o0
> antn()
n=1

with coefficients satisfying the condition

[eS)
§ : 2

a,,Wn < 00,
n=1

converges unconditionally a.e.

Orlicz’s theorem on Weyl multipliers for a.e. unconditional convergence
(see, for example, [17]) was formulated and proved by P. L. Ulyanov in
a simpler but equivalent form in the paper [22]: if the sequence {w,}2,

satisfies the condition
o0

1

— < 00,
wynlnn
n=2
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then the sequence {w, In*n}>, is a Weyl multiplier for a.e. unconditional
convergence for any orthonormal system.

P. L. Ulyanov proved (see [22], [21]) that the sequence {w, }°, is a Weyl
multiplier for a.e. unconditional convergence for the Haar system if and only
if

[e.o]

> mlun < 0. (1)

n=1

In the paper [5], it is proved that {w,}>2, is a Weyl multiplier for a.e.
unconditional convergence for the Franklin system if and only if holds.
Similar results for the Ciesielski system [2] and the periodic Stromberg sys-
tem [20] were obtained, respectively, in [7] and [9].

It should also be noted that S. V. Bochkarev [I] and S. Nakata [1§] proved
the necessity of condition for {w,}>2, to be a Weyl multiplier for a.e.
unconditional convergence for the Walsh system. A similar result for the
trigonometric system was recently obtained by G. A. Karagulyan [14]. In
the paper [I3], Weyl multipliers for orthonormal wavelet-type systems were
studied. G. A. Karagulyan [I5] published a paper on Weyl multipliers for
multiple series in the trigonometric system.

While these results provide sharp characterizations for classical systems,
the situation becomes more delicate for general Haar and Franklin systems,
where the underlying partition geometry plays a crucial role. In the present
paper, Weyl multipliers for a.e. unconditional convergence of series in gen-
eral Haar and Franklin systems are investigated.

We establish results describing when the multiplier property is preserved
between the corresponding general Haar and Franklin systems under weak
regularity, construct rearrangements that destroy the multiplier property
when > (nw,)! = oo, and show that in the quasi-dyadic weakly regular
setting the above condition remains necessary and sufficient; we also demon-
strate that without weak regularity the behavior can change significantly.

1 Formulation and proof of main results

In this section, we establish our main results on Weyl multipliers for general
Haar and Franklin systems. We begin by introducing the necessary notation
and definitions. We will use the following notations throughout this paper:

e dim D — dimension of the finite-dimensional space D,
o C,C,,C,, ... — positive constants depending only on their indices,
e a ~, bmeans that ;b < a < Cy,b,

e i(E) — Lebesgue measure of the set F,
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e || f|l, — norm of the function f in the space LP[0,1], 1 < p < oo.

To formulate the results, following the paper [3], we define the general
Franklin system.

Definition 2 A sequence of points T = {t, :n >0} is called admissible
(for the general Franklin system) if to =0, t; = 1, t,, € (0,1) for anyn > 2,
T is everywhere dense in [0,1], and no point t € (0,1) appears in T more
than twice.

Let T = {t, : n >0} be an admissible sequence. For n > 1, denote
7o = {t;: 0 <i<n}. Let m, be obtained from 7, by nondecreasing per-
mutation: m, = {TZ” Tt <1, 0< 1 <n— 1}, T, = T,. Then by S,, we
denote the space of functions defined on [0, 1], left-continuous, linear on
(7, 7,), and continuous at 7" if 77*, < 7" < 77 for any i = 0,1,...,n.
Clearly, dimS,, =n+1and S,,_; C S,,. Consequently, there exists a unique
(up to sign) function f, € S, that is orthogonal to S,_; and || f.|2 = 1.
This function will be called the n-th Franklin function corresponding to the
partition (sequence) 7. We call a partition simple if each point ¢ € (0,1)
occurs in 7 at most once.

Definition 3 A simple admissible sequence T is called quasi-dyadic if for
any k > 1, tor g < toryo < -+ < tor+1 and between neighboring points from

Tor there is only one point from {tn}i]:;kﬂ'

Definition 4 The general Franklin system {f,, : n > 0} corresponding to the
partition T is defined by the rule

fo)=1, A@)=V3(2t-1),

and forn > 2, f, is the n-th Franklin function corresponding to the parti-
tion T. It is assumed that f,(t,) > 0.

Definition 5 A sequence of points T = {t, :n >0} is called admissible
(for the general Haar system) if to =0, t; =1, t, € (0,1) for anyn > 1, T
is everywhere dense in [0, 1], and each point t € (0,1) occurs in T at most
once.

It is clear that the sequence T is admissible for the general Haar system
if it is admissible for the general Franklin system and simple.

Let T = {t, : n > 0} be an admissible sequence (for the Haar system).
For n > 2, denote 7, = {t; : 0 < i < n}. Let m, be obtained from 7, by in-
creasing permutation: m, = {TZ-" T <T1h,0< 1< n— 1}, T, = Tn. Then
by S, we denote the space of functions defined on [0,1] and constant on
[TZ-”,TZ-’?H). Clearly, dimS,, = n and S,_; C S,. Consequently, there ex-
ists a unique (up to sign) function y, € S, that is orthogonal to S,,_; and
|Xn|l2 = 1. This function will be called the n-th Haar function corresponding
to the partition (sequence) T .
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Definition 6 The general Haar system {x, :n > 1} corresponding to the
partition T is defined by the rule x1(x) = 1 and for n > 2, x, is the n-th
Haar function corresponding to the partition T .

When t,, = %, wheren =2 4+m, k=0,1,2,.... m=1,2,...,2% we
obtain the classical Franklin system and the classical Haar system, equiva-
lently defined, respectively, in [4] and [12].

As we have already noted, in general, for functional series, unconditional
convergence a.e. is not equivalent to absolute convergence a.e. However,
for series in certain systems, these concepts are equivalent. For the classical
Haar system, the relationship between unconditional and absolute conver-
gence a.e. is particularly well studied. In particular, the following funda-
mental result establishes their equivalence.

Theorem 1 (E. M. Nikishin, P. L. Ulyanov [19]) For wunconditional
convergence a.e. on a set E, p(E) > 0, of the series Y~ apxn(x), where
{xn(2)}22, is the classical Haar system, it is necessary and sufficient that
for a.e. x € E the sum > " | |apxn(x)| be finite.

By repeating verbatim the proof of Theorem [1| given in [16] (see [16] Ch.
3 § 5, Theorem 15), one can prove an analogue of Theorem |1|for any general
Haar system.

An analogue of Theorem [I] for the classical Franklin system is proved in
[6], and for the general Franklin system in [I1].

For n > 2, we define left and right neighbors of t,, as

th = min{ty : k <nand t, >t,},
t, = max{k:k<nandty <t,}, (2)
and denote support intervals as

Ay = (t,th), Al =ty 1), A, = (tn, 1)) n>2.

ni’’n

It is easy to see that the support of the function y,, is the closure of A,,.
The general Haar system corresponding to a simple partition 7 can be
defined by the formulas: x1(x) =1 when x € [0, 1], and

4
A- 1
A when z € A’

AL IAL] v

Xn(7) = IAF] 1 hen @ e A- (3)
— , when x "
1AL V/TAL]

0, when = ¢ A,,.

\

The following definitions were given in the paper [10].
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Definition 7 A sequence T is called weakly reqular (with parameter v) if
there exists v > 1 such that

A}
AN

-1

<~ forany n > 2.
Definition 8 A sequence T is called strongly reqular (with parameter v) if
there exists v > 1 such that

_ Tng — Tn,i—1 .
yl< BT <y for all i
Tni+1l — Tn,i

When 7 is weakly regular with parameter v, then (see [10])
IXnllp ~pr 1fnllp ~pay |An|1/p_1/2 for all 1 <p < oco. (4)

In particular,

Ixnlli ~y 1 fall ~ 112 and [[Xalloo ~ [ fallos ~q 1867120 (5)
In the general case, we have the following relations (see (3) and [10])
Ixnlly, < Cp|An|1/p71/2 and || f, |, < Cp’Anyl/p71/2v when 1 < p <2,
and
Ixnlly > Cp|An|1/p_1/2 and || ful, > Cp|An|1/p_1/27 when 2 < p < oo.
It is clear that condition (1)) is equivalent to the condition
3 i < 0. (6)
k=1
The following lemma holds.

Lemma 1 For the set defined below
J = {k‘ D Wok+1 < 2w2k}7 (7)

the following is correct

Z%Qk:oo. (8)

keJ

Proof. Let ji,j2 € J be such that j; < j» and (ji,52) N J = 0. Then for
k € (ji1,j2), we have wort1 > 2wor, and therefore,
1 1 1

< QTR pu———
Wok 2&]21@—1 2 7-71(.4}2]'1
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Consequently,

jo—1 jo—1
1 1 1 1
D o S X T S (9)

- Waok -
k=j1+1 k=j1+1
From @ it follows that

1 1
— < —. 10
ZJ keJ

k>min J

Since @ does not hold, from it follows . O

With this lemma established, we now recall several key results from [7]
that relate the multiplier properties of general Haar and Franklin systems
under weak regularity assumptions. The following theorems are proved in
the paper [7].

Theorem 2 Let T be a weakly regular partition of the interval [0,1] and
{xn(@)}22,, {fu(z)}22, be the general Haar and Franklin systems corre-
sponding to the partition T . If the sequence w, is not a Weyl multiplier for
a.e. unconditional convergence of series in the general Haar system, then it
1s not a Weyl multiplier for a.e. unconditional convergence of series in the
general Franklin system.

Theorem 3 For any nondecreasing and unbounded sequence w,, there ex-
ists a strongly reqular partition T such that for the corresponding general
Franklin (Haar) system, w, is a Weyl multiplier for a.e. unconditional con-
vergence of series in the general Franklin (Haar) system.

Theorem 4 Suppose w, s a nondecreasing and unbounded sequence and
for the orthonormal system {¢,(x)}22, we have inf, ||@,|l1 = 0. Then the
system {p,(z)} can be rearranged so that w, will be a Weyl multiplier for
a.e. unconditional convergence of series in the system {@,(t)}22 .

Taking into account the relations , from Theorem [4| we obtain that for
any positive and unboundedly increasing sequence w,, n € N, the general
Haar and Franklin systems can be rearranged so that the sequence w, is
a Weyl multiplier for the general Haar and Franklin systems. This means
that by rearranging the general Haar and Franklin systems one can ensure
that any predetermined positive and unboundedly increasing sequence wy,,
n € N, is a Weyl multiplier for a.e. unconditional convergence of series in
the general Haar and Franklin systems.

Here we study the question of how fast a positive increasing sequence
wn, n € N, can grow so that it is possible to rearrange the Haar (Franklin)
system in such a way that w, is not a Weyl multiplier for a.e. unconditional
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convergence of series in the general Haar (Franklin) system. From Orlicz’s
theorem it follows that w, = (Inn)?(Inlnn)'*, e > 0, is a Weyl multiplier
for a.e. unconditional convergence for any orthonormal system.

The following theorem holds.

Theorem 5 Let T be a weakly reqular partition of the interval [0,1] and
{xn(z)}22, be the Haar system corresponding to the partition T . If

=1
S ew (1)
n=1 nwn,

then the Haar system can be rearranged so that w, s not a Weyl multiplier
for a.e. unconditional convergence for the Haar system.

Proof. 1t is clear that condition is equivalent to condition @ Apply-
ing Lemma , we obtain the set J defined by @ and satisfying .

We proceed to the rearrangement of the Haar system. Let T be a weakly
regular partition of the interval [0,1] and {x,(x)}22, be the Haar system
corresponding to the partition 7. We will rearrange the sequence 7T in
such a way that the rearranged sequence 7, corresponds to the Haar system
{Xo, 1521, obtained by rearranging the system {x,}5°;.

Let 09 =0, 01 = 1, and 0y = t5. Suppose we have already defined o; for
i=0,1,2,...,25. We define o, for i = 2% +1,2F 42, ..., 281 as follows. Let

{61} = {t} o, (12)
with 0F | < 0F for all i = 1,2, ..., 2. Then by definition
Oy i=min{j: 0F | < t; < 0F}, i=1,2,..,2" (13)

It is easy to verify that the sequence {0,}>°, obtained in this way is a
permutation of the nonnegative integers. Denote T, = {t,, }>°,, and denote
the corresponding general Haar system by {x7}>°,. It is clear that 7, is
quasi-dyadic.

It is easy to see that (see (2)), (13))

tT =6% and t;zk*:@f_l, i=1,2,..,2" (14)

Ookyq

From it follows that 7, is also weakly regular with the same param-
eter 7. From it also follows that

Xczrkﬂ'(x) = xj(z) if o9y =7, (15)
i.e., the system {x2}2%, is a rearrangement of the system {x,(z)}>2,. We
denote the support of the function x7 by A?. Then, by virtue of —,
we have
2k+1
U A7=1[0.1] and A% (A%, =0 if keJ 1<i<i <2 (16)

n=2k41
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Let J = {k; : i« € N}. Then from it follows that there exists a
sequence ¢; tending to zero such that

- q
;w = 00, (17)

. a?
Y < (18)
i=1

Set A
Aol L i e (28,2841, e N
Wk
an = ki (19)
0, otherwise.

Then, taking into account the weak regularity of 7, from (| and ( .
we obtain that for n € (2%, 2~¥+1] i € N we have

n

lanxp(z)| ~y &, when z € A2, and |a,x%(z)| =0, = &A,. (20)
w

i

Consequently (see and (20))

9k;+1
Z lan X2 ()] ~- i e on 0, 1]. (21)
Wek:
n=2ki 41 ¢
From , , and we obtain
Z lan X2 (x)] = 00 a.e. on [0,1]. (22)
n=1

As noted after the formulation of Theorem [I} Theorem [I] holds for any
general Haar system. Consequently, the series >~ a,x%(z) diverges a.e.
after some rearrangement. On the other hand (see ((19))

2k —+1 2k +1
4
g atw, = E E aZw, = 5 5 |A” — (23)
€N n= 2k1+1 ieN n= 2k1+1

Recall that if k; € J, then wqyr;+1 < 2wqr,. Consequently, from and
(16)) we obtain

2k —+1 2k —+1

Zawn<22 > a7 4 _22% 3 |A0|_2Zq’.

i€EN p=2kiy1 g in 2ki 41 ieN ki




10 R. H. BARKHUDARYAN, G. G. GEVORKYAN

From and it follows that
Z aZw, < oo. (25)
n=1

O

A parallel result holds for the Franklin system under the same weak
regularity assumption.

Theorem 6 Let T be a weakly reqular partition of the interval [0,1] and
{fn(x)}22, be the Franklin system corresponding to the partition T. Then,
if holds, the Franklin system can be rearranged so that w, is not a Weyl
multiplier for a.e. wunconditional convergence for the rearranged Franklin
system.

Before proceeding to the proof, we first recall an auxiliary theorem from
[8] that relates absolute convergence in general Haar and Franklin systems.

Theorem 7 Let T be a weakly regular partition of the interval [0,1] and
{xn(@)}22,, {fu(z)}22, be the general Haar and Franklin systems corre-
sponding to the partition T . If

Z‘aan )| = 400, when x € E,

then
Z\anfn )| = 400, a.e. on E.

Proof of Theorem [6l Let 7 be a weakly regular partition of the interval
[0,1] and {f.(x)}22, be the Franklin system corresponding to the partition
T. We define the set J and the permutation ¢ as in the proof of Theorem [f
In the case of the Haar system, the sequence 7, = {t,, }52, corresponded to
the system {x7(z)}>°,, which is a rearrangement of the system {y, ()},
Le, {x7(2)}22, = {Xo, }52. In the case of the general Franklin system, the
situation is different: in general, f7(x) # f,, ().

Nevertheless, we define the coefficients a,, of the series in the rearranged
Franklin system { f,, }22, by formula . We prove that

Z\anfan )| =00 ae. on [0,1]. (26)

Denote by &, the inverse permutation of the permutation ¢,. Then from

and it follows that

Z|aoan )| =00 a.e. on [0,1]. (27)
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Hence, from and Theorem [7|it follows that
Z las, fn(z)| = 400, a.e. on [0,1].

From this we obtain (26). Taking into account that also for series in the
general Franklin system, a.e. absolute convergence is equivalent to a.e. un-
conditional convergence (see [I1, Theorem 2]), from and we obtain
the proof of the theorem. [J

Note that in Theorems [f] and [6] the “bad rearrangement” resulted in a
quasi-dyadic sequence 7, .

Theorem 8 Let T be a quasi-dyadic and weakly regular sequence with pa-
rameter v. Then an increasing and nonnegative sequence will be a Weyl
multiplier for a.e. unconditional convergence for the general Haar (Franklin)
system if and only if

|

E — < OQ.
Wok

k=1

Proof. Necessity is contained in the proof of Theorems [5] and [6]
Sufficiency follows from the following inequalities, where {¢,} is the
general Haar or Franklin system, and the coefficients a,, satisfy the condition

S atw, =d < oo (see (), (16))
1/2
Zuanmrl—Danm”“"””l {Za wn} { } <

1/2

=

2k+1

WS LS o <cxd{

n=2k41

L'Mg ||M8

O

The weak regularity assumption in Theorems 5 and 6 turns out to be
essential, as the next result demonstrates. Without this regularity condi-
tion, even sequences growing arbitrarily slowly can be Weyl multipliers for
appropriately constructed partitions.

The following theorem indicates that in Theorems [5] and [6] the weak
regularity of the partition 7 is an essential condition.

Theorem 9 Let w, be an increasing sequence of positive numbers such that

lim w,, = 0.
n—oo

Then there exists a quasi-dyadic sequence T such that for the corresponding
general Haar system {x,(x)}>,, the sequence w,, is a Weyl multiplier for
a.e. unconditional convergence for this Haar system.

11
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Proof. Without loss of generality, we can assume that w, > 1, n € N.
Consequently, there exist numbers k, such that

11
— < -, when k,<k<20t p=12 .. (28)
Wy p

We construct the quasi-dyadic sequence 7T as follows. Suppose we have
already chosen the numbers t,, 1 < n < 2¥. We choose the numbers t,,
2F +1 < n < 281 5o that (see ([3)

A
1AL

The numbers a4, k € N, will be chosen later. The sequence 7 will be
admissible (will be dense in [0, 1]) if

Zak = 00. (29)

k=1

S+

=q <1, ok < < 2k

P>

S

Then from we obtain the following estimate

A
HXn”lZQ | nH <2 /Oék‘A 2k: n§2k+l’

A
and
2k+1
> lxallf < oy
n=2k4+1
Further,

Znanxnnl - D nﬂuﬂ
00 1/2 || ||2 00 1/2 . " 12
(Z aiW") <Z Xn < <Z aiw) (Z w;) . (30)

n=3 n=3 k=1

Consequently, if

oo

o
» <o, (31)
Wok
k=1
holds, then for the Haar series with coefficients satisfying >~ | aZw, < oo,

from (B0) and (31]) we will have

o0
Z ”anxn”l < 00,
n=3
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and therefore, the series " ° | a, X, () will converge a.e. on [0, 1].
To complete the proof, we need to find «y, such that and hold.
It suffices to set

1
ap = —————, when k, <k <k,.
plkp1 — kyp) . 3
Indeed, in this case
o) o) kpt1 o) 1
D=, ), =) =
k=1 p=1 k=kp+1 P
and using we will have
00 . oo kpi1 . 0 1
— = — < — < 00.
ooy Yy moyd
k=1 p=1 k=kp+1 p=1

O

Remark 1 Note that Theorem[9 does not follow from Theorem[3. In The-
orem[3, the sequence T is not quasi-dyadic.
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