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Abstract. The Sturm-Liouville wavelet transform (SLWT) is a
novel addition to the class of Sturm—Liouville transforms, which
has gained a respectable status in the realm of time-frequency
signal analysis within a short span of time. Given that the study
of time-frequency analysis is of both theoretically interesting and
practically useful, the aim of this paper is to explore a class of
quantitative uncertainty principles (UP) associated with SLWT,
including Faris local-type UP, Shannon-type UP, Donoho—Stark-
type UP and Benedicks-type UP.
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1 Introduction

The Fourier transform stands out as a significant discovery in mathematical
sciences, that plays a crucial role in modern scientific and technological ad-
vancements. In signal processing, extensive research has utilized the Fourier
transform to analyze stationary signals or processes with statistically invari-
ant properties over time. Although, Fourier transforms have many success-
ful applications that fascinated the mathematical, physical and engineering
communities over decades, they still have numerous shortcomings.

One of the significant disadvantages of the Fourier transforms is that
they do not give any information about the occurrence of the frequency
component at a particular time. They only enable us to analyse the signals
either in time domain or frequency domain, but not simultaneously in both
domains [7},24].
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To get over this problem, Gabor [10] introduced the short time Fourier
transform (STFT). The author considered a nonzero function g € L*(R?)
called a window and defined the short time Fourier transform of a function
f € L*(R?) on the so-called time-frequency plan. Even though the short time
Fourier transform solved the localization problem, a given window could not
be well adapted to study every multi-frequency signals. To solve this issue,
Grossman and Morlet [11] introduced the wavelet transform. The classical
wavelet transform of a function f € L*(R?) is defined on the so-called time-
scale plan R* x R% The classical wavelet transform is closely related to
signal theory, for more details, we refer the reader to [6,35]. In recent years,
many extensions and variants of the wavelet transform have been suggested,
see, for instance, |2,/13,|15,/30]. Integral transforms have recently been the
subject of extensive research within harmonic analysis [17-19,21,[22]. A
further important tool in signal theory, and the main object of the present
work, is the Sturm-Liouville wavelet transform (SLWT).

We consider the Sturm-Liouville operator defined on R by

A, d

=2 T Z(w)a,
where A is a nonnegative function satisfying certain conditions, see Section 2}
This operator has been extensively examined (or investigated) in harmonic

analysis, as demonstrated in [3}4,36,39]. Specifically, we consider the Sturm-—
Liouville transform (SLT)

F(H) = / (@) f(@)A(x)dz, A eR,,

where ¢, represents the Sturm-Liouville function described in Section
below. The SLT can be viewed as a generalization of various Fourier trans-
forms [9,12,/23]. Several uncertainty principles have been established for the
SLT, for example, Bouattour and Trimeche [1] proved the Cowling—Price
theorem, Daher et al. [5] established the Miyachi theorem, Ma [16] proved
a Heisenberg uncertainty principle and Soltani |26} 27] proved a local un-
certainty principle and a Donoho—Stark uncertainty principle. Additional
details on the Sturm-Liouville transform is presented in [2830].
A function g € L*(R, A(x)dz) is called a Sturm-Liouville wavelet (SLW)
if it satisfies the admissibility condition
0 <wy:= / |ﬁ(g)()\)|2® < 00. (1)
Ry A

Let g € L*(Ry, A(x)dz) be a SLW. For f € L*(R,, A(z)dz), we define
the Sturm-Liouville wavelet transform (SLWT) by

2(Na.0):= [ fmglAE)dr,  (ab) € xRy,
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where 7, is the Sturm-Liouville traslation introduced by Chébli [4] and g, is
the dilation function given by the relation

r92.(9(1)()‘) - ng(g)(a)\), A€ R+-

In the classical context, Wilczok [38] first introduced the notion of quan-
titative uncertainty principles for the continuous wavelet transform. This
work was subsequently extended to include the Hankel wavelet transform |2}
131|15].

Our paper continues the investigation of the harmonic analysis asso-
ciated with the Sturm—Liouville wavelet transform, building upon earlier
works [30-33]. Our main objective is to explore several versions of quanti-
tative uncertainty principles for this transform.

By analyzing the concentration property of the transform ®,, we first
establish a dispersion inequality. This inequality is then used to establish a
Faris-type local uncertainty principle for ®,. Then we demonstrate Shannon-
type and Donoho-Stark uncertainty principles by utilizing the crucial or-
thogonal property of ®,. Finally, we apply a Benedicks-type uncertainty
principle to the transform ®,, by examining two orthogonal projections P,
and Py.

Recently, similar results were obtained by Soltani and Zarrougui (see [34])
for the Sturm—Liouville-Stockwell transform; the authors of the mentioned
paper used a new convolution and modulation operator techniques. The
quantitative uncertainty principles for the Sturm—Liouville-Stockwell trans-
—27r|(ci(>\)\)]2)’ where ¢(A) is the Harish—
Chandra function. However, in this paper, our quantitative uncertainty prin-
ciples for the Sturm—Liouville wavelet transform are established for f, g €
L*(R, A(z)dz) with g satisfying an admissibility condition.

The paper is organized as follows. Sections [2] and |3| recall the neces-
sary background on the Sturm—Liouville transform and the Sturm—Liouville
wavelet transform. In Section [ we establish several quantitative uncer-
tainty principles associated with the SLST.

form are given for f,g € L* <R+,

2 Sturm-—Liouville transform .#

In this section, we recall some results about the Sturm—Liouville transform
and we establish some properties of the Sturm-Liouville wavelet transform.
We consider the Sturm-Liouville operator A defined on R by

@ A d
A= T a9

where
A(x) = 2" B(z), a>—-1/2,
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for B a positive, even, infinitely differentiable function on R such that
B(0) = 1. We assume that A satisfies the following conditions:

i) Ai is increasing and A(x) — 0o as x — 00,
/

(
(11) — is decreasing and Z( x) = 2p>0asx— 00,
(iii) there exists a constant 6 > 0 such that

/
Z(a:) =2p+e%D(x) ifp>0,
A’ 200+ 1
Z(»’U) =
where D is a C*°-function on R’ , bounded and with bounded derivatives on
all interval [xg, 00) for zo > 0.
For all A € C, the equation

+eD(z) ifp=0,

Au=—N+p)u, u(0) =1, u'(0)=0,

admits a unique solution, denoted by ¢,, and called Sturm—Liouville func-
tion (see [4,136]). The kernel ¢, satisfies the following properties.

(i) The function A — @y (z), z € Ry, is analytic on C.

(ii) The function x — @,(z), A € C, is even and C* on R.

(iii) The function ¢, possesses the following property (see [1]):

—1<pi(z) <1, ANzeR,. (2)

Example 1 [12] (The Bessel case). Let A(x) = 2t o > —1/2 and
p = 0. The Sturm—-Liouville operator A is the Bessel operator denoted by
Ay:

#  20+14d

dz? x drx

The SL-function py(x) is the spherical Bessel function j,(Ax).

A =

Example 2 [9,25] (The Jacobi case). Let A(x) = sinh®**™ (2) cosh® ™ (2),
a>pF>-1/2and p=a+ f+1>0. The Sturm—Liouville operator A is
the Jacobi operator denoted by A, a:

: + [(2a. + 1) coth(z) + (28 + 1) tanh(m)]i

dr? dx

Agp =

The SL-function px(x) is the Jacobi function denoted by ¢E\a"g) (x):

1

2( p—1iN), (p—l—z/\) a + 1, —sinh?(x)),

0\ (x) = o Fy

where o F1(a,b, ¢, z) is the hypergeometric function.
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We denote by u the measure defined on R by du(z) := A(x)dz, and by
LP(pu), p € [1,00], the space of measurable functions f on R, such that

Iz = | [ + )P Ve pelloo)

| fllzoo(u) := ess sup |f(z)| < oo.
$€R+
dA
Further, denote by v the measure defined on Ry by dv()) := ————, and
2m|c(A)[?

by LP(v), p € [1,00], the space of measurable functions f on R, such that
| fllLr() < 0o. Here ¢(A) is the Harish-Chandra function [37].
The Sturm-Liouville transform is defined for f € L'(u) by

F(H) = / (@) f(@)dp(z), AER,.

The Sturm-Liouville transform satisfies the inequality

17 (Olloe < 1 flzrgy, £ e L)

In the theorem below, we state some known properties of SLT, see [3,4,

30].

Theorem 1 Let .# be a SLT. Then
(1) F extends uniquely to an isometric isomorphism of L*(u) onto L*(v).
In particular, we have the Plancherel formula for & :

11|20 = (17 (Pl 220
(11) For all f,g € L*(u), the Parseval identity holds for F :

(f, 9>L2(u) = <9(f)>3;(9)>L2(y)-
(1ii) Let f € L'(u) be such that Z(f) € L*(v). Then
f@) = [ p@F D00, e zeRy,

The Sturm—Liouville function ¢, satisfies the product formula [4}306]

ox(@)paly) = / ox(Dwlz,y, 2)du(z), T,y € Ry, (3)

where w(z,y,.) is a measurable positive function on R, , with support in
|z — yl, z + y], satistying

/R wz,y, 2)dp(z) = 1, 4)
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w(z,y,z) =w(y,v,z) for z€Ry, (5)
w(z,y,2) =w(x,z,y) for ze€RY. (6)

The definition of the Sturm—Liouville translation operator is induced by
(3). For f € L*(u), this operator is defined by

T f(x) = s f()w(z,y, 2)du(z), =,y € R,. (7)

As a first remark, we note that the relations , and @ mean that

Tyf<l’) :wa(y)’ CC,yER_,_,

and

/R Ty f(z)dp(z) = & flx)dp(z), fe€ L ().

Theorem 2 /29,(31] We have
(i) For ally > 0 and f € LP(u), p € [1,00], we have

17y f ey < (1fllzr -
(11) For f € L*(u) and y € R, , we have

F ()N = ex(y) F(N)A), A eRy.

Let f,g € L?(u). The Sturm-Liouville convolution f * g of f and g is
defined by

frg(r) = i f)mg(y)du(y), = €R,. (8)

The convolution * is commutative, associative and satisfies the Young
inequality (see [20]). Let p,q,r € [1,00] be such that

1 1 1
=14
P q r

Then for f € LP(u) and g € L(u) we have
1 * gllrg < 1 fzegollgl zog-

Theorem 3 (20, 57/ We have
(i) For f,g € L*(n), the function f * g belongs to L>=(u), and

frg=F UF()F(9)),

where F 1 is the inverse of the transform F .
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(1i) Let f,g € L*(u). Then fxg belongs to L*(p) if and only if F (f)F (g)
belongs to L*(v). In the L* case,

F([xg)=F()F(9)

(iii) Let f,g € L*(u). Then
/R 1 ga)Pdul) = / ZHNPLF ()N PN,

where both sides are finite or infinite.

3 Sturm-Liouville wavelet transform &,

In this section, we first recall some fundamental results on the Sturm-—
Liouville wavelet transform. This transform has been investigated in depth
in [20,[37], where precise definitions, examples, and a more complete discus-
sion of its properties can be found. By using the harmonic analysis associated
with the operator A, we show that the range of this integral transform is a
reproducing kernel Hilbert space (RKHS).

We begin by the following lemma, see [20,37].

Lemma 1 Let g € L*(u) and a > 0. Then there exists a function g, in
L?(u), such that

F(9a)(N) = F(g)(a)), NeRy, (9)
and satisfies .
looli0 < =2 gl (10)

where

)
bla) =sup e o)l

For a function g € L*(p1) and for (a,b) € R% x R, we denote by g, the
function defined on R, by

9ap(T) = Tga(),

where 7, are the generalized translation operators given by .
From Theorem 2 (i) and it follows that function g, satisfies

k

—~
~—

a

| 9apll L2 () < lgllz2u)- (11)

S

a
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Let g € L*(u) be a SLW. For f € L?(u), we define the Sturm-Liouville
wavelet transform by

Dy(f)(a,0) = [ f(z)gap(z)dp(z), (12)

Ry

which can also be written in the form

©y(f)(a,b) = [ *ga(b), (13)

where * is the generalized convolution product given by .
From and with Holder’s inequality we obtain

k
|@4(f)(a,b)| < \(/%) 12 llgllz2go,  (a,0) € RE xRy (14)

Example 3 The function g given by

g(x) ::/ NeXpy\(x)dv(N), w€Ry,
R

is a SLW and w, = 1/8.

Denote by v the measure defined on R% by

dy(a,b) = du(b) 22,

a

and by LP(v), p € [1, 00|, the space of measurable functions f on R?, such
that HfHLP('y) < 00.
The following theorem establishes Plancherel and Parseval formulas for ®,,.

Theorem 4 Let g € L*(11) be a SLW.
(i) For f € L*(n), we have

1
1l 72 = 1o ()72
Wy

(11) For f,h € L*(u), we have
1
oz = —(@g(f), g(R)) r2(y)-
g
Proof. (i) Using the Fubini theorem, Theorem [3] (iii), and relation (13)), we
obtain

1 1 B
SRl = o / + / NEZCRYC
da

1 o 2 g (7= 2du(\)—
:w_g/& / LZ (NP1Z (G2) (W) Pdv(A)

a

da
a

g

= [1P00r |5 [ 170 erg e



QUANTITATIVE UNCERTAINTY PRINCIPLES ASSOCIATED WITH THE SLWT

By relation (|1)) we have

— [ |F (9N — =

(.Ug R,

1 2 da
a
Then we deduce the desired result from Theorem (1] (i).

(ii) The result is easily deduced from (i). O

Theorem 5 Let g € L*(uu) be a SLW. Then for f € L*(u), we have
BN = [ FONF@ 0B,

Proof. Let g € L*(u) be a SLW, and let f € L*(u). By (12), Theorem
(ii), Theorem [2| (i), (9) and (), we have

®y(f)(a,b) = A f(@)mga () dp()

= | FNHAN)F(1ga) N dv(A)

Ry

- / F(HNF @) [@Vea)dr(N).

The theorem is proved. [

Theorem 6 Let g € L*(p1) be a SLW. The space ®,(L*(1)) is a reproducing
kernel Hilbert space with kernel function

1
W0, B): (00) = (g ) 0
9
Moreover, the kernel W, is pointwise bounded, and for all (a,b),(a’,b') €
Ri xRy,
k(a)k(a')

Wol(a,): (@ 6] < =~ 2
9

Proof. From ([12) we have

1
Wy((a,b); (d',8) = —Py(gas) (@', V). (15)
9
Then, from for every (a,b) € R x Ry, the function g,; belongs to
L*(p), and therefore, function W,((a,b);.) belongs to ®,(L*(u)).
Moreover by and Theorem | (i), we obtain

1

1
IWs((a: 0); M2y = —5 19 (g0p)llz2r) = w—gllga,blliw < oo

g
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On the other hand, from and Theorem (4| (ii), we have

(I)g(f> (CL, b) = <f, ga,b>L2(y)
- wig@g(f), By(900)) 200

= (y(f), Wy((a,0); ) L23)-

We conclude that W, ((a,b); (a,b)) is a reproducing kernel of the Hilbert
space @ (L% (u)).

Finally, from Holder’s inequality and , we obtain

k(a)k(a’)

1
VAR,
[Wy((a, b); (a',0))] < w_g||ga,b||L2(u)Hga’,b’HLz(ﬂ) < WHQHLQ(M

0

Next let us establish concentration property of ®,, and deduce dispersion
inequality for ®,. Denote by 7 the measure defined on R? by

dn(a, b) = kig“) dvy(a,b) = k() dp(b)da,

a2

and by LP(n), p € [1,00], the space of measurable functions f on R?, such
that [y < o0

Theorem 7 Let g € L*(p1) be a SLW and let U C R2 with
0<nl) < —2
H9HL2(M

Then for all f € L*(u),

1@ =)@y (D)2 2 \Jety = (O gl 1 20

where xu is the characteristic function of the set U. If ®,(f) is supported
i U, then f =0.

Proof. From Theorem | (i), we have

1 1
120 = 1D = 2 (K@Dl + 10 = X0 D)
On the other hand, from ((14)), we have

X0 @g ()2 < O NIL2 ) 1F 122 - (16)
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For r > 0, denote by B (0,7) the open ball of R given by
B (0,7) :={(a,b) € R :|(a,b)| = Va2 + b2 < r}.
The following dispersion inequality holds.

Theorem 8 Let s > 0. Then there exists a positive constant C’gl)(s) such
that for all f € L*(p),

1@, &)1*®y (f)(a, )22y > Cg? (511 Il z2u-

Proof. Let r > 0 be such that
Wy

0 <n(B4(0,7)) < g
HgHm(u)

By applying Theorem [7] with U = B, (0, r), we obtain

(1 = (B (0, gl ) 112y < /|< B,(f)(a.b) dy(ab)

b)[=r

<L ((a, )|, (£)(a, b)d(a, )

2
72 J(ab)>r

1
< 5 1@ D)@y (f)(@,B)lIZ2).

It remains to put

Cél)(s) = rs\/wg - 77(3+(0>7“))H9H%2(u)'

4

4 Uncertainty principles for the transform ¢,

In this section, we establish different quantitative uncertainty principles as-
sociated with SLWT, including Faris local UP, Shannon’s UP, Donoho—Stark
UP and Benedicks UP.

a) Faris local UP for ®,. We use the dispersion inequality for ®, to prove
the following result.

Theorem 9 Let s > 0. Then there exists a positive constant 0552)(3) such
that, for all f € L*(n) and every subset U C R3, 0 < n(U) < oo, it holds

Ixv®y (P26 < C52 (5)V/n(U) 1@, 0)* By (f) (@, b)l| ().
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Proof. From ([16)) we have

Ixv @y (N)llz2ey < VU gllz2oll fll 22 ()

We obtain the result from Theorem [§] with

C@(s) = ”gHLZ(u)'
o) C5(s)

O

b) Shannon’s UP for ®,. Let p be a probability density function on R%
such that
/ p(a,b)dn(a,b) = 1.
B}
Following Shannon [25], the entropy of a probability density function p on
R? is defined by

Bp) == | Inlpta.))ola. b)dn(a.b) (17)
+
Henceforth, we extend the definition of the entropy of a nonnegative mea-

surable function p on R? whenever the previous integral on the right-hand
side is well defined.

Theorem 10 For all f € L*(p), it holds

B (P (@.0)) 2 =200l o o (1ol z20)

Proof. Assume that || f||z2¢l 9]l 220 = 1. By we have

0< Ye,(N@h) <1, (a,b) € B2,

k(a)

Then
a

B P (s

@Aﬁﬂmw)za

and therefore,
a

E ——|®,(f)*(a,b) ) >0.
(gl ®P@n) =0
Next, let us drop the above assumption, and let

. f
P

g
=———— and = —"
/1|22

gllzzg
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Then, ¢, € L*(i) and |||l r2(l|¢] 120 = 1. Therefore,

a

B (i loelen ) 2o

Moreover,
1

®y(p) =
1122 9l 2y
thus, by and Theorem (4| (i), we obtain

)

o(f),

a

B (il en)

_a 2
E <k2(a)‘q)g(f>’ (CL, b)) 2wgln(Hf”LQ(,u)”g”LQ(,u))
£ 1 Z2 0 191172 9l Z2(,

Using the fact that £ (kzim)\cblp(goﬂ?(a, b)) > 0, we deduce that

a
(i 0o 0)) = =24l g 0 (1 l92)
The theorem is proved. [

c) Donoho—Stark UP for ®,. In the following, we establish Donoho-Stark
uncertainty principle [8,27] for the transform ®,.

Let E be a measurable subset of R,. We say that a function f € L?(u)
is e-concentrated on F in L*(p)-norm if

1f = xefllzzg < elfllc2g- (18)

Let U be a measurable subset of R? and let f € L?(u). We say that
®,(f) is o-concentrated on U in L*(y)-norm if

19y (f) = xuPy(F)llL2) < NPy (] 2()- (19)

Theorem 11 Let E be a measurable subset of R, U be a measurable subset
of R: and let f € L*(p). If [ is e-concentrated on E in L*(p)-norm, ®4(f)
is o-concentrated on U in L*(y)-norm and € + o < 1, then

Wy

M) 2 (1 -0 — o)
HQHLz(M)
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Proof. Let f € L*(u) and € + 0 < 1. Assume that n(U) < co. From ,
and Theorem [4] (i) it follows that

[®y(f) — XU@g(XEf)HL?(v)
< N2g(f) = xv@g(Nl2en + Ixv Py (f = X2z
< o[y (N2 + 118 (f = x£)llz2e)
< (04 &)@l fll 2.

Then the triangle inequality and show that

1P( )z < lIxu@g(Xef) L2y + [1Pg(f) — XuPo(Xaf)llL2¢y)
< VaO)gllzzgll fllz2g) + (0 + €)@l fll 22

[VAD)lgllz) + (0 + )y 1l

IN

By applying Theorem 4] (i), we obtain

W) > (1 -0 — o) ¥V

gl 2wy’

which gives the desired result. [J

d) Benedicks-type UP for ®,. In order to prove the Benedicks-type
uncertainty principle for the transform ®,, we need the following definitions.

Let g € L*(u1). The orthogonal projection P, : L*(y) — L?*(v) is defined
by

Py(F)(a,b) := (F,Wy((a,b);.)) L25)
= /R F(a', 0 )W,((a,b); (@, ¥))dvy(a’, '), (20)

2
+

where W, is the kernel given by (15]).
Let U C R% with n(U) < co. We define the orthogonal projection
Py : L*(y) — L*(y) by

Py(F)(a,b) :== xv(a,b)F(a,b). (21)
Lemma 2 The operator Py P, is a Hilbert-Schmidt operator and

)

g

| Pu Pyl s <
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Proof. From and , we have

PyP,(F)(a,b) = /]1@2 xu(a,b)F(a', b YWy((a,b); (a/,¥))dy(a’, ).
Then
1RoR s = [, [ wola: I ((e,b): (@ )Py (e’ ¥ o,

1
- L / / 30, )| @y (g0 (e 1) Py (!, )y (a,b)
Wg JrY JRY

_ 1 /
wy Ju R2

1
_ L / a2y (@, ).
Wy Ju

[y (gap)(a', V) [*dy(d, b’)) dv(a,b)

Hence, by we deduce that

n(U)‘

g

||PUP9”2HS <

Thus, Py P, is an integral operator with Hilbert-Schmidt kernel. Hence,
Py Py is a Hilbert-Schmidt operator, and therefore, it is a compact operator.
O

Lemma 3 [35] Let Hy and Hs be two closed subspaces of a Hilbert space H
satisfying Hy N Hy = {0}. Let Py, and Py, be the corresponding orthogonal
projections, and suppose that the product Py, Py, 1S a compact operator.
Then, there exists a constant C' > 0 such that for any f € H,

1Py flle + [P fll = CllF (22)

We use Lemma (3] to prove the following theorem.

Theorem 12 Let g € L*(p) and U C R% be such that 0 < n(U) < oo. If
Py(L*(7)) N Pu(L*(7)) = {0},
then there exists a positive constant C := C(g,U) such that for all f € L*(p),
11 = x0) @y (N2 = Cllfll 220 (23)
Proof. Define

H, = Py(L*(v)), Hy:=P,(L*(y)) and H := L*(y).

15
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From Lemma , Py P, is a Hilbert-Schmidt operator. Therefore, Py P, is a
compact operator, and hence, by Lemma [3 there exists a constant C' > 0
such that holds for Py, := Py and Py, := F,. Since

PH;(q)g(f)) = (- Pg)q)g(f) =0,
this leads to . O

Let g € L*(p1) and U C R% such be that 0 < n(U) < oc.

We say that U is weakly annihilating, if any function f € L*(u) van-
ishes when its Sturm-Liouville-wavelet transform ®,(f) with respect to the
wavelet g is supported in U.

We say that U is strongly annihilating, if there exists a constant C'(U) > 0
such that for any function f € L*(u), we have

11 = x0)®4(Hllz2() = CO)[ 22
The constant C'(U) is called the annihilation constant of U.

Remark 1 (i) It is clear that every strongly annihilating set is also a weakly.
(ii) From Theorem@ we see that any set U C R with

0 <) < [t

1s strongly annihilating.

(i1i) The operator Py P,, being a Hilbert-Schmidt operator, hence is com-
pact. Then from [14)] it follows that if U is weakly annihilating, it is also
strongly annihilating.

(iv) If || Py Py|| < 1, then for all f € L*(u), we have

11 = x0)Pg(F)lz2¢) 2 A1 = [P0 Bl Pl fll 2

(v) Following the result established in a general context in [14), page 88/,
we conclude that if U is strongly annihilating, then |PyP,|| < 1.

5 Conclusion and perspective

In this paper, we have examined various quantitative uncertainty principles
associated with SLWT, which are Faris local-type UP, Shannon-type UP,
Donoho-Start-type and Benedicks-type UP. It is our hope that this work
motivates the researchers to study the SLWT and such qualitative uncer-
tainty principles as Hardy’s, Morgan’s, Beurling’s, Miyachi’s and others.

Acknowledgments. The authors would like to thank the Reviewers for
their careful reading and editing of the paper.



QUANTITATIVE UNCERTAINTY PRINCIPLES ASSOCIATED WITH THE SLWT

References

1]

[10]

[11]

[12]

L.B. Attour and K. Trimeche, Uncertainty principle and
(LP, L7) sufficient pairs on Chébli-Trimeche hypergroups. Inte-
gral Transform. Spec. Funct., 16 (2005), no. 8, pp. 625-637.
http://dx.doi.org/10.1080/10652460500110404

C. Baccar, Uncertainty principles for the continuous Hankel wavelet
transform. Integral Transform. Spec. Funct., 27 (2016), no. 6, pp. 413—
429. https://doi.org/10.1080/10652469.2016.1148031

W. R. Bloom and Z. Xu, Fourier multipliers for L” on Chébli-Trimeche
hypergroups. Proc. London Math. Soc., 80 (2000), no. 03, pp. 643-664.
http://dx.doi.org/10.1112/50024611500012326

H. Chébli, Théoreme de Paley—Wiener associé a un opérateur
différentiel singulier sur (0, c0). J. Math. Pures Appl., 58 (1979), no. 1,
pp. 1-19.

R. Daher, T. Kawazoe and H. Mejjaoli, A generalization of Miy-
achi’s theorem. J. Math. Soc. Japan, 61 (2009), no. 2, pp. 551-558.
https://doi.org/10.2969/jmsj /06120551

I. Daubechies, Ten lectures on wavelets, Vol. 61. Siam, 1992.

L. Debnath and D. Bhatta, Integral transforms and their applications,
Third Edition, Chapman and Hall, CRC Press, Boca Raton, Florida,
2015.

D. L. Donoho and P. B. Stark, Uncertainty principles and signal
recovery. SIAM J. Appl. Math., 49 (1989), no. 3, pp. 906-931.
https://doi.org/10.1137/0149053

M. Flensted—Jensen and T. Koornwinder, The convolution structure for
Jacobi function expansions. Ark. Mat., 11 (1973), no. 1-2, pp. 245-262.
https://doi.org/10.1007/BF02388521

D. Gabor, Theory of communication, Part 1: The analysis of in-
formation. J. Inst. Electr. Eng., 93 (1946), no. 26, pp. 429-441.
https://doi.org/10.1049/ji-3-2.1946.0074

A. Grossmann and J. Morlet, Decomposition of Hardy functions into
square integrable wavelets of constant shape. SIAM J. Math. Anal., 15
(1984), no. 4, pp. 723-736. https://doi.org/10.1137/0515056

N. B. Hamadi, Z. Hafirassou and H. Herch, Uncertainty principles
for the Hankel-Stockwell transform. J. Pseudo-Differ. Oper. Appl., 11
(2020), no. 2, pp. 543-564. https://doi.org/10.1007 /s11868-020-00329-z

17


http://dx.doi.org/10.1080/10652460500110404
https://doi.org/10.1080/10652469.2016.1148031
http://dx.doi.org/10.1112/S0024611500012326
https://doi.org/10.2969/jmsj/06120551
https://doi.org/10.1137/0149053
https://doi.org/10.1007/BF02388521
https://doi.org/10.1049/ji-3-2.1946.0074
https://doi.org/10.1137/0515056
https://doi.org/10.1007/s11868-020-00329-z

18

[13]

[14]

[17]

18]

[19]

[20]

[21]

[22]

[23]

F. SOLTANI AND M. H. RIAHI

N. B. Hamadi and S. Omri, Uncertainty principles for the continuous
wavelet transform in the Hankel setting. Appl. Anal., 97 (2018), no. 4,
pp. 513-527. https://doi.org/10.1080/00036811.2016.1276169

V. Havin and B. Joricke, The uncertainty principle in harmonic anal-
ysis, Ergebnisse der Mathematik und ihrer Grenzgebiete 3, Folge. 28,
Springer, Berlin, 1994.

S. Hkimi and S. Omri, Uncertainty principles in term of supports in
Hankel wavelet setting. Oper. Matrices, 15 (2021), no. 2, pp. 755-776.
https://doi.org/10.7153 /0am-2021-15-52

R. Ma, Heisenberg uncertainty principle on Chébli-Trimeche hy-
pergroups. Pacific J. Math., 235 (2008), no. 2, pp. 289-296.
https://doi.org/10.2140/pjm.2008.235.289

J. Maan and E. R. Negrin, Parseval-Goldstein type theorems for inte-
gral transforms in a general setting. Istanbul J. Math., 2 (2024), no. 1,
pp. 33-38. https://doi.org/10.26650 /ijmath.2024.00013

J. Maan and E. R. Negrin, Parseval-Goldstein type theorems for the in-
dex Whittaker transform. Integral Transform. Spec. Funct., 36 (2025),
no. 1, pp. 53-63. https://doi.org/10.1080/10652469.2024.2386664

J. Maan and A. Prasad, A pair of pseudo-differential oper-
ators involving index Whittaker transform in L§(Ry;m,(z)dx).
Acta. Math. Sin.-English Ser., 40 (2024), no. 6, pp. 1420-1430.
https://doi.org/10.1007/s10114-024-3162-6

M. A. Mourou and K. Trimeche, Calderén’s reproducing formula for
a singular differential operator and inversion of the generalized Abel
transform. J. Fourier Anal. Appl. 4 (1998), no. 2, pp. 229-245.

E. R. Negrin, B. J. Gonzalez and J. Maan, Parseval-Goldstein-type
theorems for Lebedev—Skalskaya transforms. Axioms, 13 (2024), no. 9,
Art. 630. https://doi.org/10.3390/axioms13090630

E. R. Negrin and J. Maan, On [LP-Boundedness properties
and Parseval-Goldstein-type theorems for a Lebedev-type in-
dex transform. Mathematics, 12 (2024), no. 24, Art. 3907.
https://doi.org/10.3390/math12243907

S. S. Platonov, Fourier-Jacobi harmonic analysis and some problems
of approximation of functions on the half-axis in L, metric: Nikol’ski—
Besov type functions spaces. Integral Transform. Spec. Funct., 1 (2020),
no. 4, pp. 281-298. https://doi.org/10.1080/10652469.2019.1691548


https://doi.org/10.1080/00036811.2016.1276169
https://doi.org/10.7153/oam-2021-15-52
https://doi.org/10.2140/pjm.2008.235.289
https://doi.org/10.26650/ijmath.2024.00013
https://doi.org/10.1080/10652469.2024.2386664
https://doi.org/10.1007/s10114-024-3162-6
https://doi.org/10.3390/axioms13090630
https://doi.org/10.3390/math12243907
https://doi.org/10.1080/10652469.2019.1691548

[24]

[25]

[20]

[29]

[30]

[31]

[34]

[35]

QUANTITATIVE UNCERTAINTY PRINCIPLES ASSOCIATED WITH THE SLWT

F. A. Shah and A. Y. Tantary, Wawvelet transforms: Kith and Kin,
Chapman and Hall/CRC, Boca Raton, 2022.

C. E. Shannon, A mathematical theory of communication. ACM SIG-
MOBILE Mobile Computing and Communications Review, 5 (2001),
no. 1, pp. 3-55. https://doi.org /10.1145 /584091.584093

F. Soltani, LP local uncertainty inequality for the Sturm-Liouville
transform. CUBO A Math. J., 16 (2014), no. 1, pp. 95-104.
https://doi.org/10.4067/S0719-06462014000100009

F. Soltani, Donoho-Stark uncertainty principle associated with a sin-
gular second-order differential operator. Int. J. Anal. Appl., 4 (2014),
no. 1, pp. 1-10.

F. Soltani, Parseval-Goldstein type theorems for the Sturm—Liouville
transform. Integral Transform. Spec. Funct., 36 (2025), no. 8, pp. 634—
646. https://doi.org/10.1080/10652469.2024.2443949

F. Soltani and M. Aloui, Lipschitz and Dini-Lipschitz functions for the
Sturm—Liouville transform. Integral Transform. Spec. Funct., 35 (2024),
no. 11, pp. 612-625. https://doi.org/10.1080/10652469.2024.2364790

F. Soltani and M. Aloui, Hausdorff operators associated with the
Sturm-Liouville operator. Rend. Circ. Mat. Palermo, II. Ser., 74 (2025),
no. 1, Art. 54. https://doi.org/10.1007 /s12215-024-01166-5

F. Soltani and Y. Zarrougui, Reconstruction and best approximate in-
version formulas for the Sturm—Liouville-Stockwell transform. Appl.
Math. E-Notes, 25 (2025), pp. 57-72.

F. Soltani and Y. Zarrougui, Localization operators and Shapiro’s in-
equality for the Sturm—Liouville-Stockwell transform. J. Math. Sci.,
289 (2025), no. 1, pp. 45-58. https://doi.org/10.1007/s10958-024-
07090-4

F. Soltani and Y. Zarrougui, Toeplitz operators and spectrogram as-
sociated with the Sturm—Liouville-Stockwell transform. Filomat, 39
(2025), no. 18, pp. 6295-6310. https://doi.org/10.2298 /F1L25182955

F. Soltani and Y. Zarrougui, Quantitative uncertainty principles associ-
ated with the Sturm—Liouville-Stockwell transform. Novi Sad J. Math.,
(2026), (to appear). https://doi.org/10.30755/NSJOM. 18546

M. Stephane, A wavelet tour of signal processing, The Sparse Way, 1999.


https://doi.org/10.1145/584091.584093
https://doi.org/10.4067/S0719-06462014000100009
https://doi.org/10.1080/10652469.2024.2443949
https://doi.org/10.1080/10652469.2024.2364790
https://doi.org/10.1007/s12215-024-01166-5
https://doi.org/10.1007/s10958-024-07090-4
https://doi.org/10.1007/s10958-024-07090-4
https://doi.org/10.2298/FIL2518295S
https://doi.org/10.30755/NSJOM.18546

20 F. SOLTANI AND M. H. RIAHI

[36] K. Trimeche, Transformation intégrale de Weyl et théoreme de Paley—
Wiener associés a un opérateur différentiel singulier sur (0, co). J. Math.
Pures Appl., 60 (1981), no. 1, pp. 51-98.

[37] K. Trimeche, Inversion of Lions transmutation operators using gener-
alized wavelets. Appl. Comput. Harmonic Anal., 4 (1997), no. 1, pp.
97-112. https://doi.org/10.1006/acha.1996.0206

[38] E. Wilczok, New uncertainty principles for the continuous Gabor trans-
form and the continuous Wavelet transform. Doc. Math., 5 (2000), pp.
207-226. https://doi.org/10.4171/DM /79

[39] H. Zeuner, The central limit theorem for Chébli-Trimeéche hy-
pergroups. J. Theor. Proba., 2 (1989), no. 1, pp. 51-63.
https://doi.org/10.1007/BF01048268

Fethi Soltani
Faculté des Sciences de Tunis,
Laboratoire d’Analyse Mathématique et Applications LR11FES11
Unwersité de Tunis El Manar, Tunis 2092, Tunisia.

Ecole Nationale d’Ingénieurs de Carthage,

Unwersité de Carthage, Tunis 2035, Tunisia.
fethi.soltani@fst.utm.tn

Mohamed Hedi Riahi
ESPRIT School of Engineering Tunisia
Tunis 2083, Tunisia.
mohamedhedi.riahi@esprit.tn

Please, cite to this paper as published in
Armen. J. Math., V. 18, N. 5(2026), pp.
https://doi.org/10.52737/18291163-2026.18.05-1-20


https://doi.org/10.1006/acha.1996.0206
https://doi.org/10.4171/DM/79
https://doi.org/10.1007/BF01048268
mailto: fethi.soltani@fst.utm.tn
mailto: mohamedhedi.riahi@esprit.tn
https://doi.org/10.52737/18291163-2026.18.05-1-20

