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Abstract. This paper introduces a novel variable-step block
hybrid method for the direct solution of general third-order ini-
tial value problems. The proposed approach combines quasi-
linearization with an embedded procedure to enhance accuracy
and computational efficiency. Rigorous analysis establishes the
convergence and A-stability of the proposed method, providing
a reliable numerical framework for a broad class of third-order
initial value problems. Numerical experiments on a range of
benchmark test problems demonstrate that the proposed method
achieves high accuracy and competitive computational efficiency
compared with several existing approaches. These results high-
light the effectiveness and potential of the proposed method as a
robust tool for the direct numerical solution of third-order differ-
ential equations arising in engineering and related applications.
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Introduction

Physical problems such as electromagnetic wave propagation, rocket motion,
gravity-driven flows, and thin-film flows in physics and engineering are often
modeled using third-order ordinary differential equations (ODEs) see, for
example, [16]. Despite their importance, most of these problems lack closed-
form analytical solutions, necessitating the use of numerical approximations.
Consequently, recent studies have focused on developing direct numerical
techniques for solving third-order initial value problems (IVPs).
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In this study, we aim to develop an efficient numerical technique with
strong stability properties capable of handling both stiff and non-stiff third-
order IVPs, which often pose significant numerical challenges. The proposed
method directly addresses the general third-order problem

y' () = ft.y. 0", ylte) = yo. ¥/ (to) = o, ¥ (to) = 00, t € [to, ], (1)
where f : R x R®"® — R™ is continuous and satisfies a Lipschitz condition
in its dependent variables.

For numerical methods based on linear multistep or block formulations,
strong stability is commonly associated with the root condition. In par-
ticular, a method is said to be strongly stable if all the roots of its first
characteristic polynomial lie within or on the unit circle, with every root on
the unit circle being simple. This condition ensures that perturbations in-
troduced during the numerical integration do not grow without bound and is
fundamental for establishing the stability and convergence of the numerical
method.

Third-order ODEs have therefore attracted considerable attention from
researchers due to their wide range of applications and the challenges asso-
ciated with their numerical solution. Numerous theoretical and numerical
studies addressing this class of problems have been reported in the litera-
ture (see, for example, [3 4, O 11l [15]). To improve the accuracy of exist-
ing methods for directly solving both special and general third-order IVPs,
Lawal et al. [I6] constructed a four-step block method based on a hybrid
linear multistep approach for special third-order IVPs. The method was de-
rived using collocation and interpolation techniques with power-series basis
functions. Jator et al. [10] developed a new class of implicit continuous lin-
ear multistep methods and applied them as boundary value methods for the
numerical integration of general third-order initial and boundary value prob-
lems. Similarly, Olagunju and Adeyefa [20] proposed a sixth-order single-
step hybrid block method for the direct integration of first-, second-, and
third-order IVPs. Appadu and Peer [6] constructed an optimized third-order
weighted essentially non-oscillatory scheme for hyperbolic conservation laws,
while Appadu [5] proposed an optimized low-dispersion and low-dissipation
Runge-Kutta algorithm for computational aeroacoustics.

More recently, Rufai and Ramos [24] derived a fourth-derivative hy-
brid block strategy for the integration of third-order IVPs, while Osa and
Olaoluwa [23] developed a fifth-fourth continuous block implicit hybrid me-
thod for solving third-order ODEs. An optimized implicit single-step fourth-
derivative block hybrid method specifically designed for the direct solution
of general third-order IVPs was introduced by Yakubu and Sibanda [27],
incorporating advanced optimization techniques to enhance accuracy and
computational efficiency. However, most existing methods do not efficiently
address the stability and accuracy requirements associated with stiff versions
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of equation . The novelty of the proposed method lies in its adaptive im-
plementation, which combines the quasilinearization technique with a block
hybrid method to effectively handle stiff third-order ODEs, thereby achiev-
ing high accuracy and strong stability properties.

1 Derivation of the method

We develop a single-step high-order Block Hybrid Method (BHM) for the
numerical solution of third-order IVPs of the form . The method uses
Lagrange interpolation and collocation to achieve high-order accuracy and
an efficient error estimator.

Let {tnie, ;*:0 denote the collocation nodes in the interval [t,,,t,1]:

1 1

co =0, @ =7 =3

3
6321, 6421.

We construct the interpolating polynomial
Z(t) =) Yil(t),

where (;(t) are the Lagrange basis functions satisfying ¢;(t,4c,) = djx. Its
third derivative is approximated by

4
Z"(t) = _Y;lt).
j=0

The interpolation conditions at t,, are
Z<tn) = Yn, Z/<tn) = 5n7 Z//(tn> = Onp,
while collocation is imposed at the nodes t,;:

Z///(tn+cj) - f(tn+cj, Z(tn+cj), Z/(tn+cj>, Z//(tn+cj>>, j - 0, e ,4.
Solving the resulting system yields the BHM in block form:

4
Yn+e; = YUn + hci 5n + %h2cz2 Op + h3 Z Eijfn—I—cj-y

=0

4
5n+ci = 571 + hci Op + h2 Z Xijfn+6j7

J=0

4
Ontc; :0'”+h/ E Uijfn+cj, i:O,...,4,

J=0
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where the coefficients are given by

c; t S c; t Cq
€ij = / / / Ci(u)dudsdt, xi; = / / li(s)dsdt, vy = / l;(t) di.
o Jo Jo 0o Jo 0

To enhance efficiency, the method can be implemented in adaptive mode
using an embedded lower-order scheme constructed over a reduced node set
{0, ¢1, 3, 1}, sharing the same function evaluations as the high-order method.

2 Analysis of the method

We present the theoretical analysis of the proposed third-order BHM. The
method can be written in linear matrix form as

R1Yni1 = RoY, + hDoA, + h* LS, + h*(ToF, +T1F, ), (2)

where Ry, R1, Dy, Lo, I'g, and I'; are m x m matrices derived from the block
hybrid formulation.

2.1 Local truncation error

Let y(t) be sufficiently smooth. The linear differential operator associated
with the BHM is

Lly(tn); bl = [&y(tn+ ) —hvjy (tn+3h) = X5y (tn+5h) — hPe" (tn +5h)] .
J
Expanding in a Taylor series about ¢, gives the leading local truncation
errors at the final node:

high-order:
8 8
Y [tn]h 9
=Z - h
Yns1 = G510 T O
low-order: 7[ ]h7
Y ltn 3
] = ———— h°).
Ynt1 = 355060 + O

Hence, the high-order scheme achieves order p = 5 and the embedded low-
order scheme achieves order ¢ = 4.

2.2 Zero-stability

In the limit h — 0, equation (2)) reduces to
1Yo = RoYo,

and the corresponding characteristic polynomial is
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For the proposed BHM, evaluation of gives the characteristic roots
A=0,0,0,1.

Thus, all roots lie within or on the unit circle, and the only root on the unit
circle, A = 1, is simple. Hence, the method satisfies the root condition and
is zero-stable (strongly stable) [25]. Since the method is also consistent, it
follows that the proposed BHM is convergent of order p = 5.

2.3 Linear stability

To investigate absolute stability, consider the scalar linear third-order test
problem

y"(t) = py(t), (4)

where p € C. Introducing the scaled stability variable
2= hy?,
and applying the block hybrid scheme to gives the amplification matrix
R(z) = (?Rl — Z3P1)71 (8‘30 + 2Dy + 22 Lo + zSFO) .
The absolute stability region of the method is defined by
S={z€C:p(R(z)) <1}

where p(-) denotes the spectral radius. A method is said to be A-stable if
its absolute stability region contains the entire left half-plane, that is,

2€C:Re(2) <0CS.

This property is particularly important for stiff problems because it ensures
that all modes associated with eigenvalues having non-positive real parts
remain stable under the numerical discretization, irrespective of the step
size.

For the proposed BHM, eigenvalue analysis of the amplification matrix
R(z) confirms that the entire left half-plane belongs to the absolute sta-
bility region. The corresponding stability region is illustrated in Figure [I}
Therefore, the proposed BHM is A-stable (see Yakubu et al. [26]).
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Figure 1: Stability region of the proposed BHM.

2.4 Estimator reliability and quasilinearization con-
vergence

We examine the reliability of the embedded error estimator used in the pro-
posed block hybrid method and the convergence of the quasilinearization
(QLM) iteration for solving the resulting nonlinear block system. The em-
bedded estimator is constructed from the converged stage evaluations of the
right-hand side and exploits the reduced node set 0, ¢y, c3, 1. Its consistency
is established through moment conditions and a Taylor expansion, while the
convergence of the QLM iteration is examined separately.

(A) Estimator analysis

Let the embedded approximation be denoted by 7,,1 and define the local
error estimator by

ESTy, = Yni1 — Yns1-
For the proposed third-order block hybrid formulation, the difference be-
tween the principal and embedded approximations can be written as

EST, = h* > wj fute,,
§=0
where the weights w; are determined by the difference between the coef-

ficients of the principal and embedded formulas. The corresponding stage
values are evaluated at the converged block solution.

Lemma 1 (Moment conditions for the embedded estimator) Let

EST, = h* ) " wj fure,

J=0
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be the embedded error estimator associated with the proposed block hybrid
method. If the estimator weights satisfy

> wik=0,  k=01,...,5-1,

and
> wic; #0,
=0

then the first non-vanishing term in the Taylor expansion of EST, occurs at
order h*T3.

Proof. Expanding the stage evaluations about t,, gives

00 Ik
fn+0j = Z (th) f(k)(tn)

k!
k=0

Substitution into the estimator gives

3 . = (th)k (k)
EST, =h* > w; ) P ().
j=0 k=0 ’

Interchanging the order of summation yields
VN ES k k
EST, = h*) T > wic | B (tn).
k=0 5=0
The assumed moment conditions imply
ijc;?:o, k=0,1,...,s— 1.
j=0

Hence, all terms of degree less than s vanish and the first non-zero contri-
bution is

! =

Therefore,
EST, = O(h**?),

which proves the result. [J
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Theorem 1 (Reliability of the embedded estimator) Assume that the
right-hand side is sufficiently differentiable and that the principal and em-
bedded block hybrid schemes have orders p =5 and q = 4, respectively. Then
the local truncation errors at the endpoint satisfy

(8)
Yy (tn> 8 9
LTE, = 2"/

P 645120h +O(R)

and

(7)
Yy (tn) 7 8
ILTE, = >~———<h h°).
322560 +O()

Consequently, the difference between the principal and embedded approzrima-
tions provides an asymptotically consistent local error estimator of the form

EST, = Ch" + O(h®),
where C' 1s a bounded method-dependent coefficient. In particular,
|EST,| = O(h").

Proof. The stated local truncation-error expansions follow from the Tay-
lor expansion of the principal and embedded schemes. Since the principal
scheme is of order 5 and the embedded scheme is of order 4, their leading
local truncation errors are of orders h® and h”, respectively. Therefore,

Ynt1 = Unt1 = 399560

because the A7 contribution from the embedded scheme is not cancelled by
the higher-order principal scheme. Hence,

R 4+ O(h®),

EST, = Ch™ + O(h®),
with
322560
for the leading local truncation-error contribution. Thus,

|EST,| = O(h"),
which establishes the asymptotic consistency of the embedded estimator. [

Remark 1 The result shows that the embedded estimator has the same lead-
ing order as the local truncation error of the fourth-order embedded approzi-
mation. Hence, the estimator can be used to monitor the local discretization
error and to gquide adaptive step-size selection. The use of an embedded
approximation for local error estimation and adaptive step-size control is

standard in adaptive numerical integration; see, for example, Lambert [1j|]
and Butcher [8].
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(B) QLM local convergence

Let the block collocation residual be

where U contains the stage unknowns over one step of size h. The imple-
mented QLM corresponds to Newton’s method applied to Fj.

Theorem 2 (Newton—Kantorovich convergence for the block residual)
Assume that Fy, is continuously differentiable in a neighborhood of the initial
iterate U that DF;,(U©) is nonsingular, and that

IDF,(U) = DFu(V)|| < LU = V||
for some L > 0. Define
B=|DFRUN,  n=|DFUO)TF,WD)].

If
v = BLn <

)

N | —

then the Newton iterates
Ukt — gk — th(U(k))_l]:h(U(k))

are well-defined and converge to a unique root U* in the corresponding Kan-
torovich neighborhood. Moreover, once the iterates enter the local Newton
region, the convergence is quadratic.

Proof. The result follows directly from the Newton—Kantorovich theorem
under the stated differentiability, nonsingularity, Lipschitz, and Kantorovich
conditions. Hence, the QLM iteration converges locally to the solution of
the nonlinear block system, with quadratic convergence in the local Newton
region. [J

Remark 2 The Newton—Kantorovich conditions provide sufficient condi-
tions for local convergence of the implemented QLM iteration. The theoret-
1cal result is consistent with the classical Newton—Kantorovich framework;
see Kantorovich [12,[15)].
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3 Implementation of the method

The proposed BHM is implemented in both constant and adaptive step-size
modes. The nonlinear block collocation equations are solved iteratively using
QLM. For the adaptive implementation, an embedded lower-order formula
is used to construct an error estimate from the same function evaluations as
the principal scheme. The resulting error indicator is then used to accept
or reject a step and to adjust the step size. The constant step-size imple-
mentation uses the same QLM-based BHM without error-based step-size
adaptation.

3.1 Embedded lower-order scheme and error estima-
tion
The principal BHM provides the higher-order approximation ¥,; at the

endpoint
tn+1 - tn + h

To estimate the local discretization error, an embedded lower-order formula
is constructed using the same stage function evaluations required by the
principal scheme. The embedded approximation at the endpoint is given by

. h? 13 1 1 1
yn+1 — yn + hdn _'_ _Un + h3 <_fn + §fn+01 + 4_5fn+03 - ﬁfn+1> 5

2 360
(5)
where
fn = f(tn, yna 57‘&7 Un)a
and
1 1 3
fn—‘er - f(tn—‘rcj- » Yntejs 6n+cj-7 O-n—&-cj-)» C1 = Zy Co = 57 C3 = ZL

The notation y, ; denotes the embedded lower-order approximation, whereas
Yns1 denotes the approximation obtained from the principal BHM.

The embedded error estimate is defined as the difference between the
principal and embedded endpoint approximations,

EST = yny1 — Ynia- (6)

On substituting the endpoint formula of the principal BHM and the embed-
ded formula into (6]), the common terms cancel, and the resulting error
estimator can be written in the compact form

h3

EST = 1560

(fn - 4fn+01 + 6fn+02 - 4fn+03 + fn+1) : (7)
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For a system of third-order IVPs, the vector error estimate in ([7]) is converted
into a scalar error indicator using

. |EST|
err_ratio = : (8)
max{1, Y11}
where | - | denotes the Euclidean norm. In the adaptive implementation, a

step is accepted when
err_ratio < TOL,

and rejected otherwise. The prescribed tolerance is denoted as TOL.

3.2 Quasilinearization iteration

The nonlinear block collocation equations are solved by quasilinearization.
Let

(v, D, S8

denote the stage approximations at the rth QLM iteration. The nonlinear
function is linearized about the current iterate according to

f(tn+Cj7 Yn+0ja DnJera Sn+c]~) R fqg:}cj + Lﬂﬂj <Yn+0j - Yn(z;-)cj>

+ Lg,?wrcj <Dn+cj - D7(’LT-|)-CJ‘) + Li(‘)q,nT)ercj (Sn+cj - sz?—q) )

where
fT(QCj = f(tn +C]_,Yn(i)cj,D,(f+)cj, 87(;)-0]-)7
and
0 0 0
L1:_f7 L2:_f7 L3: f
ay ay, ay//

Using the collocation coefficients derived for the proposed BHM, the lin-
earized equations for the stage variables can be represented compactly as

4
h2c?

r+1 o B r
Yn(—l-ci ) =Yn+t hcldn + 2 nt hs ZO Eijfn—gcp
j:

4
DS::;? = 6n + hcian + h2 Z Xijfn:?cﬁ
=0

4
1 .
Sflii)zan-l—thijf,(ch, 221,...,4,
j=0
where J?y(ch denotes the quasilinearized approximation of the nonlinear func-

tion at the rth iteration. The coefficients ¢;;, X;;, and v;; are the collocation
coefficients obtained in the derivation of the proposed method.
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For a vector-valued problem, the Jacobian quantities L, Lo, and L3 are
the corresponding square matrices of partial derivatives with respect to y, 3/,
and 3", respectively. The resulting coupled linear block system is assembled
and solved simultaneously for all stage components.

The QLM iteration is terminated when the maximum change between
two successive stage iterates satisfies

max {|Y ) — Y| DU — DO 15U — 80 b < toly,  (9)

where tol, is the prescribed nonlinear iteration tolerance. A maximum num-
ber of QLM iterations is also imposed. If convergence is not achieved within
the prescribed maximum number of iterations, the adaptive implementa-
tion reduces the current step size and repeats the computation on the same
interval.

3.3 Adaptive step-size procedure

After convergence of the QLM iteration, the endpoint values

(yn+17 Ont1, Un+1)

are obtained from the final collocation stage. The implementation then
evaluates the error estimator @, followed by the normalized error indicator

)

Since the principal BHM has algebraic order p = 5, the new step size is
determined by

1/(p+1)
ey — min {hm ch ( ToL )) } , (10)

max(err_ratio, £

where hnin and hy.. are the prescribed lower and upper step-size bounds,
¢ € (0,1) is a safety factor, and ¢ is a small positive number used to avoid
division by zero.
The step size is subsequently restricted by Apin and Ayax.
If
err_ratio < TOL,

the step is accepted, the numerical solution is advanced to t,,1, and a new
step size is selected. If
err_ratio > TOL,

the step is rejected, the step size is reduced, and the same interval is recom-
puted.

The final step is adjusted when necessary so that the integration termi-
nates exactly at ¢;.
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3.4 Pseudo-code for the adaptive embedded proce-
dure

The adaptive implementation of the proposed BHM with QLM is summa-
rized as follows.
Step 1. Initialization.

Specify the third-order IVP (1)), the initial values (¢, yo, d, 00), the
final integration point ¢y, the initial step size h, the tolerance TOL,
the step-size bounds A, and hpyay, the nonlinear tolerance tol,;, and
the maximum number of QLM iterations.

Step 2. Stage construction.

For the current step, construct
113
tn-‘rc]- :tn+th, CjE {0,1,5,1,1}.

Initialize the stage predictors using the current endpoint values.

Step 3. QLM iteration.

Evaluate f and the Jacobian matrices Ly, Lo, L3 at the current stage
approximations. Assemble and solve the linearized block system to
obtain updated stage values. Repeat until the convergence criterion
@D is satisfied or the maximum number of iterations is reached.

Step 4. Embedded error estimation.

After QLM convergence, obtain the principal endpoint approxima-
tion y,41. Construct the embedded approximation ¥, according to
. The implementation evaluates the equivalent difference directly
through (7). Compute the normalized error indicator using ({g).

Step 5. Step acceptance and update.

If err_ratio < TOL, accept the step, advance the solution, and update
h according to . Otherwise, reject the step, reduce h, and repeat
the computation on the same interval.

Step 6. Termination.
Repeat Steps 2-5 until ¢ = ¢y, with the final step shortened when

necessary to reach ¢y exactly.

The complete adaptive procedure is summarized in Algorithm [1]
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Algorithm 1 Adaptive Block Hybrid Method with QLM
1. Input: ty,yo, 0o, 00,ts, TOL, h, Amin, Amax, toln, and maximum QLM it-
erations.
2: Initialize: t < tg, y < Yo, 0 < Oy, 0 < 0p.
3: while t <ty do
4: if t+h >ty then
h + tf —t.
end if
if h < hpin then
Stop because the step size has fallen below h;,.
end if
10 Set h < min(h, hpax)-
11: Construct the stage points t,., =t + hc;.
12: Initialize the stage predictors (Y, D©) SO,
13: Evaluate f, = f(t,y,9,0).

14: Set r < 0.

15: repeat

16: Evaluate f, Ly, Lo, and L3 at the current stage iterates.

17: Assemble the linearized block system using the collocation coef-
ficient matrices (¢, x, v).

18: Solve the block system for (Y1), D+ gr+1)),

19: rr+1.

20: until the QLM convergence criterion is satisfied or r reaches the

maximum number of iterations
21: if QLM did not converge then
22: Reduce h and retry the current step.
23: continue.
24: end if
25: Evaluate the embedded error estimator EST from ([7)).
26: Compute err_ratio using .
27: if err_ratio < TOL then

28: Accept the step and advance the solution.
29: Compute h using ([10).

30: else

31: Reject the step and reduce h.

32: end if

33: end while
34: Return the numerical solution.

3.5 Constant step-size implementation

The proposed BHM is also implemented with a constant step size. The
prescribed step size h is used throughout the integration interval, except for
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the final step, which is shortened when necessary to terminate exactly at ¢;.
At each step, the collocation points are defined by

113
ther :tn—i-h/Cj, Cj € {0,175,1,1} .

The stage values are initialized from the current endpoint solution, and the
nonlinear collocation equations are solved using QLM. After convergence,
the endpoint values

(yn—i-l ) 5n+1 ) 0n+1)

are accepted as the numerical solution at the new step.
The constant step-size implementation proceeds as follows:

Step 1. Initialize tq,yo, do, 09, the prescribed step size h, the final point
tf, the nonlinear tolerance toly, and the maximum number of QLM
iterations.

Step 2. At the current point ¢,, shorten the step if necessary so that the
next step terminates at ¢;.

Step 3. Construct the stage points
tn+c]. = tn + hCJ
Initialize the stage predictors using the current endpoint values.

Step 4. Evaluate f and the Jacobian matrices Lq, Lo, L3 at the current
stage approximations and perform QLM iterations until the prescribed
nonlinear convergence criterion is satisfied or the maximum number of
iterations is reached.

Step 5. Accept the endpoint values

(yn—l—l ) 5n+1 ) 0n+1)

obtained from the final collocation stage as the updated numerical
solution.

Step 6. Advance the independent variable to

tn—‘,—l - tn + h

Step 7. Repeat Steps 2-6 until ¢ = ty.

The constant step-size implementation is summarized in Algorithm [2|
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Algorithm 2 Block Hybrid Method with QLM (Constant Step Size)
1: Input: g, yo, do, 00, h, t¢, toly, and maximum QLM iterations.
2: Initialize: t < tg, y < Yo, 0 < 0y, 0 < 0p.
3: while t <t; do
4: if t+h >ty then

5: h « tf —t.

6: end if

7 Construct the stage points t,1., =t + hc;.

8: Initialize (Y, D© S©)) from (y, 6, o).

9: Evaluate f, = f(t,y,0,0).

10: Set r < 0.

11: repeat

12: Evaluate f, L1, Lo, and L3 at the current stage approximations.
13: Assemble the linearized block system using (e, x, v).

14: Solve for (Y (r+1) D+ g+,

15: rér—+1.

16: until the QLM convergence criterion is satisfied or r reaches the

maximum number of iterations
17: if QLM did not converge then

18: Report failure of QLM convergence.
19: Stop.

20: end if

21: Accept

(y,6,0) < (Y, D S,

22: Advance ¢t <t + h.
23: end while
24: Return the numerical solution.

4 Numerical simulations

In this section, we present numerical experiments to evaluate the perfor-
mance of the proposed block hybrid method with quasilinearization (BHM-
QLM) on several test problems of the form (I). The method is implemented
in two variants: a constant step-size version (CBHM-QLM) and a variable
step-size version (VBHM-QLM).

The accuracy of the method is measured using the maximum absolute
error (MAE):

MAE = max [[y(t;) — yill;

where y(t;) is the exact solution and y; is the numerical approximation.
The rate of convergence (ROC) between two successive runs with N and
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2N steps is computed as

ROC = log, (%) :

where E(N) is the error obtained using N steps.

The following abbreviations are used in the subsequent tables and figures:
NS—number of accepted steps; NFEVAL-number of function evaluations;
NJAC-number of Jacobian evaluations; NITERS-—number of nonlinear iter-
ations; CPU Time—elapsed runtime; Tol-tolerance; MaxErr-maximum abso-
lute error. For comparison, we include results from several existing methods:
THMD [11], BV M5 [10], ADHBM [I], ZOK [22], ZOA [21], MRKM [I§],
AWYM [7], ZARH [17], SMLMM [19], and ADGE [2].

The numerical results are reported in Tables and Figures 2H7]

Problem 1
Nonlinear IVP

y/// + 2673?! - 4<1 + t)73 = 07 y(O) = 07 y/(O) = 17 y//(O) = _17 te [07 1]7

with exact solution
y(t) =In(1+1)
from [19)].

Table 1: Performance comparison for Problem 1.
b h  Tol Method NS NFEVAL NJAC NITERS  Times MaxErr.y

1 1070 1072 VBHM-QLM 4 80 60 15 0.029377  6.6470¢~%
SMLMM 10 112 - - ~ 3.7100¢7

CBHM-QLM 11 179 124 31 0.030313 1.5950¢1°

4 1070 102 VBHM-QLM 10 194 144 36 0032138 2.4170¢7"
SMLMM 14 142 - - ~9.990¢7

CBHM-QLM 40 630 480 120 0.043065 1.5950¢ 1

1 1070 10 VBHM-QLM 4 80 60 15 0.025065 6.6470¢~%
SMLMM 18 184 - - — 4.9600¢"*

CBHM-QLM 100 1700 1200 300 0.047854 2.1560¢7"7

4 107" 10° VBHM-QLM 10 194 144 36 0.030563 1.4110¢7
SMLMM 25 253 - - ~ 3.9400¢°°

CBHM-QLM 401 6309 4804 1201 0.111207 2.1560e~7

1 107! 107 VBHM-QLM 10 187 132 33 0.031916 3.5400e 1
SMLMM 31 208 - - ~ 3.5400e~10

4 1071 107 VBHM-QLM 21 374 264 66 0.037752 4.6730¢ 1L

SMLMM 48 445 - - - 5.0900e™?
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NS vs Accuracy
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Relative Accuracy Ratios
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Figure 2: Accuracy comparison for Problem 1 at different tolerance levels.

Table (1] and Figure 2| present a comparative performance analysis of
VBHM-QLM, CBHM-QLM, and SMLMM for different step sizes h and toler-
ance levels. The results show that VBHM-QLM consistently achieves higher
accuracy with fewer steps than SMLMM, which is a variable-step block mul-
tistep method of order p = 7. Both methods were implemented in adaptive
modes.

Problem 2
Linear IVP

y" + 4y —t=0, y0)=0, y(0)=0, y'(0)=1, tel0,15]

with exact solution 3 .
y(t) = E(l — cos 2t) — §t2

from [1].
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Table 2: Performance comparison for Problem 2.
b h Method NS NFEVAL NJAC NITERS Times MaxErr.y

5 0.025 CBHM-QLM 200 2600 1600 400 0.058622 1.1620e'2

AWYM 200 3.9400e~°
ZARH 56 - - - ~9.1400e7
ADHBM 56 - - - ~ 3.6900e~
10 0.025 CBHM-QLM 400 5200 3200 800 0.087373 1.1620e~'2
AWYM 400 - - - ~ 3.8000e76
ZARH 136 - - - ~ 1520010
ADHBM 136 - - - — 4.5300e~ 1
15 0.025 CBHM-QLM 600 7800 4800 1200 0.112579 1.1620e~'2
AWYM 600 - - - ~2.2900e76
ZARH 180 - - - — 1.5400e1°
ADHBM 180 - - - ~ 1.5200e71°
°- ‘Accuracy vs NS across methods
—~ . & T TT T T T~~~ -@ [ecBHM-QM
% 10 E ® AWYM
@ ZARH
> ® ADHBM
L 8 ¥ data1
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g 10 T e | |®cBHv-aLM, b=10
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Figure 3: Accuracy comparison for Problem 2 at different values of b.

Table 2] and Figure [3 illustrate the performance of CBHM-QLM com-
pared with ADHBM, AWYM, and ZARH, which are one-step block hybrid
method, p-stable linear multistep method and four-step with a two off-step
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points method of order p = 5,6, and 7, respectively, for different values of h.
The results demonstrate that CBHM-QLM achieves superior accuracy across
all tested cases. This indicates that CBHM-QLM is highly competitive, even
against higher-order block methods.

Problem 3
Linear IVP from [1]:

"

y"+y=0, y0)=1, ¢y(0)=-1, y'(0)=1, telo1],

with exact solution
y(t) =e "

Table 3: Performance comparison for Problem 3.

h Tol Method NS NFEVAL NJAC NITERS Times  MaxErr.y
107 1072 VBHM-QLM 9 117 72 18 0.030156  5.2770e~'3
1072 1071 12 156 96 24 0.036903  5.0720e 13
1072 107 17 234 144 36 0.030682  5.6060e1°
1073 1072 12 156 96 24 0.031425  5.0520e '
107! CBHM-QLM 11 139 84 21 0.028553  2.9490e~ '
70K - - - - — 8.2005¢ 1

Z0A - - - - —  3.44135¢712

ADHBM - - - - — 41843712

1073 CBHM-QLM 100 1300 800 200 0.041450  3.0850e %

Accuracy Comparison of Methods (h =0.1)

620617

10-10

1.18e-12

Maximum Error (log scale)

2.95e-13

Z0K ZOA  ADHBM CBHM-QLM

Figure 4: Accuracy comparison for Problem 3.
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Table [3] and Figure ] compare the performance of VBHM-QLM and
CBHM-QLM for different step sizes h and tolerance levels. In addition,
CBHM-QLM is evaluated against ADHBM, ZOA, and ZOK, which are hy-
brid block methods of orders p = 5, 5, and 7, respectively. The results
demonstrate that CBHM-QLM achieves higher accuracy and greater relia-
bility than these existing methods.

Problem 4
Nonlinear IVP from [2]:

y" =y 2ty +y) =0, y(0)=0, ¥(0)=0, y'(0)=;, tel01],
with exact solution . )
+ 1
t)y=14+=In[ —— ).
y(t) =1+ 7 n <2 — t)
Table 4: Data of VBHM-QLM for Problem 4.
h Tol NS NFEVAL NJAC NITERS Times MaxErr.y
10-t 107 4 76 56 14 0.0254 1.6190e7
10-* 1078 7 139 104 26 0.0369 1.4700e~6
1072 1076 8 148 108 27 0.0394 1.7100e
1072 1078 9 190 140 35 0.0318 1.0460e

Table 5: Absolute error comparison for Problem 4.

t CBHM-QLM ADGE
0.1 5.0340e~ 1! 1.9315¢7®
0.2 1.5250e™?  5.6083¢~"
0.3 5.9790e~° 3.7551e~6
0.4 1.5230e=%  1.3403¢7°
0.5 3.1540e%  3.2591e¢™°
0.6 5.7840e™® 5.8165¢°
0.7 9.8160e™8  7.1524¢7
0.8 1.5820e™7  2.5648¢*
0.9 2.4640e~"  1.7092¢~4
1 3.7570e™"  6.7064e~*
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Absolute Error vs Time
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Figure 5: Accuracy comparison for Problem 4.

Table 4] presents the results obtained using VBHM-QLM for Problem 4,
while Table [l and Figure [5] compare the performance of CBHM-QLM and
ADGE. CBHM-QLM solves the problem using h = 0.1, whereas ADGE, a
symmetric implicit higher-order method, uses h = 0.01. The results demon-
strate that CBHM-QLM achieves significantly higher accuracy than ADGE,
despite the latter being a ninth-order method (p =9).

Problem 5
Consider the three-dimensional system from [10]:

yl' = = (817y1 + 1393y, + 448y3),  11(0) =2, 32(0) = =2, y3(0) = —12,
Yy = —a(1141y; + 2837y +896ys),  41(0) =12, 55(0) =28, y5(0) = —33,

Y3 = 135 (3059y1 + 43190 + 1592y3), y7(0) =20, 45(0) = =52, y5(0) =5,

with exact solution
y(t) = et — 2 4 37,
Yo (t) = 3e' +2e*" — Te™ ¥,
y3(t) = —11le' — 5e* + de™ ™.
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Table 6: Performance comparison of maximum error for Problem 5.

N ROC CPU Time CBHM-QLM ‘ ROC CPU Time  BVM> ‘ ROC CPU Time  TOMs
0 — 0031 1630 — 0.360 544607 | — 0359 1.6360¢72
20 6.00 00577 2.5490¢71 | 5.83 0469 9.5900¢ | 6.12 0374 2.3480¢™*
40 6.04 0.0411 38760 | 5.73 0.609 1.8040¢° | 6.04 0547 3.5480¢78
8 3B 00610 3.9790¢7 | 5.92 0.981  2.9810¢ | 6.02 0719 5.4580¢7°
160 081 01105 2.2740¢™ | 5.8 1.249 5.2910¢7 | 6.01 1,062 8.4730e7
320 042 02711 1.7050¢7™ | 5.6 2620 107407 | 6.04 2093 1.2850e7!

Table |§| compares the maximum absolute error, ROC, and CPU time (in
seconds) at different step sizes (V) for CBHM-QLM, BVMS5, and TOMs,
which are methods of orders p = 5, 6, and 6, respectively. Here, BVMb5 and
TOMs denote a boundary value method and top-order methods, respectively.
Figure [6] further illustrates their comparative performance. The results indi-
cate that CBHM-QLM consistently outperforms the other methods in terms
of accuracy while maintaining competitive computational efficiency.

Problem 6: Thin Film Problem

Error (E)

10714

Accuracy vs Step (N)

—8—BVM5
—f— TOMs

CBHM-QLM |

10

1 02

Step (N)

%ﬁiciency: Accuracy vs CPU Time
10 T T

—8— BVM5
== TOMs
! CBHM-QLM |

107" 10°
CPU Time (s)

Figure 6: Accuracy comparison for Problem 5.

Finally, we consider the thin film flow problem [1]:

=0, y(0)=y¢(0)=y"0)=1, tel01]
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where 7 is a stiffness parameter. Since there is no closed-form solution, we

solve this problem numerically with 7 = 2.

Table 7: Comparison of the approximation solution for Problem 6.

t Exact solution THMD ADHBM | CBHM-QLM
Ref(MRKM)
0.0 0.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.2 1.221211030 | 1.2212084858 | 1.2212100045 | 1.221210005
0.4 1.488834893 | 1.4888467642 | 1.4888347799 | 1.488834780
0.6 1.807361404 | 1.8073467642 | 1.8073613977 | 1.807361378
0.8 2.179819234 | 2.1797930619 | 2.1798192339 | 2.179819234
1.0 2.608275822 | 2.6082338883 | 2.6082748676 | 2.608274860

5 8Approximate Solutions vs Time Error vs Time (log scale)

=& THMD
ADHBM

—&— CBHM-QLM

= = = =Exact
2 g | === THMD
i ADHBM

=——&— CBHM-QLM

Absolute Error

Approximate Solution

IO—Q L

1 D—ID L L ]
02 0.4 06 08

t t

Figure 7: Accuracy comparison for Problem 6.

Table [7] and Figure [7] present the accuracy of THMD, ADHBM, and
CBHM-QLM using A = 0.01 for Problem 6. The results demonstrate
that CBHM-QLM achieves higher accuracy than the alternative methods,
namely, THMD and ADHBM, which are one-step block hybrid and third-
order Runge-Kutta methods, respectively.

5 Conclusion

This study presents a novel adaptive block hybrid method that integrates
quasilinearization with an embedded procedure for the direct solution of
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general third-order IVPs. The proposed method is A-stable and convergent.
Numerical experiments on a variety of test problems demonstrate that the
method consistently achieves high accuracy and competitive computational
efficiency compared with existing methods. These results demonstrate the
effectiveness of the proposed approach and highlight its potential for solving
complex dynamical systems and other higher-order differential equations
arising in science and engineering.
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